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Abstract. In this short note, we establish the Existence and stability of solutions of
an abstract semilinear differential equation governed by the so-called deformable
derivative. We achieve our results using Banach’s contraction principle, the Laplace
transform, and the Gronwall inequality. These results are new in the context of
fractional differential equations.
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1 Introduction

Increasing research is being conducted on fractional calculus, and results are being
obtained of late due to the success in using fractional differential equations in de-
picting and modeling natural and real-world phenomena better than the usual dif-
ferential equations. Authors F. Zulfeqarr, A. Ujlayan, and P. Ahuja introduced a frac-
tional derivative, the deformable derivative, in 2017 (see [31]). Unlike the most known
fractional derivatives such as Riemann-Liouville and Caputo, deformable derivative
doesn’t involve an integral. Instead, it uses the limit approach as in the usual deriva-
tive. This derivative and the usual derivative are linearly related. Recently, an in-
creasing number researchers are exploring this derivative, and the reader may refer
to manuscripts [11-13,24-26,31] for an in-depth reading. In [11], we established the
Existence and uniqueness of solutions to impulsive Cauchy problems involving the
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deformable derivative with local and nonlocal conditions. In [12,13], we established
the Existence, uniqueness, and stability of a solution for a fractional differential equa-
tion with delay and infinite delay, respectively. This paper is motivated by [17,19],
and we solve problem (1)-(2) in Section 3 using Laplace transform, using tools such as
the Mittag-Leffler function and the Gronwall inequality.

2 Preliminaries

Definition 2.1 ([31]). Let f be a real valued function on [a,b]. For 0 < a < 1, the Deformable
derivative of f of order w at t € (a, b) is defined as:

Daf(t) — lim (1 + e:B)f(t + GD‘) _f(t)

e—0 €

7

where « + B = 1.We say that f is a-differentiable at t, provided the limit exists.

Remark 2.1. If « = 1, then B = 0, we recover the usual derivative. This shows that the
deformable derivative is more general than the usual derivative.

Definition 2.2 ([31]). For f defined on [a,b],a« € (0,1], the a-integral of the function f is
defined by

1 - t
ILf(t) = &eTﬁt/ egxf(x)dx, t € a,b],
a
where x + B = 1. When a = 0 we use the notation

By

I“f(t) = ieft/otew f(x)dx.

Remark 2.2. If « = 1, then B = 0, we recover the usual Riemann integral. This also shows
that the a-integral is more general than the usual Riemann integral.

Theorem 2.1 ([31]). A differentiable function f at a point t € (a, b) is always a-differentiable
at that point for any «, and we have the following equation:

DEf(t) = Bf(t) +aDf(h).

Theorem 2.2 ([25,31]). The operators D* and I} possess the following properties:
Let o, 01,00 € (0,1] suchthat « +p =1, a;+ B; =1fori=1,2.
(i) Let f be differentiable at a point t for some . Then it is continuous there.
(ii) Suppose f and g are a-differentiable. Then

D¥(fog)(t) = B(fog)(t) +aD(f o g)(t)
= B(fog)(t) +af'(g(t))g'(t).
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(iii) Let f be continuous on [a,b]. Then I} f is «- differentiable in (a,b), and we have

DU(I4£ (1)) = £(8),
I4(DUf(£)) = f(t) — e f(a).

f\ _ 8D*(f) —afDg

8 g’ ’

(v) Linearity : D*(af + bg) = aD*f + bD"g.
(vi) Commutativity : D*' - D*2f = D*2 . DM f.
(vii) For a constant ¢, D*(c) = Bc.

(viii) D*(fg) = (D*f)g + afDg.

(ix) Linearity : I¥(bf +cg) = bIf f + cI%g.
(x) Commutativity : I;' ;2 f = I;I;' f.

Corollary 2.1 ([31]). An a-differentiable function f defined in (a,b) is differentiable in that
interval.

(iv) D*

Lemma 2.1 ([9]). If
x(t) < h(t)+ ttk(s)x(s)ds, t €ty T),
0
where all functions involved are continuous on [ty, T), T < +oo, and k(t) > 0, then x(t)
satisfies
x(t) < h(t)+ tth(s)k(s) exp [/tk(w)d(w)] ds, teft,T).
0 s

If x(t) is non-decreasing, then

x(t) < h(t) exp (/Otk(s)ds>, t € [to, T).

