Analysis in Theory and Applications DOI: 10.4208 /ata.OA-0026
Anal. Theory Appl., Vol. 41, No. 1 (2025), pp. 1-34 March 2025

Blowing Up Solutions to Slightly Sub- or
Super-Critical Lane-Emden Systems with
Neumann Boundary Conditions

Qing Guo! and Junyuan Liu®*

1 College of Science, Minzu University of China, Beijing 100081, China
2 College of Informatics, Huazhong Agricultural University, Wuhan, Hubei 430070,
China

Received 30 June 2024; Accepted (in revised version) 6 March 2025

Abstract. We prove that, for some suitable smooth bounded domain, there exists a
solution to the following Neumann problem for the Lane-Emden system:

—Auq 4 puy = ué’”s in Q,

—Auy + puy = u‘lﬁﬁg in Q,
du;  dup
—==—-=0 0Q),

on on on
where () is some smooth bounded domain in RN, N > 4, 4 > 0,a > 0, 8 > 0 are
constants and ¢ # 0 is a small number. We show that there exists a solution to the
slightly supercritical problem for € > 0, and for € < 0, there also exists a solution to the
slightly subcritical problem if the domain is not convex.

Comparing with the single elliptic equations, the challenges and novelty are mani-
fested in the construction of good approximate solutions characterizing the boundary
behavior under Neumann boundary conditions, in which process, the selection of the
range of nonlinear coupling exponents and the weighted Sobolev spaces requires elab-
orate discussion.
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1 Introduction and main results
In this paper, we are concerned with the following elliptic system

—Aup +pup = ub™ in Q,

—Aup + puy = uﬁ”ﬁg in Q, (1.1)
%unl = %L;Z =0 on dQ),

where Q) is a smooth bounded domain in RN with N > 4, U, «, B are positive constants
and ¢ # 0 is a small number, p, g € (1, 0) satisfy
1 1 N-2
+ = .
p+1 g+1 N

(1.2)

Without loss of generality, we always assume that p < ¥4 < g.
The system (1.1) is essentially a perturbation of the classical Lane-Emden system. In
fact, under the following rescaling

 2(04ptae)  2(14q+pe) X
(ulluz)(x) — g rae)gp—Tyy & (Prae)apo—17, (E)’ (1.3)

the system (1.1) is equivalent to the following system

—Auq + yezul = u§+“€ in C),

—Auy + petuy = u’ffﬁg in Q, (1.4)
Juy  dup

— === 0Q),

on on 0 on ¢

where O, = {x : ex € Q}. The limit system is the classical Lane-Emden system with
critical exponents:

—Auq = |up|P"luy in RV,

{ 1= |uz| 2 (15)

—Auy = |17 'u;  in RN,

Thanks to [17] and [33], the positive ground state (Ups, Vp1) of (1.5) is unique with
Up1(0) = 1 and for any A > 0,a € RY, the family of functions

(Uan (1), Var (1)) = (ATT U1 (A(y — a)), AP Vo1 (A(y — a))),

also solves system (1.5). The properties of vector solutions of (1.5) is well known. For
completeness, we will introduce them in Section 2 of this present work.

For decades, there are lots of results on Dirichlet problems for Schérdinger equations
and systems. Wherein, the Hamiltonian type of systems is highly concerned, refer to [4,
8,10-13, 18, 19], etc. Most of them obtain solutions concentrating at a point which is
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determined by the corresponding Green’s function, but the location of the concentration
points for Neumann boundary value problem is much more complex. For the following
Neumann problem

eAu—u+ufP =0 in Q,

a—u =0 on 0Q), (1.6)

on
with p is a subcritical exponent, Ni and Takagi [25] proved that u, has only one local
maximum, hence the global maximum over Q) and it is achieved at exactly one point P,
which must lie on the boundary, provided that ¢ is sufficiently small. Moreover, 1, — 0
as ¢ — 0. Subsequently, in [26], they further locate the maximum P, and give an ac-
curate description of u,. In particular, they proved maxu, is achieved at P, satisfying
lim,_,o0 H(P;) = maxpecyn H(P), where H(P) denotes the mean curvature of 0Q) at P. This
known result is extended by Cao and Kupper in [5], Cao and Kupper studied the exis-
tence of multipeaked solutions with several local maximum points on the boundary and
condensing in a small neighborhood of those points as € approaches 0. They showed the
effect of strict local maximum or minimum points of the mean curvature H(P) on 9Q) on
the existence of multipeaked solutions. For p is a critical exponent, we refer to [1, 32].
For other high energy solutions, we also can refer to [7,14,15,21,37] for subcritical case
and [2,16,23,28,34-36] for critical case. In [30], Rey and Wei considered the following
almost critical Neumann problem:

—Au+pu = uNite in Q,
ou (1.7)

%:O on dQ),

where ¢ # 0 is sufficiently small, N > 4. They showed that the effect of sign of perturbing
parameter e on location of concentrate points. In precise, for ¢ > 0, there always exists a
solution to the slightly supercritical problem, which blows up at the most curved part of
the boundary as € goes to zero. On the other hand, for ¢ < 0, assuming that the domain
is not convex, there also exists a solution to the slightly subcritical problem, which blows
up at the least curved part of the domain. Note that the second case agrees with the
necessity result of Gui and Lin in [16].

It is natural to inquire whether there exists a vector solution concentrating at the
boundary for the Neumann problem of a strongly coupled Hamiltonian system. Cur-
rently, there are few results on this topic, which forms the primary focus of our study in
this paper.

In contrast to the Dirichlet problem, although it is believed that the Neumann prob-
lem allows the existence of smooth solutions on the critical hyperbola, there have been
very few results to (1.1) with Neumann conditions up to now. The existence of least en-
ergy nodal solutions has been confirmed only in the subcritical [31] and critical cases [27],
characterized by the condition ;%7 + -5 > 1 — 2. A significant departure from Dirichlet
problems lies in the application of the Lyapunov-Schmidt reduction strategy. Specifi-
cally, solutions to Neumann problems may exhibit extrema at distinct boundary points,
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contrasting with Dirichlet problems where such extrema occur within the domain’s in-
terior [19,20]. This distinction necessitates methodological adaptations, particularly due
to the boundary curvature’s influence and the blow-up analysis, which culminates in a
scaling-limited problem within a half-space.

Motivated by [30], we conjecture the existence of vector solutions (u1,uz) for (1.1),
where each component concentrates on the boundary, especially when p > % This be-
lief stems from the decay behavior r~(N~2) of each component in (1.5) under such condi-
tions. However, the blow-up dynamics differ significantly from those of the single Lane-
Emden equation, posing challenges due to the non-explicit nature of (Uy1(y), Vo1(y))
and the limited information available beyond asymptotic decay. These complexities un-
derscore the need for innovative approaches and deeper analysis to overcome these in-
herent difficulties.

Let us outline the proof idea and introduce the main theorems in this paper.

We aim to construct a bubble solution concentrating on the boundary by using the
Lyaponouv reduction method. In the first step, we need good approximation solutions.
Then we choose some suitable function space to ensure the invertibility of the linearized
operator for the approximate solutions in the space. The last step is to discuss the reduced
problem and find the critical point of the corresponding energy functional defined in

+1 * i *
(W27 QW) x (W>'T AW

1
u,up) = [ Vuy-Vuy + 82/ Ui _7/ L |Praet
Je(uq, u2) /Qg 1 2+ o, 2 T acd Q€|2\

1
~ TR o

We first explain how to find a good approximation vector solution and to ensure the
nontrivial critical points of J(u1,uy). Noticing that the limit problem of (1.1) (or (1.4)) is
(1.5), it is natural to consider the projection (W;, W) as the approximate vector solution,

which solves
—AWy + pe?Wy =V, in Q,

—AWz +pue?Wo = UL, in Q, (1.8)
oW1 _ W,
o 0 on dQ).

