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Abstract. In this paper, we mainly explore the existence of entire solutions of the
quadratic trinomial partial differential-difference equation

a f 2(z) + 2ω f (z)(a0 f (z) + Lk+s
1,2 ( f (z))) + b(a0 f (z) + Lk+s

1,2 ( f (z)))2 = eg(z)

by utilizing Nevanlinna’s theory in several complex variables, where g(z) is entire
functions in Cn, ω 6= 0 and a, b, ω ∈ C. Furthermore, we get the exact froms of solu-
tions of the above differential-difference equation when ω = 0. Our results are gen-
eralizations of previous results. In addition, some examples are given to illustrate the
accuracy of the results.
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1 Introduction and main results

In this paper, f denotes a meromorphic function in Cn. We assume that the reader is al-
ready familiar with the relevent symbols and concepts of Nevanlinna’s value distribution
theory [1, 2, 7], such as the proximate function m(r, f ), the counting function N(r, f ), the
reduced counting function N(r, f ), the characteristic function T(r, f ) in Cn, and S(r, f )
denotes the quantity satisfying S(r, f ) = o(T(r, f )) as r → ∞ outside of a possible excep-
tional set of finite linear measure.

We denote z + c = (z1 + c1, · · · , zn + cn) for any z = (z1, · · · , zn) ∈ Cn and c =
(c1, · · · , cn) ∈ Cn. By jc we mean (jc1, · · · , jcn) for any c = (c1, · · · , cn) ∈ Cn and j ∈
N. The shift of f (z) is defined by f (z + c), whereas the difference of f (z) is defined by
∆c f (z) = f (z + c)− f (z).
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In the past several years, research on various properties and solutions of Fermat-type
equations has yielded abundant results and methods (see [6, 12, 13, 16, 17]). The equation
f 2 + 2α f g + g2 = 1 is a generalization of the traditional Fermat-type equation. By intro-
ducing the parameter α, a broader range of mathematical structures and properties can
be explored. Therefore, more and more researchers begin to study quadratic trinomial
equations and they mainly study the existence and exact forms of solutions to this type
of equations.

We know that for two meromorphic functions f and g in Cn functional equation of
the form f 2(z) + 2ω f (z)g(z) + g2(z) = 1 (where ω 6= 0,±1) is called quadratic trino-
mial functional equation. In recent years, many scholars paid considerable attention to
investigating the existence and form of entire or meromorphic solutions of the type of
equations (see [3, 8, 10, 11, 15, 18]).

In 2013, Saleeby [3] studied the entire solutions of quadratic trinomial Fermat type
equation

f 2 + 2α f g + g2 = 1 (1.1)

and obtained the next Theorem 1.1.

Theorem 1.1. Let α2 6= 0, 1, α ∈ C. Then the transcendental entire solution of (1.1) must be of
the form

f =
1√
2

(
cos(h)√

1 + α
+

sin(h)√
1− α

)
, g =

1√
2

(
cos(h)√

1 + α
− sin(h)√

1− α

)
,

where h is an entire function in Cn.

In 2016, Liu et al. [10] studied the existence and the form of solutions of some quadratic
trinomial functional equations when g(z) = f ′(z) in Eq. (1.1) and obtained the following
Theorems 1.2-1.3.

Theorem 1.2. Equation

f (z)2 + 2α f (z) f ′(z) + f ′(z)2 = 1, α2 6= 1, 0, α ∈ C, (1.2)

has no transcendental meromorphic solutions.

Theorem 1.3. The finite order transcendental entire solutions of equation

f (z)2 + 2α f (z) f (z + c) + f (z + c)2 = 1, α2 6= 1, 0, α ∈ C, (1.3)

must be of order equal to one.

In 2021, Luo et al. [18] replaced the right side of (1.2) and (1.3) by a function eg(z),
where g is a polynomial in C and investigated the transcendental entire solutions with
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finite order of the quadratic trinomial difference equations

f (z)2 + 2α f (z) f (z + c) + f (z + c)2 = eg(z),

f (z)2 + 2α f (z) f ′(z) + f ′(z)2 = eg(z),

f (z + c)2 + 2α f (z + c) f ′(z) + f ′(z)2 = eg(z),

where α2( 6= 0, 1), c are constants and g(z) is a polynomial in C.
Later on, in 2022, Zhang et al. [8] further studied above the three equations and es-

tablished the exact form of finite order transcendental entire solutions of the following
Fermat-type trinomial equations

f (z)2 + 2α f (z)∆c f (z) + ∆c f (z)2 = eg(z),

f (z + c)2 + 2α f (z + c)∆c f (z) + ∆c f (z)2 = eg(z),

f ′(z)2 + 2α f ′(z)∆c f (z) + ∆c f (z)2 = eg(z),

where ∆c f (z) = f (z + c)− f (z) and g(z) is a non-constant polynomial in C.
Furthermore, some researchers also studied on entire solutions for several systems of

quadratic trinomial Fermat type functional equations in C2 (see [5, 19]).
Recently, some researchers studied the solutions of some quadratic trinomial func-

tional equations in Cn (see [11, 15]).
However, in 2023, Abhijit [12] investigated the following Fermat-type

f (z)2 + [a0 f (z) + L̃p
r
( f )]2 = 1 (1.4)

in C3, where

Lr
1( f ) =

k

∑
j=1

aj f (z + jc) and Lr
2( f ) =

s

∑
m=1

bm
∂m f (z + md)

∂zm
1

,

L̃p
r := Lr

1 + Lr
2 and obtained the following Theorem 1.4.

Theorem 1.4. Let c = (c1, c2, c3), d = (d1, d2, c3) be two non-zero constants in C3 ; aj, bm are
constants in C with at least one of aj or bm are nonzero, j = 1, 2, · · · , k, m = 1, 2, · · · , s, where
k, s be positive integers. Then any finite order transcendental entire solutions of (1.4) must be one
of the following three types:

(i) If Lr
1( f ) 6≡ 0 and Lr

2( f ) ≡ 0, then

f (z) = −i sinh
(

L(z) +
4

∑
j=1

Hj(sj) + ξ
)

,

where L(z) = ∑3
µ=1 αµzµ,H1(s1) is a polynomial in s1 := d11z1 + d12z2, H2(s2) is a

polynomial in s2 := d22z2 + d23z3, H3(s3) is a polynomial in s3 := d31z1 + d33z3 and
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H4(s4) is a polynomial in s4 := d41z1 + d42z2 + d43z3 with d11c1 + d12c2 = 0, d22c2 +
d23c3 = 0, d31c1 + d33c3 = 0 and d41c1 + d42c2 + d43c3 = 0, ξ, αµ, dij are all constants in
C, and L(z) satisfy relations 

a0 +
k

∑
j=1

ajejL(c) = i,

a0 +
k

∑
j=1

aje−jL(c) = −i.

(ii) Lr
1( f ) ≡ 0 and Lr

2( f ) 6≡ 0, then

f (z) = −i sinh
(

L(z) +
4

∑
j=1

Hj(sj) + ξ
)

,

where L(z) and Hj(sj) are defined as in (i), j = 1, 2, 3, 4, and L(z) satisfies the relation
a0 +

s

∑
m=1

bmαmemL(d) = i,

a0 +
s

∑
m=1

(−1)mbmαme−mL(d) = −i,

where α can be found from the relation

α1 + d11H′1(s1) + d31H′3(s3) + d41H′4(s4) = α. (1.5)

In particular, if d11 6= 0, then H1(s1) is linear in s1. If d31 6= 0, then H3(s3) is linear in s3
and if d41 6= 0, then H4(s4) is linear in s4.

