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Abstract. We prove that, for some suitable smooth bounded domain, there exists a
solution to the following Neumann problem for the Lane-Emden system:

−∆u1 + µu1 = up+αε
2 in Ω,

−∆u2 + µu2 = uq+βε
1 in Ω,

∂u1

∂n
=

∂u2

∂n
= 0 on ∂Ω,

where Ω is some smooth bounded domain in RN , N ≥ 4, µ > 0, α > 0, β > 0 are
constants and ε 6= 0 is a small number. We show that there exists a solution to the
slightly supercritical problem for ε > 0, and for ε < 0, there also exists a solution to the
slightly subcritical problem if the domain is not convex.

Comparing with the single elliptic equations, the challenges and novelty are mani-
fested in the construction of good approximate solutions characterizing the boundary
behavior under Neumann boundary conditions, in which process, the selection of the
range of nonlinear coupling exponents and the weighted Sobolev spaces requires elab-
orate discussion.
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1 Introduction and main results

In this paper, we are concerned with the following elliptic system
−∆u1 + µu1 = up+αε

2 in Ω,

−∆u2 + µu2 = uq+βε
1 in Ω,

∂u1

∂n
=

∂u2

∂n
= 0 on ∂Ω,

(1.1)

where Ω is a smooth bounded domain in RN with N ≥ 4, µ, α, β are positive constants
and ε 6= 0 is a small number, p, q ∈ (1, ∞) satisfy

1
p + 1

+
1

q + 1
=

N − 2
N

. (1.2)

Without loss of generality, we always assume that p ≤ N+1
N−1 ≤ q.

The system (1.1) is essentially a perturbation of the classical Lane-Emden system. In
fact, under the following rescaling

(u1, u2)(x) →
(

ε
− 2(1+p+αε)

(p+αε)(q+βε)−1 u1, ε
− 2(1+q+βε)

(p+αε)(q+βε)−1 u2

)( x
ε

)
, (1.3)

the system (1.1) is equivalent to the following system
−∆u1 + µε2u1 = up+αε

2 in Ωε,

−∆u2 + µε2u2 = uq+βε
1 in Ωε,

∂u1

∂n
=

∂u2

∂n
= 0 on ∂Ωε,

(1.4)

where Ωε = {x : εx ∈ Ω}. The limit system is the classical Lane-Emden system with
critical exponents: {

−∆u1 = |u2|p−1u2 in RN ,
−∆u2 = |u1|q−1u1 in RN .

(1.5)

Thanks to [17] and [33], the positive ground state (U0,1, V0,1) of (1.5) is unique with
U0,1(0) = 1 and for any λ > 0, a ∈ RN , the family of functions

(Ua,λ(y), Va,λ(y)) =
(
λ

N
q+1 U0,1(λ(y− a)), λ

N
p+1 V0,1(λ(y− a))

)
,

also solves system (1.5). The properties of vector solutions of (1.5) is well known. For
completeness, we will introduce them in Section 2 of this present work.

For decades, there are lots of results on Dirichlet problems for Schördinger equations
and systems. Wherein, the Hamiltonian type of systems is highly concerned, refer to [4,
8, 10–13, 18, 19], etc. Most of them obtain solutions concentrating at a point which is
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determined by the corresponding Green’s function, but the location of the concentration
points for Neumann boundary value problem is much more complex. For the following
Neumann problem  ε∆u− u + up = 0 in Ω,

∂u
∂n

= 0 on ∂Ω,
(1.6)

with p is a subcritical exponent, Ni and Takagi [25] proved that uε has only one local
maximum, hence the global maximum over Ω̄ and it is achieved at exactly one point Pε

which must lie on the boundary, provided that ε is sufficiently small. Moreover, uε → 0
as ε → 0. Subsequently, in [26], they further locate the maximum Pε and give an ac-
curate description of uε. In particular, they proved max uε is achieved at Pε satisfying
limε→0 H(Pε) = maxP∈∂Ω H(P), where H(P) denotes the mean curvature of ∂Ω at P. This
known result is extended by Cao and Kupper in [5], Cao and Kupper studied the exis-
tence of multipeaked solutions with several local maximum points on the boundary and
condensing in a small neighborhood of those points as ε approaches 0. They showed the
effect of strict local maximum or minimum points of the mean curvature H(P) on ∂Ω on
the existence of multipeaked solutions. For p is a critical exponent, we refer to [1, 32].
For other high energy solutions, we also can refer to [7, 14, 15, 21, 37] for subcritical case
and [2, 16, 23, 28, 34–36] for critical case. In [30], Rey and Wei considered the following
almost critical Neumann problem: −∆u + µu = u

N+2
N−2+ε in Ω,

∂u
∂n

= 0 on ∂Ω,
(1.7)

where ε 6= 0 is sufficiently small, N ≥ 4. They showed that the effect of sign of perturbing
parameter ε on location of concentrate points. In precise, for ε > 0, there always exists a
solution to the slightly supercritical problem, which blows up at the most curved part of
the boundary as ε goes to zero. On the other hand, for ε < 0, assuming that the domain
is not convex, there also exists a solution to the slightly subcritical problem, which blows
up at the least curved part of the domain. Note that the second case agrees with the
necessity result of Gui and Lin in [16].

It is natural to inquire whether there exists a vector solution concentrating at the
boundary for the Neumann problem of a strongly coupled Hamiltonian system. Cur-
rently, there are few results on this topic, which forms the primary focus of our study in
this paper.

In contrast to the Dirichlet problem, although it is believed that the Neumann prob-
lem allows the existence of smooth solutions on the critical hyperbola, there have been
very few results to (1.1) with Neumann conditions up to now. The existence of least en-
ergy nodal solutions has been confirmed only in the subcritical [31] and critical cases [27],
characterized by the condition n

p+1 +
n

q+1 ≥ n− 2. A significant departure from Dirichlet
problems lies in the application of the Lyapunov-Schmidt reduction strategy. Specifi-
cally, solutions to Neumann problems may exhibit extrema at distinct boundary points,
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contrasting with Dirichlet problems where such extrema occur within the domain’s in-
terior [19, 20]. This distinction necessitates methodological adaptations, particularly due
to the boundary curvature’s influence and the blow-up analysis, which culminates in a
scaling-limited problem within a half-space.

Motivated by [30], we conjecture the existence of vector solutions (u1, u2) for (1.1),
where each component concentrates on the boundary, especially when p > N

N−2 . This be-
lief stems from the decay behavior r−(N−2) of each component in (1.5) under such condi-
tions. However, the blow-up dynamics differ significantly from those of the single Lane-
Emden equation, posing challenges due to the non-explicit nature of (U0,1(y), V0,1(y))
and the limited information available beyond asymptotic decay. These complexities un-
derscore the need for innovative approaches and deeper analysis to overcome these in-
herent difficulties.

Let us outline the proof idea and introduce the main theorems in this paper.
We aim to construct a bubble solution concentrating on the boundary by using the

Lyaponouv reduction method. In the first step, we need good approximation solutions.
Then we choose some suitable function space to ensure the invertibility of the linearized
operator for the approximate solutions in the space. The last step is to discuss the reduced
problem and find the critical point of the corresponding energy functional defined in

(W2, p+1
p ∩W1,p∗)× (W2, q+1

q ∩W1,q∗):

Jε(u1, u2) :=
∫

Ωε

∇u1 · ∇u2 + µε2
∫

Ωε

u1u2 −
1

p + αε + 1

∫
Ωε

|u2|p+αε+1

− 1
q + βε + 1

∫
Ωε

|u1|q+βε+1.

We first explain how to find a good approximation vector solution and to ensure the
nontrivial critical points of J(u1, u2). Noticing that the limit problem of (1.1) (or (1.4)) is
(1.5), it is natural to consider the projection (W1, W2) as the approximate vector solution,
which solves 

−∆W1 + µε2W1 = Vp
ξ,λ in Ωε,

−∆W2 + µε2W2 = Uq
ξ,λ in Ωε,

∂W1

∂n
=

∂W2

∂n
= 0 on ∂Ωε.

(1.8)

Then, the crucial step is the expansion of W1 and W2. In order to estimate the difference of
W1 −Uξ,λ and W2 − Vξ,λ, considering the Neumann boundary conditions, we introduce
the auxiliary functions ϕ1,0 and ϕ2,0. These functions are related not only to the principal
curvatures at ξ and thus the mean curvature H(ξ), but also to the boundary behavior of
the ground state solution. For further details, see Appendix A.

The next crucial step is to calculate the energy of the approximate vector solution. In
Appendix B, integral estimates suggest making a priori assumptions that λ behaves as
O(ε0) as ε tends to zero. Moreover, these integral estimates also indicate that the locations
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of the critical points of J(W1, W2) are highly correlated with the mean curvature on the
boundary.

For our workspaces, motivated by the Corollary 1 of [24], we define some weighted
Sobolev spaces endowed with norm of

||φ||W l,t
γ (D)

=
l

∑
|d|=0
||〈x− ξ〉γ+|d|∂dφ||Lt(D), (1.9)

where D is an open domain in RN , l is a nonnegative integer, t > 1, γ are real numbers,
ξ ∈ D and 〈x− ξ〉 = (1 + |x− ξ|2) 1

2 . The integral operator

Tu(x) =
∫

RN

u(y)
|x− y|N−2 dy (1.10)

is a bounded operator from Lt
γ+2(R

N) to Lt
γ(R

N), provided that−N
t < γ < N

t′ − 2, where
N
t + N

t′ = 1, Lt
γ(R

N) is defined as (1.9). For any function f in Ωε, denote

|| f ||∗,i = || f ||W2,ti
γi (Ωε)

, (1.11a)

|| f ||∗∗,i = || f ||Lti
γi (Ωε)

, (1.11b)

where ti, γi, i = 1, 2 are to be determined later.
The rest of proof follows the standard reduction methods. With sophisticated calcu-

lations and precise analysis, we impose the following assumption (A) on exponent p and
parameters ti, γi, i = 1, 2.

Assumption (A). t1 > N, N−2
2 + N(N−2)

4t1
< γ1 < N − 2− N

t1
, and

N ≥ 5, p ∈
(N − 1 + N

t2

N − 3
,

N + 2
N − 2

)
, t2 > max

{
N,

N
2− 4

N−2

}
,

2 + N
t2

p− 1
< γ2 < N − 3.

The main theorems of this work are as follows.