Then, the crucial step is the expansion of W; and W,. In order to estimate the difference of
Wi — Ug y and W, — V¢ », considering the Neumann boundary conditions, we introduce
the auxiliary functions ¢1 and ¢;0. These functions are related not only to the principal
curvatures at ¢ and thus the mean curvature H(¢), but also to the boundary behavior of
the ground state solution. For further details, see Appendix A.

The next crucial step is to calculate the energy of the approximate vector solution. In
Appendix B, integral estimates suggest making a priori assumptions that A behaves as
O(&") as e tends to zero. Moreover, these integral estimates also indicate that the locations
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of the critical points of J(W;, W,) are highly correlated with the mean curvature on the
boundary.

For our workspaces, motivated by the Corollary 1 of [24], we define some weighted
Sobolev spaces endowed with norm of

1

el oy = 2 11 = &)7110%] |1 p), (1.9)

|d|=0

where D is an open domain in RN, lisa nonnegative integer, t > 1, 7y are real numbers,
ZeDand (x — &) = (1+ |x — &|?)2. The integral operator

Tu(x) = /R ) Mi‘(yyﬁ”dy (1.10)

is a bounded operator from L! ,,(RN) to L}, (RY), provided that — N <y < ¥ -2 where

% + t—z\,] =1, Lg(IRN ) is defined as (1.9). For any function f in (), denote

[ esi = NI £1| () (1.11b)

where t;, 7v;, 1 = 1,2 are to be determined later.

The rest of proof follows the standard reduction methods. With sophisticated calcu-
lations and precise analysis, we impose the following assumption (A) on exponent p and
parameters t;, y;, i = 1,2.

Assumption(A).t1>N,¥+N(%l_2)<’yl<N—2—%,and
N-1+N N4> N 2+
N > 2 t N b2 N - 3.
_5/ P€< N —3 IN_2)/ 2>max{ /2_N4_2}/ P—l <72< 3

The main theorems of this work are as follows.

Theorem 1.1. Under the assumptions (1.2) and (A), the system (1.1) has a nontrivial solution
for e > 0 close enough to zero, which blows up as € goes to zero at a point a € 9Q), such that
H(a) = maxpeyn H(P).

Theorem 1.2. Under the assumptions (1.2) and (A), assume that () is not convex, the system
(1.1) has a nontrivial solution for e < 0 close enough to zero, which blows up as e goes to zero at
a point a € 9Q), such that H(a) = minpecyn H(P).

Let us gives some remarks on the assumption (A).
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Remark 1.1. 1). To ensure the operator T, defined as (1.10), is bounded, we always as-
sume that ; < TZ\’] —2= N—Z—%.

2). Once we sltudy the inversion of the linearized problem, we need impose t; > N so
that the Sobolev embedding theorem is valid, and we can obtain the pointwise estimates
on¢; and V¢;, i = 1,2, see Lemma 3.1.

3). With the conditions in 1) and 2), the inversion of the linearized problem holds

N+
only for p > < —%, see Lemma 3.1.
4). The further determination of the range of p, 7;, and t; stems from the accurately
calculations on R, and N, see Lemmas 3.2 and 3.3. By the way, we give some necessary
limit on the dimension of space.

Remark 1.2. We emphasize that the method involving nonlinear projection, as used
in [19] and [10] to handle small p < % is not applicable to our problem. This is be-
cause the concentration points are located on the boundary of the domain, where the
regular part of the nonlinear Green’s function G becomes very large and problematic. In
fact, we can even establish non-existence results in certain special cases when p is small
and blow-up occurs on dQ). These are precisely the issues we are currently investigating.
Therefore, at least in this context, assumption (A) may not be relaxed for the study of
concentrated solutions to Neumann boundary value problems.

The main difficulties of the proof come from the complex relationship between the
exponents p, q of the strongly coupled nonlinear terms in the system and the selection of
parameters t1, tp, 71, 2 involving the suitable weighted Sobolev spaces, as well as the
construction and expansion estimates of the projection function W;, W, corresponding
to Neumann boundary conditions in the process of selecting appropriate approximate
solutions.

This paper is organized as follows. In Section 2, we list the properties of vector so-
lutions of (1.5) and give a counterpart of the Theorem 1.1. We carry out the standard
Lyaponov reduction in Section 3, while the reduced finite dimensional problem is solved
in Section 4. In the appendix, we give the expansion of approximate solutions, the defi-
nition of the mean curvature and the energy estimates of approximate solutions.

2 Preliminaries

21 The ground-state solutions to Lane-Emden systems

We first introduce the limit problem (1.5). The positive ground state (U, V) to the follow-
ing system was found in [22],

—AU = |V]Ply in RN,
—AV = |U]"U in RN, (2.1)

q+1

. 1 .
(U, V) e W7 (RV) x W»'T (RY),
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where N > 3 and (p, q) satisfy

1 1 N-2
= ) 2.2
p+1 + qg+1 N 22)
By Sobolev embeddings, there holds that
W25 (RN) < W' (RN) < LT (RN),
L gn o (2.3)
W> 7 (RN) — W (RN) — LPFLRY),

with

l_p 1_ 1 1 1_4q 1_ 1 /1
p* p+1 N 4q+1 N g4 g+1 N p+1 N’

Ny o g
and so the following energy functional is well-defined in W2 (RN) x W>'T (RN):

1 1
Ip(u,v) := / Vu-Vo— —— [o|PT1 — —/ |u| 7L,
RN p+1JrN g+1JryN

According to [3], the ground state is radially symmetric and decreasing up to a suitable
translation. Thanks to [17] and [33], the positive ground state (U1, Vo 1) of (2.1) is unique
with Uy1(0) = 1 and for any A > 0,a € RV, the family of functions

(Uapr (1), Var (1)) = (ATTUg 1 (Ay — a)), AT Vo1 (Ay — a)))

also solves system (2.1). Sharp asymptotic behavior of the ground states to (2.1) (see [17])
and the non-degeneracy for (2.1) at each ground state (see [9]) play an important role in
constructing bubbling solutions especially when using the Lyapunov-Schmidt reduction
method.

More precisely, the bubbles satisfy the following properties.

Proposition 2.1 (c.f. [17]). some positive constants a = an,, and b = by, depending only on
N and p such that

rh_{?o VN72V0,1(V) = b,p, (2.4)
while
}1_}1’1;10 rN_zLIO,l(r) = an,p, if p> %,
lim ;:gjllorl(r) = an,p, if p= %, (2.5)
lim rN"2DP2o 1 (r) = anp, if p < %,

where in the last case, we have pr,p =anp(N—=2)p—2)(N— (N -2)p).
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Proposition 2.2 (c.f. [9]). Set

NVp1 >

NUp,
Y., ®0,) = (v Ly vV
( 0,1+ 0,1) (y VU + -V + P 1

g+1

and
(b1, ®hq) = (3y,Uo1,dy,Vo1) for 1=1,--- N.

