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Abstract. The main purpose of this paper is to establish the distributional bound-
ary values of functions in the weighted Hardy space, which improves the results of
Carmichael in [4] and [8], where the weight function is linear. As our main result, we
will prove that f (z) in H(ψ, Γ) has the Z ′ boundary value and can be expressed by the
inverse Fourier transform of a distribution. Next, we will establish the S ′ boundary
value under stronger assumptions and give more precise expression if f (z) also con-
verges to U ∈ D′Lp(Rn), where 1 ≤ p ≤ 2. In addition, we will also study the inverse
result, in which we will prove that f (z) is holomorphic on TΓ.
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1 Introduction

The existence of the distributional boundary values of holomorphic functions on tubular
domains plays an important part in the study of complex analysis of several variables. We
say a function f (z) holomorphic on the tube TΓ = {z ∈ Cn : z = x + iy, x ∈ Rn, y ∈ Γ}
has the D′ boundary value U ∈ D′ if for any compact sub-cone Γ′ ⊆ Γ, the limit

lim
y∈Γ′,y→0

〈 f (x + iy), φ(x)〉 = 〈U, φ〉

holds for all φ(x) ∈ D, where D is the space composed of all infinitely differentiable
functions on Rn, which have compact support and D′ denotes the space of all linear
functionals on D.

Many scholars [13,19] have considered similar problems for different spaces of distri-
butions including S ′, the space of tempered distributions [12]. Here, we say an infinitely
differentiable function ϕ(x) belongs to S if

sup
x∈Rn
|xαDβ ϕ(x)| < ∞
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for any α, β ∈ Nn. Tillmann [20] showed that a function f (z) holomorphic on an octant
has the S ′ boundary value if f (z) satisfies the boundary condition:

| f (z)| ≤ M
n

∏
j=1

(1 + |zj|2)mj |yj|−1/2−k j ,

where M, mj, k j are constants.
Beltrami and Wohlers [1–3] obtained the S ′ boundary value result for n = 1 using

a boundary condition that is less restrictive than that of Tillmann. More percisely, they
proved:

Theorem 1.1. Suppose f (z) is holomorphic on the upper complex plane C+ = {z ∈ C : z =
x + iy, x ∈ Rn, y > 0} and satisfies for any δ > 0 that

| f (z)| ≤ Cδ(1 + |z|)N (1.1)

for all y ≥ δ. If f (z) converges in the S ′ topology to a generalized function U as y → 0+,
then U ∈ S ′ and U is the inverse Fourier transform of V ∈ S ′ supported in [0, ∞). Moreover,
f (z) = 〈V, e2πi〈z,t〉〉.

The same result was proved by Dejager [9] in a slightly more general setting. The
extension to n dimensions was obtained by Carmichael [6] in the case that if f (z) is holo-
morphic on the octant G = {x + iy ∈ Cn : x ∈ Rn, yj > 0, j = 1, 2, · · · , n}.

The investigation of the distributional boundary values was also generalized to tubu-
lar domains. We now give some definitions that will be used throughout this paper.

A nonempty subset Γ ⊆ Rn is called a cone with vertex at 0 if αx ∈ Γ whenever x ∈ Γ
and α > 0. The dual cone of Γ is expressed as Γ∗ =

{
y ∈ Rn : 〈y, x〉 ≥ 0 for any x ∈ Γ

}
,

which is clearly a closed convex cone with vertex at 0. Next, (Γ∗)∗ = ch(Γ), where ch(Γ)
is the convex hull of Γ.

We say that the cone Γ is regular if the interior of Γ∗ is non-empty. The open cone Γ′

is called the compact sub-cone of Γ if pr(Γ′) ⊂ pr(Γ), where pr(Γ) is the intersection of Γ
and the surface of the unit sphere in Rn.

For any β = (β1, · · · , βn) ∈ Nn, we denote by Dβ
t the differential operation Dβ

t =

Dβ1
t1
· · ·Dβn

tn
, where Dtj = − 1

2πi
∂

∂tj
for j = 1, · · · , n.

We say an infinitely differentiable function ϕ(x) belongs to Z if ϕ(x) can be extended
to an entire function, which satisfies for any α ∈Nn that

|zα ϕ(z)| ≤ Mβ exp{a1|y1|+ a2|y2|+ · · ·+ an|yn|},

where Mβ depends on β and possibly on ϕ and aj > 0 (j = 1, 2, · · · , n) depends only on
ϕ.

For any 1 ≤ p < ∞, a function ϕ(x) infinitely differentiable in Rn is said to belong to
DLp if Dβ ϕ(x) ∈ Lp(Rn) for any β ∈Nn.
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We denote by Z ′ and D′Lq the spaces of all linear functionals on Z and DLp respec-
tively, where 1

p +
1
q = 1. Clearly, Z ⊆ S ⊆ DLp ⊆ Lp(Rn) and thus Lq(Rn) ⊆ D′Lq ⊆ S ′ ⊆

Z ′.
Carmichael [4, 8] characterized the distributional boundary values of holomorphic

functions on tubular domain TΓ, which satisfies the boundary condition with the weight
function (A + σ)|y| and achieved an improved version:

Theorem 1.2. Assume that Γ is an open cone in Rn and Γ′ is any compact sub-cone of Γ. For any
m > 0 and any σ > 0, if f (z) is holomorphic on TΓ and satisfies the boundary condition:

| f (z)| ≤ M(Γ′, m)(1 + |z|)Ne2π(A+σ)|y| (1.2)

for all z ∈ T(Γ′, m) = Rn + i(Γ′\Dn(0, m)), where M(Γ′, m), A ≥ 0 and N are constants.
Then, f (z) has the Z ′ boundary value U ∈ Z ′, which is the Fourier transform of V ∈ D′ having
support in SA =

{
t ∈ Rn : µΓ(t) ≤ A

}
, where µΓ(t) = infy∈pr(Γ)−〈t, y〉, and

f (z) =
〈
V, e2πi〈z,t〉〉,

if A = 0. Furthermore, the expression is unrestricted by A ≥ 0 if f (z) converges in S ′.