(iii) If Lr
1( f ) 6≡ 0, Lr

2( f ) 6≡ 0 with c = d, then

f (z) = −i sinh
(

L(z) +
4

∑
j=1

Hj(sj) + ξ
)

,

where L(z) and Hj(sj) are defined as in (i), j = 1, 2, 3, 4, and L(z) satisfy relations
a0 +

k

∑
j=1

aje−jL(c) +
s

∑
m=1

(−1)mbmαme−mL(c) = −i,

a0 + ∑k
j=1 ajejL(c) +

s

∑
m=1

bmαmemL(c) = i,

where α satisfies the relation (1.5).
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In particular, if d11 6= 0, then H1(s1) is linear in s1. If d31 6= 0, then H3(s3) is linear in s3 and if
d41 6= 0, then H4(s4) is linear in s4.

The purpose of this paper is to further generalize Eq. (1.4). If we extend the study of
this type of equation to several complex variables, then what would be its solution?

The following question naturally emerge when further studying quadratic trinomial
functional equations in Cn.

Question 1. Do solutions exist for equations (1.4) when the constant 1 is replaced by
a function eg(z), where g(z) is a polynomial in Cn? Additionally, in this setting, can we
find solutions if the binomial equation is replaced by a quadratic trinomial equation in
Cn with arbitrary coefficients?

Inspired by the papers [3, 8, 10–12, 15], in this paper, we mainly explore the complete
solutions in Cn to quadratic trinomial equations that involve combinations of shifts and
partial derivatives

a f 2(z) + 2ω f (z)(a0 f (z) + Lk+s
1,2 ( f (z))) + b(a0 f (z) + Lk+s

1,2 ( f (z)))2 = eg(z), (1.6)

where

Lk+s
1,2 ( f ) := Lk

1( f )+ Ls
2( f ), Lk

1( f ) =
k

∑
j=1

aj f (z+ jc) and Ls
2( f ) =

s

∑
m=1

bm
∂m f (z + md)

∂zm
1

,

aj, bm are constants in C for j = 1, · · · , k; m = 1, · · · , s and at least one of aj or bm are
non-zero, c, d ∈ Cn as linear shift operator, linear shift partial differential operator, re-
spectively [12].

In this paper, inspired by certain results from [12], by employing Nevanlinna theory
for functions of several complex variables, we get the finite order transcendental entire
solutions of quadratic trinomial partial differential equations in Cn. Before presenting
our results, we define

ω1 := − ω√
ab
±
√

ω2 − ab√
ab

and ω2 := − ω√
ab
∓
√

ω2 − ab√
ab

,

assume that

g(z) =
p

∑
|I|=0

aα1,··· ,αn zα1
1 · · · z

αn
n

be polynomial in Cn, where I = (α1, · · · , αn) be two multi-index with |I| = ∑n
j=0 αj and

αj are non-negative integers.
We obtain the following result that determines the form of solutions to a quadratic

trinomial partial differential-difference Eq. (1.6) in Cn.
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Theorem 1.5. Let c = (c1, c2, · · · , cn), d = (d1, d2, · · · , dn) be two nonzero constants in Cn,
where n are positive integers, 1 ≤ i ≤ n and a, b, ω ∈ C \ {0}. If Eq. (1.6) admits a tran-
scendental entire solution f : Cn → P1(C) of finite order, then we have one of the following
asserts:

f (z) =
ω2eg(z)/2+p(z) −ω1eg(z)/2−p(z)

√
a(ω2 −ω1)

,

p(z) must be a polynomial of the form p(z) = L1(z) + H1(s) + B1, where L1(z) = a11z1 +
a12z2 + · · · + a1nzn and H1(s) are polynomial in s := d1z1 + d2z2 + · · · + dnzn in Cn with
d1c1 + d2c2 + · · · + dncn = 0 with H1(s + c) = H1(s); a11, · · · , a1n, d1, · · · , dn, B1 ∈ C,
g(z) must be a polynomial of the form g(z) = L2(z) + H2(s) + B2, where L2(z) = a21z1 +
a22z2 + · · · + a2nzn and H2(s) is a polynomial in s := d1z1 + d2z2 + · · · + dnzn in Cn with
d1c1 + d2c2 + · · ·+ dncn = 0 and H2(s + c) = H2(s); a21, · · · , a2n, d1, · · · , dn, B2 ∈ C, p(z)
and g(z) satisfy the following relationships:

(i) If Lk
1( f ) 6≡ 0 and Ls

2( f ) ≡ 0, then


ω1
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + (a0ω1
√

b−
√

a) = 0,

ω2
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + (a0ω2
√

b−
√

a) = 0.

(ii) If Lk
1( f ) ≡ 0 and Ls

2( f ) 6≡ 0, then


ω1
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
L2(md)

2 + (a0ω1
√

b−
√

a) = 0,

ω2
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
L2(md)

2 + (a0ω2
√

b−
√

a) = 0,

where 
h1 (z) =

(
∂q1(z)

∂zi

)λ

+ H1λ

(
∂λq1(z)

∂zλ
i

, · · · ,
∂q1(z)

∂zi

)
,

h2 (z) =
(

∂q2(z)
∂zi

)λ

+ H2λ

(
∂λq2(z)

∂zλ
i

, · · · ,
∂q2(z)

∂zi

)
,

H1λ is partial differential polynomials of q1(z) of degree less than λ, λ = 1, 2 · · · , s, and
similar definition for H2λ.
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(iii) If Lk
1( f ) 6≡ 0 and Ls

2( f ) 6≡ 0, c = d, then

ω1
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + ω1
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
L2(mc)

2

+(a0ω1
√

b−
√

a) = 0,

ω2
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + ω2
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)e
L2(mc)

2

+(a0ω2
√

b−
√

a) = 0,

where h1(z), h2(z) are defined in (ii).

The following examples are provided below to confirm the existence and exact form
of the solutions of equations in Theorem 1.5.

Example 1.1. Let a = 4, ω =
√

2, b = 3, p(z) = (5z1 + z2 − z3)6 + (5z1 + z2 − z3)4 + 3πi
5 ,

g(z) = z1 − 3z2 + 5z3, c = (3, (2 + πi/2), (17 + πi/2)) and H(s) is a polynomial in
s := 5z1 + z2 − z3. Then, from (i) of Theorem 1.5, we get

f (z) =
(−1∓ i

√
5)eΘ(z) − (−1± i

√
5)eΦ(z)

∓4i
√

5
,

where

Θ(z) =
z1 − 3z2 + 5z3

2
+ (5z1 + z2 − z3)

6 + (5z1 + z2 − z3)
4 +

3πi
5

,

Φ(z) =
z1 − 3z2 + 5z3

2
− (5z1 + z2 − z3)

6 − (5z1 + z2 − z3)
4 − 3πi

5
,

is a transcendental entire solution with ρ( f ) = 6 > 1 in C3 of

4 f 2(z) + 2
√

2 f (z)
(

2 f (z) + L1
1( f )

)
+ 3

(
2 f (z) + L1

1( f )
)2

= eg(z),

where

L1
1( f ) =

2
√

4 +
√

2√
3

f (z + c).