Then the space of solutions to the linear system
—AY = pV '@ in RY,
—A® = qUui, 'Y in RN,
o ptl ot
(F,®) € W' (RN) x W?'7 (RY),
is spanned by
{(£5,,90,), (¥3,, @41), -+, (¥, @) |-

For sake of simplicity, we consider in the following the supercritical case, i.e., we
assume that e > 0. The subcritical case may be treated exactly in the same way. Asa € dQ)
and A goes to infinity, the solutions of (2.1) provide us with approximate solutions to the
problem that we are interested in. However, in view of the additional linear terms pu
and pu,, the approximation needs to be improved.

2.2 A counterpart of the Theorem 1.1
Fix a € 0Q). We define projection (v, v) satisfying

—Avy +poy =V, in Q,

—Avy + poy = UZ,A in Q, (2.6)
801 . avz .
5 = 9 0 on 0Q).

In the neighborhood of the suitable approximate vector solution (v, v;), we are to find a
true solution to the problem (1.1).
Through the meticulous calculations of energy of (v1,v2) (refer to Appendix C), we
have additional a priori assumption that A behaves as 1 when € goes to zero. We thus set
1 1
A=—, —<A<S 2.7
e g A< (2.7)
with ¢’ some strictly positive number.
In order to make further computations easier, we proceed to a rescaling. We set

0= e=0 (Wi(x), Wa(x)) = (¢7To(ex), 7o ex). 28)
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Then we have
—AW; + ue?Wy = Vg’” . in Q,
N

2 _ 171 :
_AWZ + He WZ = U(_jl% m Qg, (29)
oW, _ W, _ on 90,
on on

On the other hand, through the following rescaling

_ 2(0+ptae) _ 2(14q+Be) X
(ug,uz)(x) — g (praelarpe—Tyyy g (raa(d+pe -1y <E)’ (2.10)

the system (1.1) is equivalent to (1.4):

—Auq + yszul = u§+“€ in Q)
—Auy + petuy = u'frﬁg in Q,,
duy  dup

— === 0Q),.
on on 0 on ¢

Therefore, finding a solution to (1.1) in a neighborhood of (v1, v2) is equivalent to finding
a solution to (1.4) in a neighborhood of (W;, W).
We verify Theorem 1.1 by prove the following theorem.

) p+1

Theorem 2.1. Problem (1.4) has a solution (uy,u;) € (W~ 7 NWWP
W) (Q) of the form

)(Q0) x (W' N

u1 =Wy +wq, up =W+ wy, (2.11)
with (w1, wy) small and orthogonal at (W1, W), in a suitable sense, to the manifold

M = {(W1,Ws), A satisfying (2.7), § € 9Q}.

3 Finite-dimensional reduction

In this section, we perform a finite-dimensional reduction.

In Appendix A, we derive the following asymptotic expansion of (v1,v;): For p >

%, N > 4, we have the expansion

X —a
Ae

__N_ X —
_ A 1 +1
(Ae) 7 4)2,0( "

By (2.8) and the definition of

1— - 2N -
o= Uy - (008 O

: (3.1)

UZZVu

1
7 Ae

)+ O 7T Ine|").

N N

P1(x) = eTgi(ex) and  §a(x) = e g(ex),
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we indeed have

W1 =U 1 — 651 =U 1 —S(A)liﬂ%(plo(x_g) +O(€2|h’1€|m),
% a ' (3.2)

~ 1— AN
Wo=Vyy— 2=V —e(A) Pigmo( 4

Furthermore, we have the following upper bound
5] < e|Ine|"
R 63
1] < el Ing|" )
R

and
(Wil < C(U, 1) T,
e (3.4)
|W2| < C(Vg,%) T
In the above, m, n, T are chosen in Lemma A.5.
We define a weighted Sobolev norm as (1.9). For any function f in Q)¢ and ¢ € Q),, we
define
1A e = Wf 115 o, (3.5b)

where t;, 7v;, 1 = 1,2 are to be determined later.
For t; > N, by Sobolev embedding theorem, we have
IVA+Ifl < Clx =8 Ifllei i=1,2. (3.6)

For any vector function (f1, f2), we define

[ )l = [ fallon + M f2lle2,, (U f2) B = D fallsnn + Nl f2l 2

Let 7; be the j-th tangent on 0} N B(a, ) with 1 < j < N — 1. For i = 1,2, we define that

IW; . IW;
i - !
0= 3A7 ) ot
an- 28Wi le _ —Aawi + ]152 awi,
] a7; a7;

L= AN THEGA
(u,0)e = / (VuVo + ue’uv).
Qe
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3.1 Linear problem

We consider the following linear problem

—Apy + uPr — (p+ ae) WET gy = iy + IE 322 in Q
-
~0g2 + pEgr — (q+ POW] T pr =y + Y67 in Oy (3.7)
=
8;1)11 — 8;;2 = on dQ),
(Z1,42) = (Z2,¢) =0, j=0, N1,
where (u,v) = fﬂe Uuv, c}, CJZ are some constants. Let T; be a linear operator that maps

(hl, hz) in (37) to (4)1, 4)2) in (37)
Lemma 3.1. Assume (1, ¢a) solves (3.7) for (hy, ha) = (h1e, hoe). If || (h1,e, hoe) ||+« — 0 as
e — 0,50 does || (¢1,e, Po,e) ]| +-

Proof. We argue by contradiction. Suppose that there are n — +o0 such that e, — 0,

Xn € Qe N Bs(€), 1 < Ay < & and the solution ||(¢1e,, ¢2e,) [+ > ¢ > 0, where § > 0is
a small constant independent of n. For simplicity, we drop the subscript n, and assume

that ||(¢1e, P2 )|« = 1. Multiplying the first equation in (3.7) by Y?, the second equation
by Y]-l and integrating in (), we find for j = 0,--- , N — 1 that
2 2,2 +ae—1,,2 2 N 2,2 42
(=AY +ue? Y7, dre) — ((p+ae) WS Y2 o e) = (e, Y7) + ) f(Z5,Y7),
= (3.8)
e—1
(=AY} + Y] o) — ((q+ BOWT P 91 ) = (e, Y1) + Yz, Y],
k=0
On the one hand, we check, in view of the definition of Z,i, Y].i,
(Zh, Vo) = 1%5lle = Gy +o(1),
(Z,Y) = Y[l = Ci+o(1), j=1,--,N—1,

j7 7
(Zi, Yj) = o(1), k#J,
where C}), C! are strictly positive constants, i = 1,2.
On the other hand,

(=DY? + pe?Y?, pre) = (=AY +ue?Y], o) =0,

((p+a) WS Y2, ) = o([|nell ),
-1
((q+BIWT P 01 ) = o(llnell1),
<h1,£/Y]'2> - O(th,sH**,l)/ <h2,er]‘1> — O(||h2,e||**,2)~
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Consequently, we have

¢j = O(lh2ellsn2) +olllgrellsn), ¢ = Ollhellssn) +o(llg2ell2)-

In particular, c} =0(1), c]2- = 0(1) as € goes to zero.