Theorem 1.1. Under the assumptions (1.2) and (A), the system (1.1) has a nontrivial solution
for ε > 0 close enough to zero, which blows up as ε goes to zero at a point a ∈ ∂Ω, such that
H(a) = maxP∈∂Ω H(P).

Theorem 1.2. Under the assumptions (1.2) and (A), assume that Ω is not convex, the system
(1.1) has a nontrivial solution for ε < 0 close enough to zero, which blows up as ε goes to zero at
a point a ∈ ∂Ω, such that H(a) = minP∈∂Ω H(P).

Let us gives some remarks on the assumption (A).
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Remark 1.1. 1). To ensure the operator T, defined as (1.10), is bounded, we always as-
sume that γi <

N
t′i
− 2 = N − 2− N

ti
.

2). Once we study the inversion of the linearized problem, we need impose ti > N so
that the Sobolev embedding theorem is valid, and we can obtain the pointwise estimates
on φi and ∇φi, i = 1, 2, see Lemma 3.1.

3). With the conditions in 1) and 2), the inversion of the linearized problem holds

only for p >
N+ N

t2
N−2 , see Lemma 3.1.

4). The further determination of the range of p, γi, and ti stems from the accurately
calculations on Rε and Nε, see Lemmas 3.2 and 3.3. By the way, we give some necessary
limit on the dimension of space.

Remark 1.2. We emphasize that the method involving nonlinear projection, as used
in [19] and [10] to handle small p < N

N−2 is not applicable to our problem. This is be-
cause the concentration points are located on the boundary of the domain, where the
regular part of the nonlinear Green’s function G̃ becomes very large and problematic. In
fact, we can even establish non-existence results in certain special cases when p is small
and blow-up occurs on ∂Ω. These are precisely the issues we are currently investigating.
Therefore, at least in this context, assumption (A) may not be relaxed for the study of
concentrated solutions to Neumann boundary value problems.

The main difficulties of the proof come from the complex relationship between the
exponents p, q of the strongly coupled nonlinear terms in the system and the selection of
parameters t1, t2, γ1, γ2 involving the suitable weighted Sobolev spaces, as well as the
construction and expansion estimates of the projection function W1, W2 corresponding
to Neumann boundary conditions in the process of selecting appropriate approximate
solutions.

This paper is organized as follows. In Section 2, we list the properties of vector so-
lutions of (1.5) and give a counterpart of the Theorem 1.1. We carry out the standard
Lyaponov reduction in Section 3, while the reduced finite dimensional problem is solved
in Section 4. In the appendix, we give the expansion of approximate solutions, the defi-
nition of the mean curvature and the energy estimates of approximate solutions.

2 Preliminaries

2.1 The ground-state solutions to Lane-Emden systems

We first introduce the limit problem (1.5). The positive ground state (U, V) to the follow-
ing system was found in [22],

−∆U = |V|p−1V in RN ,

−∆V = |U|q−1U in RN ,

(U, V) ∈ Ẇ2, p+1
p (RN)× Ẇ2, q+1

q (RN),

(2.1)
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where N ≥ 3 and (p, q) satisfy

1
p + 1

+
1

q + 1
=

N − 2
N

. (2.2)

By Sobolev embeddings, there holds that Ẇ2, p+1
p (RN) ↪→ Ẇ1,p∗(RN) ↪→ Lq+1(RN),

Ẇ2, q+1
q (RN) ↪→ Ẇ1,q∗(RN) ↪→ Lp+1(RN),

(2.3)

with
1
p∗

=
p

p + 1
− 1

N
=

1
q + 1

+
1
N

,
1
q∗

=
q

q + 1
− 1

N
=

1
p + 1

+
1
N

,

and so the following energy functional is well-defined in Ẇ2, p+1
p (RN)× Ẇ2, q+1

q (RN):

I0(u, v) :=
∫

RN
∇u · ∇v− 1

p + 1

∫
RN
|v|p+1 − 1

q + 1

∫
RN
|u|q+1.

According to [3], the ground state is radially symmetric and decreasing up to a suitable
translation. Thanks to [17] and [33], the positive ground state (U0,1, V0,1) of (2.1) is unique
with U0,1(0) = 1 and for any λ > 0, a ∈ RN , the family of functions

(Ua,λ(y), Va,λ(y)) =
(
λ

N
q+1 U0,1(λ(y− a)), λ

N
p+1 V0,1(λ(y− a))

)
also solves system (2.1). Sharp asymptotic behavior of the ground states to (2.1) (see [17])
and the non-degeneracy for (2.1) at each ground state (see [9]) play an important role in
constructing bubbling solutions especially when using the Lyapunov-Schmidt reduction
method.

More precisely, the bubbles satisfy the following properties.

Proposition 2.1 (c.f. [17]). some positive constants a = aN,p and b = bN,p depending only on
N and p such that

lim
r→∞

rN−2V0,1(r) = bN,p, (2.4)

while 

lim
r→∞

rN−2U0,1(r) = aN,p, if p >
N

N − 2
,

lim
r→∞

rN−2

log r
U0,1(r) = aN,p, if p =

N
N − 2

,

lim
r→∞

r(N−2)p−2U0,1(r) = aN,p, if p <
N

N − 2
,

(2.5)

where in the last case, we have bp
N,p = aN,p((N − 2)p− 2)(N − (N − 2)p).
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Proposition 2.2 (c.f. [9]). Set

(Ψ0
0,1, Φ0

0,1) =
(

y · ∇U0,1 +
NU0,1

q + 1
, y · ∇V0,1 +

NV0,1

p + 1

)
and

(Ψl
0,1, Φl

0,1) = (∂yl U0,1, ∂yl V0,1) for l = 1, · · · , N.

Then the space of solutions to the linear system
−∆Ψ = pVp−1

0,1 Φ in RN ,

−∆Φ = qUq−1
0,1 Ψ in RN ,

(Ψ, Φ) ∈ Ẇ2, p+1
p (RN)× Ẇ2, q+1

q (RN),

is spanned by {
(Ψ0

0,1, Φ0
0,1), (Ψ

1
0,1, Φ1

0,1), · · · , (ΨN
0,1, ΦN

0,1)
}

.

For sake of simplicity, we consider in the following the supercritical case, i.e., we
assume that ε > 0. The subcritical case may be treated exactly in the same way. As a ∈ ∂Ω
and λ goes to infinity, the solutions of (2.1) provide us with approximate solutions to the
problem that we are interested in. However, in view of the additional linear terms µu1
and µu2, the approximation needs to be improved.

2.2 A counterpart of the Theorem 1.1

Fix a ∈ ∂Ω. We define projection (v1, v2) satisfying
−∆v1 + µv1 = Vp

a,λ in Ω,

−∆v2 + µv2 = Uq
a,λ in Ω,

∂v1

∂n
=

∂v2

∂n
= 0 on ∂Ω.

(2.6)

In the neighborhood of the suitable approximate vector solution (v1, v2), we are to find a
true solution to the problem (1.1).

Through the meticulous calculations of energy of (v1, v2) (refer to Appendix C), we
have additional a priori assumption that λ behaves as 1

ε when ε goes to zero. We thus set

λ =
1

Λε
,

1
δ′

< Λ < δ′, (2.7)

with δ′ some strictly positive number.
In order to make further computations easier, we proceed to a rescaling. We set

Ωε =
Ω
ε

, ξ =
a
ε

, (W1(x), W2(x)) = (ε
N

q+1 v1(εx), ε
N

p+1 v2(εx)). (2.8)
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Then we have 
−∆W1 + µε2W1 = Vp

ξ, 1
Λ

in Ωε,

−∆W2 + µε2W2 = Uq
ξ, 1

Λ
in Ωε,

∂W1

∂n
=

∂W2

∂n
= 0 on ∂Ωε.

(2.9)

On the other hand, through the following rescaling

(u1, u2)(x) →
(

ε
− 2(1+p+αε)

(p+αε)(q+βε)−1 u1, ε
− 2(1+q+βε)

(p+αε)(q+βε)−1 u2

)( x
ε

)
, (2.10)

the system (1.1) is equivalent to (1.4):
−∆u1 + µε2u1 = up+αε

2 in Ωε,

−∆u2 + µε2u2 = uq+βε
1 in Ωε,

∂u1

∂n
=

∂u2

∂n
= 0 on ∂Ωε.

Therefore, finding a solution to (1.1) in a neighborhood of (v1, v2) is equivalent to finding
a solution to (1.4) in a neighborhood of (W1, W2).

We verify Theorem 1.1 by prove the following theorem.

Theorem 2.1. Problem (1.4) has a solution (u1, u2) ∈ (W2, p+1
p ∩W1,p∗)(Ωε) × (W2, q+1

q ∩
W1,q∗)(Ωε) of the form

u1 = W1 + ω1, u2 = W2 + ω2, (2.11)

with (ω1, ω2) small and orthogonal at (W1, W2), in a suitable sense, to the manifold

M = {(W1, W2), Λ satisfying (2.7), ξ ∈ ∂Ωε}.

3 Finite-dimensional reduction

In this section, we perform a finite-dimensional reduction.
In Appendix A, we derive the following asymptotic expansion of (v1, v2): For p >

N
N−2 , N ≥ 4, we have the expansion

v1 = Ua, 1
Λε
− (Λε)1− N

q+1 ϕ1,0

( x− a
Λε

)
+O(ε2− N

q+1 | ln ε|m),

v2 = Va, 1
Λε
− (Λε)1− N

p+1 ϕ2,0

( x− a
Λε

)
+O(ε2− N

p+1 | ln ε|m).
(3.1)

By (2.8) and the definition of

ϕ̂1(x) = ε
N

q+1 ϕ1(εx) and ϕ̂2(x) = ε
N

p+1 ϕ2(εx),
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we indeed have
W1 = Uξ, 1

Λ
− ϕ̂1 = Uξ, 1

Λ
− ε(Λ)1− N

q+1 ϕ1,0

( x− ξ

Λ

)
+O(ε2| ln ε|m),

W2 = Vξ, 1
Λ
− ϕ̂2 = Vξ, 1

Λ
− ε(Λ)1− N

p+1 ϕ2,0

( x− ξ

Λ

)
+O(ε2| ln ε|m).

(3.2)

Furthermore, we have the following upper bound
|ϕ̂1| ≤

ε| ln ε|n
(1 + |x− ξ|)N−3 ,

|ϕ̂2| ≤
ε| ln ε|n

(1 + |x− ξ|)N−3 ,
(3.3)

and {
|W1| ≤ C(Uξ, 1

Λ
)1−τ,

|W2| ≤ C(Vξ, 1
Λ
)1−τ.

