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Abstract. The main purpose of this paper is to establish the distributional bound-
ary values of functions in the weighted Hardy space, which improves the results of
Carmichael in [4] and [8], where the weight function is linear. As our main result, we
will prove that f(z) in H(¢, ') has the Z’ boundary value and can be expressed by the
inverse Fourier transform of a distribution. Next, we will establish the S’ boundary
value under stronger assumptions and give more precise expression if f(z) also con-
verges to U € D}, (R"), where 1 < p < 2. In addition, we will also study the inverse
result, in which we will prove that f(z) is holomorphic on Tr.
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1 Introduction

The existence of the distributional boundary values of holomorphic functions on tubular
domains plays an important part in the study of complex analysis of several variables. We
say a function f(z) holomorphic on the tube Tr = {z € C": z =x+1iy, x e R", y € T'}
has the D’ boundary value U € D’ if for any compact sub-cone I’ C T, the limit

lim (f(x+iy), ¢(x)) = (U, ¢)

yel’,y—0
holds for all ¢(x) € D, where D is the space composed of all infinitely differentiable
functions on R”, which have compact support and D’ denotes the space of all linear
functionals on D.

Many scholars [13,19] have considered similar problems for different spaces of distri-
butions including &', the space of tempered distributions [12]. Here, we say an infinitely
differentiable function ¢(x) belongs to S if

sup [x*DPg(x)| < oo

xelR”
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for any a, B € IN”. Tillmann [20] showed that a function f(z) holomorphic on an octant
has the S’ boundary value if f(z) satisfies the boundary condition:

£ < MTTA+ 5y 725,
j=1

where M, mj, k]- are constants.

Beltrami and Wohlers [1-3] obtained the S’ boundary value result for n = 1 using
a boundary condition that is less restrictive than that of Tillmann. More percisely, they
proved:

Theorem 1.1. Suppose f(z) is holomorphic on the upper complex plane Ct = {z € C : z =
x +1iy, x € R", y > 0} and satisfies for any & > 0 that

f@)] < Cs(1+]z)N (1.1)

forall y > 6. If f(z) converges in the S’ topology to a generalized function U as y — 07,
then U € 8" and U is the inverse Fourier transform of V. € S’ supported in [0, 00). Moreover,
£(2) = (v, 20,

The same result was proved by Dejager [9] in a slightly more general setting. The
extension to n dimensions was obtained by Carmichael [6] in the case that if f(z) is holo-
morphic on the octant G = {x +iy € C" : x € R", y; >0, j =1,2,--- ,n}.

The investigation of the distributional boundary values was also generalized to tubu-
lar domains. We now give some definitions that will be used throughout this paper.

A nonempty subset I' C R" is called a cone with vertex at 0 if ax € I' whenever x € I’
and a > 0. The dual cone of I is expressed as I'* = {y € R" : (y,x) > 0 forany x € I'},

which is clearly a closed convex cone with vertex at 0. Next, (I'*)* = ch(T'), where ch(T)
is the convex hull of I".

We say that the cone I is regular if the interior of I'* is non-empty. The open cone I”
is called the compact sub-cone of T if pr(I”) C pr(T'), where pr(T') is the intersection of T
and the surface of the unit sphere in R".

For any B = (B1,---,Bn) € IN", we denote by Df the differential operation Df =
Dfll ... Dfn”,where Dti = —%a% forj=1,---,n.

We say an infinitely differentiable function ¢(x) belongs to Z if ¢(x) can be extended
to an entire function, which satisfies for any « € IN" that

2% (2)| < Mgexp{m|y1| + azlya| + - - +anlyal},

where Mg depends on 8 and possibly on ¢ and a; > 0 (j = 1,2,---,n) depends only on
P.

For any 1 < p < o0, a function ¢(x) infinitely differentiable in IR" is said to belong to
Dyy if DPp(x) € LF(R") for any B € N".
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We denote by Z’ and Dj, the spaces of all linear functionals on Z and Dy, respec-
tively, where % + % =1.Clearly, Z C S C Dy C LP(R") and thus L1(R") C D}, € S’ C
Z.