Also, there have been many investigations of the distributional boundary values con-
cerning the D′Lp topology. For more details see [5–7].

Recently, Qian [17] described distributional boundary values of functions in Hardy
space.

Theorem 1.3. If f (z) ∈ Hp(C+), where 1 ≤ p ≤ ∞, then, as a tempered distribution, f̂ is
supported in [0, ∞).

In another research [16], Qian et al. proved the converse of Theorem 1.3.

Theorem 1.4. For 1 ≤ p ≤ ∞, if f (x) ∈ Lp(R) and supp f ⊆ [0, ∞) in the distributional
sense, then f (x) is the boundary value of a function in Hp(C+).

In [15], Li et al. obtained the equivalent characterization in terms of Hp(TΓ).

Theorem 1.5. Assume that Γ is a regular open cone in Rn and F(x) ∈ Lp(Rn), where 1 ≤ p ≤
2. Then, F(x) is the boundary value of F(x + iy) ∈ Hp(TΓ) if and only if supp F̂ ⊆ Γ∗ in the
distributional sense.

Inspired by Carmichael in [4] and [8], we will extend the boundary condition (1.2)
by a measurable function ψ(y), which is defined on an open cone Γ, namely: for any
compact sub-cone Γ′ ⊂ Γ and any m > 0, there exist N > 0 and K(Γ′, m) depending on
Γ′ and m such that

| f (z)| ≤ K(Γ′, m)(1 + |z|)Ne2πψ(y) (1.3)

for all z ∈ T(Γ′, m).
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In our main results, we need to assume that ψ(y) ∈ C(Γ) and satisfies for any compact
sub-cone Γ′ that

RΓ′,ψ = lim sup
y∈Γ′,y→∞

ψ(y)
|y| < ∞ (1.4)

and define a new set U(ψ, Γ) by

U(ψ, Γ) :=
{

ξ ∈ Rn : lim inf
y∈Γ,y→∞

(
〈ξ, y〉+ ψ(y)

)
> −∞

}
.

Unless particularly stated, we will also assume that Γ is a regular open convex cone
in Rn from now on. As our first main result in this paper, we will prove:

Theorem 1.6. Let ψ(y) ∈ C(Γ) such that (1.4) holds. If f (z) is holomorphic on TΓ and satisfies
(1.3), then f (z) has the Z ′ boundary value U ∈ Z ′, which is the inverse Fourier transform of
V ∈ D′ having support in U(ψ, Γ). Moreover,

f (z) = F−1[Ve−2π〈y,t〉; x
]
.

Here, the inverse Fourier transform of W ∈ D′ is defined by

〈F−1[W], ϕ〉 := 〈W, ϕ̂〉
for ϕ ∈ Z , where

ϕ̂(x) =
∫

Rn
ϕ(t)e−2πi〈x,t〉dt.

Clearly, the inverse Fourier transform from D′ to Z ′ is topologically isomorphic since the
Fourier transform from Z to D is one-to-one and surjective.

Next, we will strengthen the boundary condition (1.3), which leads us to define the
Hardy space H(ψ, Γ). We say that a function f (z) holomorphic on TΓ belongs to H(ψ, Γ)
if for any compact sub-cone Γ′ ⊂ Γ, there exist N > 0 and K(Γ′) > 0 depending only on
Γ′ such that

| f (z)| ≤ K(Γ′)(1 + |z|)Ne2πψ(y) (1.5)

for all z ∈ TΓ′ .

Theorem 1.7. Assume that ψ(y) ∈ C(Γ) and satisfies (1.4). If f (z) ∈ H(ψ, Γ), then f (z) has
the Z ′ boundary value U ∈ Z ′, which is the inverse Fourier transform of V ∈ D′ having support
in U(ψ, Γ) and

f (z) = F−1[Ve−2π〈y,t〉; x].

Restrictions on ψ(y) can only ensure that f (z) has the Z ′ boundary value if f (z)
is holomorphic on TΓ and satisfies (1.5). A natural question is that how to establish
stronger assumptions to get the S ′ boundary values? We solve this difficulty by assum-
ing for any compact sub-cone Γ′ ⊂ Γ that

lim sup
y∈Γ′,y→0

ψ(y)∣∣ log |y|
∣∣ ≤ r < ∞. (1.6)

Our results are as follows:
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Theorem 1.8. Let ψ(y) ∈ C(Γ) such that (1.4) and (1.6) holds. If f (z) ∈ H(ψ, Γ), then f (z)
has the S ′ boundary value U ∈ S ′, which is the inverse Fourier transform of V ∈ S ′ having
support in U(ψ, Γ). Moreover,

f (z) = 〈V, e2πi〈z,t〉〉.