Example 1.2. Let a = 3, ω = −
√

2, b = 4, p(z) = πi/7, g(z) = 5z1 + 3z2 + 5z3 d =

(1,−1,−1), and H(s) is a polynomial in s := 4z1 + 5z2 + 2z3, and a0 = (3−
√

2±i
√

10(3+4
√

3))
2+i
√

10
.

Then, from (ii) of Theorem 1.5, we get

f (z) =
(1∓ i

√
5)eΘ(z) − (1± i

√
5)eΦ(z)

∓2i
√

15
,
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where

Θ(z) =
5z1 + 3z2 + 5z3

z
+ πi/7, Φ(z) =

5z1 + 3z2 + 5z3

z
− πi/7,

is a transcendental entire solution in C3 of

3 f 2(z)− 2
√

2 f (z)L3
2( f ) + 4

(
L3

2( f )
)2

= eg(z),

where

L3
2( f ) = a0 f (z) +

∂ f (z + d)
∂z1

+
∂2 f (z + 2d)

∂z2
1

+
∂3 f (z + 3d)

∂z3
1

.

2 Some lemmas

The following four lemmas will play a key role in proving the main results of the paper.

Lemma 2.1. For any entire function F on Cn, F(0) 6= 0 and put ρ(nF) = ρ < ∞, where ρ(nF)
denotes be the order of the counting function of zeros of F. Then there exist a canonical function
fF and a function gF ∈ Cn such that F(z) = fF(z)egF(z). For the special case n = 1, fF is the
canonical product of Weierstrass.

Lemma 2.1 [9, 14] and Lemma 2.2 [4] are widely used in the proof of many Fermat
type functional equations and quadratic trinomial equations.

Lemma 2.2. If g and h are entire functions on the complex plane C and g(h) is an entire function
of finite order, then there are only two possible case: either

(i) the internal function h is a polynomial and the external function g is of finite order; or

(ii) the internal function h is not a polynomial but a function of finite order, and the external
function g is of zero order.

Lemma 2.3 [7] is mainly to find the expression of g(z) in the proof of Theorem 1.1 and
Remark 4.1 in this paper.

Lemma 2.3. Suppose that a0(z), a1(z), · · · , am(z) (m ≥ 1) are meromorphic functions of order
≤ λ on Cn and g0(z), g1(z), · · · , gm(z) are entire function on Cn such that gj(z)− gk(z) (j 6=
k) are transcendental or polynomials of degree higher than λ. Then we see that

n

∑
j=0

aj(z)egj(z) ≡ 0

holds only when aj(z) ≡ 0 (j = 0, 1, · · · , n).
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3 Proof of Theorem 1.5

Assume that f is a finite order transcendental entire solution of Eq. (1.6). Firstly, it follows
from (1.6) that

aA2 + 2ωAB + bB2 = 1, (3.1)

where

A =
f (z)

e
g(z)

2

and B =
a0 f (z) + Lk+s

1,2 ( f )

e
g(z)

2

. (3.2)

Then, (3.1) can be rewritten as

(
√

aA−ω1
√

bB)(
√

aA−ω2
√

bB) = 1.

Noting that f is a finite order transcendental entire function and g is a polynomial,
(
√

aA − ω1
√

bB) and (
√

aA − ω2
√

bB) are entire functions without zeros. Then, it fol-
lows from Lemmas 2.1 and 2.2 that there exists a polynomial p(z) in Cn such that

√
aA−ω1

√
bB = ep and

√
aA−ω2

√
bB = e−p. (3.3)

Thus, by (3.2) and (3.3), we can obtain

f (z) =
ω2ep(z) −ω1e−p(z)
√

a(ω2 −ω1)
e

g(z)
2 (3.4)

and

a0 f (z) + Lk+s
1,2 ( f ) =

ep(z) − e−p(z)
√

b(ω2 −ω1)
e

g(z)
2 . (3.5)

For convenience, suppose that

q1(z) =
g(z)

2
+ p(z) and q2(z) =

g(z)
2
− p(z). (3.6)

Thus, Eqs. (3.4) and (3.5) can be written as

f (z) =
ω2eq1(z) −ω1eq2(z)
√

a(ω2 −ω1)
(3.7)

and

a0 f (z) + Lk+s
1,2 ( f ) =

eq1(z) − eq2(z)
√

b(ω2 −ω1)
(3.8)
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Next we consider three cases as follows.
Case 1: Suppose that Lk

1( f ) 6≡ 0 and Ls
2( f ) ≡ 0, then, by (3.4) and (3.5), we can get a

simple formula as follows

ω2
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 −ω1
√

b
k

∑
j=1

ajep(z)−p(z+jc)e
g(z+jc)−g(z)

2

+ (a0ω2
√

b−
√

a)e2p(z) = (a0ω1
√

b−
√

a). (3.9)

Next we consider whether p(z + c)− p(z) is constant.
Subcase 1.1: p(z + c)− p(z) = η, where η is a constant in C. Since p(z) is a polynomial
in Cn, then we have

p(z) = L1(z) + H1(s) + B1, (3.10)

where L1(z) = a11z1 + a12z2 + · · · + a1nzn and H1(s) is a polynomial in s := d1z1 +
d2z2 + · · · + dnzn in Cn with d1c1 + d2c2 + · · · + dncn = 0 and H1(s + c) = H1(s);
a11, · · · , a1n, d1, · · · , dn, B1 ∈ C. Hence, we get p(z + jc)− p(z) = L1(jc) for all j ∈ N. It
follows from (3.9) that

ω2
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 + (a0ω2
√

b−
√

a)e2p(z)

=ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (a0ω1
√

b−
√

a). (3.11)

Subcase 1.1.1: Suppose that

ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (a0ω1
√

b−
√

a) = 0, (3.12)

then, by (3.11), we get

ω2
√

b
k

∑
j=1

ajeL1(jc)e
g(z+jc)−g(z)

2 + (a0ω2
√

b−
√

a) = 0. (3.13)

If there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, since a, b, aj are non-zero and ω1 6= ω2, by
applying Lemma 2.3 to (3.12) and (3.13) respectively, we get

a0 =

√
a

ω2
√

b
=

√
a

ω1
√

b
and aj = 0 for all j = 1, 2, · · · , k,
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this is a contradiction to our assumption that ω1 6= ω2. Hence, there exists i (i = 1, · · · , k),
such that g(z + ic)− g(z) is a constant, then g(z) is a polynomial.

Thus, it follows that g(z) = L2(z) + H2(s) + B2, where L2(z) = a21z1 + a22z2 + · · ·+
a2nzn and H2(s) is a polynomial in s := d1z1 + d2z2 + · · ·+ dnzn in Cn with d1c1 + d2c2 +
· · · + dncn = 0 and H2(s + c) = H2(s); a21, · · · , a2n, d1, · · · , dn, B2 ∈ C, p(z) and g(z)
satisfy the following relationship

ω1
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + (a0ω1
√

b−
√

a) = 0,

ω2
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + (a0ω2
√

b−
√

a) = 0.

Subcase 1.1.2: Assume that

ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (a0ω1
√

b−
√

a) 6= 0.