Carmichael [4, 8] characterized the distributional boundary values of holomorphic
functions on tubular domain Tt, which satisfies the boundary condition with the weight
function (A + 0)|y| and achieved an improved version:

Theorem 1.2. Assume that T is an open cone in R" and T" is any compact sub-cone of T. For any
m > 0and any o > 0, if f(z) is holomorphic on Tr and satisfies the boundary condition:

£(2)] < M(T',m)(1 + |z[)Ne? ATl (1.2)

forall z € T(I',m) = R" +i(I"\D,(0,m)), where M(I',m), A > 0 and N are constants.
Then, f(z) has the Z' boundary value U € Z', which is the Fourier transform of V. € D' having
support in Sy = {t € R" : ur(t) < A}, where pr(t) = infycprr) —(t,y), and

f(Z) _ <V,e27ri<z,t>>,
if A = 0. Furthermore, the expression is unrestricted by A > 0 if f(z) converges in S’.

Also, there have been many investigations of the distributional boundary values con-
cerning the Dj, topology. For more details see [5-7].

Recently, Qian [17] described distributional boundary values of functions in Hardy
space.

Theorem 1.3. If f(z) € HP(C"), where 1 < p < oo, then, as a tempered distribution, fis
supported in [0, 00).

In another research [16], Qian et al. proved the converse of Theorem 1.3.

Theorem 1.4. For 1 < p < oo, if f(x) € LP(R) and supp f C [0,00) in the distributional
sense, then f(x) is the boundary value of a function in HP (CT).

In [15], Li et al. obtained the equivalent characterization in terms of H? (Tt ).

Theorem 1.5. Assume that T is a reqular open cone in R" and F(x) € LP(R"), where1 < p <
2. Then, F(x) is the boundary value of F(x +1iy) € HP(Tr) if and only if supp F C T'* in the
distributional sense.

Inspired by Carmichael in [4] and [8], we will extend the boundary condition (1.2)
by a measurable function ¢(y), which is defined on an open cone I, namely: for any
compact sub-cone I’ C I' and any m > 0, there exist N > 0 and K(I”, m) depending on
I and m such that

£(2)] < KT, m)(1 + |z)Ne?™) (1.3)

forallz € T(I',m).
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In our main results, we need to assume that ¢(y) € C(T') and satisfies for any compact
sub-cone I" that

Rr p = limsup M < o0 (1.4)
A ’ ’
yel’,y—oo Y

and define a new set U (¢, T') by
uy,r) = {§ €R" :yliminf (&y) +y(y)) > —oo}.

€l y—oo

Unless particularly stated, we will also assume that I' is a regular open convex cone
in R" from now on. As our first main result in this paper, we will prove:

Theorem 1.6. Let (y) € C(T') such that (1.4) holds. If f(z) is holomorphic on Tr and satisfies
(1.3), then f(z) has the Z' boundary value U € Z', which is the inverse Fourier transform of

V € D' having support in U(y, T'). Moreover,
flz) = 1 [Ve 2 ut); o],
Here, the inverse Fourier transform of W € D’ is defined by

(3 W], @) = (W, 9)

for ¢ € Z, where
#(x) = [ g(tje it
R?’I

Clearly, the inverse Fourier transform from D’ to Z’ is topologically isomorphic since the
Fourier transform from Z to D is one-to-one and surjective.

Next, we will strengthen the boundary condition (1.3), which leads us to define the
Hardy space H(y,I'). We say that a function f(z) holomorphic on Tr belongs to H(y,T')
if for any compact sub-cone I'” C T, there exist N > 0 and K(I") > 0 depending only on
I such that

f(2)] < K(I)(1+ |z (1.5)
forall z € Ty.