Definition 2.3 ([20]). Let a function f(t) be piecewise continuous for t € (0,00), and be of
exponential order. Then its Laplace transform is defined as

LIFB) = Fs) = [ e f(e)ar

Definition 2.4 ([1]). Let f : [0,00) — R. For a € (0, 1], the deformable Laplace transform of
f, LYf, is given by the integral:

LFO=F(p) = [ F(bealt, 0,

where

_1
o

/du B 1
ex(t,0) = a+p=1, p=s+ . dut = ad
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Definition 2.5 ([3]). Let (C,d) be a metric space. A mapping T : C — C is called a contrac-
tion on C if there exists a constant -y € (0,1) such that d(T(x), T(y)) < vd(x,y) Vx,y € C.

Theorem 2.3 ([3]). Let (C,d) be a complete metric space. Then, every contraction has a
unique fixed point.

Lemma 2.2 ([16]). Suppose b(t) is nonnegative and locally integrable on 0 < t < T (some
T < +00), and a(t) is nonnegative and locally integrable on 0 < t < T with

a(t) < b(t) + p/ot(t — ) la(s)ds.

Then ,
a(t) < b(t) +9/0 E,0(t—s)la(s)ds, 0<t<T,

where

1 >z poy d
0= (pT(¢))?, Ep(z)= n;)m Ep(z) = - Ep(2),
z¢-1 1
Ej(z) =~ O] asz — 07, Ej(z) =~ iez as z — +oo,
Ey(z) ~ ;)ez as z — +0oo
Ifb(t) = b, then a(t) < bE,(6t)

3 Main results
In this section,we establish the Existence and uniqueness of the solution for

D*x(t) = Ax(t) + f(¢), teJ (3.1)
x(0) = o, (3.2)

where D* is the deformable derivative operator, A is an n x n matrix, 0 < a < 1, f(¢)
is a vector function, which is the forcing term, g is a real constant and J = [0, T|.

Let BC(J,R") be the space of all continuous and bounded functions J — R”"
equipped with the sup-norm |[|x|l = sup,.; [|x(t)[|. We now derive a formula of
variation of constants as follows:

Theorem 3.1. The system (1)-(2) is equivalent to the following integral equation

x(t) = Qe%ﬁt + %e%ﬁt /Otefs[Ax(T) + f(7))dr, teJ. (3.3)
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Proof. Assume (1)-(2). Taking the a-integral of (1) according to definition 2.2, and
applying the inverse property in Theorem 2.2, part (iii), we obtain the Existence of a
solution for Egs.(1)-(2).

Conversely, assuming (3) and taking the deformable derivative (D*) of both sides
of the equation and using Theorem 2.1, we get (1).

Definition 3.1. A function x € BC(J,R") is said to be a mild solution of (1)-(2) if

et Lk [f g
x(t) = ge® ' + e /Oe [Ax(7) + f(0)]dtr, teJ,

provided the integral exists.

We denote || Al| := maxi<; ;< |a;;|. Now we will use Banach’s contraction principle to
prove the following theorem. In what follows, we assume that 7 = [0, T}.

Theorem 3.2. Let f : J — IR" be a smooth function. Assume H‘;%H < 1. Then, Problem
(1)-(2) has a unique solution.

Proof. Let x,y € BC(J,R") . Define an operator () : BC(J,R") — BC(J,R") as

Qx(t) = et [g + % /OtefT[Ax(T) +f(r)]dr] .

Then
5,1 [t o,
10x(t) = Qy(t)]| = e [ et Alx(t) — y(h]de
_ t
< e HAL L obene) — y(o) e
0
-8, 1 [t 8
< ||Alll]x — mTt—/ at
< lAfllx =yl [ et
et g
< — . at —
< [Alllx = yllw—g = 1]
£
[1—ex]
< JAllx =yl —5—
Y=g
]
< E =yl
5 yl
Therefore
4]

[10x — Qylle < 5 |12 = ylfeo-

Since‘%” < 1, Q) is a contraction and thus it has a unique fixed point, which is the

unique solution to Problem (1)-(2).
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4 Semilinear case

Consider the following system
D*x(t) = Ax(t) + g(t, x(t)), teJ (4.1)
x(0) = e. (4.2)
Theorem 4.1. The system (4)-(5) is equivalent to the following integral equation

—by

x(t) = ge et + ew/o SlAx(T) + g(t,x(0))dr,  te . 4.3)

Proof. The proof is similar to the proof for Theorem 3.1.