Then, it follows from (3.11) that(
ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (a0ω1
√

b−
√

a)

)
e−2p(z)

=ω2
√

b
k

∑
j=1

ajeL1(jc)e
g(z+jc)−g(z)

2 + (a0ω2
√

b−
√

a). (3.14)

If p(z) is a nonconstant polynomial, from (3.14) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1(jc) = 0. It follows from (3.14) that(

e−2p(z)ω1
√

baj −ω2
√

baj

)
e

g(z+jc)−g(z)
2

+
(

e−2p(z)(a0ω1
√

b−
√

a)− (a0ω2
√

b−
√

a)
)
= 0, (j = 1, · · · , k), (3.15)

if there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, by applying Lemma 2.3 to (3.15), we have

e−2p(z)ω1
√

baj −ω2
√

baj = 0, (j = 1, · · · , k),

and
(a0ω1

√
b−
√

a)e−2p(z) = a0ω2
√

b−
√

a,

since a, b, aj (j = 1, · · · , k) are non-zero, ω1 6= ω2, then from the first equation above,
we have (e−2p(z)ω1 − ω2) = 0, substitute it into the second equation above, we obtain
p(z) = 0. Now, we substitute p(z) = 0 into (e−2p(z)ω1 − ω2) = 0, we have ω1 = ω2,
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this is a contradiction. Hence, there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a
constant, then g(z) is a polynomial.
Subcase 1.2: Let p(z + c)− p(z) is nonconstant. Hence, we can easily get p(z + jc)− p(z)
is nonconstant for each j = 1, 2, · · · , k. By applying Lemma 2.3 to (3.9), we discover that

a0 =

√
a

ω2
√

b
=

√
a

ω1
√

b
and aj = 0 for all j = 1, 2, · · · , k.

This is a contradiction to our assumption that ω1 6= ω2.
Case 2: If Lk

1( f ) ≡ 0 and Ls
2( f ) 6≡ 0. Differentiating (3.7) λ-th times partially with respect

zi, we can obtain

∂λ f (z)
∂zλ

i
=

ω2h1(z)eq1(z) −ω1h2(z)eq2(z)
√

a(ω2 −ω1)
, (3.16)

where 
h1 (z) =

(
∂q1(z)

∂zi

)λ

+ H1λ

(
∂λq1(z)

∂zλ
i

, · · · ,
∂q1(z)

∂zi

)
,

h2 (z) =
(

∂q2(z)
∂zi

)λ

+ H2λ

(
∂λq2(z)

∂zλ
i

, · · · ,
∂q2(z)

∂zi

)
,

(3.17)

H1λ is partial differential polynomials of q1(z) of degree less than λ, λ = 1, 2, · · · , s, and
similar definition for H2λ. By (3.7), (3.8) and (3.16), we can get a simple formula as follows

ω2
√

b
s

∑
m=1

bmh1(z + md)eq1(z+md)−q2(z) −ω1
√

b
s

∑
m=1

bmh2(z + md)eq2(z+md)−q2(z)

+ (a0ω2
√

b−
√

a)eq1(z)−q2(z) = (a0ω1
√

b−
√

a). (3.18)

Next we consider whether p(z + c)− p(z) is constant.
Subcase 2.1: p(z + c)− p(z) = η, where η is a constant in C. Since p(z) is a polynomial
in Cn, then we have

p(z) = L1(z) + H1(s) + B1,

where L1(z), H1(s), B1 are defined in Subcase 1.1. Thus, we get p(z + md) − p(z) =
L1(md) for all m ∈N. It follows from (3.18) that

ω2
√

b
s

∑
m=1

bmh1(z + md)ep(z+md)+p(z)e
g(z+md)−g(z)

2 + (a0ω2
√

b−
√

a)e2p(z)

=ω1
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (a0ω1
√

b−
√

a). (3.19)



64 L. Yang, L. Chen and S. Zhang / Anal. Theory Appl., 41 (2025), pp. 52-79

Subcase 2.1.1: If

ω1
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (a0ω1
√

b−
√

a) = 0, (3.20)

then, from (3.19), we get

ω2
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
g(z+md)−g(z)

2 + (a0ω2
√

b−
√

a) = 0. (3.21)

If there exists i (i = 1, · · · , s), such that g(z+ id)− g(z) is a nonconstant, then g(z+md)−
g(z) is a nonconstant for each m = 1, 2, · · · , s, since a, b, bm are non-zero and ω1 6= ω2, by
applying Lemma 2.3 to (3.20) and (3.21) respectively, we get

a0 =

√
a

ω2
√

b
=

√
a

ω1
√

b
, bmh1(z + md) = 0, bmh2(z + md) = 0 for all m = 1, 2, · · · , s,

this is a contradiction to our assumption that ω1 6= ω2. Hence, there exists i (i = 1, · · · , s),
such that g(z + id)− g(z) is a constant, then g(z) is a polynomial.

Thus, it follows that g(z) = L2(z) + H2(s) + B2, where L2(z), H2(s), B2 are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

ω1
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
L2(md)

2 + (a0ω1
√

b−
√

a) = 0,

ω2
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
L2(md)

2 + (a0ω2
√

b−
√

a) = 0.

Subcase 2.1.2: If

ω1
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (a0ω1
√

b−
√

a) 6= 0.

Then, it follows from (3.19) that

ω2
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
g(z+md)−g(z)

2 + (a0ω2
√

b−
√

a)

=

(
ω1
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (a0ω1
√

b−
√

a)

)
e−2p(z). (3.22)

If p(z) is a nonconstant polynomial, from (3.22) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1(md) = 0, h1(z) = h2(z). It follows from (3.22) that(

e−2p(z)ω1
√

bbmh2(z + md)−ω2
√

bbmh1(z + md)
)

e
g(z+md)−g(z)

2

+
(

e−2p(z)(a0ω1
√

b−
√

a)− (a0ω2
√

b−
√

a)
)
= 0, (m = 1, · · · , s), (3.23)
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if there exists i (i = 1, · · · , s), such that g(z + id) − g(z) is a nonconstant, then g(z +
md)− g(z) is a nonconstant for each m = 1, 2, · · · , s, by applying Lemma 2.3 to (3.23), we
have

e−2p(z)ω1
√

bbmh2(z + md)−ω2
√

bbmh1(z + md) = 0, (m = 1, · · · , s),

and

(a0ω1
√

b−
√

a)e−2p(z) = a0ω2
√

b−
√

a,

since a, b, bm (m = 1, · · · , s) are non-zero, ω1 6= ω2, then from the first equation above,
we have (e−2p(z)ω1 − ω2) = 0, substitute it into the second equation above, we obtain
p(z) = 0. Now, we substitute p(z) = 0 into (e−2p(z)ω1 − ω2) = 0, we have ω1 = ω2,
this is a contradiction. Hence, there exists i (i = 1, · · · , s), such that g(z + id)− g(z) is a
constant, then g(z) is a polynomial.

Subcase 2.2: Assume that p(z + c)− p(z) is nonconstant, then by similar arguments of
Subcase 1.2, we can also get a contradiction.

Case 3: Suppose that Lk
1( f ) 6≡ 0 and Ls

2( f ) 6≡ 0 and c = d ∈ Cn, then, by (3.4), (3.5) and
(3.16), we can get a simple formula as follows

ω2
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 −ω1
√

b
k

∑
j=1

ajep(z)−p(z+jc)e
g(z+jc)−g(z)

2

+ ω2
√

b
s

∑
m=1

bmh1(z + mc)ep(z+mc)+p(z)e
g(z+mc)−g(z)

2

−ω1
√

b
s

∑
m=1

bmh2(z + mc)ep(z)−p(z+mc)e
g(z+mc)−g(z)

2

+ (a0ω2
√

b−
√

a)e2p(z) = (a0ω1
√

b−
√

a). (3.24)

Next we consider whether p(z + c)− p(z) is constant.