Theorem 1.7. Assume that (y) € C(T') and satisfies (1.4). If f(z) € H(y,T'), then f(z) has
the Z' boundary value U € Z', which is the inverse Fourier transform of V € D’ having support
inU(yp,T) and

£l) = 5 Ve 2],

Restrictions on ¥ (y) can only ensure that f(z) has the Z’ boundary value if f(z)
is holomorphic on Tr and satisfies (1.5). A natural question is that how to establish
stronger assumptions to get the S’ boundary values? We solve this difficulty by assum-
ing for any compact sub-cone I’ C T that

limsup Y < < o, (1.6)
yel,y—0 ‘ log ‘J/H

Our results are as follows:
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Theorem 1.8. Let ¢(y) € C(T') such that (1.4) and (1.6) holds. If f(z) € H(y,T), then f(z)
has the S' boundary value U € S’, which is the inverse Fourier transform of V. € S’ having
support in U(y,T'). Moreover,

f(z) = (v, e2E0).

Theorem 1.9. Let (y) € C(T') such that (1.4) and (1.6) holds. If f(z) € H(y,T') and has the S’
boundary value U € Dj,(R"), where 1 < p < 2. Then there exists V = Y|, <, X*ha(x) € &',

which is supported in U (4, T) such that U = §1[V] and

f(Z> — <V, e2ni<z,t>>.

Moreover, hy(x) is bounded and continuous if p = 1 and hy(x) € L1(R") if 1 < p < 2, where
1,1

1417,

p q

Besides, we will also prove that f(z) is holomorphic on Tr, which can be regarded as
the inverse case of our main theorems.

Theorem 1.10. Assume that 1 € C(T') and satisfies (1.4). Then
(1). ./'\fu(ll,,r)(if)e2”i<zft> € LP(R"™) for any z € Tr, where 1 < p < oo;

(2). Let I" be any compact sub-cone of T and m € R*. If g(t) € C(R"), which is supported in
U(y,T) such that

19(8)] < M(T, m)e (@) (1.7)

forany w € T'\ (I’ N D, (0,m)), where M(I",m) > 0depends on T’ and m. Then e~ g (t) €
LP(R") foranyy € T, where 1 < p < o0.

Theorem 1.11. Assume that € C(I') and satisfies (1.4). For any compact sub-cone I C T
and any m > 0, let g(t) € C(R"), which is supported in U(y,T') such that (1.7) holds. For
given yo € I, define

Vi= (D) (g(e>0),

where 1(D) denotes derivation polynomial and k € N. Then f(z) = (V,e¥™ 1)) is holomorphic
on Tr and there exist Ny > 0, 6 = 6, > 0and M'(T',m) > 0 depending on T' and m > 0 such
that

y+yo

f(2)] < M/(T,m)(1+ [z])Noe?™ (T2 e (4ol (1.8)

We organize this paper as follows: In Section 2, we provide some preliminaries. In
Section 3, we will establish the Z’ boundary value of f(z) holomorphic on Tr and sat-
isfying (1.3) (Theorem 1.6), which will be generalized by Theorem 1.7 using a simpler
technique. Then, in Section 4, we will give the S’ boundary value of f(z) € H(y,T') un-
der stronger assumptions (Theorems 1.8 and 1.9). Finally, Theorems 1.10 and 1.11 will be
proved in Section 5 as the inverse case of our main theorems.
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2 Preparation of manuscript

In this section, we provide some preliminaries. The following two lemmas are used more
than once in our proofs.

Lemma 2.1 ([8]). Let T be an open cone in R" and y € ch(T'). Then there exists 6 = 5, > 0
depending on y such that for all t € T'*, there holds

{y,t) = dlyllt].

Furthermore, if T' is any compact sub-cone of ch(T'), then there exists § = dp > 0 depending
only on I such that the above inequality holds for all y € " and all t € T*.

By a technique of approximation, we obtain the same result in [11, Lemma 2] if the
assumption is reduced to ¢(y) € C(T).

