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Abstract. In this paper, we mainly explore the existence of entire solutions of the
quadratic trinomial partial differential-difference equation

af?(z) +2wf(2)(aof (2) + L5 (£(2))) + blaof (2) + L5 (f(2)))? = &8

by utilizing Nevanlinna’s theory in several complex variables, where g(z) is entire
functions in C", w # 0 and 4,b, w € C. Furthermore, we get the exact froms of solu-
tions of the above differential-difference equation when w = 0. Our results are gen-
eralizations of previous results. In addition, some examples are given to illustrate the
accuracy of the results.

Key Words: Differential-difference equations, Nevanlinna theory, finite order, entire solutions.

AMS Subject Classifications: 39A45, 30D35, 39A14, 32H30, 35A20

1 Introduction and main results

In this paper, f denotes a meromorphic function in C”. We assume that the reader is al-
ready familiar with the relevent symbols and concepts of Nevanlinna’s value distribution
theory [1,2,7], such as the proximate function m(r, f), the counting function N(7, f), the
reduced counting function N(r, f), the characteristic function T(r, f) in C", and S(r, f)
denotes the quantity satisfying S(r, f) = o(T(r, f)) as ¥ — oo outside of a possible excep-
tional set of finite linear measure.

We denote z+c¢ = (z1+c¢1,--- ,zp +¢y) forany z = (z1,---,z4) € C" and ¢ =
(c1,--+,cn) € C". By jc we mean (jcy,---,jcu) for any ¢ = (c1,---,¢c4) € C"and j €
IN. The shift of f(z) is defined by f(z + c¢), whereas the difference of f(z) is defined by
Bef(z) = f(z+¢) - £(2)
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In the past several years, research on various properties and solutions of Fermat-type
equations has yielded abundant results and methods (see [6,12,13,16,17]). The equation
f?+2afg+ g* = 1is a generalization of the traditional Fermat-type equation. By intro-
ducing the parameter «, a broader range of mathematical structures and properties can
be explored. Therefore, more and more researchers begin to study quadratic trinomial
equations and they mainly study the existence and exact forms of solutions to this type
of equations.

We know that for two meromorphic functions f and g in C" functional equation of
the form f2(z) + 2wf(z)g(z) + ¢*(z) = 1 (where w # 0,+1) is called quadratic trino-
mial functional equation. In recent years, many scholars paid considerable attention to
investigating the existence and form of entire or meromorphic solutions of the type of
equations (see [3,8,10,11,15,18]).

In 2013, Saleeby [3] studied the entire solutions of quadratic trinomial Fermat type
equation

fA2afg+g*=1 (1.1)
and obtained the next Theorem 1.1.

Theorem 1.1. Let a® # 0,1, & € C. Then the transcendental entire solution of (1.1) must be of
the form

Vi+a V1-—a

f=

AR ) - h(Re- )

V2
where h is an entire function in C".

In 2016, Liu et al. [10] studied the existence and the form of solutions of some quadratic
trinomial functional equations when ¢(z) = f/(z) in Eq. (1.1) and obtained the following
Theorems 1.2-1.3.

Theorem 1.2. Equation
f(2)?+2af(2)f' () + f(z2)>=1, a®>#1,0, acC, (1.2)
has no transcendental meromorphic solutions.
Theorem 1.3. The finite order transcendental entire solutions of equation
f(z)*+2uaf(z)f(z+c)+ fz+c)> =1, a*>#1,0, acC, (1.3)
must be of order equal to one.

In 2021, Luo et al. [18] replaced the right side of (1.2) and (1.3) by a function e? (@),
where g is a polynomial in C and investigated the transcendental entire solutions with
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finite order of the quadratic trinomial difference equations

f(2)?+2af(2)f(z+¢) + f(z+c)? = 8B,
F(2)2+20f(2)f (z) + f(z)? = 8@,
flz+0?+2af(z+0)f (2) + f(2)? = €3,
where a?(# 0,1), ¢ are constants and g(z) is a polynomial in C.
Later on, in 2022, Zhang et al. [8] further studied above the three equations and es-

tablished the exact form of finite order transcendental entire solutions of the following
Fermat-type trinomial equations

f(2)? +20f(2)Acf () + Bef (2)* = e,
fz+0)> +2uf(z4c)Acf(2) + Acf(2)? = e8B),
f'(2)* +20f"(2) B f (2) + Acf (2)* = 81,
where A.f(z) = f(z+¢) — f(z) and g(z) is a non-constant polynomial in C.
Furthermore, some researchers also studied on entire solutions for several systems of
quadratic trinomial Fermat type functional equations in C? (see [5, 19]).
Recently, some researchers studied the solutions of some quadratic trinomial func-

tional equations in C" (see [11,15]).
However, in 2023, Abhijit [12] investigated the following Fermat-type

f2)* +laof (z) + L, ()] =1 (14)

in C3, where

e

B =Yoo and 150 = ¥ o2 LG,

j=1 m=1
L, := L + L} and obtained the following Theorem 1.4.