Theorem 1.9. Let ψ(y) ∈ C(Γ) such that (1.4) and (1.6) holds. If f (z) ∈ H(ψ, Γ) and has the S ′
boundary value U ∈ D′Lp(Rn), where 1 ≤ p ≤ 2. Then there exists V = ∑|α|≤m xαhα(x) ∈ S ′,
which is supported in U(ψ, Γ) such that U = F−1[V] and

f (z) =
〈
V, e2πi〈z,t〉〉.

Moreover, hα(x) is bounded and continuous if p = 1 and hα(x) ∈ Lq(Rn) if 1 < p ≤ 2, where
1
p +

1
q = 1.

Besides, we will also prove that f (z) is holomorphic on TΓ, which can be regarded as
the inverse case of our main theorems.

Theorem 1.10. Assume that ψ ∈ C(Γ) and satisfies (1.4). Then

(1). XU(ψ,Γ)(t)e2πi〈z,t〉 ∈ Lp(Rn) for any z ∈ TΓ, where 1 ≤ p ≤ ∞;

(2). Let Γ′ be any compact sub-cone of Γ and m ∈ R+. If g(t) ∈ C(Rn), which is supported in
U(ψ, Γ) such that

|g(t)| ≤ M(Γ′, m)e2π
(
〈ω,t〉+ψ(ω)

)
(1.7)

for any ω ∈ Γ′\
(
Γ′∩Dn(0, m)

)
, where M(Γ′, m) > 0 depends on Γ′ and m. Then e−2π〈y,t〉g(t) ∈

Lp(Rn) for any y ∈ Γ, where 1 ≤ p ≤ ∞.

Theorem 1.11. Assume that ψ ∈ C(Γ) and satisfies (1.4). For any compact sub-cone Γ′ ⊂ Γ
and any m > 0, let g(t) ∈ C(Rn), which is supported in U(ψ, Γ) such that (1.7) holds. For
given y0 ∈ Γ, define

V := (l(D))k(g(t)e−2π〈y0,t〉),
where l(D) denotes derivation polynomial and k ∈N. Then f (z) =

〈
V, e2πi〈z,t〉〉 is holomorphic

on TΓ and there exist N0 > 0, δ = δy > 0 and M′(Γ′, m) > 0 depending on Γ′ and m > 0 such
that

| f (z)| ≤ M′(Γ′, m)(1 + |z|)N0e2πψ(
y+y0

2 )eπR1(1+δ)|y|. (1.8)

We organize this paper as follows: In Section 2, we provide some preliminaries. In
Section 3, we will establish the Z ′ boundary value of f (z) holomorphic on TΓ and sat-
isfying (1.3) (Theorem 1.6), which will be generalized by Theorem 1.7 using a simpler
technique. Then, in Section 4, we will give the S ′ boundary value of f (z) ∈ H(ψ, Γ) un-
der stronger assumptions (Theorems 1.8 and 1.9). Finally, Theorems 1.10 and 1.11 will be
proved in Section 5 as the inverse case of our main theorems.
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2 Preparation of manuscript

In this section, we provide some preliminaries. The following two lemmas are used more
than once in our proofs.

Lemma 2.1 ([8]). Let Γ be an open cone in Rn and y ∈ ch(Γ). Then there exists δ = δy > 0
depending on y such that for all t ∈ Γ∗, there holds

〈y, t〉 ≥ δ|y||t|.

Furthermore, if Γ′ is any compact sub-cone of ch(Γ), then there exists δ = δΓ′ > 0 depending
only on Γ′ such that the above inequality holds for all y ∈ Γ′ and all t ∈ Γ∗.

By a technique of approximation, we obtain the same result in [11, Lemma 2] if the
assumption is reduced to ψ(y) ∈ C(Γ).

Lemma 2.2. Assume that ψ(y) ∈ C(Γ) and satisfies (1.4). Then

U(ψ, Γ) ⊆ Γ∗ + Dn(0, R1),

where Dn(0, R1) denotes the sphere in Rn centered at 0 of the radius R1 > 0.

Proof. Choose ξ0 ∈ U(ξ, Γ), and we may assume that ξ0 /∈ Γ∗ (the result is obvious if
ξ0 ∈ Γ∗). Then, there exists ξ1 ∈ Γ∗ such that

|ξ1 − ξ0| = d(ξ0, ∂Γ∗) = inf
{
|ξ0 − x| : x ∈ ∂Γ∗

}
> 0

and 〈ξ1, ξ0 − ξ1〉 = 0. By geometric projection, we have for all ỹ ∈ Γ∗ that〈
ỹ− ξ0,

ξ1 − ξ0

|ξ1 − ξ0|

〉
≥ |ξ1 − ξ0|.

Hence
〈ỹ, ξ1 − ξ0〉 ≥ 〈ξ1, ξ1 − ξ0〉 = 0,

which implies that ξ1 − ξ0 ∈ Γ. Next, we choose ξ̃k ∈ Dn(ξ1 − ξ0, 1
k ) ∩ Γ, where k > 0

such that 1
k < |ξ1−ξ0|

2 and pick ηk = ξ̃k
|ξ̃k |
∈ Γ. Then, according to (1.4) and the definition

of U(ψ, Γ), we have for any ε > 0 that there exists Aξ0 > 0 and Rε > 0 such that for all
ρ > Rε, there holds

ψ(ρηk) < ρ(R1 + ε)

and
〈ξ0, ρηk〉+ ψ(ρηk) > −Aξ0 .