(3.4)

In the above, m, n, τ are chosen in Lemma A.5.
We define a weighted Sobolev norm as (1.9). For any function f in Ωε and ξ ∈ Ωε, we

define

|| f ||∗,i = || f ||W2,ti
γi (Ωε)

, (3.5a)

|| f ||∗∗,i = || f ||Lti
γi (Ωε)

, (3.5b)

where ti, γi, i = 1, 2 are to be determined later.
For ti > N, by Sobolev embedding theorem, we have

|∇ f |+ | f | ≤ C〈x− ξ〉−γi‖ f ‖∗,i, i = 1, 2. (3.6)

For any vector function ( f1, f2), we define

‖( f1, f2)‖∗ = ‖ f1‖∗,1 + ‖ f2‖∗,2, , ‖( f1, f2)‖∗∗ = ‖ f1‖∗∗,1 + ‖ f2‖∗∗,2.

Let τj be the j-th tangent on ∂Ω ∩ B(a, δ) with 1 ≤ j ≤ N − 1. For i = 1, 2, we define that

Yi
0 =

∂Wi

∂Λ
, Yi

j =
∂Wi

∂τj
,

Zi
0 = −∆

∂Wi

∂Λ
+ µε2 ∂Wi

∂Λ
, Zi

j = −∆
∂Wi

∂τj
+ µε2 ∂Wi

∂τj
,

(u, v)ε =
∫

Ωε

(∇u∇v + µε2uv).
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3.1 Linear problem

We consider the following linear problem

−∆φ1 + µε2φ1 − (p + αε)Wp+αε−1
2 φ2 = h1 +

N−1

∑
j=0

c2
j Z2

j in Ωε,

−∆φ2 + µε2φ2 − (q + βε)Wq+βε−1
1 φ1 = h2 +

N−1

∑
j=0

c1
j Z1

j in Ωε,

∂φ1

∂n
=

∂φ2

∂n
= 0 on ∂Ωε,

〈Z1
j , φ2〉 = 〈Z2

j , φ1〉 = 0, j = 0, · · · , N − 1,

(3.7)

where 〈u, v〉 =
∫

Ωε
uv, c1

j , c2
j are some constants. Let Tε be a linear operator that maps

(h1, h2) in (3.7) to (φ1, φ2) in (3.7).

Lemma 3.1. Assume (φ1,ε, φ2,ε) solves (3.7) for (h1, h2) = (h1,ε, h2,ε). If ‖(h1,ε, h2,ε)‖∗∗ → 0 as
ε→ 0, so does ‖(φ1,ε, φ2,ε)‖∗.
Proof. We argue by contradiction. Suppose that there are n → +∞ such that εn → 0,
xn ∈ Ωε ∩ Bδ(ξ), 1

δ < Λn < δ and the solution ‖(φ1,εn , φ2,εn)‖∗ ≥ c > 0, where δ > 0 is
a small constant independent of n. For simplicity, we drop the subscript n, and assume
that ‖(φ1,ε, φ2,ε)‖∗ = 1. Multiplying the first equation in (3.7) by Y2

j , the second equation
by Y1

j and integrating in Ωε, we find for j = 0, · · · , N − 1 that
〈−∆Y2

j + µε2Y2
j , φ1,ε〉 − 〈(p + αε)Wp+αε−1

2 Y2
j , φ2,ε〉 = 〈h1,ε, Y2

j 〉+
N−1

∑
k=0

c2
k〈Z

2
k , Y2

j 〉,

〈−∆Y1
j + µε2Y1

j , φ2,ε〉 − 〈(q + βε)Wq+βε−1
1 Y1

j , φ1,ε〉 = 〈h2,ε, Y1
j 〉+

N−1

∑
k=0

c1
k〈Z

1
k , Y1

j 〉.
(3.8)

On the one hand, we check, in view of the definition of Zi
k, Yi

j ,

〈Zi
0, Yi

0〉 = ‖Yi
0‖i

ε = Ci
0 + o(1),

〈Zi
j, Yi

j 〉 = ‖Yi
j‖i

ε = Ci
1 + o(1), j = 1, · · · , N − 1,

〈Zi
k, Yi

j 〉 = o(1), k 6= j,

where Ci
0, Ci

1 are strictly positive constants, i = 1, 2.
On the other hand,

〈−∆Y2
j + µε2Y2

j , φ1,ε〉 = 〈−∆Y1
j + µε2Y1

j , φ2,ε〉 = 0,

〈(p + αε)Wp+αε−1
2 Y2

j , φ2,ε〉 = o(‖φ2,ε‖∗,2),

〈(q + βε)Wq+βε−1
1 Y1

j , φ1,ε〉 = o(‖φ1,ε‖∗,1),
〈h1,ε, Y2

j 〉 = O(‖h1,ε‖∗∗,1), 〈h2,ε, Y1
j 〉 = O(‖h2,ε‖∗∗,2).



12 Q. Guo and J. Liu / Anal. Theory Appl., 41 (2025), pp. 1-34

Consequently, we have

c1
j = O(‖h2,ε‖∗∗,2) + o(‖φ1,ε‖∗,1), c2

j = O(‖h1,ε‖∗∗,1) + o(‖φ2,ε‖∗,2).

In particular, c1
j = o(1), c2

j = o(1) as ε goes to zero.
Since ‖(φ1,ε, φ2,ε)‖∗ = 1, the standard elliptic theory shows that as ε → 0, (φ1,ε(x −

ξ), φ2,ε(x− ξ)) converges uniformly in any compact set to some solution (ψ1, ψ2) to −∆ψ1 − pVp−1
0,Λ̃

ψ2 = 0 in RN
+ ,

−∆ψ2 − qUq−1
0,Λ̃

ψ1 = 0 in RN
+ ,

(3.9)

for some Λ̃ > 0. As a consequence, recalling (2.8),

ψ1 = c̃1
0

∂U0,Λ̃

∂Λ̃
+

N−1

∑
j=1

c̃1
j
∂U0,Λ̃

∂aj
,

ψ2 = c̃2
0

∂V0,Λ̃

∂Λ̃
+

N−1

∑
j=1

c̃2
j
∂V0,Λ̃

∂aj
.

On the other hand, by orthogonality, we have∫
RN

+

−∆
∂U0,Λ̃

∂Λ̃
ψ2 =

∫
RN

+

Uq−1
0,Λ̃

∂U0,Λ̃

∂Λ̃
ψ1 = 0,

∫
RN

+

−∆
∂V0,Λ̃

∂Λ̃
ψ1 =

∫
RN

+

Vp−1
0,Λ̃

∂V0,Λ̃

∂Λ̃
ψ2 = 0,

∫
RN

+

−∆
∂U0,Λ̃

∂aj
ψ2 =

∫
RN

+

Uq−1
0,Λ̃

∂U0,Λ̃

∂aj
ψ1 = 0,

∫
RN

+

−∆
∂V0,Λ̃

∂aj
ψ1 =

∫
RN

+

Vp−1
0,Λ̃

∂V0,Λ̃

∂aj
ψ2 = 0.

Moreover, there holds that∫
RN

+

∇
∂U0,Λ̃

∂Λ̃
∇

∂U0,Λ̃

∂aj
=
∫

RN
+

∇
∂U0,Λ̃

∂aj
∇

∂U0,Λ̃

∂ak
= 0, j 6= k,

∫
RN

+

∇
∂V0,Λ̃

∂Λ̃
∇

∂V0,Λ̃

∂aj
=
∫

RN
+

∇
∂V0,Λ̃

∂aj
∇

∂V0,Λ̃

∂ak
= 0, j 6= k,

∫
RN

+

|∇
∂U0,Λ̃

∂Λ̃
|2 = C̃1

0 > 0,
∫

RN
+

|∇
∂U0,Λ̃

∂aj
|2 = C̃1

1 > 0, 1 ≤ j ≤ N − 1,

∫
RN

+

|∇
∂V0,Λ̃

∂Λ̃
|2 = C̃2

0 > 0,
∫

RN
+

|∇
∂V0,Λ̃

∂aj
|2 = C̃2

1 > 0, 1 ≤ j ≤ N − 1.
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Hence, c̃1
j , c̃2

j solve a homogeneous quasi diagonal linear system, yielding c̃1
j = 0, c̃2

j = 0,
0 ≤ j ≤ N − 1, and ψ1 = 0, ψ2 = 0. So φ1,ε(x− ξ) → 0, φ2,ε(x− ξ) → 0 in C1

loc(Ωε). By
(3.4) and Remark 2.1, we have that

|〈x− ξ〉γ1+2Wq+βε−1
1 φ1,ε|t1 ≤ C‖φ1,ε‖t1

∗,1〈x− ξ〉(2−[N−2](q+βε−1)(1−τ1))t1 ∈ L1(RN),

|〈x− ξ〉γ2+2Wp+αε−1
2 φ2,ε|t2 ≤ C‖φ2,ε‖t2

∗,2〈x− ξ〉(2−[N−2](p+αε−1)(1−τ2))t2 ∈ L1(RN),

hold for p > 1
N−2 (N + N

t2
), which actually ensures that (2− [N − 2](p − 1))t2 < −N.

Then we obtain, by Dominated Convergence Theorem, that

‖(Wq+βε−1
1 φ1,ε, Wp+αε−1

2 φ2,ε)‖∗∗ = o(1).

On the other hand, under the condition p > 1
N−2 (N + N

t2
), we know that

〈x− ξ〉γ1+2|Z1
j | ≤ C〈x− ξ〉γ1+2−(N−2)p ∈ Lt1(RN),

〈x− ξ〉γ2+2|Z2
j | ≤ C〈x− ξ〉γ2+2−(N−2)q ∈ Lt2(RN),

‖(φ1,ε, φ2,ε)‖∗ ≤ C‖(Wq+βε−1
1 φ1,ε, Wp+αε−1

2 φ2,ε)‖∗∗ + C‖(h1,ε, h2,ε)‖∗∗

+ C
N−1

∑
j=0

(|c1
j |‖Z1

j ‖∗∗,1 + |c2
j |‖Z2

j ‖∗∗,2) = o(1),

that is, a contradiction.

As a result of Lemma 3.1, we can prove the following result.