Theorem 1.4. Let ¢ = (cy1,¢2,¢3), d = (d1,da, c3) be two non-zero constants in C3 ; aj, by are
constants in C with at least one of a; or by, are nonzero, j = 1,2,--- ,k,m =1,2,--- s, where
k, s be positive integers. Then any finite order transcendental entire solutions of (1.4) must be one
of the following three types:

(i) IfL;(f) # 0and L5(f) = 0, then

4

f(z) = —isinh (L(z) + }_ Hj(s;) +¢),
j=1
where L(z) = 2221 w,zy, Hy(s1) is a polynomial in s := dy1z1 + dipzz, Ha(s2) is a

polynomial in s, := dpzy + dazzs, Hz(s3) is a polynomial in sz := d31z1 + dszzs and
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(ii)

(iii)

Hy(s4) is a polynomial in sy := dg1z1 + dapzo + dazzs with dyic1 + dipca = 0, dypcy +
dazcs = 0, dsic1 + dazes = 0and dyjc1 + dgpca +dazes = 0, G, ay, dyj are all constants in
C, and L(z) satisfy relations

k
ap + 2 El]'e]L(C) =1,

=1
ap + i Elje_jL(C) = —1.
j=1
Li(f) = 0and L5(f) # 0, then
4
f(z) = —isinh (L(z) + Y Hi(s)) +§),
=1

where L(z) and H;(s;) are defined as in (i), j = 1,2,3,4, and L(z) satisfies the relation
S
ap+ Yy b ) — i
m=1
S
ag + Z (—1)mbmocme’mL(d) = —,
m=1

where o can be found from the relation
®1 + dllHi (Sl) + dngé(Sg) + d41H4/1(S4) = . (1.5)

In particular, if diy # 0, then Hq(sq) is linear in s1. If d3; # 0, then H3(s3) is linear in s3
and if dgy # 0, then Hy(s4) is linear in sy.

IFLI(f) #0, L5(f) # O with c = d, then
_ 4
f(z) = —isinh (L(z) + Y Hj(sj) + é),
=1
where L(z) and H;(s;) are defined as in (i), j = 1,2,3,4, and L(z) satisfy relations
k ) s
ag + Zaje’]L(C) + ) (=1)"bpa™e ") = —j,
j=1 m—1
S
ap+ Ly a9 + Y bpae™) =,
m=1

where w satisfies the relation (1.5).
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In particular, if d11 # 0, then Hy(s1) is linear in s1. If d31 # O, then Hs(s3) is linear in s3 and if
dy # 0, then Hy(sy) is linear in sy.

The purpose of this paper is to further generalize Eq. (1.4). If we extend the study of
this type of equation to several complex variables, then what would be its solution?

The following question naturally emerge when further studying quadratic trinomial
functional equations in C".

Question 1. Do solutions exist for equations (1.4) when the constant 1 is replaced by
a function e8(*), where g(z) is a polynomial in C"? Additionally, in this setting, can we
find solutions if the binomial equation is replaced by a quadratic trinomial equation in
C" with arbitrary coefficients?

Inspired by the papers [3,8,10-12,15], in this paper, we mainly explore the complete
solutions in C" to quadratic trinomial equations that involve combinations of shifts and
partial derivatives

af?(z) +2wf(z)(aof (z) + LY (f(2))) + blaof (z) + LE5* (£ (2)))* = 8, (1.6)
where

k S m z m
Ly5*(f) = Li(f) +L5(f), Li(f) = }_ajf(z+jc) and Li(f)szmW’

j=1 m=1

aj, by are constants in C forj = 1,--- ,k;m = 1,---,s and at least one of a; or by, are
non-zero, ¢,d € C" as linear shift operator, linear shift partial differential operator, re-
spectively [12].

In this paper, inspired by certain results from [12], by employing Nevanlinna theory
for functions of several complex variables, we get the finite order transcendental entire
solutions of quadratic trinomial partial differential equations in C”. Before presenting
our results, we define

2 _ b 2 —ab
wl::—w + YO and wzzz—w F i

Vab Vab ab

7

S

assume that

p
g(Z) = Z aal/"'/anziq o ‘Zf"ln
11]=0

be polynomial in C", where I = (a1, - - ,&,) be two multi-index with |I| = Z?:o «; and
a;j are non-negative integers.