Since ||(p1e, ¢2e)l|« = 1, the standard elliptic theory shows that as e — 0, (¢1.(x —

&), poe(x — &)) converges uniformly in any compact set to some solution (1, §) to

—Ay —pV! 'y =0 in RY,
—Apy —qUI gy =0 in RY,

for some A > 0. As a consequence, recalling (2.8),

ou,~ N=1 alU,«
_ %A 1 %%0,A
Y1=c oA +;C1 da;
Py = 'c% E)Vg;\ + ¥ &2 aVO’/N\
oA ] oa;

au, ou,
[y a2y = [ Ul =0y o,
RY oA RY OA 9A

A7 A7

J— O’A — p_l O/A —

/ A Nl’”_/wvoﬁ an Y
/ _Aauo,f\ 4o — / -1 au0,7\¢1 _g,
RY 08 RY 08 da

V= V. <
/ —A— i = / VI s = 0.
RY — 0g RY OA da;

Moreover, there holds that

- au, ~ ol < ou,~ Jdl,
/NV 24V ao'-A:/NV aOiAv 80’/\:0' j#k
RY oA ﬂ] RY a] Ay
/ vavngzﬂ/qK :/ vaVo,zvaVo,x o ik
RY  0A da; RY 04 o
ol « ~ ou, « ~
[V =G0, [ VAR -G o,
RY A RY da;
V= ~ AT ~
[LVERR =G0, [ VRG>,
RY oA RY da;

1<j<N-1,

1<j<N-1L

(3.9)
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~1 ~2 . . . . . ~1 _ ~2 _
Hence, ¢;, ¢; solve a homogeneous quasi diagonal linear system, yielding ¢; = 0, ¢; = 0,

0<j<N-Landy; =0, ¢ =0. S0 Pp1.(x — &) = 0, ¢oe(x — &) = 0in CL (). By
(3.4) and Remark 2.1, we have that

[ = MW P gy | < Clpn | x — g) @ INA@ DA ¢ LIRN),
’<x _ €>72+2W2p+0c£71¢2lg‘t2 < CH¢2,£H12,2<X . (:>(27[NfZ}(erasfl)(lsz))tz € L1<]RN),

hold for p > 15 (N + %), which actually ensures that (2 — [N —2](p — 1))t < —N.
Then we obtain, by Dominated Convergence Theorem, that

WP e, W g ) e = 0(1),
On the other hand, under the condition p > 15 (N + %), we know that
(x ) Z)] < Clx - N2 € L (RY),
<x _ €>72+2‘Z]'2| S C<x _ C>’72+2—(N—2)q c Ltz (RN),
1@1er920)ll- < CHOWT P 1, W3 2 o+ Cll (e o) |

N-1
+C Y (e llIZ] et + [N Z x2) = 0(1),
j=0

that is, a contradiction. O

As a result of Lemma 3.1, we can prove the following result.

Proposition 3.1. There exist g > 0 and some constant C > 0, independent of € and ¢, such that
forall 0 < € < gy and all (hye hye) € Lt;ﬁz(()g) X Lt;ﬁz(ﬂg) satisfying the assumptions in

Lemma 3.1, the linear problem (3.7) has a unique solution (¢, ¢2e) = Te(h1e, hae). Moreover,
there hold that

||Ts(hl,s/h2,e)||* S CH(hl,Sth,S)H**/ |C;‘ S CH(hl,s/hZ,e)H**«

3.2 Nonlinear problem

We aim to solve the nonlinear problem

(

N-1
— AWy + 1) + ue (W + ¢1) = (Wa + )P + Y i Z3,
k=0

N-1
—A(Wa + ) + pe?(Wa + ¢2) = (Wi + 1) "+ ) i 7y, (3.10)
k=0

(4)1/ 4)2) S W,%;tl (Qg) X W,%’ztz (Qg),
| (2}, ) = (22, ¢1) =0, k=1,--- ,N-1
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Rewrite (3.10) as

N-1
Le(¢1,¢2) = Re + Ne(¢1, ¢2) + Y (2%, ckZ}),
k=0

(p1,¢2) € W%tl(ﬂg) X W%;tz(ﬂs), (3.11)
(Z4¢2) = (Z}, 1) =0, k=1,---,N—1,
where
Le(p1, ) = (—Adr + pePpy — (p + ae) W)y, — Ay
+ ey — (q+ o)W PNy, (3.12a)
Re = (Re1, Rep) = (AWy — e Wy + WET™, AW, — e Wy + WIHF)
=W -l WitFe uz,), (3.12b)
Ne(¢1, ¢2) = (Ns,1<¢2)/Ns,2(¢l)>, (3.120)
with

Nei(gn) = (Wa + ¢p)P e — W2p+as (p+ M)szﬂe—l%
Nea(n) = (Wi +90)" = W — (g + peyW] .

In order to use the contraction mapping theorem, we estimate the error term R and the
higher order term N;(¢1, ¢2).

Lemma 3.2. Under the assumption (A), there exists a constant C > 0, independent of & such
that

| Re ||+ < Ce, (3.13a)
Proof. First, we show in Appendix A that
=a
Wi=Ug s + O(suig( 0,
N=3_
Wy = ngk + O(EV(;]Iz( T)),

A
where T > 0 is as small as desired. Recalling p < g as we set, by (3.12b), we obtain

Rs,l :Wéﬂrzxs B Vg;
N
=Wy W W VY
7A
N=3(1_7)41p—
=0 (zszzp] InW;| + eV(: 1‘2(1 Rl 1)
A

_ p(1-7) N2
—0 (SVC, IV, 1| +eV,

1
A
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and
Rep =WITF —u,
=Wt - Wl w) - u? L
_(’)<ellq1 R | In U, 1|+€UN N2 (1) 1).
Then
IReallez < Cell(x = &) (V/) ™ IV o |+ Vf(l Tz <Ce G19)
and

1-7)+gq-1
IReallens < Cellfx =™ (U4 ity [+ UF ) ) < ce

Differentiating (3.12b) with respect to the parameter A and ¢, respectively. Then the
estimate (3.13b) can be obtained in the same way. O

Remark 3.1. The assumption (A) here is sufficient. Note that the condition p >
v (N + g) is necessary for the solvability of linear problem (see Lemma 3.2). With
(3.14), we then derive that 7, < N — 3.

Lemma 3.3. Under the assumption (A), there exist e1 > 0, independent of A\, ¢, and C, inde-
pendent of €, A, {, such that for || < €1, and || (p1, P2) ||« < 1,

INea(@2)lle-2 < CligalT5 772,
INea(@1) |t < Clign 731 F2,
and, for || (1, ¢2) ||+ < Land |[(¢1, ¢2)[« <1,
INe1 (¢2) = Nea(2) o2 < Clmax([| @22, [9all42)) ™ P41 [y — s |,
INe2(@1) = Nea (1) s < Clmax(l| ], [[1]11))™ ™1 [y — py 1.
Proof. By definition of (3.12c), we have
Clepo|PHee, if 1<p<2,
CWIH2 gy |2 + C [P Hee, if p > 2,
C|¢pr|T+Fe, if 1<g<2,
CWITPE2| gy |2 Clgn | 7HFe, if g > 2.

[Nea(¢2)| < {

[Nea(¢1)| < {

We first estimate N, 1(¢2). For 1 < p <2, once

N
24X
p—1

Y2 > (3.15)
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holds, we have

12l sz = ([ (= @)™ galt ey ®

€

1
<Cllgall?5( [ ((x = gmatrenmye) s

<Cllg=)I25".