Lemma 2.2. Assume that (y) € C(T') and satisfies (1.4). Then
U(yp,T) CT* + Dy (0, Ry),
where D, (0, Ry) denotes the sphere in R" centered at 0 of the radius Ry > 0.

Proof. Choose &y € U(E,T'), and we may assume that §p ¢ I'* (the result is obvious if
Co € I'*). Then, there exists ¢; € I'* such that

&1 — &| = d(&,oT*) = inf {|g) — x| : x €T*} >0

and (&1, o — ¢1) = 0. By geometric projection, we have for all ¥ € I'* that

<?—Co, 5= ’> 181 — Gol-

Hence

(¥,61—Go) = (61,61 — Go) =0,
which implies that & — & € T. Next we choose & € D, (&1 — Co, ,1() NT, where k > 0
such that % < L;éo‘ and pick 7, = & g | € I'. Then, according to (1.4) and the definition

of U(y,T'), we have for any ¢ > 0 that there exists Ag, > 0and R, > 0 such that for all
p > R, there holds

P(omk) < p(Ri+e)
and
(Co, 11k} + P omk) > —Ag,-
Thus

—Téowk, &1 — o) < Ry +e+ (i, &1).
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Finally, taking p — oo, k — co and € — 0 orderly, we get that

|§1 - §0| S Rl/
which shows ¢y € I'* 4+ D, (0, Ry). O

The following result is a generalized version in [4] and [8].
Lemma 2.3. Assume that {(y) € C(T) and satisfies (1.4). Let ¢(x) € CX(R"), supp(¢) C

D, (0,1), ¢(x) > 0and [, ¢(x)dx = 1. Forany 0 < e < 1, write
1 /x 3e
pe(x) = 50(%), Be=U@D)+Da(0,5) and &) = Xa, *95(t),
where Xp, (t) represents the characteristic function of Be. Then &¢(t) € C®(R"), &(t) = 1in

U(p,T) 4+ Du(0,¢), &e(t) = 0 in the complement of U(¢,T') + D, (0, 2¢) and for any v € IN"
there exists a constant M., depending only on <y such that

IDJE()] < M, 2.1)
Furthermore, & (t)e?™#t) € S forall z € T'.
Proof. Noting that
(x)dx,

N

Gl = [ Xa (=000
we may assume x € D, (0,5). Ift € U(y,T) + Dy(0,¢), thent —x = t; + (2 — x) € B,
where t; € U(y,T') and f, € D,,(0,¢), and thus . (t) = 1. If t —x € B, thent € U(y,T') +
D, (0,2¢) and hence, by contradiction, we get that {:(t) = 0 for t ¢ U(y,T) + D,(0, 2¢).
Moreover, & € C*(R") since Xp, € L} (R") and ¢: € CZ(R"). Now, choose v € N”,

by the fact that ‘D,Z(p% (x)| is bounded, we have
DIE(n) < [

Dy (0,5)

X (t — x)| DY@ (x)[dx < M.

Next, we will prove & (t)e?™(*!) € S for any z € T'. According to Lemmas 2.1 and 2.2,

forany t € U(y,T') + D,(0,2¢), there exists 6 = J, > 0 depending only on y such that

(ty) = Olyllt] — [y|(6 + 1) (Rq + 2e). (2.2)
Hence, for any «, B € IN”, there holds
sup ‘t"‘Df (é‘e(t)e2m<z't>)’
tel(y,T')+D,(0,2)
I

< ¥ b sup e DP ]

B1+B2=pB p1lpo! tel(y,I)+D, (0,2¢)
<R Y /f’ Mgz sup e 2N < o,

B1+p2=p p1lpa! tel(y,I)+Dn(0,2¢)

which completes our proof. O
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3 Proof of Theorems 1.6 and 1.7

In this section, we will prove our main result. An essential step in the proof is to set up a
well-behaved function g(t) similar to that in [8, Theorem 4.7.1]. In order to deal with it,
we will construct a polynomial (z), which allows us to find V = (I(D))¥g(t) such that
f(z) = & 1[V]in Z’ topology.