We obtain the following result that determines the form of solutions to a quadratic
trinomial partial differential-difference Eq. (1.6) in C".
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Theorem 1.5. Let ¢ = (¢q,¢p,-++ ,¢n), d = (dy,dp, - -+ ,dy) be two nonzero constants in C",
where n are positive integers, 1 < i < nand a,b,w € C\ {0}. If Eq. (1.6) admits a tran-
scendental entire solution f : C" — PY(C) of finite order, then we have one of the following
asserts:

wpe8(2)/2+p(2) _ (), 08(2)/2-p(2)

flz) = Jalwr —w) ,

p(z) must be a polynomial of the form p(z) = Lq(z) + Hi(s) + By, where L1(z) = a11z1 +
a1222 + -+ - + a1,z and Hy(s) are polynomial in s := dyz1 + dpzp + - - - + dyzy in C" with
dic1 +doco + -+ - + dyc,, = 0 with Hl(S + C) = Hl(S); an, - ,a1,d1, - ,dy,B1 € C,
Q(z) must be a polynomial of the form g(z) = Lp(z) + Ha(s) + By, where Ly(z) = axnz +
A2 + -+ - + Aopzy and Hy(s) is a polynomial in s = dyzq + dpzo + - - - + dyz, in C" with
dicy +dacy + -+ - +dpcy = 0and Hy(s+c¢) = Ha(s); ax, -+ ,aon,d1,- - ,dn, B2 € C, p(z)
and g(z) satisfy the following relationships:

(i) IfL5(f) # 0and L5(f) = 0, then

(

w1\/52ae op + (apw1Vb — /a) =0,

(je)
wZ\/EZaje 1), 4 (apwr Vb — +/a) = 0.
=1

(ii) If LX(f) = 0and L5(f) # O, then

8 i
wiVb Y buhy(z + nwl)e’Ll(m"l)eLz(2 . + (apw1 Vb — V/a) = 0,

m=1

S
wa/b Z bmhi(z + md)eLl(’”d)e

Ly (md)

+ (agwr Vb — v/a) =0,

where

A

hi(z) = <aqalz(zz)> +H1/\< 37(\ )/ o /aqé;;f)) ’
A

o= (32 (2219, 320

Ha, is partial differential polynomials of q1(z) of degree less than A, A = 1,2--- s, and
similar definition for Hy).
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(iii) If LX(f) # 0and L3(f) # 0, c = d, then

wlx/EZae i) +w1\/l; Z buho(z + mc)e™ Ly(me) o725
(aowle—\f)zo
wz\/EZae 1) +w2\/52b hy(z 4+ mc)e Ly (me) 2y
m=1
(uowzf—f) =0,

where hy(z), hy(z) are defined in (ii).

The following examples are provided below to confirm the existence and exact form
of the solutions of equations in Theorem 1.5.

Example 1.1. Leta =4, w = v/2,b =3, p(z) = (521 + 20 — 23)° + (521 + 2 — z3)* + 3%,
g(z) = z1 —3zp+5z3, ¢ = (3,(2+ mi/2),(17 + mi/2)) and H(s) is a polynomial in
s := 5z1 + zp — z3. Then, from (i) of Theorem 1.5, we get

(=1 Fiv/5)e®®) — (=1 £i1/5)e®

fz) =

T4iV/5 '
where
-3 5 37ti
@(Z) = lezﬂ -+ (521 + 2y — Z3)6 + (521 + 2z — Zg) + ?l
z1 —3zp + 5z 37i
(D(Z) = %23 - (521 —+ zy — 23)6 — (521 + 22 — 23)4 - ?,

is a transcendental entire solution with p(f) = 6 > 1in C® of

1P(2) +2V3f(2) (2f () + LI ) +3 (2F(2) + LI() =),

where

]

Example 1.2. Leta = 3, w = —/2,b = 4, p(z) = mi/7, g(z) = 521 + 320+ 523 d =

(1,—1,—1),and H(s) is a polynomial in s := 4z + 5z, + 223, and ag = (37ﬂi2ﬁ1%+4‘@) .

Then, from (ii) of Theorem 1.5, we get

(17Fiv5)e®® — (1+iy/5)e®E

fz) = T ,
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where
. 5z1 4+ 3z + 5z3 o 5z1 + 3z + 5z3 B

z

O(z) + /7, P(z2) mti/7,

is a transcendental entire solution in C2 of
3f2(z) — 2V2f (2)L3(f) + 4 (L3(f))" = &5,

where

of (z+4d) N 02 f(z+2d) N 3 f(z+3d)
azl aZ% az% ’

L3(f) = aof (z) +

2 Some lemmas

The following four lemmas will play a key role in proving the main results of the paper.

Lemma 2.1. For any entire function F on C", F(0) # 0 and put p(np) = p < oo, where p(nr)
denotes be the order of the counting function of zeros of F. Then there exist a canonical function
fr and a function gr € C" such that F(z) = fr(z)e8F). For the special case n = 1, fr is the
canonical product of Weierstrass.

Lemma 2.1 [9,14] and Lemma 2.2 [4] are widely used in the proof of many Fermat
type functional equations and quadratic trinomial equations.