Note that the assumption (A) ensures that (3.15) holds.
For p > 2, noticing that W5 is bounded since W, is bounded, we have

1

+ae—2 +ae—2 B
W2 gaPPllen =[ [ (x = @)= 2WE P o)) ®

1
SCH‘PZHi ) [/ (<x o €>2—’72_(N—2)(P—2)(1—T2))tz] )
21 Jo,
<Cl|¢p23 -
Thus, we obtain
INe1 (92) |42 < Cllgall5 72
Secondly, we estimate N;»(¢1). By the same way, we have

INe2(@1)[[exp < Cllgpr || T0Pe2)

holdsfort1>NandN2+ ( )<’yl<N 2—%.
Last, we estimate N, 1(¢,) — 8,1(1,172) and N (¢1) — N1 (11). We write

Nei(¢2) — Nea($2) = N1 (g2 + (1 — £)92) (p2 — ¢2),
Nea(¢1) — Nea (1) = NLj(t1 + (1= £)g) (91 — 1),
for some t € [0, 1]. Since, for any # € W%fl (Q),
{ N2y () = (p+ae) [(Wa o+ y)Preet - WEPee)
NLo() = (q+ Be)[(Wa + )7+t — Wi TP,
we can conclude the proof by repeating the previous steps. O

Remark 3.2. The assumption (A) can ensure that (3.15) holds. For the range of 7, in
Remark 3.1, (3.15) forces that = Le+¥ ) < N—3, thatisp > /5 (N—1+ g) So we

impose N > 5and f, > N(2 — —_2) such that

N-1+% _N+2
N-3 N-2
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Therefore, we can give assumptions on N, p, 7, and t, that

N-1+3 N+2
N-3 'N-2

2+ 8 N
), 2 cqy<N=3, t >max{N,74}.

N5, e(
b p-1 2- N2

Using Lemmas 3.2, 3.3 and the contraction mapping theorem, we obtain Proposition
3.2.

Proposition 3.2. There exists some C, independent of € and ¢, such that for small e, the problem
(3.11) has a unique solution (p1, $2) = (¢1,¢2) (A, &, U, €) satisfying

Il (¢1,$2) ]+ < Ce.

Moreover, (A, &) — (p1,$2) (A, &, u, €) is Ct with respect to the W%;“ (Q) X W%fz(ﬂg)—norm,
and

D ae) (91, $2)[« < Ce.

Proof. Define

F = {(¢1,¢2) € Wi (Qe) x WH2(Qe) : [[(¢1, ¢2) |« < Coe},

and
Ag: F — WE(Q) x WE2(Q),  Ac($r, ¢2) = Te(Ne(¢1, ¢2) + Re),

where Cy > 0 is some large positive constant independent of € and ¢, and T; is defined as
Proposition 3.1.

We claim that the operator A, have a fixed point. For this purpose, we prove that A,
is a contraction mapping, then we finish the proof by the contraction mapping theorem.
On the one hand, for (¢1,¢2) € F and € small enough, by Lemmas 3.2 and 3.3, we have

[Ae(p1, P2) [« = [ Te(Ne(¢1, ¢2) + Re) [l < Cl[Ne(r, ¢2) [l + Cl[Rellsx < Cog,

where C > 0 is a constant defined in Proposition 3.7, and the last inequality holds for
choosing Cy large enough. Then A, maps F onto itself. On the other hand, for (¢1,¢2) €
F, (Y1, ¢2) € F and ¢ sufficiently small

[Ae(Pr, p2) — Ae(r, ¥2) |«
<C|[Ne(¢1,¢2) — Ne(ip1, ¢2) ]
Sc[emin{erasfl,l} ||4)2 o IIJZH*,Z + Smin{quﬁefl,l} H¢1 i 1/)1 H*,l]

1
<SI(¢1,¢2) = ($1,92)][-

that is A, is a contraction mapping.
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Therefore, the problem (3.11) has a unique solution (¢4, ¢») satisfying ||(¢1, ¢2) ||« <
C()£.
Next, we show that the mapping (A, &) — (¢1,$2) (A, &) is CL. We define
B(A/ (:;z/ 7]1/ 772) = (771/ 772) - TE(N€(771/ 172) + RS)/

where A satisfying (2.7), ¢ € Q. and (11,12) € F. Obviously, B(A, ¢, 11, 12) is C! with
respect to A, &, 171, and 172, and (¢1, ¢2) satisfies

B(A/ ¢ 4)1/4)2) =0. (316)

In order to use the implicit function theorem, we calculate

O (yum2) BN, G111, 112)[(01,02)] = (61,02) — Te((61,02) (95, 1,) Ne) (171, 112))-
For p > 2 and g > 2, using Proposition 3.1, (3.6) and Lemma 3.3, we obtain
[ Te((61,62) (9 ) Ne) (171, 112)) |«

<Cl[(61,02) (9, 1) Ne) (11, 172) || s
<CIlI{x = &) 7" (99, Net ) (m12) [l 21621 .2 + [[{x = &) (9, Ne2) (111) [ s, 1 1161 | 1]
<Clll¢x = & Im2lP* M oy 162112 + 114 = 82 TP s o 161 [11]
<C[C(m2) 3" 1H92H*z+C(71)Hf71H‘”5€ Y6 ].a]
<Ce|[(61,02) |,

where 01 = 01(p, q) is a constant. Similarly, for (p,q) € {p > 2, g > 2}¢, there exists
02 = 02(p, q) such that

| Te((61,02) (9(y,,11,) Ne) (171, 112)) ||« <Ce™[ (61, 62) ||
Thus

I Te((B1,02) (3(yy 50y Ne) (171, 72)) ||« SCe™22) (8, 65) ..

Therefore, d(,, ,,.)B (A, &, ¢1,¢2) isinvertible in W%fl (Q) x W%;tZ (Q)¢) with uniformly bounded
inverse. Then (A, &) — (¢1,¢2) (A, €) is C! follows from the implicit functions theorem.
Differentiating (3.16) with respect to A, we obtain
I (D1, P2) = (9, ) BIA, G, 1, ¢2)) " (OATe) (Ne) (91, ¢2)
+ Te((0ANe) (91, ¢2)) + Oa(Te(Re)),

then, by Proposition 3.7,

19A (@1, P2) [« =[[(9aTe) (Ne) (@1, §2) [l + [ Te((ANe) (@1, $2)) [l + [[0a (Te(Re)) [«
SC(IINe(@r, @2) [l + | (OANe) (P1, P2) lx + [ Rel[s)-



Q. Guo and J. Liu / Anal. Theory Appl., 41 (2025), pp. 1-34 19

By the boundedness of W;, W5, we have

1(@ANE) (1, 2)| s
=[[(9aNe1) (@2) 1412 + 1| (9aNe2) (1) |11
=[|(p + ae) [ (W + ¢p)P et — szﬂg_l —(p+ae— 1)WQP+M_24>2| |OA W2 ||| s 2
+11(q + Be) |(Wh + 1) TP — WPt — (g 4 Be — 1YW TP 2 | [oA WA ||| 1
[Walga|P#8s=t 4 WET gy [lnn, 1< p <2,
<Cq [[Wal|Praetl,, o, 2<p<3,
[WE 72 o |2+ Wa o P2 | n, p > 3,
Wl [7HEe T+ WP gy ||, 1< g <2,
+Cq [[Walgn 1P 0, 2<q<3,
W P21+ W |1 |, g > 3,

1
(a5l (x — g)~ (N2 m)mmlpree ),
Fllallsall (x — &)~ N-DpreeDA-m)=r2 |, 1< p<2,
<C H@W”sww—@*N”“ﬁ>M“””mm, 2<p<3,
[ B >*<N*2>(P+M*2><1*Tz>*2%u**2
Hga P55 (x — &)~ (N=D-m)—mlpraet)|| 0 p > 3,
(a7 (x — &)W A mmlatpey
+ Pl 1] (x — §> (N=2)(g+pe-)(A=n)=m |, 1<g<2,
+CQ gl (= gy~ N mGrpe ) 2 < g <3,

1121l (x — &)~ (N2 @B ) =2y

L 7P e — @) N2 m et e Dy g > 3,
<Ces.