Proof of Theorem 1.6. Choose a group of basis e, e, - -+, e, in R" such that ¢; € pr(I™),
j=1,2,---,n. For any compact subcone I'" C I and given yo € pr(I"), define

1(z) := (e1,z +1ivo) (e2, 2+ iyo) - - - (en, z +iyo), z€T'.
Then, by Lemma 2.1, there exists ¢ = o1 > 0 such that
1(2)]* =({er, x)* + (er,y +y0)?) - - ({ew, x)* + (e, y + y0)?)
>((e1y) +0)" - ({en ) +0)°
>0 4 212 (e 1)
>0 (1+ [y]?).
Also
[1(2)1> = ((er, x)? + (e1,0)%) -+ ({en, X)* + {en, Y0)?)
> (e, x)2 4+ 02) - -+ ({en, x)* + 0?)
> 4 0.2n72(<61,x>2 et (en,x)z)

=0 + o2 2xT Ax, (3.1)
where A is a positive definite matrix. By orthogonal transform, there holds
xTAx > Ag|x|?,
where Ag > 0 is the smallest characteristic root of A. Then (3.1) can be continued as
1) = m(1+[x*),
where m = min{c?",02"*"2)}. As a consequence,
1P = T+

Now, choose k € IN such that k — N > n + 1. In view of f(z) € H(¢,T’), we have for any

z € R" +i(I"\D,(0,m)) that

STk

(1)) @) <K, m)(1+ [2])Ne?™ @) () (14 |2)~*

gK’(F’,m)(l + ‘Z‘)f(nJrl)eZmp(y)‘
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Then, the definition
gy(t) == /n( (2) *f(z)e = dx = V[ (1(2)) f(2); ]

is well done for all y € T"\D,(0,m) and thus g,(t) € Co(IR"). Now, differentiating g, (t)
with respect to y; (j = 1,2, - - ,n) and using the Cauchy-Riemann equation, we have

agy(t)
Iy,

]

=2y} <2mj3[(1(z))"f(z);t} +iF aax((l(Z))"f(Z));fD

_27u) (27-[1}]-3[(1(2))" f(2);t] + 224§ [(1(z))*f (2); t}) =0

which shows that g, (t) doesn’t depend on y € T. For convenience, we denote by g(t) =

gy (f). Next, choose ty ¢ U(1p,T'), then for given yo € pr(T'), there exists a sequence {px} C
R™" such that

lim inf(t, oxyo) + ¥ (oxyo) = —
Pr—©

Thanks to

1
< k(T 27T(<Pky0rt0>+’-/7(l3ky0))/ -
|g(t)‘ = K (r ,m)e R (1 + |x|>n+1dx’

we can immediately obtain that g(tp) = 0, i.e., supp ¢ C U(¢,T). Also, we have g(t) €
D'.In fact, for1 < p < 2and % + % =1, using

g(t)e W = F[(1(2)) *f(2);1] € LYR") N Co(R")
and L1(R") C 8’ C D', we have (I(z))*f(z) € Z’ and that

(8(1), 9(1)) := (e 2=V g(1), "W g(1))

is well defined. If ¢, (t) — ¢(f) in D as A — A, then there exists a compact set K C R”
such that supp ¢, C K, supp ¢ C K and for any « € IN”, there holds

sup |Df (2™ g, (1) — Df (20 g(1)) |
teK

<y sup e ly M [DE(ga (1) = 9(1))] = 0,

211001 |
a1 Foar=n &1:&2 te

which shows that g(t) € D'. Write

V= (I(D))*g(1).
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Now, we will prove f(x +iy) — § ![V]in Z'asy — 0inI’. Choose ¢ € Z and ¢ € D
such that ¢ = ¢. Noting V € D’ and (I(z))¥¢(x) € Z, by exchanging integration and
derivation, there holds

8(t), [ o)™ dx)
=(s(0), [, P (1)) dx)

[ g0 1) D drx

7~
|
iy
=
~
<
~—
|
P e
—~
~
—~
O
~—
~—
=

Il
.