Lemma 2.2. If g and h are entire functions on the complex plane C and g(h) is an entire function
of finite order, then there are only two possible case: either

(i) the internal function h is a polynomial and the external function g is of finite order; or

(ii) the internal function h is not a polynomial but a function of finite order, and the external
function g is of zero order.

Lemma 2.3 [7] is mainly to find the expression of g(z) in the proof of Theorem 1.1 and
Remark 4.1 in this paper.

Lemma 2.3. Suppose that ag(z),a1(z),- -+ ,am(z) (m > 1) are meromorphic functions of order
< AonC"and go(z),81(2), -+ ,gm(z) are entire function on C" such that g;(z) — g(z) (j #
k) are transcendental or polynomials of degree higher than A. Then we see that

Y aj(z)es®) =0
=0

holds only when a;j(z) =0 (j =0,1,--- ,n).
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3 Proof of Theorem 1.5

Assume that f is a finite order transcendental entire solution of Eq. (1.6). Firstly, it follows
from (1.6) that

aA?> +2wAB+bB* =1, (3.1)
where
k+s
_ f(2) _aof(z) + L5°(f)
A—e@ and B = e@ . (3.2)

Then, (3.1) can be rewritten as
(vVaA — w1 VbB)(VaA — wrVbB) = 1.

Noting that f is a finite order transcendental entire function and g is a polynomial,
(v/aA — w1vbB) and (y/aA — w2\/bB) are entire functions without zeros. Then, it fol-
lows from Lemmas 2.1 and 2.2 that there exists a polynomial p(z) in C" such that

VaA—wVbB=¢’ and +aA— wyVbB =¢". (3.3)
Thus, by (3.2) and (3.3), we can obtain

B wZeP(z) — wlefp(z) g(2)

f(Z) - \/a(wz o (,01> ez (34)
and
kots _ eP(Z) — e_P(Z) @
aof (z) + Ly, (f) = ﬁ(wz — (UT) ez. (3.5)
For convenience, suppose that
1@ =8 4 pe) and gz =2 ). 66)

Thus, Egs. (3.4) and (3.5) can be written as

(U2e‘71 (z) _ a]le‘h(z)

f(Z) - \/E(Cdz . wl)

(3.7)

and
et (z) — e1? (2)

—\/E(wz — o) (3.8)

aof(z) + L5 (f) =
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Next we consider three cases as follows.

Case 1: Suppose that LX(f) # 0 and L5(f) = 0, then, by (3.4) and (3.5), we can get a
simple formula as follows

8(z+jo)—g(z) g(z+jc)—g(z)
wy Vb Z a;el FHOTPE) ST /b Za]ep platie) g1

(ﬂowz\f — Va)e*® = (apw Vb — \/E)- (3.9)

Next we consider whether p(z 4 c¢) — p(z) is constant.

Subcase 1.1: p(z + ¢) — p(z) = 1, where 7 is a constant in C. Since p(z) is a polynomial
in C", then we have

p(z) = L1(z) + Hi(s) + By, (3.10)

where Li(z) = a11z1 + 1222 + - -+ + 21,2, and Hi(s) is a polynomial in s := dyz; +
dpzp + -+ + dyzy in C" with dicy +dyca + -+ +dycy, = 0 and Hi(s +¢) = Hi(s);
a1, ,01y,d1, -+ ,dy, By € C. Hence, we get p(z + jc) — p(z) = Li(jc) forall j € N. It
follows from (3.9) that

wz\/EZa ep Z+]C +17( ) Z+]E) (aewzf _ \/>) ZP

—wlebZa o llie) 15— + (apw1 Vb — /a). (3.11)

Subcase 1.1.1: Suppose that

w1 Vb Z ae L1l B + (aowle —Va) =0, (3.12)
then, by (3.11), we get
KL i) s s)
wVb Y aje 109" 4 (agwa Vb — v/a) = 0. (3.13)
j=1

If there existsi (i = 1,- - - , k), such that ¢(z + ic) — g(z) is a nonconstant, then g(z + jc) —
g(z) is a nonconstant for each j = 1,2, - - -, k, since a, b, a; are non-zero and w; # ws, by
applying Lemma 2.3 to (3.12) and (3.13) respectively, we get