Subcase 3.1: p(z + c)− p(z) = η, where η is a constant in C. Since p(z) is a polynomial
in Cn, then we have

p(z) = L1(z) + H1(s) + B1,

where L1(z), H1(s), B1 are defined in Subcase 1.1. Thus, we get

p(z + jc)− p(z) = L1(jc), p(z + mc)− p(z) = L1(mc)
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for all j, m ∈N. It follows from (3.24) that

ω2
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 + ω2
√

b
s

∑
m=1

bmh1(z + mc)ep(z+mc)+p(z)e
g(z+mc)−g(z)

2

+ (a0ω2
√

b−
√

a)e2p(z)

=ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + ω1
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
g(z+mc)−g(z)

2

+ (a0ω1
√

b−
√

a). (3.25)

Subcase 3.1.1: If

ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + ω1
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
g(z+mc)−g(z)

2

+ (a0ω1
√

b−
√

a) = 0, (3.26)

then, it follows from (3.25) that

ω2
√

b
k

∑
j=1

ajeL1(jc)e
g(z+jc)−g(z)

2 + ω2
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)e
g(z+mc)−g(z)

2

+ (a0ω2
√

b−
√

a) = 0. (3.27)

If there exists i (i ∈ N), such that g(z + ic)− g(z) is nonconstant, then g(z + jc)− g(z)
and g(z + mc) − g(z) are nonconstant for each j, m ∈ N, since a, b are non-zero and at
least one of aj or bm are non-zero, ω1 6= ω2, by applying Lemma 2.3 to (3.26) and (3.27)
respectively, we get

a0 =

√
a

ω2
√

b
=

√
a

ω1
√

b
, aj = 0, bmh1(z + mc) = 0, bmh2(z + mc) = 0

for all j = 1, 2, · · · , k, m = 1, 2, · · · , s, this is a contradiction to our assumption that ω1 6=
ω2. Hence, there exists i (i ∈ N), such that g(z + ic)− g(z) is a constant, then g(z) is a
polynomial.

Thus, it follows that g(z) = L2(z) + H2(s) + B2, where L2(z), H2(s), B2 are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

ω1
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + ω1
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
L2(mc)

2 + (a0ω1
√

b−
√

a) = 0,

ω2
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + ω2
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)e
L2(mc)

2 + (a0ω2
√

b−
√

a) = 0.
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Subcase 3.1.2: If

ω1
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + ω1
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
g(z+mc)−g(z)

2

+ (a0ω1
√

b−
√

a) 6= 0.

Then, it follows from (3.25) that

ω2
√

b
k

∑
j=1

ajeL1(jc)eg1(z) + ω2
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)eg2(z) + (a0ω2
√

b−
√

a)

=
(

ω1
√

b
k

∑
j=1

aje−L1(jc)eg1(z) + ω1
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)eg2(z)

+ (a0ω1
√

b−
√

a)
)

e−2p(z), (3.28)

where

g1(z) =
g(z + jc)− g(z)

2
and g2(z) =

g(z + mc)− g(z)
2

.

If p(z) is a nonconstant polynomial, from (3.28) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1(mc) = L1(jc) = 0, h1(z) = h2(z).
When k = s, it follows from (3.28) that(
e−2p(z)ω1

√
baj −ω2

√
baj + e−2p(z)ω1

√
bbjh2(z + jc)−ω2

√
bbjh1(z + jc)

)
e

g(z+jc)−g(z)
2

+
(

e−2p(z)(a0ω1
√

b−
√

a)− (a0ω2
√

b−
√

a)
)
= 0, (j = 1, · · · , k), (3.29)

if there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, by applying Lemma 2.3 to (3.29), we have

e−2p(z)ω1
√

baj −ω2
√

baj + e−2p(z)ω1
√

bbjh2(z + jc)

−ω2
√

bbjh1(z + jc) = 0, (j = 1, · · · , k), (3.30)

and

(a0ω1
√

b−
√

a)e−2p(z) = a0ω2
√

b−
√

a, (3.31)

(3.30) can be written as

e−2p(z)ω1
√

b[aj + bjh2(z + jc)] = ω2
√

b[aj + bjh1(z + jc)], (j = 1, · · · , k),

since a, b are non-zero and at least one of aj or bm are non-zero, ω1 6= ω2, we have
(e−2p(z)ω1 − ω2) = 0, substitute it into (3.31), we obtain p(z) = 0. Now, we substitute
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p(z) = 0 into (e−2p(z)ω1−ω2) = 0, we have ω1 = ω2, this is a contradiction. Hence, there
exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a constant, then g(z) is a polynomial.

When k 6= s, then k > s or k < s.
When k > s, it follows from (3.28) that(

e−2p(z)ω1
√

b
s

∑
j=1

aj −ω2
√

b
s

∑
j=1

aj + e−2p(z)ω1
√

b
s

∑
j=1

bjh2(z + jc)

−ω2
√

b
s

∑
j=1

bjh1(z + jc)

)
e

g(z+jc)−g(z)
2 +

(
e−2p(z)ω1

√
b

k

∑
j=s+1

aj −ω2
√

b
k

∑
j=s+1

aj

)
e

g(z+jc)−g(z)
2

+
(

e−2p(z)(a0ω1
√

b−
√

a)− (a0ω2
√

b−
√

a)
)
= 0, (3.32)

if there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, by applying Lemma 2.3 to (3.32), we have

e−2p(z)ω1
√

baj −ω2
√

baj + e−2p(z)ω1
√

bbjh2(z + jc)

−ω2
√

bbjh1(z + jc) = 0, (j = 1, · · · , s), (3.33)

and

e−2p(z)ω1
√

baj −ω2
√

baj = 0, (j = s + 1, · · · , k), (3.34)

and

(a0ω1
√

b−
√

a)e−2p(z) = a0ω2
√

b−
√

a, (3.35)

(3.33) can be written as

e−2p(z)ω1
√

b[aj + bjh2(z + jc)] = ω2
√

b[aj + bjh1(z + jc)], (j = 1, · · · , s), (3.36)

since a, b are non-zero and at least one of aj or bm are non-zero, ω1 6= ω2, from (3.34)
and (3.36), we all have (e−2p(z)ω1 −ω2) = 0, substitute it into (3.35), we obtain p(z) = 0.
Now, we substitute p(z) = 0 into (e−2p(z)ω1 − ω2) = 0, we have ω1 = ω2, this is a
contradiction. Hence, there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a constant,
then g(z) is a polynomial. Similarly, when k < s, we can also get a contradiction.
Subcase 3.2: Suppose that p(z + c)− p(z) is nonconstant. Hence, we can easily get p(z +
jc)− p(z) is nonconstant for each j = 1, 2, · · · , k and p(z + mc)− p(z) is nonconstant for
each m = 1, 2, · · · , s. By applying Lemma 2.3 to (3.24), we discover that

a0 =

√
a

ω2
√

b
=

√
a

ω1
√

b
, bmh1(z + mc) = 0, bmh2(z + mc) = 0

and aj = 0 for all j = 1, 2, · · · , k.

This is a contradiction to our assumption that ω1 6= ω2. This completes the proof of
Theorem 1.5. �
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4 Further discussion

In particular, if ω = 0, then the difference Eq. (1.6) in Cn can be rewritten as

a f 2(z) + b(a0 f (z) + Lk+s
1,2 ( f (z)))2 = eg(z). (4.1)

We discuss the finite order solutions of (4.1) in the following result.