Combined with Lemmas 3.2 and 3.3, we deduce |[0a(¢1,¢2)||« < Ce. Similarly, we can
obtain ||9z(¢1, ¢2) ||« < Ce. This completes the proof. O

4 The reduced problem

2 q+1

1
We introduce the following functional defined in (Wz’% AWLP) x (W7 nW)

Je(u,v) ::/ Vui-Vuy —i—ysz/ U Uy
Q. Q.
’p+as+1 _ u1’q+ﬁs+1/

_p+1xe+1/gg| q+ﬁs+1/gs‘
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whose, by standard arguments, nontrivial critical points are solutions to (1.4).
Setting

Le(A,a) = Je(W1 + ¢re, Wo + doe).
We are reduced to prove the following result.

Proposition 4.1. The function (Wi + ¢1, Wa + ¢ ) is a solution to problem (1.4) if and only if
(A, a) is a critical point of I,.

Proposition 4.2. There exist A1, Az, B1, By, C1, Co, D1, Dy, strictly positive constants such
that

1 1
IS(A,a):<q2 A1+’92 Az) — eAH(a)(By + By + C1 + Co)

N Nua B «
In A A A Pa,+%A,+ 8Dy +aD A
+eln (q+1 o 2)+€<2 1+ 542+ BD1 +a 2>+sag( ),

with o, and o0, going to zero as e goes to zero, uniformly with respect to A satisfying (2.7).

Proof. We show in Appendix B that

1 1
Te (Wi, Ws) :(qTAl Iy . Az) — eAH(a)(By + Ba + C1 + C2)
N Nua

A2> + £<§A1 + %Az +BDy + 06D2> +oe).
Then it remains to show that

(A, a) — J:(W1, W) = o(e).
Actually, a Taylor expansion and the fact that

Je(W1 + @1, Wa + ¢2)[(¢1,¢2)] = 0,
yield
L(A,a) = J{(Wy, Wa) = Je(Wi + 1, Wa + ¢p) — Jo(W1, Wa)

1
= — /0 /Q (|v¢1|2 + ]/1524)% — (p —+ DCS)(WZ + S¢2)p+a£—]¢%)sds
1
_ /o /Q (|Va|? + uepa — (g + Be) (Wy + s )P 1¢2)sds
1
= — /0 /Q (Ns,l ((PZ)(PZ + RS,1¢2 + (p + 068) [W2P+11871 _ (W2 n 5¢2)P+ﬂ871]¢%)sd5

1
B /0 /Q (Nea(¢1)1 + Repdpr + (q + Be) W] P — (Wy + sy )T+ 3 ) sds.
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The first term can be estimated as follows,

CHcszfZ“Hl/ (x — g>*vz(p+ag+1) < CePtL 1<p<2,
‘/ Ne,l((PZ)(PZ‘ < 0
Qe CH‘PZHi,z /Q <x _ €>—372—(p+ae—2)(N—2)(1—72) + C€p+1’ p> 2,
<C£min(3,p+1)’
and
CH‘PlHZjﬁ£+l/ (x — é)ﬂl(qwsﬂ) < ngﬂ, 1<g<2,
[ Nea(onn| < 2

Clll?, / (x — &) 3n—Hp=D(N=-2(-7) | cet+l g5 o
1 Ja,
For the second term,

Re1 < Ce(x — é’)’(N*?’)(l*Tz)f(NfZ)(pfl)’
Rea < Ce(x — &)~ (N=3)(1-1)=(N=2)(¢-1),

Then
| Rl < Cellgallz [ (x =)~ 20t < e,

L IRezrl < Cellgnlln [ (x =gy =Nt < e
Qe Q

Concerning the last term

/ (WYt (W 4 s ) PHoe1) g

€

" /Q |(P2’p+a£+1’ 1<p<2

<y [l W 2<p<3,

S Il W P W g p >3,

a7 [ e =gl < cor, 1<p<2

€

<c{ Certly ol /Q (x — &) 3= (-2N-20-2) < 3, 2 < p<3,

€

CE + lgalld; [ (x—g)amr-IW-2l1-m), p=3,
~JO

€
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[ W — (W ) g

/ | [1FPERL, 1<g<2,
<C /Q [pr |7 W2 gy 2, 2<q<3,
¢ ’q+ﬁs+1 +Wq+5872‘¢ ‘3+WP+5€*3‘ |4 >3
o) 1 1 1 1 (Pl 7 q - 7
H‘PlHZIﬁSH/ﬂ (x — &)~ nlatperl) < cen+l) l<g<2,

€

<C{ Ce™l 4 ||¢1

21/ (x — C>*371*(Q*2)(N*2)(1*T1) <Ce, 2< g<3,
’ QE

C +ligallt, [ (x—g)im-raw-2-m, 123,
JO

€

<Cé.

The same estimate holds for the first derivative with respect to A, then we finish the
proof. O

Proof of Theorems 1.1 and 1.2. Let maxpeyn H(P) = v > 0. For é < 1, we define
(0Q))s = {a € 0Q) s.t. H(a) > 6},
and
L(A,a) =AH(a) —yIn A — G.(A, a)

1 qg—1 p—1
= A A — I(A
s(Bl+BZ+C1+C2)( 2 i 2 e ’”))

1 B x
PA + 24,4 8Dy +aD,),
+B1+BQ+C1+C2<2 14542+ D1t a 2)

where

1 ( Np Na Az),

_ A+
Bi+B+Ci+Cl\g+1" " p+1
oe(A, a)

NA, = = 1,
7e(Aa) Bi+B+C+(C o(1)

9nF:(A, ) = o(1),

U

as ¢ — 0. We set

Yo = {(A,a)‘% <AL Czl,ll € (80)%}

E= {(A,a)‘q <A< cll'“ € (Bﬂ)m}

EO = {Cl} X (BQ)% U {Cll} X (aQ>'Yl’
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where ¢; is a small number to be chosen later, 0 < 79 < 91 < 7. Here we choose, for
71 close enough to 7y, a contractible component of (9Q)),, so that E is contractible. It is
trivial to see that Eg C E C X, Ey, E are closed and E is connected.

Let I be the class of continuous functions ¢ : E — X with the property that

p(y) =y forall y € E.

Define the max-min value ¢ as

= in T, :
¢ = maxmin (o))
We will show that ¢ defines a critical value. We only need to verify the following two
conditions
(H1) minyeg, L(9(y)) > ¢, Vo € T;
(H2) For all y € 9% such that I.(y) = c, there exists T, a tangent vector to 0¥ at y such
that 9, I (y) # 0.

Then standard deformation argument ensures that the max-min value c is a topologically
nontrivial critical value for I (A, a) in Xq.

To check (H1) and (H2), we write ¢(y) = (¢1(y), ¢2(y)), where ¢1(y) € [%, %] and
¢2(y) € (0Q)),. Since @|g, = id, E is contractible and ¢ is continuous, necessarily there
is some y in E such that H(¢2(y)) = 7. Let (Ag,a0) € E such that H(ag) = 7, Ag = %,

where c; is chosen small enough so that Ay € [c1, é] For any ¢ € I, ¢1 is a continuous

functions from E to [, %] such that [c1, %] C @1(E). Thus, there exists yy € E such that
91(y0) = Ao
We note

L(Ag,a0) = do +0(1) :=min{L(A,a), H(a) = 4,A > 0} +0(1)
=y —nlny+nlny+o(l) <c.