Thus
−Aξ0

ρ
〈ηk, ξ1 − ξ0〉 ≤ R1 + ε + 〈ηk, ξ1〉.
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Finally, taking ρ→ ∞, k→ ∞ and ε→ 0 orderly, we get that

|ξ1 − ξ0| ≤ R1,

which shows ξ0 ∈ Γ∗ + Dn(0, R1).

The following result is a generalized version in [4] and [8].

Lemma 2.3. Assume that ψ(y) ∈ C(Γ) and satisfies (1.4). Let ϕ(x) ∈ C∞
c (Rn), supp(ϕ) ⊂

Dn(0, 1), ϕ(x) ≥ 0 and
∫

Rn ϕ(x)dx = 1. For any 0 < ε < 1, write

ϕε(x) =
1
εn ϕ

( x
ε

)
, Bε = U(ψ, Γ) + Dn

(
0,

3ε

2

)
and ξε(t) = XBε ∗ ϕ ε

2
(t),

where XBε(t) represents the characteristic function of Bε. Then ξε(t) ∈ C∞(Rn), ξε(t) = 1 in
U(ψ, Γ) + Dn(0, ε), ξε(t) = 0 in the complement of U(ψ, Γ) + Dn(0, 2ε) and for any γ ∈ Nn

there exists a constant Mγ depending only on γ such that∣∣Dγ
t ξε(t)

∣∣ ≤ Mγ. (2.1)

Furthermore, ξε(t)e2πi〈z,t〉 ∈ S for all z ∈ TΓ.

Proof. Noting that

ξε(t) =
∫

Dn(0, ε
2 )

XBε(t− x)ϕ ε
2
(x)dx,

we may assume x ∈ Dn(0, ε
2 ). If t ∈ U(ψ, Γ) + Dn(0, ε), then t− x = t1 + (t2 − x) ∈ Bε,

where t1 ∈ U(ψ, Γ) and t2 ∈ Dn(0, ε), and thus ξε(t) = 1. If t− x ∈ Bε, then t ∈ U(ψ, Γ) +
Dn(0, 2ε) and hence, by contradiction, we get that ξε(t) = 0 for t /∈ U(ψ, Γ) + Dn(0, 2ε).
Moreover, ξε ∈ C∞(Rn) since XBε ∈ L1

loc(R
n) and ϕ ε

2
∈ C∞

c (Rn). Now, choose γ ∈ Nn,
by the fact that

∣∣Dγ
x ϕ ε

2
(x)
∣∣ is bounded, we have

|Dγ
t ξε(t)| ≤

∫
Dn(0, ε

2 )
XBε(t− x)

∣∣Dγ
x ϕ ε

2
(x)
∣∣dx ≤ Mγ.

Next, we will prove ξε(t)e2πi〈z,t〉 ∈ S for any z ∈ TΓ. According to Lemmas 2.1 and 2.2,
for any t ∈ U(ψ, Γ) + Dn(0, 2ε), there exists δ = δy > 0 depending only on y such that

〈t, y〉 ≥ δ|y||t| − |y|(δ + 1)(R1 + 2ε). (2.2)

Hence, for any α, β ∈Nn, there holds

sup
t∈U(ψ,Γ)+Dn(0,2ε)

∣∣∣tαDβ
t
(
ξε(t)e2πi〈z,t〉)∣∣∣

≤ ∑
β1+β2=β

β!
β1!β2!

sup
t∈U(ψ,Γ)+Dn(0,2ε)

|z||β2||tα|
∣∣Dβ1

t ξε(t)
∣∣e−2π〈y,t〉

≤e2π(δ+1)(R1+2ε)|y| ∑
β1+β2=β

β!
β1!β2!

Mβ1 |z|
|β2| sup

t∈U(ψ,Γ)+Dn(0,2ε)

|tα|e−2πδ|t||y| < ∞,

which completes our proof.
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3 Proof of Theorems 1.6 and 1.7

In this section, we will prove our main result. An essential step in the proof is to set up a
well-behaved function g(t) similar to that in [8, Theorem 4.7.1]. In order to deal with it,
we will construct a polynomial l(z), which allows us to find V = (l(D))kg(t) such that
f (z)→ F−1[V] in Z ′ topology.

Proof of Theorem 1.6. Choose a group of basis e1, e2, · · · , en in Rn such that ej ∈ pr(Γ∗),
j = 1, 2, · · · , n. For any compact subcone Γ′ ⊂ Γ and given y0 ∈ pr(Γ′), define

l(z) := 〈e1, z + iy0〉〈e2, z + iy0〉 · · · 〈en, z + iy0〉, z ∈ TΓ′ .

Then, by Lemma 2.1, there exists σ = σΓ′ > 0 such that

|l(z)|2 =
(
〈e1, x〉2 + 〈e1, y + y0〉2

)
· · ·
(
〈en, x〉2 + 〈en, y + y0〉2

)
≥
(
〈e1, y〉+ σ

)2 · · ·
(
〈en, y〉+ σ

)2

≥σ2n + σ2n−2〈e1, y〉2

≥σ2n(1 + |y|2).