Theorem 4.1. Let c = (c1, c2, · · · , cn), d = (d1, d2, · · · , dn) be two nonzero constants in Cn,
where n are positive integer, 1 ≤ i ≤ n and a, b ∈ C \ {0}. If Eq. (4.1) admits a transcendental
entire solution f : Cn → P1(C) of finite order, then we have one of the following asserts:

f (z) =
eg(z)/2+p(z) + eg(z)/2−p(z)

2
√

a
,

p(z) must be a polynomial of the form p(z) = L1(z) + H1(s) + B1, where L1(z) = a11z1 +
a12z2 + · · · + a1nzn and H1(s) are polynomial in s := d1z1 + d2z2 + · · · + dnzn in Cn with
d1c1 + d2c2 + · · · + dncn = 0 with H1(s + c) = H1(s); a11, · · · , a1n, d1, · · · , dn, B1 ∈ C,
g(z) must be a polynomial of the form g(z) = L2(z) + H2(s) + B2, where L2(z) = a21z1 +
a22z2 + · · · + a2nzn and H2(s) is a polynomial in s := d1z1 + d2z2 + · · · + dnzn in Cn with
d1c1 + d2c2 + · · ·+ dncn = 0 and H2(s + c) = H2(s); a21, · · · , a2n, d1, · · · , dn, B2 ∈ C, p(z)
and g(z) satisfy the following relationships:

(i) If Lk
1( f ) 6≡ 0 and Ls

2( f ) ≡ 0, then
i
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + (ia0
√

b +
√

a) = 0,

i
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + (ia0
√

b−
√

a) = 0.

(ii) If Lk
1( f ) ≡ 0 and Ls

2( f ) 6≡ 0, then
i
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
L2(md)

2 + (ia0
√

b +
√

a) = 0,

i
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
L2(md)

2 + (ia0
√

b−
√

a) = 0,

where 
h1 (z) =

(
∂q1(z)

∂zi

)λ

+ H1λ

(
∂λq1(z)

∂zλ
i

, · · · ,
∂q1(z)

∂zi

)
,

h2 (z) =
(

∂q2(z)
∂zi

)λ

+ H2λ

(
∂λq2(z)

∂zλ
i

, · · · ,
∂q2(z)

∂zi

)
,
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H1λ is partial differential polynomials of q1(z) of degree less than λ, λ = 1, 2 · · · , s, and
similar definition for H2λ.

(iii) If Lk
1( f ) 6≡ 0 and Ls

2( f ) 6≡ 0, c = d, then
i
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + i
√

b
s

∑
m=1

bmh2(z + md)e−L1(mc)e
L2(mc)

2 + (ia0
√

b +
√

a) = 0,

i
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + i
√

b
s

∑
m=1

bmh1(z + md)eL1(mc)e
L2(mc)

2 + (ia0
√

b−
√

a) = 0,

where h1(z), h2(z) are defined in (ii).

Remark 4.1. It is easy to find out that Theorem 4.1 becomes Theorem 1.4 in C3 When
a = b = 1 and g(z) = 0 in Eq. (4.1). So that means Eq. (1.6) generalizes Eq. (1.4).

Proof of Theorem 4.1. Let f is a finite order transcendental entire solution of Eq. (4.1). First
we write (4.1) as following[√

a f (z)

e
g(z)

2

+ i

√
b(a0 f (z) + Lk+s

1,2 ( f ))

e
g(z)

2

] [√
a f (z)

e
g(z)

2

− i

√
b(a0 f (z) + Lk+s

1,2 ( f ))

e
g(z)

2

]
= 1.

Since f is a finite order transcendental entire function and g is a polynomial. Then, it
follows from Lemmas 2.1 and 2.2 that there exists a polynomial p(z) in Cn such that

√
a f (z)

e
g(z)

2

+ i

√
b(a0 f (z) + Lk+s

1,2 ( f ))

e
g(z)

2

= ep, (4.2a)

√
a f (z)

e
g(z)

2

− i

√
b(a0 f (z) + Lk+s

1,2 ( f ))

e
g(z)

2

= e−p. (4.2b)

Thus, by (4.2), we obtain that

f (z) =
ep(z) + e−p(z)

2
√

a
e

g(z)
2 (4.3)

and

a0 f (z) + Lk+s
1,2 ( f ) =

ep(z) − e−p(z)

2i
√

b
e

g(z)
2 . (4.4)

For convenience, suppose that

q1(z) =
g(z)

2
+ p(z) and q2(z) =

g(z)
2
− p(z). (4.5)



L. Yang, L. Chen and S. Zhang / Anal. Theory Appl., 41 (2025), pp. 52-79 71

Thus, Eqs. (4.3) and (4.4) can be written as

f (z) =
eq1(z) + eq2(z)

2
√

a
(4.6)

and

a0 f (z) + Lk+s
1,2 ( f ) =

eq1(z) − eq2(z)

2i
√

b
. (4.7)

Next we consider three cases as follows.
Case 1: Suppose that Lk

1( f ) 6≡ 0 and Ls
2( f ) ≡ 0, then, by (4.3) and (4.4), we can get a

simple formula as follows

i
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 + i
√

b
k

∑
j=1

ajep(z)−p(z+jc)e
g(z+jc)−g(z)

2

+ (ia0
√

b−
√

a)e2p(z) = (−ia0
√

b−
√

a). (4.8)

Next we consider whether p(z + c)− p(z) is constant.
Subcase 1.1: p(z + c)− p(z) = η, where η is a constant in C. Since p(z) is a polynomial
in Cn, then we have

p(z) = L1(z) + H1(s) + B1, (4.9)

where L1(z) = a11z1 + a12z2 + · · · + a1nzn and H1(s) is a polynomial in s := d1z1 +
d2z2 + · · · + dnzn in Cn with d1c1 + d2c2 + · · · + dncn = 0 and H1(s + c) = H1(s);
a11, · · · , a1n, d1, · · · , dn, B1 ∈ C. Hence, we get p(z + jc)− p(z) = L1(jc) for all j ∈ N. It
follows from (4.8) that

i
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 + (ia0
√

b−
√

a)e2p(z)

=− i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (−ia0
√

b−
√

a). (4.10)

Subcase 1.1.1: Suppose that

−i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (−ia0
√

b−
√

a) = 0, (4.11)

then, by (4.10), we get

i
√

b
k

∑
j=1

ajeL1(jc)e
g(z+jc)−g(z)

2 + (ia0
√

b−
√

a) = 0. (4.12)
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If there exists i (i = 1, · · · , k), such that g(z + ic) − g(z) is a nonconstant, then
g(z + jc)− g(z) is a nonconstant for each j = 1, 2, · · · , k, since a, b, aj are non-zero, by ap-
plying Lemma 2.3 to (4.11) and (4.12) respectively, we get ia0

√
b +
√

a = ia0
√

b−
√

a = 0
and aj = 0 for all j = 1, 2, · · · , k, this is a contradiction to our assumption that a 6= 0.
Hence, there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a constant, then g(z) is a
polynomial.

Thus, it follows that g(z) = L2(z) + H2(s) + B2, where L2(z) = a21z1 + a22z2 + · · ·+
a2nzn and H2(s) is a polynomial in s := d1z1 + d2z2 + · · ·+ dnzn in Cn with d1c1 + d2c2 +
· · · + dncn = 0 and H2(s + c) = H2(s); a21, · · · , a2n, d1, · · · , dn, B2 ∈ C, p(z) and g(z)
satisfy the following relationship

i
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + (ia0
√

b +
√

a) = 0,

i
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + (ia0
√

b−
√

a) = 0.