Moreover,

min T, (p(y)) < L(Ao, 92(y)) < TH(g2(y)) — nlny + nlny +o(1) < do +o(1).

y€EE

2=

As a consequence
c=do+o(l)=n—nlny+ylny+o(1).

For y € Ey, we have ¢1(y) = c1 or ¢1(y) = % In the first case, we have

= 1
L(y) = cH(g2(y)) —yylncr +o(1) > yln —+0(1) > 2do > ¢,
1



24 Q. Guo and J. Liu / Anal. Theory Appl., 41 (2025), pp. 1-34

where we choose ¢ is small enough. In the latter case, we have

IL(y) = H(ga(v) + ey + o(1)

T1

>7
C1

+nlnc +0(1) > 2dy > ¢,

provided c; is small enough. So (H1) is verified.
To check (H2), we only need to check conditions on [c3, %] x 9((00)),,), taking T, =

%, we obtain
35 1e(y) = H(y2) — & +0(1) #0.

We assume that BTyTg(y) =0, then AH(y2) = 17 + 0(1). On the other hand, we estimate

o~

L(y) =n—nlny+ninH(p2(y)) +0(1) =n—nlny+nlny +o(1) <c,

which is a contradiction to the assumption. So (H2) is also verified.
In case of ¢ < 0, we assume that () is not convex. Similarly as before, we define

(0Q)s ={a € Q| H(a) < =5},

Yo = {(A,a)}%1 <A< 021 ae (80)%},

1
E= {(A,a)’cl <A< ae (an)ﬁ},
1
Eo={a1} x (00)y, U{ -} x (00,
c= g\gpryggls(fp(y))f
where 0 < § < v = —min,cyn H(a) > 0and 7o < 71 < 7.
(H1) maxye, L(¢(y)) < ¢ Vo €T;

(H2) For all y € 9% such that I(y) = c, there exists T, a tangent vector to 0¥ at y such
that 9, I: (y) # 0.

Arguing as previously, we find that c is a critical point of Tg This proves Theorem
1.2. O

Appendix

In this paper, we may assume a = 0 € () fixed, and after rotation and translation of the
coordinate system, the inward normal to 0Q2 at a is the direction of the positive xy-axis.
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Denote x' = (x1,--,xny-1), B;(0) = {x’ € RN"1 : |x/| < 6} and Bs(a) = {x € RN :
|x — a| < 6}. Then since 9Q) is smooth, there exists a constant & > 0 such that 90 N Bjj(a)
can be represented by the graph of a smooth function p : Bs(a) — R, where p(0) = 0,
Vp(0) =0, and

QN Bs(a) ={(x,xn) € Bs(a) : xy > p(x) }.

Moreover, we set
! 1 = 2 3
o) = 5 X ki +O(xP),
i=1

where k;, i = 1,--- ,N — 1, are the principal curvatures at 4, and then the average of the
principal curvatures of () at a is the mean curvature

1 N—-1
H(ﬂ) = Ni— Z ki.
i=1

On 9Q) N Bs(a), the normal derivative is
¥) = (V1)
(1+]VpP)}
and the tangential derivatives are given by

0 1 )
= > 1(0/...,1,...,i), i=1,---,N—1.
I0Tix (14 |5E17)2 x;

A Basic estimates

We introduce two auxiliary functions @10 and ¢z :

d 1

— A€01,0 =0 in ]R{\F]’ a(i)cll\’lo = —§<VUO,1,]CX>‘XN:0 on B]Rf, P10 — 0 asr— o0,
d 1

— Agyo=0 in RY, a(fczo = —(VVo1,kx) 1y-0 on IRY, @200 as r— oo,

where kx = (klxl,kzxz, tee ,kNxN).
Lemma A.1 ([13]). Forp > % and i = 1,2, there holds that

C c 2 ¢
’ N , < = ; <
| pio(x)] < 1+ 2V 3 V()] < (1+ [x[)N-2" D gin(x)l < (1+ [x[)N-1

Lemma A.2. Let f € Ly ,(Qe) and u satisfy

a—u =0 on Q).

—Au+y£2u =f in Q 5
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Then
el <c [ Iy, . <ci.

Lemma A.3 ([39, Lemma B.1]). For any constant 0 < ¢ < min{a, B}, there is a constant
C > 0, such that

1 1
(T+Jy —x)* (14 |y — xj|)P

< C ( 1 n 1 )
Tl =N A+ ly )P (L4 |y — xg)r P
We generalize the estimate used in [39] in the following.

Lemma A.4 (c.f. [12]). For any constant ¢ > 0,0 # N — 2, there exists a constant C > 0, such
that

/ 1 1 dz < C
e [y =2V 2 (T )2 (L N2

Recall that
—Avy +poy =V), in Q,
—Avy + pvy = UZ,A in Q, (A1)
801 . avz .
5T 5, 0 on 0Q),
and
v = Uz — 91, (A2)
v =V,1 — ¢2. '
Since
_Aull A= Vap/\/
’ ’ A3
{ —AVp=Uul ), (A.3)
then we have )
=A@+ per = pl, in Q,
gAQ)Z —|—a],[¢2 = ]/laVa,/\ ; in Q, (A4)
P1 Ua,/\ P2 Va,)\
Yl , L= 0Q).
on on on on n
Lemma A.5. For p > %, N > 4, we have the expansion
qpl = (AE)li’i‘%(pLO (x/; u) —+ 0(827‘7% ’ ln€|m),
€ (A5)

. 1—-N X—a 2 N_ m
92 = (M) o (T %) + O 71| Inel"),
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with
1, N=4,
Moreover,
1— N
ol < £ liner
11 S 7 5=g~v_a’
(14 [£2|)N-3
fm (A7)
“<sﬁmmw
and .
-T
()] < C(U, 1 (X)), "
l2(x)] < C(V, 2 (1)1,

where n =1 and T > 0 is any small fixed number for N = 4,5, n = 0and T = 0 for N > 6.

Proof. We only need to estimate ¢;. Let

P1= @1+ 91,

where
—A@; + pgp = pl,p in Q,
1 (A9)
% =0 on 0Q),
on
and
—Apf+pupi =0 in Q,
w2 A.10
o1 _ U on 0. ( )
on on
Set

~j N_
gojl(x) = g+l (p’l(sx).
Then ¢} satisfies

2! (A11)

=0 on 0Q).

{ —AP! + petpl = yezug% in Q,,
on

So

|A1|<C£2/ ey d
PU=SE o, =y V2™
dy
ngZ/
o, (1+ ]y —&HN2|x —y[N-2
Ce?|Ing|™
(1 |x =N
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where
1, N=4,
mp =
0, N2>5.
Consequently,
() < CE T Ime G Ine
e e e R A
and

T 2- my
gl = O( 7| Ine|™).
Next we estimate for ¢2. To this end, we write

2 _ -2t x—a 3., 4
9} = (Ae) 7o " )+l +al,

where ¢3 satisfies

{ —Ag] + g =0 in Q,
dp; U, 9 1_ N x—a (A.12)
on  on %{(Ae) " (Pl’o( Ae ﬂ on 90,
and g7 satisfies
N X—a )
—Agi+ pgt = (8- ) | (Ae) T gio( )| in
0p3 (A.13)
5 =0 on 9Q).
on

The estimate for ¢f is similar to that of ¢},

1 ¢ d : d
S < 7/ y / y >
il <Ce <€2 Qory (L [y~ EDN T — yI¥=2 o, (T [y — SN 3w — yv-2

X 1 | Ine|™s )
=ce <e<1+ r— )N T T x—g)v )

where

1, N=5,
Mg =
! 0, N #05.