Rewrite

where s is the degree of (I(z))F and C,(y) denotes a polynomial. Then

( Z C / )ch (e—2ni<x,t>)dx
la|<s
= Z Cal \alg[chp x].
la|<s

Noting that e 2"¥*) D*p — D*¢ in D and C,(y) — C4(0) — 0as y — 0in I”, we have

(1) @), (1) = 1)) e(x))
=(57 e g(1)], ¥ (Caly) — Cu(0)) (=1)'FID"¢])

la|<s
= T (Cl) - C0) (=DM, e D)
Hence
yeplg%}y_m (f(x+1iy), p(x) :yerflgpy_m< 1(z)) o (x)
= him (06) (@), 1) ()
=(3" [ x], (1(x)) o (x )>
=& '[V], ).

Finally, by exchanging integration and derivation, we have f(z) = §~![e " (w.t) Vl]in 2z’
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since

g(t), e g [<1<z>>k<o<x>;t1>

(

=(s(t),e

0 / p(x)e 27 dx )
=(gh), 0

(

(

g( )1 ( Dt))kg [go;t]efzn<%t>>

The proof is completed. O

Remark 3.1. Take ¢(y) = Aly|, where A > 0, then the boundary condition (1.3) is re-
duced to (1.2) in Theorem 1.2 and U(¢,T') = {t € R" : ur(t) < A} = TI'* + D,(0, A).
Thus, we can obtain the same result as in Theorem 1.2. Furthermore, let A = 0 and
n =1,ie., Tr = C7, then the boundary condition (1.3) is weakened to (1.1) in Theorem
1.1and U(y,T) = [0, 00), which shows that Theorem 1.1 is a special case of Theorem 1.6.
In addition, if we also let N = 0, then Theorem 1.3 can be concluded for p = co.

Our method in Theorem 1.7 is similar but much simpler than Theorem 1.6 for the fact
that g(t)e~ 27! ¢ L1(R"), which doesn’t hold in Theorem 1.6.

Proof of Theorem 1.7. For any proper sub-cone I’ C T and given yy € I, we can construct
a polynomial
I(z) := (e1,z + iyo)(e2,z +iyo) - - - {en, z + iyo),
and find k > 0 such that
|(1(z)) ™ f(2)| < K(I")(1+ |z])~ Demvl) (3.2)

for all z € Tv. Again, define
g(t)= [ (1) f@e ™,
then g(t) € C(RR") is supported in U(¢p,I') and doesn’t depend on y € I'. Besides, g(t) €

D’ and
g(t)e W = §[1(2)) *f(2);t] € L(R") N Co(R") (3.3)

for1§p§2,where%+%:1.8et

6 :=1inf {(x,y) : x € pr(T*),y € Du(v0,61)} >0,
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where Dy, (yo,01) C T, then forall y € D, (yo, 1), it follows from Lemma 2.2 and (3.2) that

e

g(He 2 |dr <C / 2y |t g =27y 1) 4y

Sce2ﬂR1((5z+\yo|+51)/ e 2t~y gt < oo,

n

if y € I' such that 0 < |y’| < . In view of the arbitrary of yop € I, we have forally € T
that g(t)e 27w ¢ L1(R"). Hence, f(z) can be expressed as

@) = (@) [ gter ar

for z € Tr. Now, let
V= (I(D))8(t).
Again, by exchanging integration and derivation, we get for any ¢ € Z that

(f(2), 9(x)) =( (1) [g(D)e 242, p(x) )

as y — 0 in I". Finally, the proof of f(z) = § '[Ve 2™¥!;x] in Z’ is similar to Theorem
1.7. O

4 Proof of Theorems 1.8 and 1.9

In this section, we will investigate the S’ boundary value of analytic function f(z), which
satisfies (1.5) as well as the precise expression if f(z) also converges in S’ to U € Dj,.