Vva o a
wVb  wiVb

ag = and a;=0 forall j=12,---,k



62 L. Yang, L. Chen and S. Zhang / Anal. Theory Appl., 41 (2025), pp. 52-79

this is a contradiction to our assumption that w; # w». Hence, thereexistsi (i =1,--- k),
such that g(z + ic) — g(z) is a constant, then g(z) is a polynomial.
Thus, it follows that g(z) = La(z) + Ha(s) + By, where Ly(z) = ap1z1 +axnzy + -+ +
a2z, and Hy(s) is a polynomial in s := dyz1 + dpzo + - - - + dyz, in C" with dycy + daco +
-~ +ducy, = 0and Hy(s+c¢) = Ha(s); a1, -+ ,a0u,d1,- -+ ,dn, B2 € C, p(z) and g(z)
satisfy the following relationship

k ,
) Lalie)
wivb ) a]-e_Ll(]C)eL22] + (agw1Vb — \/a) =0,
=

k .
. (jo)
wzx/EZa]-eLl (]C)eLZZJ + (aowz\f —a) =0.
=1

Subcase 1.1.2: Assume that
wl\/EZa o La(je) o #EHGE + (apw1Vb — /a) #0

Then, it follows from (3.11) that

(a}l\/EZae 1(je) 1T (aowﬂfb—\f)) e 2

ZCUQ\/EEE!]‘ELl(jC) ZﬂC) = (aowzf—f) (3.14)
j=1

If p(z) is a nonconstant polynomial, from (3.14) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L (jc) = 0. It follows from (3.14) that

( (Ul \[a] wzxfa]) Zﬂf -
+ (67 p(z (llowl\/> - ﬁ) - (ﬂowz\/>_ ﬁ)) =0, (] =1, ,k), (3-15)

if there existsi (i = 1,- - - , k), such that g(z + ic) — g(z) is a nonconstant, then g(z + jc) —
¢(z) is a nonconstant for each j = 1,2, - - - , k, by applying Lemma 2.3 to (3.15), we have

(Z)(U]\/Ea]_wZ\/EQJIOI (]:1, ’k)’

and
(201 VD — v/a)e 23 = apwa Vb — /a,
since a, b, aj (j = 1,---,k) are non-zero, w1 # ws, then from the first equation above,

we have (e_QF7 @)y — wy) = 0, substitute it into the second equation above, we obtain
p(z) = 0. Now, we substitute p(z) = 0 into (e*ZP(Z)an —wy) = 0, we have w; = wy,
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this is a contradiction. Hence, there exists i (i = 1,--- , k), such that g(z +ic) — g(z) isa
constant, then g(z) is a polynomial.

Subcase 1.2: Let p(z + ¢) — p(z) is nonconstant. Hence, we can easily get p(z + jc) — p(z)
is nonconstant for each j = 1,2, - - - , k. By applying Lemma 2.3 to (3.9), we discover that

Vi__ \a
w2\/E wl\/E

This is a contradiction to our assumption that w; # wy.

Case 2: If L}(f) = 0 and L5(f) # 0. Differentiating (3.7) A-th times partially with respect
Z;, we can obtain

ay = and 4;=0 forall j=1,2--- k.

M f(z)  wohi(z)en®) — wihy(z)e)
oz} Va(ws — wr) '

A A

= (M) sy (V20 ),
A

hy (z) = <aqazZ(ZZ)) +H2A< g;(\ )/ /Bzgzz(lz))/

Hy, is partial differential polynomials of g1 (z) of degree less than A, A = 1,2,---,s, and
similar definition for H,,. By (3.7), (3.8) and (3.16), we can get a simple formula as follows

(3.16)

where

(3.17)

wVb Z bhi( z—i—md)e”’l(”m‘i) 20 — 1Vb Z bha(z +md)e‘72(z+md) 92(z)

(aowzf — Va)eh &)1 = (g0 Vb —ﬁ» (3.18)

Next we consider whether p(z + ¢) — p(z) is constant.

Subcase 2.1: p(z + ¢) — p(z) = 5, where 7 is a constant in C. Since p(z) is a polynomial
in C", then we have

p(z) = Li(z) + Hi(s) + By,

where L1(z), H1(s), By are defined in Subcase 1.1. Thus, we get p(z + md) — p(z) =
Li(md) for all m € IN. It follows from (3.18) that

(z+md)

wVb Z bl (z + md)e? G +p(E)

m=1

=wVb Z buhy (z + md)e 11 (md)e*

m=1

(aowzf— f) 2p(z

(z+md)

Elo(dl\/g - f) (319)
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Subcase 2.1.1: If

w1 Vb Z buhy(z + md)e Ly (md) , FEE

m=1

+ (apw1Vb — v/a) =0, (3.20)

then, from (3.19), we get

(z+md)

woVb Z byhi (z + md)el1 (D) + (agwy Vb — \/a) = 0. (3.21)

If thereexistsi (i = 1,- - - ,s), such that g(z 4 id) — g(z) is a nonconstant, then g(z + md) —
g(z) is anonconstant foreachm = 1,2, - - , s, since a, b, by, are non-zero and w; # wy, by
applying Lemma 2.3 to (3.20) and (3.21) respectively, we get

va Va
ag = = , buyhi(z+md) =0, buhy(z+md)=0 forall m=1,2,---,s,
this is a contradiction to our assumption that w; # w,. Hence, thereexistsi (i =1, - - ,s),
such that g(z +id) — g(z) is a constant, then g(z) is a polynomial.
Thus, it follows that g(z) = Ly(z) + Hz(s) 4+ By, where Ly(z), Ha(s), By are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship
Ly (md)

wlx/E Z bmhz(z + md)e‘Ll(’”d)e 2+ (aowlx/g - \/E) =0,

_1

an\/E Z b h1 Z+7’I’ld) Ll(md)

(

+ (@pw2 Vb — /a) = 0.