Also

|l(z)|2 ≥
(
〈e1, x〉2 + 〈e1, y0〉2

)
· · ·
(
〈en, x〉2 + 〈en, y0〉2

)
≥
(
〈e1, x〉2 + σ2) · · · (〈en, x〉2 + σ2)

≥σ2n + σ2n−2(〈e1, x〉2 + · · ·+ 〈en, x〉2
)

=σ2n + σ2n−2xT Ax, (3.1)

where A is a positive definite matrix. By orthogonal transform, there holds

xT Ax ≥ λ0|x|2,

where λ0 > 0 is the smallest characteristic root of A. Then (3.1) can be continued as

|l(z)|2 ≥ m(1 + |x|2),

where m = min{σ2n, σ2n−2λ0}. As a consequence,

|l(z)|2 ≥ m
4
(1 + |z|)2.

Now, choose k ∈ N such that k− N ≥ n + 1. In view of f (z) ∈ H(ψ, Γ), we have for any
z ∈ Rn + i

(
Γ′\Dn(0, m)

)
that

|(l(z))−k f (z)| ≤K(Γ′, m)(1 + |z|)Ne2πψ(y)
(m

4

)− k
2
(1 + |z|)−k

≤K′(Γ′, m)(1 + |z|)−(n+1)e2πψ(y).
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Then, the definition

gy(t) :=
∫

Rn
(l(z))−k f (z)e−2πi〈z,t〉dx = e2π〈y,t〉F

[
(l(z))k f (z); t

]
is well done for all y ∈ Γ′\Dn(0, m) and thus gy(t) ∈ C0(Rn). Now, differentiating gy(t)
with respect to yj (j = 1, 2, · · · , n) and using the Cauchy-Riemann equation, we have

∂gy(t)
∂yj

=e2π〈y,t〉
(

2πtjF
[
(l(z))k f (z); t

]
+ iF

[
∂

∂xj

(
(l(z))k f (z)

)
; t
])

=e2π〈y,t〉
(

2πtjF
[
(l(z))k f (z); t

]
+ 2πi2tjF

[
(l(z))k f (z); t

])
= 0,

which shows that gy(t) doesn’t depend on y ∈ Γ. For convenience, we denote by g(t) =
gy(t). Next, choose t0 /∈ U(ψ, Γ), then for given y0 ∈ pr(Γ), there exists a sequence {ρk} ⊂
R+ such that

lim inf
ρk→∞

〈t0, ρky0〉+ ψ(ρky0) = −∞.

Thanks to

|g(t)| ≤ K′(Γ′, m)e2π(〈ρky0,t0〉+ψ(ρky0))
∫

Rn

1
(1 + |x|)n+1 dx,

we can immediately obtain that g(t0) = 0, i.e., supp g ⊆ U(ψ, Γ). Also, we have g(t) ∈
D′. In fact, for 1 ≤ p ≤ 2 and 1

p +
1
q = 1, using

g(t)e−2π〈y,t〉 = F
[
(l(z))−k f (z); t

]
∈ Lq(Rn) ∩ C0(R

n)

and Lq(Rn) ⊆ S ′ ⊆ D′, we have (l(z))−k f (z) ∈ Z ′ and that

〈g(t), φ(t)〉 :=
〈
e−2π<y,t>g(t), e2π〈y,t〉φ(t)

〉
is well defined. If φλ(t) → φ(t) in D as λ → λ0, then there exists a compact set K ⊆ Rn

such that supp φλ ⊆ K, supp φ ⊆ K and for any α ∈Nn, there holds

sup
t∈K

∣∣∣Dα
t
(
e2π〈y,t〉ϕλ(t)

)
− Dα

t
(
e2π〈y,t〉ϕ(t)

)∣∣∣
≤ ∑

α1+α2=α

α!
α1!α2!

sup
t∈K

e2π〈y,t〉|y||α1|
∣∣Dα2

t (φλ(t)− φ(t))
∣∣ → 0,

which shows that g(t) ∈ D′. Write

V := (l(D))kg(t).
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Now, we will prove f (x + iy) → F−1[V] in Z ′ as y → 0 in Γ′. Choose ϕ ∈ Z and φ ∈ D
such that ϕ = φ̂. Noting V ∈ D′ and (l(z))k ϕ(x) ∈ Z , by exchanging integration and
derivation, there holds〈

F−1[V], ϕ
〉
=
〈
(l(D))kg(t),

∫
Rn

ϕ(x)e2πi〈x,t〉dx
〉

=
〈

g(t),
∫

Rn
ϕ(x)(l(x))ke2πi〈x,t〉dx

〉
=
∫

Rn

∫
Rn

g(t)ϕ(x)(l(x))ke2πi〈x,t〉dtdx

=
〈
F−1[g; x], (l(x))k ϕ(x)

〉
.

Rewrite
(l(z))k = ∑

|α|≤s
Cα(y)xα,

where s is the degree of (l(z))k and Cα(y) denotes a polynomial. Then

(l(z))k ϕ(x) = ∑
|α|≤s

Cα(y)
∫

Rn
φ(t)Dα

t
(
e−2πi〈x,t〉)dx

= ∑
|α|≤s

Cα(y)(−1)|α|F[Dαφ; x].

Noting that e−2π〈y,t〉Dαφ→ Dαφ in D and Cα(y)− Cα(0)→ 0 as y→ 0 in Γ′, we have〈
(l(z))−k f (z),

(
(l(z))k − (l(x))k)ϕ(x)

〉
=
〈
F−1[e−2π〈y,t〉g(t)

]
, ∑
|α|≤s

(
Cα(y)− Cα(0)

)
(−1)|α|F[Dαφ]

〉
= ∑
|α|≤s

(
Cα(y)− Cα(0)

)
(−1)|α|

〈
g(t), e−2π〈y,t〉Dαφ

〉
→ 0.