Proof of Theorem 1.8. We may construct a polynomial /(z) and define g(t) similar to The-
orem 1.7. From (1.6), there exists 0 < 6 < 1 such that for all |¢| > 5, there holds

. : |t]
f Lt < f t—rl = I .
yenf (ot +9y)) < inf _ (yllt] —rlogly]) =7 +rlog =
Hence, by (3.2), we have

!g(t)\ < K/(I—-/>e2ninf{(y,t>+zp(y):y€l"’,\y\<(5} < Co(l + M)an.
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If [t] < %, wealso have |g(t)| < C)(1+ [#])?™ since g(t) € C(IR"). As a consequence, g(¢)
is a tempered L? function and thus g(t) € S’. For any ¢ € S, we have

Ce(e P Wig(t) — Ze(t)g(h)

in S"asy — 0in I, where (t) is that in Lemma 2.3. In fact, using Lemmas 2.1 and 2.2,
we have for any o, § € IN” that

sup [#*]| DF (Ze(t)e 20 (1) — Ze(£) (1))

teR"

< Y Cppsup ]| DPE(t)]|Dfg(r)][e 20 — 1]

B1+B2=p teE

+ X Chupapsuplel[DP 8] [DFg(0) Iyl
B1+B2+B3=p

< T ChpsupllDfe]e -1

B1+p2=p teE

+ ) C/ﬁll‘gznl%|y|\ﬁs\eZH(R1+2€)|y|((5r/+l)Sup’ta’e—2ﬂ§rl\t||y| 0
B1+B2+B3=p tcE

asy — 0inI’, where E = U(y,T') + D, (0, 2¢). Thus

((12)F g (e ;1] p(x))
(8(1),Ge()e 2 WIF [ (1(2))Fg(x); 1])

(s0,400) [, p(x)1(-D)e o),

(f(x+1iy), ¢(x))

Noting that
[9(x)(1(2)) ™| < [(x) (I(2)) el T 2IWI0HD € LL(R™),

we can continue the above equality as

(fx+in) o)) = (0, 6D [ p(em+Har)
—2m(

=((I(D))*g(t), &(t)e 2 Wt g 1 [g; 1])
— ((I(D))*g (1), &()F [g; t])
=(F'V], 9). (4.1)

Next, by similar approach in Theorem 1.7, we can prove that f(z) = §![Ve 2%, x] in
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S’. Finally, we also have

<V’e27ri<z,t)> —((I(D) eq(t), & (t) 27ri(z,t>>
=(s(1), ((=D))(¢ <> 1))

=(3(0), (1) (1(2)) ™)
=0@) [ <t>e2m<sz>dt = f(z),

which completes our proof. ]

Remark 4.1. The Montel space [14, 18] is the topological vector space, which is locally
convex and separable. We say B C S is bounded if for any &, § € N" and any ¢ € S,
there holds
sup ‘t"‘ngo(t)‘ < 0.
pEBFERT

Since &’ is a Montel space [18], we can conclude that (4.1) holds uniformly on any bounded
set Bof S.

Proof of Theorem 1.9. Using the characterization theorem of Schwartz [18], there exists an
integer m > 0 such that

u= Z Dtga

la|<m

where ¢, (t) € LP(R"). According to Theorem 1.8, there exists V € &', which is supported
in U(¢,T) such that U = §1[V] and

f(z) = (v, o)
Also, we have for any ¢(x) € S that
(V,¢(x)) =(U 8[4?( )' ]>

Therefore, V' = ¥ < X"ha(x) € S', where hy(x) = §[gu(t); x]. Finally, we conclude
he(x) € LI(R") for 1 < p < 2 and that h,(x) is a bounded continuous function for
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5 Proof of Theorems 1.10 and 1.11

