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Abstract. In this paper, we establish the weighted sharp maximal function inequal-
ities for the Toeplitz type operator associated to the general singular integral opera-
tor satisfying a variant of Hörmander’s condition. As an application, we obtain the
boundedness of the operator on weighted Lebesgue and Morrey spaces.
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1 Introduction and preliminaries

As the development of singular integral operators (see [8, 23]), their commutators and
multilinear operators have been well studied. In [3, 21, 22], the authors prove that
the commutators generated by the singular integral operators and BMO functions are
bounded on Lp(Rn) for 1 < p < ∞. Chanillo (see [2]) proves a similar result when
singular integral operators are replaced by the fractional integral operators. In [11, 18],
the boundedness for the commutators generated by the singular integral operators and
Lipschitz functions on Triebel-Lizorkin and Lp(Rn) (1 < p < ∞) spaces are obtained.
In [1, 10], the boundedness for the commutators generated by the singular integral op-
erators and the weighted BMO and Lipschitz functions on Lp(Rn) (1 < p < ∞) spaces
are obtained. In [13, 15, 16], some Toeplitz type operators related to the singular integral
operators and strongly singular integral operators are introduced, and the boundedness
for the operators generated by BMO and Lipschitz functions are obtained. In [9], some
singular integral operators satisfying a variant of Hörmander’s condition are introduced,
and the boundedness for the operators are obtained (see [9, 24, 25]). Motivated by these,
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in this paper, we will study the Toeplitz type operator associated to the general singu-
lar integral operators satisfying a variant of Hörmander’s condition and the weighted
Lipschitz and BMO functions.

First, let us introduce some notations. Throughout this paper, Q will denote a cube
of Rn with sides parallel to the axes. For any locally integrable function f , the sharp
maximal function of f is defined by

M#( f )(x) = sup
Q3x

1
|Q|

∫
Q
| f (y)− fQ|dy,

where, and in what follows,
fQ = |Q|−1

∫
Q

f (x)dx.

It is well-known that (see [8, 23])

M#( f )(x) ≈ sup
Q3x

inf
c∈C

1
|Q|

∫
Q
| f (y)− c|dy.

Let
M( f )(x) = sup

Q3x

1
|Q|

∫
Q
| f (y)|dy.

For η > 0, let

M#
η( f )(x) = M#(| f |η)1/η(x) and Mη( f )(x) = M(| f |η)1/η(x).

For 0 < η < n, 1 ≤ p < ∞ and the non-negative weight function w, set

Mη,p,w( f )(x) = sup
Q3x

(
1

w(Q)1−pη/n

∫
Q
| f (y)|pw(y)dy

)1/p

.

We write Mη,p,w( f ) = Mp,w( f ) if η = 0. The Ap weight is defined by (see [8]), for 1 <
p < ∞,

Ap =

{
0 < w ∈ L1

loc(Rn) : sup
Q

(
1
|Q|

∫
Q

w(x)dx
)(

1
|Q|

∫
Q

w(x)−1/(p−1)dx
)p−1

< ∞

}

and
A1 = {0 < w ∈ Lp

loc(Rn) : M(w)(x) ≤ Cw(x), a.e.}.

Given a non-negative weight function w. For 1 ≤ p < ∞, the weighted Lebesgue space
Lp(Rn, w) is the space of functions f such that

|| f ||Lp(w) =

(∫
Rn
| f (x)|pw(x)dx

)1/p

< ∞.


