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Abstract. We first consider the a priori estimates to a class of general parabolic (k, l)-
Hessian quotient type equations of the form

−ut
σk(τ∆uI ± D2u)
σl(τ∆uI ± D2u)

= ψ(x, t, u, Du) in Rn × (−∞, 0]

with 0 ≤ l < k ≤ n. We derive that any k-admissible-monotone solution to

−ut
σk(τ∆uI − D2u)
σl(τ∆uI − D2u)

= ψ(x, t, u, Du) with τ ≥ 1

or

−ut
σk(τ∆uI + D2u)
σl(τ∆uI + D2u)

= ψ(x, t, u, Du) with τ > 0

has interior gradient estimates and Pogorelov type estimates. As an application, we
prove Liouville type theorems for these equations.
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1 Introduction

In this paper, we study a class of general parabolic (k, l)-Hessian quotient type equations

−ut
σk(τ∆uI ± D2u)
σl(τ∆uI ± D2u)

= ψ(x, t, u, Du) (1.1)
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in a bounded domain D ⊂ Rn × (−∞, 0]. Here ∆ is a Laplace operator, I is the n× n unit
matrix, Du is the gradient of u(x, t) with respect to x and D2u = {uij} is the matrix of
second derivatives of u with respect to x. Let ut(x, t) be the derivative of u with respect
to t and ψ be a smooth positive function. We define D(t) = {x ∈ Rn : (x, t) ∈ D, t ≤ 0}
and t0 = inf{t ≤ 0 : D(t) 6= ∅}. The parabolic boundary ∂pD is defined by

∂pD = (D(t0)× {t0}) ∪
⋃
t≤0

(∂D(t)× {t}),

where D(t0) is the closure of D(t0) and ∂D(t) is the boundary of D(t). We denote points
in D×R×Rn by (x, t, z, p), where (x, t) ∈ D, z ∈ R and p ∈ Rn. τ will be determined
later.

We recall the following definitions.

Definition 1.1. Let λ = (λ1, · · · , λn) ∈ Rn, we set the k-th elementary symmetric polynomial

σk(λ) = ∑
1≤i1<i2<···<ik≤n

λi1 λi2 · · · λik

for any k = 1, 2, · · · , n. We also set σ0 = 1 and σk = 0 for k > n or k < 0.

Definition 1.2. For an open set Ω in Rn, a function u ∈ C2(Ω) is called k-admissible if
λ(τ∆uI ± D2u) ∈ Γk for any x ∈ Ω, where Γk is the Gårding’s cone

Γk = {λ ∈ Rn : σi(λ) > 0, ∀1 ≤ i ≤ k}.

And, we define an open convex cone by

−Γk = {λ ∈ Rn : σi(λ) < 0, ∀1 ≤ i ≤ k}.

Moreover, we say that a function u(x, t) is k-admissible-monotone, if u is k-admissible in x and
decreasing in t.

Harvey-Lawson [18, 19] introduced (n− 1)-plurisubharmonic functions u ∈ C2(Cn)
satisfying the complex Hessian matrix[( n

∑
m=1

∂2u
∂zm∂zm

)
δij −

∂2u
∂zi∂zj

]
1≤i,j≤n

(1.2)

is nonnegative definite. For (n − 1)-plurisubharmonic functions, one can consider the
following complex Monge-Ampère type equations

det

(( n

∑
m=1

∂2u
∂zm∂zm

)
δij −

∂2u
∂zi∂zj

)
= ψ, (1.3)

which is related to Gauduchon conjecture in complex geometry [13, 32].