Definition 4.1. A function x € BC(J,R") is said to be a mild solution of (4)-(5) if

x(t) = oe '+ Lot [[eBax() +g(ox()lar, e,

provided the integral exists.

Now let’s make the following assumptions:

(H1) g : J x R" — R" is of Carathéodory.

(H2) There exists a positive number y such that ||g(t, x) — g(¢t, y)|| < v|lx—y|, Vte
J and x,y € R".

(H2) [|g(t,x) — g(t,y)|| < Lg(t)||x — y|,t € RT, where Ly € L'(RT) N BC(R™).

Theorem 4.2. Under assumptions (H1)-(H2), if W < 1, the Cauchy problem (4)-(5)
has a unique mild solution.

Proof. Define G : BC(J,R") — BC

(J,R")b
Gx(t) ==t [g + % /Ot eFT[Ax(T) + g(T,x(T))]dT] .

Then
IGx(H—Gy ()]
= oL [ etraiee) - yeonae s L [ igte ) sty
<o [N al(r) -yl +e 7 [ o5 (e x(0) - gy
<P L Alllx -yl [ e e Dyl ylo [ ofTar

R

< AN =yl By =
B B

< Al +7)
X — co-
5 I = yli
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Thus Al +7)
+ v
65~ Gyl < PALED oy

Therefore, G has a unique fixed point, which is the solution of the Cauchy problem.
The proof is complete.

Theorem 4.3. Under assumptions (H1) and (H2"), problem (4)-(5) has a unique mild solu-
tion.

Proof. We use the operator G that was defined in Theorem 4.2. Let x1, x, € BC(J,R").
Then

1(Gx)(8) - (Gx) (1]

rett [t aln (o) ol + 1o [ eTlg(on (o) - g0
< e /OtefTHAm(r)—xz(rnumaeaf /Oteffu[gu,x](r)) 8(7,x2(7))] || d.
2 [ () w1 [ L) ()~ xa(o) v
gH §/Hx1 ) — (1 )HdT+Bea /Oteerg(T)Hxl(T))_XZ(T))HdT'

<

<HAHM/ J1(0) = 22(Olldr+ M [ Ly(0) (1) - w20,

letting %egT = M.
Repeating the argument, we get

[(G"x1)(t) — (G"x2)(t) ||
<(|AM)" // / 121 (Tur) — X2 (Tu1)||dTo_s - - - dTadT

* Mn/ / / (1) - - - Le(m1) || 21 (Tu—1) — x2(Tp—1)|dTy—1 - - - dTadT
< MlAfp)" n

T A:! (/OtL (T )dT> |21 — x2||oo

121 = xaleo +
1 n
<5 LMIAD™ + (MI[Lgl[1)"] 131 = 22l

For sufficiently large n, 1 [(M||A[|)" + (M| Lg|[1)"] < 1 and by Banach’s contraction
principle, there is a fixed point, which is the unique solution.

Example 1. Assume that for 0 < t; < f; < 1, there exist real numbers 0 < Q < L <1
sothat [f(H) — f(t2)| < Qlt1 — k2] < L||x —y||, x,y € R".
Consider the following linear equation:
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et
ft) = S0 te[0,1]
e3t] e3t2
F(8) = f(0) = |5 m ~ 5o o
< 1|t — ]
=2 1 2
< 3l -yl

Thus, Theorem 3.2 is satisfied.
Example 2. Consider Eqgs.(4)-(5). Let

et 2 n
< 1.
g(t,x(t)) = 10 10x(t) , te[0,1],x,y € R" and |x+y| <1

Then

t t

e 2 € 2
RS T T A

= 0 -y

18t x) —g(t, )l =

t

e
<y =
< gl

< -yl
<3 yll.

Thus, (H2) is satisfied with v = % Under assumptions (H1)-(H2), and applying The-
orem 4.2, Cauchy problem (4)-(5) has a unique solution in 7.
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