Proposition 3.1. There exist ε0 > 0 and some constant C > 0, independent of ε and ξ, such that
for all 0 < ε < ε0 and all (h1,ε, h2,ε) ∈ Lt1

γ1+2(Ωε)× Lt2
γ2+2(Ωε) satisfying the assumptions in

Lemma 3.1, the linear problem (3.7) has a unique solution (φ1,ε, φ2,ε) ≡ Tε(h1,ε, h2,ε). Moreover,
there hold that

‖Tε(h1,ε, h2,ε)‖∗ ≤ C‖(h1,ε, h2,ε)‖∗∗, |ci
j| ≤ C‖(h1,ε, h2,ε)‖∗∗.

3.2 Nonlinear problem

We aim to solve the nonlinear problem

−∆(W1 + φ1) + µε2(W1 + φ1) = (W2 + φ2)
p+αε +

N−1

∑
k=0

c2
kZ2

k ,

−∆(W2 + φ2) + µε2(W2 + φ2) = (W1 + φ1)
q+βε +

N−1

∑
k=0

c1
kZ1

k ,

(φ1, φ2) ∈W2,t1
γ1

(Ωε)×W2,t2
γ2

(Ωε),

〈Z1
k , φ2〉 = 〈Z2

k , φ1〉 = 0, k = 1, · · · , N − 1.

(3.10)
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Rewrite (3.10) as 
Lε(φ1, φ2) = Rε + Nε(φ1, φ2) +

N−1

∑
k=0

(c2
kZ2

k , c1
kZ1

k ),

(φ1, φ2) ∈W2,t1
γ1

(Ωε)×W2,t2
γ2

(Ωε),

〈Z1
k , φ2〉 = 〈Z2

k , φ1〉 = 0, k = 1, · · · , N − 1,

(3.11)

where

Lε(φ1, φ2) = (−∆φ1 + µε2φ1 − (p + αε)Wp+αε−1
2 φ2,−∆φ2

+ µε2φ2 − (q + βε)Wq+βε−1
1 φ1), (3.12a)

Rε = (Rε,1, Rε,2) = (∆W1 − µε2W1 + Wp+αε
2 , ∆W2 − µε2W2 + Wq+βε

1 )

= (Wp+αε
2 −Vp

ξ, 1
Λ

, Wq+βε
1 −Uq

ξ, 1
Λ
), (3.12b)

Nε(φ1, φ2) =
(

Nε,1(φ2), Nε,2(φ1)
)

, (3.12c)

with

Nε,1(φ2) = (W2 + φ2)
p+αε −Wp+αε

2 − (p + αε)Wp+αε−1
2 φ2,

Nε,2(φ1) = (W1 + φ1)
q+βε −Wq+βε

1 − (q + βε)Wq+βε−1
1 φ1.

In order to use the contraction mapping theorem, we estimate the error term Rε and the
higher order term Nε(φ1, φ2).

Lemma 3.2. Under the assumption (A), there exists a constant C > 0, independent of ξ such
that

‖Rε‖∗∗ ≤ Cε, (3.13a)
‖D(Λ,ξ)Rε‖∗∗ ≤ Cε. (3.13b)

Proof. First, we show in Appendix A that

W1 = Uξ, 1
Λ
+O(εU

N−3
N−2 (1−τ)

ξ, 1
Λ

),

W2 = Vξ, 1
Λ
+O(εV

N−3
N−2 (1−τ)

ξ, 1
Λ

),

where τ > 0 is as small as desired. Recalling p ≤ q as we set, by (3.12b), we obtain

Rε,1 =Wp+αε
2 −Vp

ξ, 1
Λ

=Wp+αε
2 −Wp

2 + Wp
2 −Vp

ξ, 1
Λ

=O
(

αεWp
2 | ln W2|+ εV

N−3
N−2 (1−τ)+p−1

ξ, 1
Λ

)
=O

(
εVp(1−τ)

ξ, 1
Λ
| ln Vξ, 1

Λ
|+ εV

N−3
N−2 (1−τ)+p−1

ξ, 1
Λ

)
,
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and

Rε,2 =Wq+βε
1 −Uq

ξ, 1
Λ

=Wq+βε
1 −Wq

1 + Wq
1 −Uq

ξ, 1
Λ

=O
(

εUq(1−τ)

ξ, 1
Λ
| ln Uξ, 1

Λ
|+ εU

N−3
N−2 (1−τ)+q−1

ξ, 1
Λ

)
.

Then

‖Rε,1‖∗∗,2 ≤ Cε‖〈x− ξ〉γ2+2
(

Vp(1−τ)

ξ, 1
Λ
| ln Vξ, 1

Λ
|+ V

N−3
N−2 (1−τ)+p−1

ξ, 1
Λ

)
‖Lt2 (Ωε)

≤ Cε, (3.14)

and

‖Rε,2‖∗∗,1 ≤ Cε‖〈x− ξ〉γ1+2
(

Uq(1−τ)

ξ, 1
Λ
| ln Uξ, 1

Λ
|+ U

N−3
N−2 (1−τ)+q−1

ξ, 1
Λ

)
‖Lt1 (Ωε)

≤ Cε.

Differentiating (3.12b) with respect to the parameter Λ and ξ, respectively. Then the
estimate (3.13b) can be obtained in the same way.

Remark 3.1. The assumption (A) here is sufficient. Note that the condition p >
1

N−2 (N + N
t2
) is necessary for the solvability of linear problem (see Lemma 3.2). With

(3.14), we then derive that γ2 < N − 3.

Lemma 3.3. Under the assumption (A), there exist ε1 > 0, independent of Λ, ξ, and C, inde-
pendent of ε, Λ, ξ, such that for |ε| ≤ ε1, and ‖(φ1, φ2)‖∗ ≤ 1,

‖Nε,1(φ2)‖∗∗,2 ≤ C‖φ2‖min{p+αε,2}
∗,2 ,

‖Nε,2(φ1)‖∗∗,1 ≤ C‖φ1‖
min{q+βε,2}
∗,1 ,

and, for ‖(φ1, φ2)‖∗ ≤ 1 and ‖(ψ1, ψ2)‖∗ ≤ 1,

‖Nε,1(φ2)− Nε,1(ψ2)‖∗∗,2 ≤ C(max(‖φ2‖∗,2, ‖ψ2‖∗,2))min{p+αε−1,1}‖φ2 − ψ2‖∗,2,

‖Nε,2(φ1)− Nε,2(ψ1)‖∗∗,1 ≤ C(max(‖φ1‖∗,1, ‖ψ1‖∗,1))min{q+βε−1,1}‖φ1 − ψ1‖∗,1.

Proof. By definition of (3.12c), we have

|Nε,1(φ2)| ≤
{

C|φ2|p+αε, if 1 < p ≤ 2,

CWp+αε−2
2 |φ2|2 + C|φ2|p+αε, if p > 2,

|Nε,2(φ1)| ≤
{

C|φ1|q+βε, if 1 < q ≤ 2,

CWq+βε−2
1 |φ1|2 + C|φ1|q+βε, if q > 2.

We first estimate Nε,1(φ2). For 1 < p ≤ 2, once

γ2 >
2 + N

t2

p− 1
(3.15)
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holds, we have

‖|φ2|p+αε‖∗∗,2 =
( ∫

Ωε

(〈x− ξ〉γ2+2|φ2|p+αε)t2
) 1

t2

≤C‖φ2‖p+αε
∗,2

( ∫
Ωε

(〈x− ξ〉γ2+2−(p+αε)γ2)t2
) 1

t2

≤C‖φ2‖p+αε
∗,2 .

Note that the assumption (A) ensures that (3.15) holds.
For p > 2, noticing that Wε

2 is bounded since W2 is bounded, we have

‖Wp+αε−2
2 |φ2|2‖∗∗,2 =

[ ∫
Ωε

(〈x− ξ〉γ2+2Wp+αε−2
2 |φ2|2)t2

] 1
t2

≤C‖φ2‖2
∗,2

[ ∫
Ωε

(〈x− ξ〉2−γ2−(N−2)(p−2)(1−τ2))t2
] 1

t2

≤C‖φ2‖2
∗,2.

Thus, we obtain

‖Nε,1(φ2)‖∗∗,2 ≤ C‖φ2‖min{p+αε,2}
∗,2 .

Secondly, we estimate Nε,2(φ1). By the same way, we have

‖Nε,2(φ1)‖∗∗,1 ≤ C‖φ1‖
min{q+βε,2}
∗,1

holds for t1 > N and N−2
2 + N(N−2)

4t1
< γ1 < N − 2− N

t1
.

Last, we estimate Nε,1(φ2)− Nε,1(ψ2) and Nε,2(φ1)− Nε,1(ψ1). We write{
Nε,1(φ2)− Nε,1(ψ2) = N′ε,1(tφ2 + (1− t)ψ2)(φ2 − ψ2),

Nε,2(φ1)− Nε,1(ψ1) = N′ε,1(tφ1 + (1− t)ψ1)(φ1 − ψ1),

for some t ∈ [0, 1]. Since, for any η ∈W2,t1
γ1 (Ωε),{

N′ε,1(η) = (p + αε)[(W2 + η)p+αε−1 −Wp+αε−1
2 ],

N′ε,2(η) = (q + βε)[(W1 + η)q+βε−1 −Wq+βε−1
1 ],

we can conclude the proof by repeating the previous steps.

Remark 3.2. The assumption (A) can ensure that (3.15) holds. For the range of γ2 in
Remark 3.1, (3.15) forces that 1

p−1 (2 +
N
t2
) < N − 3, that is p > 1

N−3 (N − 1 + N
t2
). So we

impose N ≥ 5 and t2 > N(2− 4
N−2 )

−1 such that

N − 1 + N
t2

N − 3
<

N + 2
N − 2

.
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Therefore, we can give assumptions on N, p, γ2 and t2 that

N ≥ 5, p ∈
(N − 1 + N

t2

N − 3
,

N + 2
N − 2

)
,

2 + N
t2

p− 1
< γ2 < N − 3, t2 > max

{
N,

N
2− 4

N−2

}
.

Using Lemmas 3.2, 3.3 and the contraction mapping theorem, we obtain Proposition
3.2.

Proposition 3.2. There exists some C, independent of ε and ξ, such that for small ε, the problem
(3.11) has a unique solution (φ1, φ2) = (φ1, φ2)(Λ, ξ, µ, ε) satisfying

‖(φ1, φ2)‖∗ ≤ Cε.