Subcase 2.1.2: If

s z+m
VD Y buha(z + md)e DS L (a0 Vb — \a) £

m=1

Then, it follows from (3.19) that

(,Uz\/g E b hl z+md) Ly (md) % (aowz\[— \[)
m=1
s +m
= (a)l\/g Z bmh2(2+md)e_L1(md) sl (aowle f)) p(), (3.22)
m=1

If p(z) is a nonconstant polynomial, from (3.22) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then Ly (md) = 0, h1(z) = ha(z). It follows from (3.22) that

g(z+md)—g(z)

<e*2P(z)w1 \/Ebth(z +md) — woV byl (z+ md)) e 2
+ (6_2p(z)(a0wl\[_ Va) — (agwrVb — ﬁ)) =0, (m=1,---,s), (3.23)
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if there exists i (i = 1,---,s), such that g(z + zd) g(z) is a nonconstant, then g(z +
md) — g(z) is a nonconstant for eachm =1,2,---,s, by applying Lemma 2.3 to (3.23), we
have

e & w1V bbuwha (z + md) — woVbbyhy (z +md) =0, (m=1,---,s),

and

(ﬂ0w1\[ \[) - a0w2f - \/7

sincea, b, by, (m =1,---,s) are non-zero, wy; # wy, then from the first equation above,
we have (e*2p(z)w1 — wy) = 0, substitute it into the second equation above, we obtain
p(z) = 0. Now, we substitute p(z) = 0 into (e 2@ w; — wy) = 0, we have w; = wy,
this is a contradiction. Hence, there exists i (i = 1, - ) such that g(z +id) — g(z) isa
constant, then g(z) is a polynomial.

Subcase 2.2: Assume that p(z + ¢) — p(z) is nonconstant, then by similar arguments of
Subcase 1.2, we can also get a contradiction.

Case 3: Suppose that LX(f) # 0and L5(f) # 0 and ¢ = d € C", then, by (3.4), (3.5) and
(3.16), we can get a simple formula as follows

g(z+jc)—g(z) glztjc)—g(2)
wyVb 2 a;eP PR Vb Za]ep plztijo) o=

+CU2\/B Z b, Z+mc)ep(z+mc)+p( 2), M
m=1
8lztme)—g(z)

_wl\/g Z b hZ Z+mc)ep( ) p(z+mc)ec 2
=1

<aow2xf — Va)e?®) = (agw Vb — Va). (3.24)

Next we consider whether p(z 4 c¢) — p(z) is constant.

Subcase 3.1: p(z + ¢) — p(z) = 1, where 7 is a constant in C. Since p(z) is a polynomial
in C", then we have

p(z) = Li(z) + H1(s) + By,

where L1(z), Hi(s), By are defined in Subcase 1.1. Thus, we get

p(z+jo) = p(z) = Li(je),  p(z+mc) —p(z) = Li(me)
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for all j,m € IN. It follows from (3.24) that

k
wZ\/EZajep(ZHCHP(Z) SR L oV Z buhy (z + mc)eP FHme)+p(), st
~

m=1

+ (apwy Vb — \/a)e??)

k ' . s z+mc)—g(z
:wlx/gzaje_h(]c)eg( jo)=g(2) n wl\/g 2 bha(z + mc)e—Ll(mc)ew
=1 m=1
+ (aowle - \/&) (3.25)

Subcase 3.1.1: If

g(z c (z4mc)—g(z)
w1\/52ae op = +w1\/52b hy(z 4+ mc)e™ L (me) S5

(aowle —Va) =0, (3.26)

then, it follows from (3.25) that

k i glz+mc z
wz\@zafeh(]c)eg( S5 L Vb Z bty (2 + mc) el (1) 2555

m=1

+ (agwaVb — /a) = 0. (3.27)

If there exists i (i € IN), such that g(z + ic) — g(z) is nonconstant, then g(z + jc) — g(z)
and g(z + mc) — g(z) are nonconstant for each j,m € N, since 4, b are non-zero and at
least one of a; or by, are non-zero, w; # wy, by applying Lemma 2.3 to (3.26) and (3.27)
respectively, we get

Va__ \a
wzﬁ B w1\/5’

forallj=1,2,--- ,k,m=1,2,---,s, this is a contradiction to our assumption that w; #
wy. Hence, there exists i (i € IN), such that g(z + ic) — g(z) is a constant, then g(z) is a
polynomial.