Proof of Theorem 1.10. Part (1) can be easily achieved by (2.2) since

‘XU(IP r)(t>e27ri<z,t>’ < XU(I/J r)e727r(5\y|\t|e2n|y|(§+1)R1 < 27y (0+1)Ry

Proof of Part (2). For any y € T, there exist a compact subcone I’ C I' and m > 0 such
that y € I"\ (I' N D, (0,m)). Choose A > 0 such that iy <A < landpickw = Ay, we get
1g(H)] < M(r//m)e2ﬂ()\<y/f>+¢@y))_

Again, by (2.2), there holds
|e—2n yt) ( )| <M( )eZmp(/\y)eZn(l—A)Rl|y|(5+1)e—27r(1—/\)z5\y\|t|
<M(T!, m)e?™ (M) 2r(1=MRily|(6+1),
which implies that e 2™ ¢(t) € LP(R") forall 1 < p < co. O

Proof of Theorem 1.11. By Lemma 2.3, Theorem 1.10 and supp ¢ € U(y,T), we have for
allz € TT that

<g(t)972n<y0't> p e (2t) > = <g(t)e*2”<y0rf), &e (t)e2”<z't> >
= t e—27r(y0,t) ezﬂ<z’t)dt.
S 80

Thus
(l(z))k/ g(t)e*27'f<yo,t>eZ?Ti(z,t>dt
u@ypr)
_/ —271 (yo.t) (l( D))kezm(z,t)dt

(i <D>>’<(g<t> “arl) el dt = f(z).

}Rn
For given z’ = x’' +1iy’ € T', we can find a compact subcone I’ C T, §; >0, m >0, b > 0
and d > 0 such that D,(y/,6;) C I"\(I" N D,(0,m)) C T and

y+ywel, 0<m<b<|y+yol <d,

forally © m Now, we pick wy = A(y + yo), where A = 7, then wy € F'\(F/ N
W) and |wy| < d. Using (1.7), Lemmas 2.1 and 2.2, there holds
‘g(t)efZMyo,t)eZni(z,t) ‘
<M(T’, m)ezmlj(wo)e—Zn(l—/\) (y-+yo,t)

gM(FII m)eZm/J(wo)+27‘((17A)R1d(1+5)e727r(17/\)5h\t|’
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which implies that g(t)e 2" Wt 27z ¢ [1(IR™) since (wp) = P(A(y + o)) is bounded
in D, (y’,1). Hence, by Lebesgue’s dominated convergence theorem, we have

/u(w . g(i‘) (ezm(z,t) _ e27ri(z’,t))dt =0

as z — z' in TP»(V'%) and thus f(z) is continuous on T'. Now, applying Morera the-
orem [10] with respect to each variable z; (j = 1,2,---,n), we conclude that f(z) is
analyticin TT.

Similarly, if we replace m by % and set w = @ € F/\(F’ N D, (O,m)), then (1.8)
holds since

e l k/ t —27T<]/g,t> 27‘(i<Z,t>dt‘
F@l=[0@) [ sezmmne
<l (1, T)e e (F) [ eortrindgy
2 uep.r)

SM/(F/,m)(l _|_ ’Z‘)NeZTHP(@)eﬂR](J+1)|y+y0"

where Nj denotes the degree of (I(z))*. O

vty
(=2

Remark 5.1. If 0 < s < 1, then e?™#(*2") in (1.8) can be generalized by e>™¥(sy+s¥0).

Remark 5.2. Take n = 1, ie., Tt = [0,), ¥(y) = 0, yo = 0and k = 0, then g(t) €
C(R) is supported in [0, 00) and (1.7) indicates that g(¢) € L*(R). The expression f(z) =
(V,e2m(zh) is reduced to

f(z) =F " [g(t)e ™ 4]

and thus Theorem 1.11 surprisingly improves the result in Theorem 1.4 for p = co.
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