Moreover, (Λ, ξ) → (φ1, φ2)(Λ, ξ, µ, ε) is C1 with respect to the W2,t1
γ1 (Ωε)×W2,t2

γ2 (Ωε)-norm,
and

‖D(Λ,ξ)(φ1, φ2)‖∗ ≤ Cε.

Proof. Define

F = {(φ1, φ2) ∈W2,t1
γ1

(Ωε)×W2,t2
γ2

(Ωε) : ‖(φ1, φ2)‖∗ ≤ C0ε},

and
Aε : F →W2,t1

γ1
(Ωε)×W2,t2

γ2
(Ωε), Aε(φ1, φ2) = Tε(Nε(φ1, φ2) + Rε),

where C0 > 0 is some large positive constant independent of ε and ξ, and Tε is defined as
Proposition 3.1.

We claim that the operator Aε have a fixed point. For this purpose, we prove that Aε

is a contraction mapping, then we finish the proof by the contraction mapping theorem.
On the one hand, for (φ1, φ2) ∈ F and ε small enough, by Lemmas 3.2 and 3.3, we have

‖Aε(φ1, φ2)‖∗ = ‖Tε(Nε(φ1, φ2) + Rε)‖∗ ≤ C‖Nε(φ1, φ2)‖∗∗ + C‖Rε‖∗∗ ≤ C0ε,

where C > 0 is a constant defined in Proposition 3.7, and the last inequality holds for
choosing C0 large enough. Then Aε maps F onto itself. On the other hand, for (φ1, φ2) ∈
F , (ψ1, ψ2) ∈ F and ε sufficiently small

‖Aε(φ1, φ2)− Aε(ψ1, ψ2)‖∗
≤C‖Nε(φ1, φ2)− Nε(ψ1, ψ2)‖∗∗
≤C[εmin{p+αε−1,1}‖φ2 − ψ2‖∗,2 + εmin{q+βε−1,1}‖φ1 − ψ1‖∗,1]

≤1
2
‖(φ1, φ2)− (ψ1, ψ2)‖∗,

that is Aε is a contraction mapping.
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Therefore, the problem (3.11) has a unique solution (φ1, φ2) satisfying ‖(φ1, φ2)‖∗ ≤
C0ε.

Next, we show that the mapping (Λ, ξ)→ (φ1, φ2)(Λ, ξ) is C1. We define

B(Λ, ξ, η1, η2) := (η1, η2)− Tε(Nε(η1, η2) + Rε),

where Λ satisfying (2.7), ξ ∈ Ωε and (η1, η2) ∈ F . Obviously, B(Λ, ξ, η1, η2) is C1 with
respect to Λ, ξ, η1, and η2, and (φ1, φ2) satisfies

B(Λ, ξ, φ1, φ2) = 0. (3.16)

In order to use the implicit function theorem, we calculate

∂(η1,η2)B(Λ, ξ, η1, η2)[(θ1, θ2)] = (θ1, θ2)− Tε((θ1, θ2)(∂(η1,η2)Nε)(η1, η2)).

For p > 2 and q > 2, using Proposition 3.1, (3.6) and Lemma 3.3, we obtain

‖Tε((θ1, θ2)(∂(η1,η2)Nε)(η1, η2))‖∗
≤C‖(θ1, θ2)(∂(η1,η2)Nε)(η1, η2)‖∗∗
≤C[‖〈x− ξ〉−γ2(∂η2 Nε,1)(η2)‖∗∗,2‖θ2‖∗,2 + ‖〈x− ξ〉−γ1(∂η1 Nε,2)(η1)‖∗∗,1‖θ1‖∗,1]
≤C[‖〈x− ξ〉2|η2|p+αε−1‖Lt2 (Ωε)

‖θ2‖∗,2 + ‖〈x− ξ〉2|η1|q+βε−1‖Lt1 (Ωε)
‖θ1‖∗,1]

≤C[C(γ2)‖η2‖p+αε−1
∗,2 ‖θ2‖∗,2 + C(γ1)‖η1‖

q+βε−1
∗,1 ‖θ1‖∗,1]

≤Cεσ1‖(θ1, θ2)‖∗,

where σ1 = σ1(p, q) is a constant. Similarly, for (p, q) ∈ {p > 2, q > 2}c, there exists
σ2 = σ2(p, q) such that

‖Tε((θ1, θ2)(∂(η1,η2)Nε)(η1, η2))‖∗ ≤Cεσ2‖(θ1, θ2)‖∗.

Thus

‖Tε((θ1, θ2)(∂(η1,η2)Nε)(η1, η2))‖∗ ≤Cεmin(σ1,σ2)‖(θ1, θ2)‖∗.

Therefore, ∂(η1,η2)B(Λ, ξ, φ1, φ2) is invertible in W2,t1
γ1 (Ωε)×W2,t2

γ2 (Ωε) with uniformly bounded
inverse. Then (Λ, ξ)→ (φ1, φ2)(Λ, ξ) is C1 follows from the implicit functions theorem.

Differentiating (3.16) with respect to Λ, we obtain

∂Λ(φ1, φ2) =(∂(η1,η2)B(Λ, ξ, φ1, φ2))
−1(∂ΛTε)(Nε)(φ1, φ2)

+ Tε((∂ΛNε)(φ1, φ2)) + ∂Λ(Tε(Rε)),

then, by Proposition 3.7,

‖∂Λ(φ1, φ2)‖∗ =‖(∂ΛTε)(Nε)(φ1, φ2)‖∗ + ‖Tε((∂ΛNε)(φ1, φ2))‖∗ + ‖∂Λ(Tε(Rε))‖∗
≤C(‖Nε(φ1, φ2)‖∗∗ + ‖(∂ΛNε)(φ1, φ2)‖∗∗ + ‖Rε‖∗∗).



Q. Guo and J. Liu / Anal. Theory Appl., 41 (2025), pp. 1-34 19

By the boundedness of Wε
1, Wε

2, we have

‖(∂ΛNε)(φ1, φ2)‖∗∗
=‖(∂ΛNε,1)(φ2)‖∗∗,2 + ‖(∂ΛNε,2)(φ1)‖∗∗,1
=‖(p + αε)|(W2 + φ2)

p+αε−1 −Wp+αε−1
2 − (p + αε− 1)Wp+αε−2

2 φ2||∂ΛW2|‖∗∗,2
+ ‖(q + βε)|(W1 + φ1)

q+βε−1 −Wq+βε−1
1 − (q + βε− 1)Wq+βε−2

1 φ1||∂ΛW1|‖∗∗,1

≤C


‖W2|φ2|p+αε−1 + Wp+αε−1

2 |φ2|‖∗∗,2, 1 < p ≤ 2,
‖W2|φ2|p+αε−1‖∗∗,2, 2 < p ≤ 3,

‖Wp+αε−2
2 |φ2|2 + W2|φ2|p+αε−1‖∗∗,2, p > 3,

+ C


‖W1|φ1|q+βε−1 + Wq+βε−1

1 |φ1|‖∗∗,2, 1 < q ≤ 2,
‖W1|φ1|q+βε−1‖∗∗,2, 2 < q ≤ 3,

‖Wq+βε−2
1 |φ2|2 + W1|φ1|q+βε−1‖∗∗,2, q > 3,

≤C



‖φ2‖p+αε−1
∗,2 ‖〈x− ξ〉−(N−2)(1−τ2)−γ2(p+αε−1)‖∗∗,2

+‖φ2‖∗,2‖〈x− ξ〉−(N−2)(p+αε−1)(1−τ2)−γ2‖∗∗,2, 1 < p ≤ 2,

‖φ2‖p+αε−1
∗,2 ‖〈x− ξ〉−(N−2)(1−τ2)−γ2(p+αε−1)‖∗∗,2, 2 < p ≤ 3,

‖φ2‖2
∗,2‖〈x− ξ〉−(N−2)(p+αε−2)(1−τ2)−2γ2‖∗∗,2

+‖φ2‖p+αε−1
∗,2 ‖〈x− ξ〉−(N−2)(1−τ2)−γ2(p+αε−1)‖∗∗,2, p > 3,

+ C



‖φ1‖
q+βε−1
∗,1 ‖〈x− ξ〉−(N−2)(1−τ1)−γ1(q+βε−1)‖∗∗,1

+‖φ1‖∗,1‖〈x− ξ〉−(N−2)(q+βε−1)(1−τ1)−γ1‖∗∗,1, 1 < q ≤ 2,

‖φ1‖
q+βε−1
∗,1 ‖〈x− ξ〉−(N−2)(1−τ1)−γ1(q+βε−1)‖∗∗,1, 2 < q ≤ 3,

‖φ1‖2
∗,1‖〈x− ξ〉−(N−2)(q+βε−2)(1−τ1)−2γ1‖∗∗,1

+‖φ1‖
q+βε−1
∗,1 ‖〈x− ξ〉−(N−2)(1−τ1)−γ1(q+βε−1)‖∗∗,1, q > 3,

≤Cε.

Combined with Lemmas 3.2 and 3.3, we deduce ‖∂Λ(φ1, φ2)‖∗ ≤ Cε. Similarly, we can
obtain ‖∂ξ(φ1, φ2)‖∗ ≤ Cε. This completes the proof.

4 The reduced problem

We introduce the following functional defined in (W2, p+1
p ∩W1,p∗)× (W2, q+1

q ∩W1,q∗)

Jε(u, v) :=
∫

Ωε

∇u1 · ∇u2 + µε2
∫

Ωε

u1u2

− 1
p + αε + 1

∫
Ωε

|u2|p+αε+1 − 1
q + βε + 1

∫
Ωε

|u1|q+βε+1,
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whose, by standard arguments, nontrivial critical points are solutions to (1.4).
Setting

Iε(Λ, a) ≡ Jε(W1 + φ1,ε, W2 + φ2,ε).

We are reduced to prove the following result.

Proposition 4.1. The function (W1 + φ1, W2 + φ2) is a solution to problem (1.4) if and only if
(Λ, a) is a critical point of Iε.

Proposition 4.2. There exist A1, A2, B1, B2, C1, C2, D1, D2, strictly positive constants such
that

Iε(Λ, a) =
(q− 1

2
A1 +

p− 1
2

A2

)
− εΛH(a)(B1 + B2 + C1 + C2)

+ ε ln Λ
( Nβ

q + 1
A1 +

Nα

p + 1
A2

)
+ ε
(β

2
A1 +

α

2
A2 + βD1 + αD2

)
+ εσε(Λ, a),

with σε and ∂Λσε going to zero as ε goes to zero, uniformly with respect to Λ satisfying (2.7).