Subcase 1.1.2: Assume that

−i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (−ia0
√

b−
√

a) 6= 0.

Then, it follows from (4.10) that(
−i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 + (−ia0
√

b−
√

a)

)
e−2p(z)

=i
√

b
k

∑
j=1

ajeL1(jc)e
g(z+jc)−g(z)

2 + (ia0
√

b−
√

a). (4.13)

If p(z) is a nonconstant polynomial, from (4.13) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1(jc) = 0. It follows from (4.13) that(

−ie−2p(z)
√

baj − i
√

baj

)
e

g(z+jc)−g(z)
2

+
(

e−2p(z)(−ia0
√

b−
√

a)− (ia0
√

b−
√

a)
)
= 0, (j = 1, · · · , k), (4.14)

if there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, by applying Lemma 2.3 to (4.14), we have

−ie−2p(z)
√

baj − i
√

baj = 0, (j = 1, · · · , k),

and
e−2p(z)(−ia0

√
b−
√

a) = ia0
√

b−
√

a,
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since a, b, aj, (j = 1, · · · , k) are non-zero, then from the first equation above, we have
(e−2p(z)+ 1) = 0, substitute it into the second equation above, we obtain (e−2p(z)− 1) = 0,
this is a contradiction. Hence, there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a
constant, then g(z) is a polynomial.
Subcase 1.2: Let p(z + c)− p(z) is nonconstant. Hence, we can easily get p(z + jc)− p(z)
is nonconstant for each j = 1, 2, · · · , k. By applying Lemma 2.3 to (4.8), we discover that

ia0
√

b +
√

a = ia0
√

b−
√

a = 0 and aj = 0 for all j = 1, 2, · · · , k.

This is a contradiction to our assumption that a 6= 0.
Case 2: If Lk

1( f ) ≡ 0 and Ls
2( f ) 6≡ 0. Differentiating (4.6) λ-th times partially with respect

zi, we can obtain

∂λ f (z)
∂zλ

i
=

h1(z)eq1(z) + h2(z)eq2(z)

2
√

a
, (4.15)

where 
h1 (z) =

(
∂q1(z)

∂zi

)λ

+ H1λ

(
∂λq1(z)

∂zλ
i

, · · · ,
∂q1(z)

∂zi

)
,

h2 (z) =
(

∂q2(z)
∂zi

)λ

+ H2λ

(
∂λq2(z)

∂zλ
i

, · · · ,
∂q2(z)

∂zi

)
,

(4.16)

H1λ is partial differential polynomials of q1(z) of degree less than λ, λ = 1, 2 · · · , s, and
similar definition for H2λ. By (4.6), (4.7) and (4.15), we can get a simple formula as follows

i
√

b
s

∑
m=1

bmh1(z + md)eq1(z+md)−q2(z) + i
√

b
s

∑
m=1

bmh2(z + md)eq2(z+md)−q2(z)

+ (ia0
√

b−
√

a)eq1(z)−q2(z) = (−ia0
√

b−
√

a). (4.17)

Next we consider whether p(z + c)− p(z) is constant.
Subcase 2.1: p(z + c)− p(z) = η, where η is a constant in C. Since p(z) is a polynomial
in Cn, then we have

p(z) = L1(z) + H1(s) + B1,

where L1(z), H1(s), B1 are defined in Subcase 1.1. Thus, we get p(z + md) − p(z) =
L1(md) for all m ∈N. It follows from (4.17) that

i
√

b
s

∑
m=1

bmh1(z + md)ep(z+md)+p(z)e
g(z+md)−g(z)

2 + (ia0
√

b−
√

a)e2p(z)

=− i
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (−ia0
√

b−
√

a). (4.18)
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Subcase 2.1.1: If

−i
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (−ia0
√

b−
√

a) = 0, (4.19)

then, from (4.18), we get

i
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
g(z+md)−g(z)

2 + (ia0
√

b−
√

a) = 0. (4.20)

If there exists i (i = 1, · · · , s), such that g(z+ id)− g(z) is a nonconstant, then g(z+md)−
g(z) is a nonconstant for each m = 1, 2, · · · , s, since a, b, bm are non-zero, by applying
Lemma 2.3 to (4.19) and (4.20) respectively, we get ia0

√
b +
√

a = ia0
√

b −
√

a = 0,
bmh1(z + md) = 0, bmh2(z + md) = 0 for all m = 1, 2, · · · , s, this is a contradiction to our
assumption that a 6= 0. Hence, there exists i (i = 1, · · · , s), such that g(z + id)− g(z) is a
constant, then g(z) is a polynomial.

Thus, it follows that g(z) = L2(z) + H2(s) + B2, where L2(z), H2(s), B2 are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

i
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
L2(md)

2 + (ia0
√

b +
√

a) = 0,

i
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
L2(md)

2 + (ia0
√

b−
√

a) = 0.

Subcase 2.1.2: If

−i
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (−ia0
√

b−
√

a) 6= 0.

Then, it follows from (4.18) that

i
√

b
s

∑
m=1

bmh1(z + md)eL1(md)e
g(z+md)−g(z)

2 + (ia0
√

b−
√

a)

=

(
−i
√

b
s

∑
m=1

bmh2(z + md)e−L1(md)e
g(z+md)−g(z)

2 + (−ia0
√

b−
√

a)

)
e−2p(z). (4.21)

If p(z) is a nonconstant polynomial, from (4.21) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1(md) = 0, h1(z) = h2(z). It follows from (4.21) that(

−ie−2p(z)
√

bbmh2(z + md)− i
√

bbmh1(z + md)
)

e
g(z+md)−g(z)

2

+
(

e−2p(z)(−ia0
√

b−
√

a)− (ia0
√

b−
√

a)
)
= 0, (m = 1, · · · , s), (4.22)
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if there exists i (i = 1, · · · , s), such that g(z + id) − g(z) is a nonconstant, then g(z +
md)− g(z) is a nonconstant for each m = 1, 2, · · · , s, by applying Lemma 2.3 to (4.22), we
have

−ie−2p(z)
√

bbmh2(z + md)− i
√

bbmh1(z + md) = 0, (m = 1, · · · , s),

and
e−2p(z)(−ia0

√
b−
√

a) = ia0
√

b−
√

a,

since a, b, bm (m = 1, · · · , s) are non-zero, then from the first equation above, we have
(e−2p(z)+ 1) = 0, substitute it into the second equation above, we obtain (e−2p(z)− 1) = 0,
this is a contradiction. Hence, there exists i (i = 1, · · · , s), such that g(z + id)− g(z) is a
constant, then g(z) is a polynomial.
Subcase 2.2: Assume that p(z + c)− p(z) is nonconstant, then by similar arguments of
Subcase 1.2, we can also get a contradiction.
Case 3: Suppose that Lk

1( f ) 6≡ 0 and Ls
2( f ) 6≡ 0 and c = d ∈ Cn, then, by (4.3), (4.4) and

(4.15), we can get a simple formula as follows

i
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 + i
√

b
k

∑
j=1

ajep(z)−p(z+jc)e
g(z+jc)−g(z)

2

+ i
√

b
s

∑
m=1

bmh1(z + mc)ep(z+mc)+p(z)e
g(z+mc)−g(z)

2

+ i
√

b
s

∑
m=1

bmh2(z + mc)ep(z)−p(z+mc)e
g(z+mc)−g(z)