Hence

lim
y∈Γ′⊆Γ,y→0

〈
f (x + iy), ϕ(x)

〉
= lim

y∈Γ′⊆Γ,y→0

〈
(l(z))−k f (z), (l(z))k ϕ(x)

〉
= lim

y∈Γ′⊆Γ,y→0

〈
(l(z))−k f (z), (l(x))k ϕ(x)

〉
=
〈
F−1[g; x], (l(x))k ϕ(x)

〉
=
〈
F−1[V], ϕ

〉
.

Finally, by exchanging integration and derivation, we have f (z) = F−1[e−2π〈y,t〉V
]

in Z ′
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since

〈 f (z), ϕ(x)〉 =
〈
(l(z))kF−1[g(t)e−2π〈y,t〉; x], ϕ(x)

〉
=
〈

g(t), e−2π〈y,t〉F−1[(l(z))k ϕ(x); t]
〉

=
〈

g(t),
∫

Rn
(l(−Dt))

k ϕ(x)e−2π〈z,t〉dx
〉

=
〈

g(t), (l(−Dt))
kF−1[ϕ; t]e−2π〈y,t〉

〉
=
〈
(l(D))kg(t),F−1[ϕ; t]e−2π〈y,t〉

〉
=
〈
F−1[Ve−2π〈y,t〉], ϕ

〉
.

The proof is completed.

Remark 3.1. Take ψ(y) = A|y|, where A ≥ 0, then the boundary condition (1.3) is re-
duced to (1.2) in Theorem 1.2 and U(ψ, Γ) = {t ∈ Rn : µΓ(t) ≤ A} = Γ∗ + Dn(0, A).
Thus, we can obtain the same result as in Theorem 1.2. Furthermore, let A = 0 and
n = 1, i.e., TΓ = C+, then the boundary condition (1.3) is weakened to (1.1) in Theorem
1.1 and U(ψ, Γ) = [0, ∞), which shows that Theorem 1.1 is a special case of Theorem 1.6.
In addition, if we also let N = 0, then Theorem 1.3 can be concluded for p = ∞.

Our method in Theorem 1.7 is similar but much simpler than Theorem 1.6 for the fact
that g(t)e−2π〈y,t〉 ∈ L1(Rn), which doesn’t hold in Theorem 1.6.

Proof of Theorem 1.7. For any proper sub-cone Γ′ ⊂ Γ and given y0 ∈ Γ′, we can construct
a polynomial

l(z) := 〈e1, z + iy0〉〈e2, z + iy0〉 · · · 〈en, z + iy0〉,

and find k > 0 such that∣∣(l(z))−k f (z)
∣∣ ≤ K(Γ′)(1 + |z|)−(n+1)e2πψ(y) (3.2)

for all z ∈ TΓ′ . Again, define

g(t) :=
∫

Rn
(l(z))−k f (z)e−2πi〈z,t〉dx,

then g(t) ∈ C(Rn) is supported in U(ψ, Γ) and doesn’t depend on y ∈ Γ. Besides, g(t) ∈
D′ and

g(t)e−2π〈y,t〉 = F
[
l(z))−k f (z); t

]
∈ Lq(Rn) ∩ C0(R

n) (3.3)

for 1 ≤ p ≤ 2, where 1
p +

1
q = 1. Set

δ2 := inf
{
〈x, y〉 : x ∈ pr(Γ∗), y ∈ Dn(y0, δ1)

}
> 0,
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where Dn(y0, δ1) ⊆ Γ, then for all y ∈ Dn(y0, δ1), it follows from Lemma 2.2 and (3.2) that∫
Rn

∣∣g(t)e−2π〈y,t〉∣∣dt ≤C
∫

Rn
e2π|y′||t|e−2π〈y,t〉dt

≤Ce2πR1(δ2+|y0|+δ1)
∫

Rn
e−2π|t|(δ2−|y′|)dt < ∞,

if y′ ∈ Γ such that 0 < |y′| < δ2. In view of the arbitrary of y0 ∈ Γ, we have for all y ∈ Γ
that g(t)e−2π〈y,t〉 ∈ L1(Rn). Hence, f (z) can be expressed as

f (z) = (l(z))k
∫

Rn
g(t)e2πi〈z,t〉dt

for z ∈ TΓ′ . Now, let
V := (l(D))kg(t).

Again, by exchanging integration and derivation, we get for any ϕ ∈ Z that〈
f (z), ϕ(x)

〉
=
〈
(l(z))kF−1[g(t)e−2π〈y,t〉; x], ϕ(x)

〉
=
〈

g(t), e−2π〈y,t〉F−1[(l(z))k ϕ(x); t]
〉

=
〈

g(t), (l(−Dt))
k(e−2π〈y,t〉F−1[ϕ(x); t]

)〉
=
〈

V, e−2π〈y,t〉F−1[ϕ(x); t]
〉

→
〈

V,F−1[ϕ(x); t]
〉

=
〈
F−1[V], ϕ(x)

〉
as y → 0 in Γ′. Finally, the proof of f (z) = F−1[Ve−2π〈y,t〉; x] in Z ′ is similar to Theorem
1.7.

4 Proof of Theorems 1.8 and 1.9

In this section, we will investigate the S ′ boundary value of analytic function f (z), which
satisfies (1.5) as well as the precise expression if f (z) also converges in S ′ to U ∈ D′Lp .