Proof. We show in Appendix B that

Jε(W1, W2) =
(q− 1

2
A1 +

p− 1
2

A2

)
− εΛH(a)(B1 + B2 + C1 + C2)

+ ε ln Λ
( Nβ

q + 1
A1 +

Nα

p + 1
A2

)
+ ε
(β

2
A1 +

α

2
A2 + βD1 + αD2

)
+ o(ε).

Then it remains to show that

Iε(Λ, a)− Jε(W1, W2) = o(ε).

Actually, a Taylor expansion and the fact that

J′ε(W1 + φ1, W2 + φ2)[(φ1, φ2)] = 0,

yield

Iε(Λ, a)− Jε(W1, W2) = Jε(W1 + φ1, W2 + φ2)− Jε(W1, W2)

=−
∫ 1

0

∫
Ωε

(|∇φ1|2 + µε2φ2
1 − (p + αε)(W2 + sφ2)

p+αε−1φ2
2)sds

−
∫ 1

0

∫
Ωε

(|∇φ2|2 + µε2φ2
2 − (q + βε)(W1 + sφ1)

q+βε−1φ2
1)sds

=−
∫ 1

0

∫
Ωε

(Nε,1(φ2)φ2 + Rε,1φ2 + (p + αε)[Wp+αε−1
2 − (W2 + sφ2)

p+αε−1]φ2
2)sds

−
∫ 1

0

∫
Ωε

(Nε,2(φ1)φ1 + Rε,2φ1 + (q + βε)[Wq+βε−1
1 − (W1 + sφ1)

q+βε−1]φ2
1)sds.
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The first term can be estimated as follows,

∣∣∣ ∫
Ωε

Nε,1(φ2)φ2

∣∣∣ ≤


C‖φ2‖p+αε+1
∗,2

∫
Ωε

〈x− ξ〉−γ2(p+αε+1) ≤ Cεp+1, 1 < p ≤ 2,

C‖φ2‖3
∗,2

∫
Ωε

〈x− ξ〉−3γ2−(p+αε−2)(N−2)(1−τ2) + Cεp+1, p > 2,

≤Cεmin(3,p+1),

and

∣∣∣ ∫
Ωε

Nε,2(φ1)φ1

∣∣∣ ≤


C‖φ1‖
q+βε+1
∗,1

∫
Ωε

〈x− ξ〉−γ1(q+βε+1) ≤ Cεq+1, 1 < q ≤ 2,

C‖φ1‖3
∗,1

∫
Ωε

〈x− ξ〉−3γ1−(q+βε−2)(N−2)(1−τ1) + Cεq+1, q > 2,

≤Cεmin(3,q+1).

For the second term,

Rε,1 ≤ Cε〈x− ξ〉−(N−3)(1−τ2)−(N−2)(p−1),

Rε,2 ≤ Cε〈x− ξ〉−(N−3)(1−τ1)−(N−2)(q−1).

Then ∫
Ωε

|Rε,1φ2| ≤ Cε‖φ2‖∗,2
∫

Ωε

〈x− ξ〉−γ2−(N−2)p+1 ≤ Cε2,∫
Ωε

|Rε,2φ1| ≤ Cε‖φ1‖∗,1
∫

Ωε

〈x− ξ〉−γ1−(N−2)q+1 ≤ Cε2.

Concerning the last term∫
Ωε

[Wp+αε−1
2 − (W2 + sφ2)

p+αε−1]φ2
2

≤C



∫
Ωε

|φ2|p+αε+1, 1 < p ≤ 2,∫
Ωε

|φ2|p+αε+1 + Wp+αε−2
2 |φ2|3, 2 < p ≤ 3,∫

Ωε

|φ2|p+αε+1 + Wp+αε−2
2 |φ2|3 + Wp+αε−3

2 |φ2|4, p ≥ 3,

≤C


‖φ2‖p+αε+1

∗,2

∫
Ωε

〈x− ξ〉−γ2(p+αε+1) ≤ Cεp+1, 1 < p ≤ 2,

Cεp+1 + ‖φ2‖3
∗,2

∫
Ωε

〈x− ξ〉−3γ2−(p−2)(N−2)(1−τ2) ≤ Cε3, 2 < p ≤ 3,

Cε3 + ‖φ2‖4
∗,2

∫
Ωε

〈x− ξ〉−4γ2−(p−3)(N−2)(1−τ2), p ≥ 3,

≤Cε3,
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∫
Ωε

[Wq+βε−1
1 − (W1 + sφ1)

q+βε−1]φ2
1

≤C



∫
Ωε

|φ1|q+βε+1, 1 < q ≤ 2,∫
Ωε

|φ1|q+βε+1 + Wq+βε−2
1 |φ1|3, 2 < q ≤ 3,∫

Ωε

|φ1|q+βε+1 + Wq+βε−2
1 |φ1|3 + Wp+βε−3

1 |φ1|4, q ≥ 3,

≤C


‖φ1‖

q+βε+1
∗,1

∫
Ωε

〈x− ξ〉−γ1(q+βε+1) ≤ Cεq+1, 1 < q ≤ 2,

Cεq+1 + ‖φ1‖3
∗,1

∫
Ωε

〈x− ξ〉−3γ1−(q−2)(N−2)(1−τ1) ≤ Cε3, 2 < q ≤ 3,

Cε3 + ‖φ1‖4
∗,1

∫
Ωε

〈x− ξ〉−4γ1−(q−3)(N−2)(1−τ1), q ≥ 3,

≤Cε3.

The same estimate holds for the first derivative with respect to Λ, then we finish the
proof.

Proof of Theorems 1.1 and 1.2. Let maxP∈∂Ω H(P) = γ > 0. For δ < γ, we define

(∂Ω)δ = {a ∈ ∂Ω s.t. H(a) > δ},
and

Îε(Λ, a) =ΛH(a)− η ln Λ− σ̃ε(Λ, a)

=
1

ε(B1 + B2 + C1 + C2)

(q− 1
2

A1 +
p− 1

2
A2 − Iε(Λ, a)

)
+

1
B1 + B2 + C1 + C2

(β

2
A1 +

α

2
A2 + βD1 + αD2

)
,

where

η =
1

B1 + B2 + C1 + C2

( Nβ

q + 1
A1 +

Nα

p + 1
A2

)
,

σ̃ε(Λ, a) =
σε(Λ, a)

B1 + B2 + C1 + C2
= o(1),

∂Λσ̃ε(Λ, a) = o(1),

as ε→ 0. We set

Σ0 =
{
(Λ, a)

∣∣∣ c1

2
< Λ <

2
c1

, a ∈ (∂Ω)γ0

}
E =

{
(Λ, a)

∣∣∣c1 ≤ Λ ≤ 1
c1

, a ∈ (∂Ω)γ1

}
E0 = {c1} × (∂Ω)γ1 ∪

{ 1
c1

}
× (∂Ω)γ1 ,



Q. Guo and J. Liu / Anal. Theory Appl., 41 (2025), pp. 1-34 23

where c1 is a small number to be chosen later, 0 < γ0 < γ1 < γ. Here we choose, for
γ1 close enough to γ, a contractible component of (∂Ω)γ1 so that E is contractible. It is
trivial to see that E0 ⊂ E ⊂ Σ0, E0, E are closed and E is connected.

Let Γ be the class of continuous functions ϕ : E→ Σ0 with the property that

ϕ(y) = y for all y ∈ E0.

Define the max-min value c as

c = max
ϕ∈Γ

min
y∈E

Îε(ϕ(y)).

We will show that c defines a critical value. We only need to verify the following two
conditions

(H1) miny∈E0 Îε(ϕ(y)) > c, ∀ϕ ∈ Γ;

(H2) For all y ∈ ∂Σ0 such that Îε(y) = c, there exists τy a tangent vector to ∂Σ0 at y such
that ∂τy Îε(y) 6= 0.

Then standard deformation argument ensures that the max-min value c is a topologically
nontrivial critical value for Îε(Λ, a) in Σ0.

To check (H1) and (H2), we write ϕ(y) = (ϕ1(y), ϕ2(y)), where ϕ1(y) ∈ [ c1
2 , 2

c1
] and

ϕ2(y) ∈ (∂Ω)γ0 . Since ϕ|E0 = id, E is contractible and ϕ is continuous, necessarily there
is some y in E such that H(ϕ2(y)) = γ. Let (Λ0, a0) ∈ E such that H(a0) = γ, Λ0 = η

γ ,
where c1 is chosen small enough so that Λ0 ∈ [c1, 1

c1
]. For any ϕ ∈ Γ, ϕ1 is a continuous

functions from E to [ c1
2 , 2

c1
] such that [c1, 1

c1
] ⊂ ϕ1(E). Thus, there exists y0 ∈ E such that

ϕ1(y0) = Λ0.
We note

Îε(Λ0, a0) = d0 + o(1) :=min{ Îε(Λ, a), H(a) = γ, Λ > 0}+ o(1)
=η − η ln η + η ln γ + o(1) ≤ c.

Moreover,

min
y∈E

Îε(ϕ(y)) ≤ Îε(Λ0, ϕ2(y)) ≤
η

γ
H(ϕ2(y))− η ln η + η ln γ + o(1) ≤ d0 + o(1).

As a consequence

c = d0 + o(1) = η − η ln η + η ln γ + o(1).

For y ∈ E0, we have ϕ1(y) = c1 or ϕ1(y) = 1
c1

. In the first case, we have

Îε(y) = c1H(ϕ2(y))− η ln c1 + o(1) > η ln
1
c1

+ o(1) > 2d0 > c,
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where we choose c1 is small enough. In the latter case, we have

Îε(y) =
1
c1

H(ϕ2(y)) + η ln c1 + o(1)

>
γ1

c1
+ η ln c1 + o(1) > 2d0 > c,

provided c1 is small enough. So (H1) is verified.
To check (H2), we only need to check conditions on [c1, 1

c1
]× ∂((∂Ω)γ0), taking τy =

∂
∂Λ , we obtain

∂τy Îε(y) = H(y2)−
η

Λ
+ o(1) 6= 0.