Thus, it follows that g(z) = Lp(z) + Ha(s) + By, where Ly(z), Ha(s), By are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

ag = aj=0, buhi(z+mc) =0, byuha(z+mc)=0

wl\/gza e 100 | ) Vb Z buha(z + me)e L1 m)e" 2 + (agw Vb — v/a) =0,

m=1

Ly (me

b Z bl (z 4+ me)el1 ") e ™2 4 (agwy Vb — v/a) = 0.

m=1

wz\/g Z a]-eLl(
j=1
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Subcase 3.1.2: If

k . s
Cp i g —s) _ glztmo)—g(2)
cul\/EE aje LG9e™ 27" 4+ Vb ) buha(z + mc)e Ly (me) ==
=1 -

m=1

+ (aowlf— \/E) 7& 0.

Then, it follows from (3.25) that

m=1

k ] s
wa Vb Y ajel (0)e81(2) 1 /b Y buhi(z + mc)et (1) p22(2) 1 (agwr Vb — v/a)
=1

k ) s
=1

m=1

+ (aw1 Vb — \/E))e-%’@, (3.28)

where

g1(z) = 8C +1'62) —8()  nd ga(z) = S mg) —8(2)

If p(z) is a nonconstant polynomial, from (3.28) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then Lq (mc) = L1(jc) = 0, h1(z) = ha(2).
When k = s, it follows from (3.28) that

z+je)=8(2)

<e*2P(2)w1 Vbaj — wyVbaj + e @ w Vb (z + jo) — waVbbjhy (z + jc)) e
+ (6_2”(2)(00601\[— Va) = (agwr Vb — \/ﬁ)> =0, (G=1---,k), (3.29)

if there existsi (i = 1,- - - , k), such that g(z + ic) — g(z) is a nonconstant, then g(z + jc) —
g(z) is anonconstant for each j = 1,2, - - - , k, by applying Lemma 2.3 to (3.29), we have

e 2Py \/Baj — wzx/gaj + e’2p(z)a)1\/5bjh2(z + jc)
—wVbbihi(z +jc) =0, (j=1,---,k), (3.30)
and
(a0w1 Vb — v/a)e 2P = agwy Vb — Va, (3.31)
(3.30) can be written as
e 2D w vVbla; + bjha(z + je)] = woVbaj + bihi (z +jc)], (=1, k),

since a,b are non-zero and at least one of 4; or by, are non-zero, w; # wy, we have
(e=2@w; — w,) = 0, substitute it into (3.31), we obtain p(z) = 0. Now, we substitute
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p(z) = Ointo (e~ %" @)y — wy) = 0, we have w; = wy, this is a contradiction. Hence, there
existsi (i =1,---,k), such that ¢(z + ic) — g(z) is a constant, then g(z) is a polynomial.
When k # s, thenk > sork < s.
When k > s, it follows from (3.28) that

<32P(2)w1\/5 Y a;—wrVb Y aj+ e "D wiVb Y biha(z + jc)
j=1 j=1 j=1

j=s+1 j=s+1

- jo)=g(z k k z+jc)—g(z
~w2Vb Ebjhl(Z+jc)> i (e_ZP(Z)an\/E Y a—wnb Y a]->  SEY=s)
i=1

if there existsi (i = 1,- - - , k), such that g(z + ic) — g(z) is a nonconstant, then g(z + jc) —
¢(z) is a nonconstant for each j = 1,2, - - - , k, by applying Lemma 2.3 to (3.32), we have

e’zf’(z)wlx/gaj — wzx/gaj + ey, \/Ebjhz(z + jo)

—wpVbbil(z+jc) =0, (j=1,--,s), (3.33)

and
e_zf’(z)wlx/gaj - wzx/gu]- =0, (j=s+1,---,k), (3.34)

and
(agwr Vb — v/a)e 2P = agwrVb — /a, (3.35)

(3.33) can be written as
e_2p(z)w1\/5[a/ + bjhg(Z +jC)] = CUZ\/I;[Q]' -+ b]‘hl (Z +jC)], (] =1,--- ,S), (3.36)

since a, b are non-zero and at least one of a; or b, are non-zero, wi # wy, from (3.34)
and (3.36), we all have (e~2” @)y — wy) = 0, substitute it into (3.35), we obtain p(z) = 0.
Now, we substitute p(z) = 0 into (e 2P®)w; — w;) = 0, we have w; = wy, this is a
contradiction. Hence, there existsi (i = 1, - - , k), such that g(z + ic) — g(z) is a constant,
then g(z) is a polynomial. Similarly, when k < s, we can also get a contradiction.
Subcase 3.2: Suppose that p(z + ¢) — p(z) is nonconstant. Hence, we can easily get p(z +
jc) — p(z) is nonconstant for each j = 1,2, - - -,k and p(z + mc) — p(z) is nonconstant for
eachm =1,2,---,s. By applying Lemma 2.3 to (3.24), we discover that

VA a
° wzx/E w1\/5’
and a;=0 forall j=1,2--- ,k

buhi(z+mc) =0, byha(z+mc) =0

This is a contradiction to our assumption that w; # w». This completes the proof of
Theorem 1.5. [
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4 Further discussion

In particular, if w = 0, then the difference Eq. (1.6) in C" can be rewritten as

af*(z) + baof (z) + LY5*(f(2)))* = es©. (4.1)
We discuss the finite order solutions of (4.1) in the following result.