2

+ (ia0
√

b−
√

a)e2p(z) = (−ia0
√

b−
√

a). (4.23)

Next we consider whether p(z + c)− p(z) is constant.
Subcase 3.1: p(z + c)− p(z) = η, where η is a constant in C. Since p(z) is a polynomial
in Cn, then we have

p(z) = L1(z) + H1(s) + B1,

where L1(z), H1(s), B1 are defined in Subcase 1.1. Thus, we get p(z + jc)− p(z) = L1(jc),
p(z + mc)− p(z) = L1(mc) for all j, m ∈N. It follows from (4.23) that

i
√

b
k

∑
j=1

ajep(z+jc)+p(z)e
g(z+jc)−g(z)

2 + i
√

b
s

∑
m=1

bmh1(z + mc)ep(z+mc)+p(z)e
g(z+mc)−g(z)

2

+ (ia0
√

b−
√

a)e2p(z)

=− i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 − i
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
g(z+mc)−g(z)

2

+ (−ia0
√

b−
√

a). (4.24)
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Subcase 3.1.1: If

− i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 − i
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
g(z+mc)−g(z)

2

+ (−ia0
√

b−
√

a) = 0, (4.25)

then, it follows from (4.24) that

i
√

b
k

∑
j=1

ajeL1(jc)e
g(z+jc)−g(z)

2 + i
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)e
g(z+mc)−g(z)

2

+ (ia0
√

b−
√

a) = 0. (4.26)

If there exists i (i ∈ N), such that g(z + ic)− g(z) is nonconstant, then g(z + jc)− g(z)
and g(z + mc) − g(z) are nonconstant for each j, m ∈ N, since a, b are non-zero and at
least one of aj or bm are non-zero, by applying Lemma 2.3 to (4.25) and (4.26) respectively,
we get ia0

√
b +
√

a = ia0
√

b−
√

a = 0, aj = 0, bmh1(z + mc) = 0, bmh2(z + mc) = 0 for
all j = 1, 2, · · · , k, m = 1, 2, · · · , s, this is a contradiction to our assumption that a 6= 0.
Hence, there exists i (i ∈ N), such that g(z + ic) − g(z) is a constant, then g(z) is a
polynomial.

Thus, it follows that g(z) = L2(z) + H2(s) + B2, where L2(z), H2(s), B2 are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

i
√

b
k

∑
j=1

aje−L1(jc)e
L2(jc)

2 + i
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
L2(mc)

2 + (ia0
√

b +
√

a) = 0,

i
√

b
k

∑
j=1

ajeL1(jc)e
L2(jc)

2 + i
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)e
L2(mc)

2 + (ia0
√

b−
√

a) = 0.

Subcase 3.1.2: If

− i
√

b
k

∑
j=1

aje−L1(jc)e
g(z+jc)−g(z)

2 − i
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)e
g(z+mc)−g(z)

2

+ (−ia0
√

b−
√

a) 6= 0,

then, it follows from (4.24) that

i
√

b
k

∑
j=1

ajeL1(jc)eg1(z) + i
√

b
s

∑
m=1

bmh1(z + mc)eL1(mc)eg2(z) + (ia0
√

b−
√

a)

=

(
−i
√

b
k

∑
j=1

aje−L1(jc)eg1(z) − i
√

b
s

∑
m=1

bmh2(z + mc)e−L1(mc)eg2(z)

+(−ia0
√

b−
√

a)
)

e−2p(z), (4.27)
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where

g1(z) =
g(z + jc)− g(z)

2
and g2(z) =

g(z + mc)− g(z)
2

.

If p(z) is a nonconstant polynomial, from (4.27) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1(mc) = L1(jc) = 0, h1(z) = h2(z).
When k = s, it follows from (4.27) that(
−e−2p(z)i

√
baj − i

√
baj − e−2p(z)i

√
bbjh2(z + jc)− i

√
bbjh1(z + jc)

)
e

g(z+jc)−g(z)
2

+
(

e−2p(z)(−ia0
√

b−
√

a)− (ia0
√

b−
√

a)
)
= 0, (j = 1, · · · , k), (4.28)

if there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, by applying Lemma 2.3 to (4.28)

− e−2p(z)i
√

baj − i
√

baj − e−2p(z)i
√

bbjh2(z + jc)

− i
√

bbjh1(z + jc) = 0, (j = 1, · · · , k), (4.29)

and

e−2p(z)(−ia0
√

b−
√

a) = ia0
√

b−
√

a, (4.30)

(4.29) can be written as

−e−2p(z)i
√

b[aj + bjh2(z + jc)] = i
√

b[aj + bjh1(z + jc)], (j = 1, · · · , k),

since a, b are non-zero and at least one of aj of bm are non-zero, then we have (e−2p(z) +

1) = 0, substitute it into (4.30), we obtain (e−2p(z) − 1) = 0, this is a contradiction. Hence,
there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a constant, then g(z) is a polyno-
mial.

When k 6= s, then k > s or k < s.
When k > s, it follows from (4.27) that(
−e−2p(z)i

√
b

s

∑
j=1

aj − i
√

b
s

∑
j=1

aj − e−2p(z)i
√

b
s

∑
j=1

bjh2(z + jc)

−i
√

b
s

∑
j=1

bjh1(z + jc)

)
e

g(z+jc)−g(z)
2 +

(
−ie−2p(z)

√
b

k

∑
j=s+1

aj − i
√

b
k

∑
j=s+1

aj

)
e

g(z+jc)−g(z)
2

+
(

e−2p(z)(−ia0
√

b−
√

a)− (ia0
√

b−
√

a)
)
= 0, (4.31)

if there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a nonconstant, then g(z + jc)−
g(z) is a nonconstant for each j = 1, 2, · · · , k, by applying Lemma 2.3 to (4.33), we have

− e−2p(z)i
√

baj − i
√

baj − e−2p(z)i
√

bbjh2(z + jc)

− i
√

bbjh1(z + jc) = 0, (j = 1, · · · , s), (4.32)
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and

−ie−2p(z)
√

baj − i
√

baj = 0, (j = s + 1, · · · , k), (4.33)

and

e−2p(z)(−ia0
√

b−
√

a) = ia0
√

b−
√

a, (4.34)

(4.32) can be written as

−e−2p(z)i
√

b[aj + bjh2(z + jc)] = i
√

b[aj + bjh1(z + jc)], (j = 1, · · · , s), (4.35)

since a, b are non-zero and at least one of aj of bm are non-zero, then from (4.33) and (4.35),
we all have (e−2p(z) + 1) = 0, substitute it into (4.34), we obtain (e−2p(z) − 1) = 0, this is a
contradiction. Hence, there exists i (i = 1, · · · , k), such that g(z + ic)− g(z) is a constant,
then g(z) is a polynomial.

Similarly, when k < s, we can get a contradiction.
Subcase 3.2: Suppose that p(z + c)− p(z) is nonconstant. Hence, we can easily get p(z +
jc)− p(z) is nonconstant for each j = 1, 2, · · · , k and p(z + mc)− p(z) is nonconstant for
each j = 1, 2, · · · , s. By applying Lemma 2.3 to (4.23), we discover that

ia0
√

b +
√

a = ia0
√

b−
√

a = 0, bmh1(z + mc) = 0, bmh2(z + mc) = 0
and aj = 0 for all j = 1, 2, · · · , k.

This is a contradiction to our assumption that a 6= 0. This completes the proof of Theorem
4.1.
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