Proof of Theorem 1.8. We may construct a polynomial l(z) and define g(t) similar to The-
orem 1.7. From (1.6), there exists 0 < δ < 1 such that for all |t| > r

δ , there holds

inf
y∈Γ′,|y|<δ

(
〈y, t〉+ ψ(y)

)
≤ inf

y∈Γ′,|y|<δ

(
|y||t| − r log |y|

)
= r + r log

|t|
r

.

Hence, by (3.2), we have

|g(t)| ≤ K′(Γ′)e2π inf{〈y,t〉+ψ(y):y∈Γ′,|y|<δ} ≤ C0(1 + |t|)2πr.
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If |t| ≤ r
δ , we also have |g(t)| ≤ C′0(1 + |t|)2πr since g(t) ∈ C(Rn). As a consequence, g(t)

is a tempered Lp function and thus g(t) ∈ S ′. For any ϕ ∈ S , we have

ξε(t)e−2π〈y,t〉ϕ(t) → ξε(t)ϕ(t)

in S ′ as y → 0 in Γ′, where ξε(t) is that in Lemma 2.3. In fact, using Lemmas 2.1 and 2.2,
we have for any α, β ∈Nn that

sup
t∈Rn
|tα|
∣∣Dβ

t (ξε(t)e−2π〈y,t〉ϕ(t)− ξε(t)ϕ(t))
∣∣

≤ ∑
β1+β2=β

Cβ1,β2 sup
t∈E
|tα|
∣∣Dβ1

t ξε(t)
∣∣∣∣Dβ2

t ϕ(t)
∣∣∣∣e−2π〈y,t〉 − 1

∣∣
+ ∑

β1+β2+β3=β

Cβ1,β2,β3 sup
t∈E
|tα|
∣∣Dβ1

t ξε(t)
∣∣∣∣Dβ2

t ϕ(t)
∣∣|yβ3 |e−2π〈y,t〉

≤ ∑
β1+β2=β

C′β1,β2
sup
t∈E
|tα|
∣∣Dβ2

t ϕ(t)
∣∣∣∣e−2π〈y,t〉 − 1

∣∣
+ ∑

β1+β2+β3=β

C′β1,β2,β3
|y||β3|e2π(R1+2ε)|y|(δΓ′+1) sup

t∈E
|tα|e−2πδΓ′ |t||y| → 0

as y→ 0 in Γ′, where E = U(ψ, Γ) + Dn(0, 2ε). Thus〈
f (x + iy), ϕ(x)

〉
=
〈
(l(z))kF−1[g(t)e−2π〈y,t〉; x], ϕ(x)

〉
=
〈

g(t), ξε(t)e−2π〈y,t〉F−1[(l(z))k ϕ(x); t]
〉

=

〈
g(t), ξε(t)

∫
Rn

ϕ(x)(l(−Dt))
ke2πi〈z,t〉dx

〉
.

Noting that

|ϕ(x)(l(z))ke2πi〈z,t〉| ≤ |ϕ(x)(l(z))k|e(R1+2ε)|y|(δ0+1) ∈ L1(Rn),

we can continue the above equality as

〈
f (x + iy), ϕ(x)

〉
=

〈
g(t), ξε(t)(l(−Dt))

k
∫

Rn
ϕ(x)e2πi〈z,t〉dx

〉
=
〈
(l(D))kg(t), ξε(t)e−2π〈y,t〉F−1[ϕ; t]

〉
→
〈
(l(D))kg(t), ξε(t)F−1[ϕ; t]

〉
=
〈
F−1[V], ϕ

〉
. (4.1)

Next, by similar approach in Theorem 1.7, we can prove that f (z) = F−1[Ve−2π〈y,t〉; x] in
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S ′. Finally, we also have〈
V, e2πi〈z,t〉〉 =〈(l(D))kg(t), ξε(t)e2πi〈z,t〉〉

=
〈

g(t), (l(−Dt))
k(ξε(t)e2πi〈z,t〉)〉

=
〈

g(t), ξε(t)(l(z))ke2πi〈z,t〉〉
=(l(z))k

∫
Rn

g(t)e2πi〈z,t〉dt = f (z),

which completes our proof.

Remark 4.1. The Montel space [14, 18] is the topological vector space, which is locally
convex and separable. We say B ⊆ S is bounded if for any α, β ∈ Nn and any ϕ ∈ S ,
there holds

sup
ϕ∈B,t∈Rn

∣∣tαDβ
t ϕ(t)

∣∣ < ∞.

Since S ′ is a Montel space [18], we can conclude that (4.1) holds uniformly on any bounded
set B of S .

Proof of Theorem 1.9. Using the characterization theorem of Schwartz [18], there exists an
integer m > 0 such that

U = ∑
|α|≤m

Dα
t gα(t),

where gα(t) ∈ Lp(Rn). According to Theorem 1.8, there exists V ∈ S ′, which is supported
in U(ψ, Γ) such that U = F−1[V] and

f (z) = 〈V, e2πi〈z,t〉〉.

Also, we have for any φ(x) ∈ S that

〈V, φ(x)〉 =〈U,F[φ(x); t]〉

= ∑
|α|≤m

∫
Rn

Dα
t gα(t)F[φ(x); t]dt

= ∑
|α|≤m

∫
Rn

gα(t)F[xαφ(x); t]dt

= ∑
|α|≤m
〈F[gα(t); x], xαφ(x)〉

=

〈
∑
|α|≤m

xαhα(x), φ(x)
〉

.