Consequently,

2 N_ 3N 1—-N_
g it 3 q+1|ln£\m4> Ce 71| Ing|™
U+ 5™ P T v s ) = W s

()] sc(
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and

It remains to estimate ¢3.
If x € 002N Bs(a),

o L)
on (1+ \x|)N73

‘Ae

If x € 90N B§(a),

3
a(.;:ll = O(e%).

We use the standard elliptic theory and Green’s representation to have

slfﬂ%
|93l < Co—=amn
T RN
and
N
g7 = O 1)
This completes the proof. O

B Energy expansion

Recall that

Jo(Wa, Wa) := /Q VWi - VW + pe? /Q Wi W,

1 1
_p+0¢£+1/0 |W2|p+as+1_q+ﬁ€+l/o ’W1’!1+5€+1.

Proposition B.1. For p > 5, N > 4, we have the uniform expansions as ¢ — 0

-1 -1
]S(Wl, Wz) = (LA1 + P Az) — 8AH(61)(B1 + By +C1 + Cz)

2 2
Nﬁ Na ;B o 2—T
—|—slnA(q+1A1 + p+1A2> +s(§A1 +5 A2+ BDy —i—szz) +O(ET),

afg_i(Lﬁ Nua

A
g+1 1+;o+1

oA A

Az) = eH(a)(By + B2 + C1 + C2) + O(&27),
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where
1 1 1 +1
A= —— 0 Ay = n
YT Be+1 Jry O P ptaet 1Ry
q—l / q+1 2 p_l / P+1 2
B—_ 1-1 By= ——
YT 4(g+ P+ 1) Jowy P 2T A(pt+act1) mN°1’w
1 1
Cl = _Z <VU() 1,y>V(),1, CZ = _Z <VV0 1/]/>U0,1r
D :—* u iy, D, = # v ny,
' g+ Be+1 Jry 01 0y ? p+ac+1Jry 01 o

Proof. For sake of simplicity, we assume thate > Oand set U, 1+ = U, V, 1 = V. We write
Cx Sx

1 1
— VW1VW2+]482W1W2 :f/ (—AW1+}182W1)W2
2 Jo, 2 Jo,
1 1 B
=5/, VPW, = E/ (vrHl — VP ),
and
1 1
f/ VW, VW, + ue* Wi W, = f/ (=AW, + ue® W)Wy
2 Jo, 2 Jo,
1 1
—— q — g+l _ 1195
2/QEUW1 2/Qg(ll Uler).
On the other hand,

/Q W2p+zxe+1 :/Q Wzr)+1+/(l W§+1(W2‘x£—l)
zlﬁV—@W“+MA¢V—@V“mW—¢ﬁ+O@”U

:/Q VP+1_(p+1)/Q Vp(/ﬁZ‘"DCE/Q (V—(/ﬁz)erlln(V—(/ﬁz)—f—O(sZ*TZ),

and
/ Wq+ﬁs+1 _/ Wq+1+/ Wq+1 W/Sg 1)
0
= [ =g e [ (U= 50T In(U ) + O
Q.
= [urt = (g1 [ Ui+ pe [ (U= 507 In(U = §) + O,

Note also that

V—3)P " n(V — @) = —
/QS( @2)P" In(V — ¢2) b1
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and

_ _ N .
/ (U= (U = 1) = 7 lnA/]RN ugj1+/RN Ul in Uy + O ™).
+ +

€

Then

1 1 1 1
Y e (AR Y (e P
Je(Wr, Wa) (2 q+ﬁs+1)/ngu i <2 P+“€+1>/ﬂev

(e ) b e a2 L7e

aN +1 BN +
+ el A/ v 4 1 A/ Ul
rae+D(p+D) U ry 0 T G per g D) Jry 01
a 1 p +1 _
o VP+ nVaq— / q 2—T )
pract1 RY 01 R P RY Uy, InlUo1+O(e ")
We observe that
1 ey’ N
/ it :/IRN ugf% (y’,yN+ p(ey)) + 0 )
€ +
auqﬁl(yI/yN) /
= UqH /, O’K p(gy) O 2—1
oy Jog o)+ Lo =500 22+ 0
_ g+1 _ g+10(ey’) -
Ry LIO,% /am’ uor% € +0(T)
_ u‘ﬁ‘l o ub]+1 (l Nz_lk(g )2) 4 O(Szin)
IRy T0x Jory 0 \2e = i
N—-1
_ qg+1 E q+1 |y‘2 ) 2—7
= Jor U0y =3 L U0 (N_ - Jg k) +0E™)
1 €AH(a 1 B
B RN Ug’—{ B 2( )/BIRN ugj |y|2+0(52 Tl)/
+ +
and

+1 ¢eAH a) +1 _
fovr = Lt =R [ R 0@
e + +

On the other hand,
uio :AE/ ul + O T
/Qg 1 Qe 01910 ( )
_ q 2—T
_Ae/m] U ¢10 + 0 ™)

=Ae¢ /]RN<_AVO’1 P10 + V0,1A§01,0) + O(Szfn)

+
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9910

—Ae IRY (_ YN

(VU y)Vor + O(E™),
J ¥ o1 ) Vo +O(E)

_ AeH(a)
==

and

Vor) +O(™)

~ AEH(H) 2
VPG, = 7/ VYV, ) Uy + O(2 7).
]gs P2 > 8R£< 01, y)Uoy + O(e7 )

We obtain
1 1

g+1

Je(W1, Wa) :<§ — q+ﬁ€+l> (/N UO,1 —

sAH(a)

1 T
o U+ 0(7)

+(3- pmﬂ)(/ﬂw Vit - SAZ( )/aRN ViR + 0@ ™))
Gl (M o)

+ (% p —+ ae + 1) ( / VVO l/y>u0,l + 0(82_T2))

* (7ﬂ+z>csj‘ﬁ\1])(p+1)8111/\/1Rf+V V&H * (q+ﬁsi1\1])(q+l)glnA/Rf ugflrl

- T Vp+1l Vi —L uq+ll U 2T
p+"‘£+1/ﬂ?f or O B 1 Jry 01 o1+ 0(E)
:%ﬂgefh — eAH(a)B; + %WA — eAH(a)B,
Nln ABe NIn Aae
— eAH(@)(C1+C2) + = é Ay + ~—28E Ay 4 BeDy + aeDy + O(27T)
q+1 p+1
_(1-1 p— B
= A+ 5 Az SAH(H)(B1+BZ—|—C1+C2)
,3 B o -
InA(—= PA1+ZAy+BDy +aD
e (q+ p+1 2>+€(2 1+ 542+ BD1 +a 2>+O(e ),
where
! ! 1 +1
A= — ot Ay — —— p+1
YT g Be 1 Jry Ot 2T ptaet1Jry 01
- a1 / ”7“ 2 __ pr-1 / VP2
Bi= 7y Bp=—" —
! 4(q+,88+1) BJRN ’y| 2 4(P+a€+l) E)]RN 01 ’y’
1 1
Cr=—2 [ (Vo1 y)Vor, Coe — X [ Ve oy,
1= 81R11< 01,¥)Voa 2=~ BIRIE< 01,1 Uo1
! ! +1
Di=—— [ u"'muy, Dy=-—— [ VIV,
1 g+ Be+1Jry 01 n Uo,1 2 Pt aet L gy 01 n Vs
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Thus we complete the proof. O
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