We assume that ∂τy Îε(y) = 0, then ΛH(y2) = η + o(1). On the other hand, we estimate

Îε(y) = η − η ln η + η ln H(ϕ2(y)) + o(1) = η − η ln η + η ln γ0 + o(1) < c,

which is a contradiction to the assumption. So (H2) is also verified.
In case of ε < 0, we assume that Ω is not convex. Similarly as before, we define

(∂Ω)δ = {a ∈ ∂Ω | H(a) < −δ},

Σ0 =
{
(Λ, a)

∣∣∣ c1

2
< Λ <

2
c1

, a ∈ (∂Ω)γ0

}
,

E =
{
(Λ, a)

∣∣∣c1 ≤ Λ ≤ 1
c1

, a ∈ (∂Ω)γ1

}
,

E0 = {c1} × (∂Ω)γ1 ∪
{ 1

c1

}
× (∂Ω)γ1 ,

c = min
ϕ∈Γ

max
y∈E

Îε(ϕ(y)),

where 0 < δ < γ = −mina∈∂Ω H(a) > 0 and γ0 < γ1 < γ.

(H1) maxy∈E0 Îε(ϕ(y)) < c, ∀ϕ ∈ Γ;

(H2) For all y ∈ ∂Σ0 such that Îε(y) = c, there exists τy a tangent vector to ∂Σ0 at y such
that ∂τy Îε(y) 6= 0.

Arguing as previously, we find that c is a critical point of Îε. This proves Theorem
1.2.

Appendix

In this paper, we may assume a = 0 ∈ Ω fixed, and after rotation and translation of the
coordinate system, the inward normal to ∂Ω at a is the direction of the positive xN-axis.



Q. Guo and J. Liu / Anal. Theory Appl., 41 (2025), pp. 1-34 25

Denote x′ = (x1, · · · , xN−1), B′δ(0) = {x′ ∈ RN−1 : |x′| < δ} and Bδ(a) = {x ∈ RN :
|x− a| < δ}. Then since ∂Ω is smooth, there exists a constant δ > 0 such that ∂Ω ∩ B′δ(a)
can be represented by the graph of a smooth function ρ : Bδ(a) → R, where ρ(0) = 0,
∇ρ(0) = 0, and

Ω ∩ Bδ(a) = {(x′, xN) ∈ Bδ(a) : xN > ρ(x′)}.
Moreover, we set

ρ(x′) =
1
2

N−1

∑
i=1

kix2
i +O(|x|3),

where ki, i = 1, · · · , N − 1, are the principal curvatures at a, and then the average of the
principal curvatures of ∂Ω at a is the mean curvature

H(a) =
1

N − 1

N−1

∑
i=1

ki.

On ∂Ω ∩ Bδ(a), the normal derivative is

n(x) =
1

(1 + |∇′ρ|2) 1
2
(∇′ρ,−1)

and the tangential derivatives are given by

∂

∂τi,x
=

1

(1 + | ∂ρ
∂xi
|2) 1

2

(
0, · · · , 1, · · · ,

∂ρ

∂xi

)
, i = 1, · · · , N − 1.

A Basic estimates

We introduce two auxiliary functions ϕ1,0 and ϕ2,0 :

− ∆ϕ1,0 = 0 in RN
+ ,

∂ϕ1,0

∂xN
= −1

2
〈∇U0,1, kx〉|xN=0 on ∂RN

+ , ϕ1,0 → 0 as r → ∞,

− ∆ϕ2,0 = 0 in RN
+ ,

∂ϕ2,0

∂xN
= −1

2
〈∇V0,1, kx〉|xN=0 on ∂RN

+ , ϕ2,0 → 0 as r → ∞,

where kx = (k1x1, k2x2, · · · , kNxN).

Lemma A.1 ([13]). For p > N
N−2 and i = 1, 2, there holds that

|ϕi0(x)| ≤ C
(1 + |x|)N−3 , |∇ϕi0(x)| ≤ C

(1 + |x|)N−2 , |D2ϕi0(x)| ≤ C
(1 + |x|)N−1 .

Lemma A.2. Let f ∈ Lt
β+2(Ωε) and u satisfy

−∆u + µε2u = f in Ωε,
∂u
∂n

= 0 on ∂Ωε.
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Then

|u(x)| ≤ C
∫

Ω

| f (y)|
|y− x|N−2 dy, ‖u‖∗ ≤ C‖ f ‖∗∗.

Lemma A.3 ( [39, Lemma B.1]). For any constant 0 < σ ≤ min{α, β}, there is a constant
C > 0, such that

1
(1 + |y− xi|)α

1
(1 + |y− xj|)β

≤ C
|xi − xj|σ

( 1
(1 + |y− xi|)α+β−σ

+
1

(1 + |y− xj|)α+β−σ

)
.

We generalize the estimate used in [39] in the following.

Lemma A.4 (c.f. [12]). For any constant σ > 0, σ 6= N− 2, there exists a constant C > 0, such
that ∫

RN

1
|y− z|N−2

1
(1 + |z|)2+σ

dz ≤ C
(1 + |y|)min{σ,N−2} .

Recall that 
−∆v1 + µv1 = Vp

a,λ in Ω,

−∆v2 + µv2 = Uq
a,λ in Ω,

∂v1

∂n
=

∂v2

∂n
= 0 on ∂Ω,

(A.1)

and {
v1 = Ua,λ − ϕ1,
v2 = Va,λ − ϕ2.

(A.2)

Since {
−∆Ua,λ = Vp

a,λ,

−∆Va,λ = Uq
a,λ,

(A.3)

then we have 
−∆ϕ1 + µϕ1 = µUa,λ in Ω,
−∆ϕ2 + µϕ2 = µVa,λ in Ω,
∂ϕ1

∂n
=

∂Ua,λ

∂n
,

∂ϕ2

∂n
=

∂Va,λ

∂n
on ∂Ω.

(A.4)

Lemma A.5. For p > N
N−2 , N ≥ 4, we have the expansion
ϕ1 = (Λε)1− N

q+1 ϕ1,0

( x− a
Λε

)
+O(ε2− N

q+1 | ln ε|m),

ϕ2 = (Λε)1− N
p+1 ϕ2,0

( x− a
Λε

)
+O(ε2− N

p+1 | ln ε|m),
(A.5)
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with

m =

{
1, N = 4,
0, N ≥ 5.

(A.6)

Moreover, 
|ϕ1| ≤

ε
1− N

q+1 | ln ε|n
(1 + | x−a

Λε |)N−3 ,

|ϕ2| ≤
ε

1− N
p+1 | ln ε|n

(1 + | x−a
Λε |)N−3 ,

(A.7)

and {
|ϕ1(x)| ≤ C(Ua, 1

Λε
(x))1−τ,

|ϕ2(x)| ≤ C(Va, 1
Λε
(x))1−τ,

(A.8)

where n = 1 and τ > 0 is any small fixed number for N = 4, 5, n = 0 and τ = 0 for N ≥ 6.

Proof. We only need to estimate ϕ1. Let

ϕ1 = ϕ1
1 + ϕ2

1,

where 
−∆ϕ1

1 + µϕ1
1 = µUa,λ in Ω,

∂ϕ1
1

∂n
= 0 on ∂Ω,

(A.9)

and 
−∆ϕ2

1 + µϕ2
1 = 0 in Ω,

∂ϕ2
1

∂n
=

∂Ua,λ

∂n
on ∂Ω.

(A.10)

Set
ϕ̂

j
1(x) = ε

N
q+1 ϕ

j
1(εx).

Then ϕ̂1
1 satisfies 

−∆ϕ̂1
1 + µε2 ϕ̂1

1 = µε2Uξ, 1
Λ

in Ωε,

∂ϕ̂1
1

∂n
= 0 on ∂Ωε.

(A.11)

So

|ϕ̂1
1| ≤Cε2

∫
Ωε

Uξ, 1
Λ

|x− y|N−2 dy

≤Cε2
∫

Ωε

dy
(1 + |y− ξ|)N−2|x− y|N−2

≤ Cε2| ln ε|m1

(1 + |x− ξ|)N−4 ,
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where

m1 =

{
1, N = 4,
0, N ≥ 5.

Consequently,

|ϕ1
1(x)| ≤ Cε

2− N
q+1 | ln ε|m1

(1 + | x−a
Λε |)N−4 ≤

Cε
1− N

q+1 | ln ε|m1

(1 + | x−a
Λε |)N−3 ,

and
ϕ1

1 = O(ε2− N
q+1 | ln ε|m1).

Next we estimate for ϕ2
1. To this end, we write

ϕ2
1 = (Λε)1− N

q+1 ϕ1,0

( x− a
Λε

)
+ ϕ3

1 + ϕ4
1,

where ϕ3
1 satisfies

−∆ϕ3
1 + µϕ3

1 = 0 in Ω,
∂ϕ3

1
∂n

=
∂Ua,λ

∂n
− ∂

∂n

[
(Λε)1− N

q+1 ϕ1,0

( x− a
Λε

)]
on ∂Ω,

(A.12)

and ϕ4
1 satisfies

−∆ϕ4
1 + µϕ4

1 = (∆− µ)
[
(Λε)1− N

q+1 ϕ1,0

( x− a
Λε

)]
in Ω,

∂ϕ3
1

∂n
= 0 on ∂Ω.

(A.13)

The estimate for ϕ4
1 is similar to that of ϕ1

1,

|ϕ̂4
1| ≤Cε3

(
1
ε2

∫
Ωε\RN

+

dy
(1 + |y− ξ|)N−1|x− y|N−2 +

∫
Ωε

dy
(1 + |y− ξ|)N−3|x− y|N−2

)
≤Cε3

(
1

ε(1 + |x− ξ|)N−3 +
| ln ε|m4

(1 + |x− ξ|)N−5

)
,

where

m4 =

{
1, N = 5,
0, N 6= 5.

Consequently,

|ϕ4
1(x)| ≤ C

(
ε

2− N
q+1

(1 + | x−a
Λε |)N−3 +

ε
3− N

q+1 | ln ε|m4

(1 + | x−a
Λε |)N−5

)
≤ Cε

1− N
q+1 | ln ε|m4

(1 + | x−a
Λε |)N−3 ,
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and
ϕ4

1 = O(ε2− N
q+1 ).

It remains to estimate ϕ3
1.

If x ∈ ∂Ω ∩ Bδ(a),

∂ϕ3
1

∂n
= O

(
ε

1− N
q+1

(1 + |x′|
Λε )

N−3

)
.

If x ∈ ∂Ω ∩ Bc
δ(a),

∂ϕ3
1

∂n
= O(ε

N
p+1 ).