Therefore, V = ∑|α|≤m xαhα(x) ∈ S ′, where hα(x) = F[gα(t); x]. Finally, we conclude
hα(x) ∈ Lq(Rn) for 1 < p ≤ 2 and that hα(x) is a bounded continuous function for
p = 1.
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5 Proof of Theorems 1.10 and 1.11

Proof of Theorem 1.10. Part (1) can be easily achieved by (2.2) since∣∣XU(ψ,Γ)(t)e
2πi〈z,t〉∣∣ ≤ XU(ψ,Γ)e

−2πδ|y||t|e2π|y|(δ+1)R1 ≤ e2π|y|(δ+1)R1 .

Proof of Part (2). For any y ∈ Γ, there exist a compact subcone Γ′ ⊂ Γ and m > 0 such
that y ∈ Γ′\

(
Γ′ ∩Dn(0, m)

)
. Choose λ > 0 such that m

|y| < λ < 1 and pick ω = λy, we get

|g(t)| ≤ M(Γ′, m)e2π
(

λ〈y,t〉+ψ(λy)
)

.

Again, by (2.2), there holds

|e−2π〈y,t〉g(t)| ≤M(Γ′, m)e2πψ(λy)e2π(1−λ)R1|y|(δ+1)e−2π(1−λ)δ|y||t|

≤M(Γ′, m)e2πψ(λy)e2π(1−λ)R1|y|(δ+1),

which implies that e−2π〈y,t〉g(t) ∈ Lp(Rn) for all 1 ≤ p ≤ ∞.

Proof of Theorem 1.11. By Lemma 2.3, Theorem 1.10 and supp g ⊆ U(ψ, Γ), we have for
all z ∈ TΓ that 〈

g(t)e−2π〈y0,t〉, e2π〈z,t〉〉 =〈g(t)e−2π〈y0,t〉, ξε(t)e2π〈z,t〉〉
=
∫

U(ψ,Γ)
g(t)e−2π〈y0,t〉e2π〈z,t〉dt.

Thus

(l(z))k
∫

U(ψ,Γ)
g(t)e−2π〈y0,t〉e2πi〈z,t〉dt

=
∫

Rn
g(t)e−2π〈y0,t〉(l(−D))ke2πi〈z,t〉dt

=
∫

Rn
(l(D))k(g(t)e−2π〈y0,t〉)e2πi〈z,t〉dt = f (z).

For given z′ = x′+ iy′ ∈ TΓ, we can find a compact subcone Γ′ ⊂ Γ, δ1 > 0, m > 0, b > 0
and d > 0 such that Dn(y′, δ1) ⊂ Γ′\

(
Γ′ ∩ Dn(0, m)

)
⊂ Γ and

y + y0 ∈ Γ′, 0 < m < b < |y + y0| < d,

for all y ∈ Dn(y′, δ1). Now, we pick ω0 = λ(y + y0), where λ = m
b , then ω0 ∈ Γ′\

(
Γ′ ∩

Dn(0, m)
)

and |ω0| < d. Using (1.7), Lemmas 2.1 and 2.2, there holds∣∣g(t)e−2π〈y0,t〉e2πi〈z,t〉∣∣
≤M(Γ′, m)e2πψ(ω0)e−2π(1−λ)〈y+y0,t〉

≤M(Γ′, m)e2πψ(ω0)+2π(1−λ)R1d(1+δ)e−2π(1−λ)δb|t|,
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which implies that g(t)e−2π〈y0,t〉e2πi〈z,t〉 ∈ L1(Rn) since ψ(ω0) = ψ(λ(y+ y0)) is bounded
in Dn(y′, δ1). Hence, by Lebesgue’s dominated convergence theorem, we have∫

U(ψ,Γ)
g(t)

(
e2πi〈z,t〉 − e2πi〈z′,t〉)dt → 0

as z → z′ in TDn(y′,δ1) and thus f (z) is continuous on TΓ. Now, applying Morera the-
orem [10] with respect to each variable zj (j = 1, 2, · · · , n), we conclude that f (z) is
analytic in TΓ.

Similarly, if we replace m by m
2 and set ω = y+y0

2 ∈ Γ′\
(
Γ′ ∩ Dn(0, m)

)
, then (1.8)

holds since

| f (z)| =
∣∣∣∣(l(z))k

∫
U(ψ,Γ)

g(t)e−2π〈y0,t〉e2πi〈z,t〉dt
∣∣∣∣

≤|(l(z))|k M
(

Γ′,
m
2

)
e2πψ

(
y+y0

2

) ∫
U(ψ,Γ)

e−π〈y+y0,t〉dt

≤M′(Γ′, m)(1 + |z|)Ne2πψ(
y+y0

2 )eπR1(δ+1)|y+y0|,

where N0 denotes the degree of (l(z))k.

Remark 5.1. If 0 < s < 1, then e2πψ(
y+y0

2 ) in (1.8) can be generalized by e2πψ(sy+sy0).

Remark 5.2. Take n = 1, i.e., TΓ = [0, ∞), ψ(y) = 0, y0 = 0 and k = 0, then g(t) ∈
C(R) is supported in [0, ∞) and (1.7) indicates that g(t) ∈ L∞(R). The expression f (z) =
〈V, e2πi〈z,t〉〉 is reduced to

f (z) = F−1[g(t)e−2πyt; x]

and thus Theorem 1.11 surprisingly improves the result in Theorem 1.4 for p = ∞.
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