We use the standard elliptic theory and Green’s representation to have

|ϕ3
1| ≤ C

ε
1− N

q+1

(1 + | x−a
Λε |)N−3 ,

and
ϕ3

1 = O(ε2− N
q+1 ).

This completes the proof.

B Energy expansion

Recall that

Jε(W1, W2) :=
∫

Ωε

∇W1 · ∇W2 + µε2
∫

Ωε

W1W2

− 1
p + αε + 1

∫
Ωε

|W2|p+αε+1 − 1
q + βε + 1

∫
Ωε

|W1|q+βε+1.

Proposition B.1. For p > N
N−2 , N ≥ 4, we have the uniform expansions as ε→ 0

Jε(W1, W2) =
(q− 1

2
A1 +

p− 1
2

A2

)
− εΛH(a)(B1 + B2 + C1 + C2)

+ ε ln Λ
( Nβ

q + 1
A1 +

Nα

p + 1
A2

)
+ ε
(β

2
A1 +

α

2
A2 + βD1 + αD2

)
+O(ε2−τ),

∂Jε

∂Λ
=

ε

Λ

( Nβ

q + 1
A1 +

Nα

p + 1
A2

)
− εH(a)(B1 + B2 + C1 + C2) +O(ε2−τ),
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where

A1 =
1

q + βε + 1

∫
RN

+

Uq+1
0,1 , A2 =

1
p + αε + 1

∫
RN

+

Vp+1
0,1 ,

B1 =
q− 1

4(q + βε + 1)

∫
∂RN

+

Uq+1
0,1 |y|

2, B2 =
p− 1

4(p + αε + 1)

∫
∂RN

+

Vp+1
0,1 |y|

2,

C1 = −1
4

∫
∂RN

+

〈∇U0,1, y〉V0,1, C2 = −1
4

∫
∂RN

+

〈∇V0,1, y〉U0,1,

D1 = − 1
q + βε + 1

∫
RN

+

Uq+1
0,1 ln U0,1, D2 = − 1

p + αε + 1

∫
RN

+

Vp+1
0,1 ln V0,1.

Proof. For sake of simplicity, we assume that ε > 0 and set Uξ, 1
Λ
= U, Vξ, 1

Λ
= V. We write

1
2

∫
Ωε

∇W1∇W2 + µε2W1W2 =
1
2

∫
Ωε

(−∆W1 + µε2W1)W2

=
1
2

∫
Ωε

VpW2 =
1
2

∫
Ωε

(Vp+1 −Vp ϕ̂2),

and

1
2

∫
Ωε

∇W1∇W2 + µε2W1W2 =
1
2

∫
Ωε

(−∆W2 + µε2W2)W1

=
1
2

∫
Ωε

UqW1 =
1
2

∫
Ωε

(Uq+1 −Uq ϕ̂1).

On the other hand,∫
Ωε

Wp+αε+1
2 =

∫
Ωε

Wp+1
2 +

∫
Ωε

Wp+1
2 (Wαε

2 − 1)

=
∫

Ωε

(V − ϕ̂2)
p+1 + αε

∫
Ωε

(V − ϕ̂2)
p+1 ln(V − ϕ̂2) +O(ε2−τ2)

=
∫

Ωε

Vp+1 − (p + 1)
∫

Ωε

Vp ϕ̂2 + αε
∫

Ωε

(V − ϕ̂2)
p+1 ln(V − ϕ̂2) +O(ε2−τ2),

and∫
Ωε

Wq+βε+1
1 =

∫
Ωε

Wq+1
1 +

∫
Ωε

Wq+1
1 (Wβε

1 − 1)

=
∫

Ωε

(U − ϕ̂1)
q+1 + βε

∫
Ωε

(U − ϕ̂1)
q+1 ln(U − ϕ̂1) +O(ε2−τ1)

=
∫

Ωε

Uq+1 − (q + 1)
∫

Ωε

Uq ϕ̂1 + βε
∫

Ωε

(U − ϕ̂1)
q+1 ln(U − ϕ̂1) +O(ε2−τ1).

Note also that∫
Ωε

(V − ϕ̂2)
p+1 ln(V − ϕ̂2) = −

N
p + 1

ln Λ
∫

RN
+

Vp+1
0,1 +

∫
RN

+

Vp+1
0,1 ln V0,1 +O(ε1−τ2),
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and∫
Ωε

(U − ϕ̂1)
q+1 ln(U − ϕ̂1) = −

N
q + 1

ln Λ
∫

RN
+

Uq+1
0,1 +

∫
RN

+

Uq+1
0,1 ln U0,1 +O(ε1−τ1).

Then

Jε(W1, W2) =
(1

2
− 1

q + βε + 1

) ∫
Ωε

Uq+1 +
(1

2
− 1

p + αε + 1

) ∫
Ωε

Vp+1

+
( q + 1

q + βε + 1
− 1

2

) ∫
Ωε

Uq ϕ̂1 +
( p + 1

p + αε + 1
− 1

2

) ∫
Ωε

Vp ϕ̂2

+
αN

(p + αε + 1)(p + 1)
ε ln Λ

∫
RN

+

Vp+1
0,1 +

βN
(q + βε + 1)(q + 1)

ε ln Λ
∫

RN
+

Uq+1
0,1

− α

p + αε + 1
ε
∫

RN
+

Vp+1
0,1 ln V0,1 −

β

q + βε + 1
ε
∫

RN
+

Uq+1
0,1 ln U0,1 +O(ε2−τ).

We observe that∫
Ωε

Uq+1 =
∫

RN
+

Uq+1
0, 1

Λ

(
y′, yN +

ρ(εy′)
ε

)
+O(ε2−τ1)

=
∫

RN
+

Uq+1
0, 1

Λ
(y′, yN) +

∫
RN

+

∂Uq+1
0, 1

Λ
(y′, yN)

∂yN

ρ(εy′)
ε

+O(ε2−τ1)

=
∫

RN
+

Uq+1
0, 1

Λ
−
∫

∂RN
+

Uq+1
0, 1

Λ

ρ(εy′)
ε

+ O(ε2−τ1)

=
∫

RN
+

Uq+1
0, 1

Λ
−
∫

∂RN
+

Uq+1
0, 1

Λ

( 1
2ε

N−1

∑
j=1

k j(εyj)
2
)
+O(ε2−τ1)

=
∫

RN
+

Uq+1
0, 1

Λ
− ε

2

∫
∂RN

+

Uq+1
0, 1

Λ

( |y|2
N − 1

N−1

∑
j=1

k j

)
+O(ε2−τ1)

=
∫

RN
+

Uq+1
0,1 −

εΛH(a)
2

∫
∂RN

+

Uq+1
0,1 |y|

2 +O(ε2−τ1),

and ∫
Ωε

Vp+1 =
∫

RN
+

Vp+1
0,1 −

εΛH(a)
2

∫
∂RN

+

Vp+1
0,1 |y|

2 +O(ε2−τ2).

On the other hand,∫
Ωε

Uq ϕ̂1 =Λε
∫

Ωε

Uq
0,1 ϕ1,0 +O(ε2−τ1)

=Λε
∫

RN
+

Uq
0,1 ϕ1,0 +O(ε2−τ1)

=Λε
∫

RN
+

(−∆V0,1ϕ1,0 + V0,1∆ϕ1,0) +O(ε2−τ1)
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=Λε
∫

∂RN
+

(
− ∂ϕ1,0

∂yN
V0,1

)
+O(ε2−τ1)

=
ΛεH(a)

2

∫
∂RN

+

〈∇U0,1, y〉V0,1 +O(ε2−τ1),

and ∫
Ωε

Vp ϕ̂2 =
ΛεH(a)

2

∫
∂RN

+

〈∇V0,1, y〉U0,1 +O(ε2−τ2).

We obtain

Jε(W1, W2) =
(1

2
− 1

q + βε + 1

)( ∫
RN

+

Uq+1
0,1 −

εΛH(a)
2

∫
∂RN

+

Uq+1
0,1 |y|

2 +O(ε2−τ1)
)

+
(1

2
− 1

p + αε + 1

)( ∫
RN

+

Vp+1
0,1 −

εΛH(a)
2

∫
∂RN

+

Vp+1
0,1 |y|

2 +O(ε2−τ2)
)

+
(1

2
− βε

q + βε + 1

)(ΛεH(a)
2

∫
∂RN

+

〈∇U0,1, y〉V0,1 +O(ε2−τ1)
)

+
(1

2
− αε

p + αε + 1

)(ΛεH(a)
2

∫
∂RN

+

〈∇V0,1, y〉U0,1 +O(ε2−τ2)
)

+
αN

(p + αε + 1)(p + 1)
ε ln Λ

∫
RN

+

Vp+1
0,1 +

βN
(q + βε + 1)(q + 1)

ε ln Λ
∫

RN
+

Uq+1
0,1

− αε

p + αε + 1

∫
RN

+

Vp+1
0,1 ln V0,1 −

βε

q + βε + 1

∫
RN

+

Uq+1
0,1 ln U0,1 +O(ε2−τ)

=
q− 1 + βε

2
A1 − εΛH(a)B1 +

p− 1 + αε

2
A2 − εΛH(a)B2

− εΛH(a)(C1 + C2) +
N ln Λβε

q + 1
A1 +

N ln Λαε

p + 1
A2 + βεD1 + αεD2 +O(ε2−τ)

=
(q− 1

2
A1 +

p− 1
2

A2

)
− εΛH(a)(B1 + B2 + C1 + C2)

+ ε ln Λ
( Nβ

q + 1
A1 +

Nα

p + 1
A2

)
+ ε
(β

2
A1 +

α

2
A2 + βD1 + αD2

)
+O(ε2−τ),

where

A1 =
1

q + βε + 1

∫
RN

+

Uq+1
0,1 , A2 =

1
p + αε + 1

∫
RN

+

Vp+1
0,1 ,

B1 =
q− 1

4(q + βε + 1)

∫
∂RN

+

Uq+1
0,1 |y|

2, B2 =
p− 1

4(p + αε + 1)

∫
∂RN

+

Vp+1
0,1 |y|

2,

C1 = −1
4

∫
∂RN

+

〈∇U0,1, y〉V0,1, C2 = −1
4

∫
∂RN

+

〈∇V0,1, y〉U0,1,

D1 = − 1
q + βε + 1

∫
RN

+

Uq+1
0,1 ln U0,1, D2 = − 1

p + αε + 1

∫
RN

+

Vp+1
0,1 ln V0,1.
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Thus we complete the proof.
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