Theorem 4.1. Let ¢ = (¢q,¢2,- -+ ,¢n), d = (dy,da, - -+ ,dy) be two nonzero constants in C",
where n are positive integer, 1 < i < mnanda,b € C\ {0}. If Eq. (4.1) admits a transcendental
entire solution f : C"* — PY(C) of finite order, then we have one of the following asserts:

e8(2)/24p(2) 4 p8(2)/2=p(2)
2\/a ’

p(z) must be a polynomial of the form p(z) = Lq(z) + Hi(s) + By, where L1(z) = a11z1 +
a1222 + - - - + a1z, and Hy(s) are polynomial in s = dyzq + dozp + - - - + dyz, in C" with
dicy +docy + -+ - +dyc, = 0 with Hl(S + C) = H1(S),' aiy, -+ ,a1,,d1, -+ ,dy., B € C,
Q(z) must be a polynomial of the form g(z) = Lp(z) + Ha(s) + By, where Ly(z) = axnzi +
Az + -+ - + Aopzy and Hy(s) is a polynomial in s := dyzq + dpzo + - - - + dyzy in C" with
dicy +dyca+ - - +dycy = 0and Hy(s+¢) = Ha(s); a1, - -+ ,a0n,d1,- -+ ,dn, B2 € C, p(z)
and g(z) satisfy the following relationships:

(i) IfL5(f) # 0 and L5(f) = 0, then

flz) =

)

+ (iagVb + v/a) =0,

VB S aelE) g2
i bEa]’e e 2
]:

k . jc
ivb ZajeLl(]C)eLzéj) + (iagV'b — +/a) = 0.
j=1

(ii) If LX(f) = 0and L5(f) # O, then
ivVb Y buha(z+ md)e’Ll(md)eM + (iagVb + /a) =0,
m=1
Lo (md
2

S
iVb ) byhi(z+ md)eLl(’””l)eg + (iagVb — \/a) =0,
m=1

where

aZi

A
i) = (M) o (T2, ),

h(z) = <8q1(z))A + Hi) <aAq12(‘z)" " raql(?)> ,
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Ha, is partial differential polynomials of q1(z) of degree less than A, A = 1,2--- s, and

similar definition for Hp).

(iii) If LX(f) # 0and L3(f) # 0, c = d, then
5 mc
b Y buha(z+ md)e " (me) g 25" + (iagVb + v/a) = 0,

i bZae
m=1
i bZae 170 +1\/52b hy(z 4+ md)e Li(me) 23" + (iagV'b — V/a) =0,

m=1

where hy(z), hy(z) are defined in (ii).

Remark 4.1. It is easy to find out that Theorem 4.1 becomes Theorem 1.4 in C> When
a="b=1and g(z) = 0in Eq. (4.1). So that means Eq. (1.6) generalizes Eq. (1.4).

Proof of Theorem 4.1. Let f is a finite order transcendental entire solution of Eq. (4.1). First
we write (4.1) as following

Jaf(z) +ixf(uof( z) + L"?(f))] [\/Ef(z) _ VhfE@ +BE]
8(z) 8(z) -

8() 8(z)
e 2 e 2

Since f is a finite order transcendental entire function and g is a polynomial. Then, it
follows from Lemmas 2.1 and 2.2 that there exists a polynomial p(z) in C" such that

Vafz) | Vaf@+LER)

Tt e =eF, (4.2a)
e 2 eT
af(z \[(QOf(Z) + Lk+s(f)) _
\[5;) ) e =eF (4.2b)
e 2 e 2
Thus, by (4.2), we obtain that
eP(Z) + efp(z) g(z)
f(z) = Té’ 2 (4.3)
and
p(z) _ o= p(2)
a LA (f) = "7 44
of (z) + L15°(f) YN (4.4)
For convenience, suppose that
z z
0@ =2 1 pe) and g() = ). @5)
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Thus, Egs. (4.3) and (4.4) can be written as

et (z) -+ 35/2(2)

fla) ==

(4.6)

and
el () — ez (z)

wf (&) + L5 () =

(4.7)

Next we consider three cases as follows.

Case 1: Suppose that LX(f) # 0and L5(f) = 0, then, by (4.3) and (4.4), we can get a
simple formula as follows

ivb Za eP(zHje)+p(z ) ZH + l\/EZa eP(2)—p(z+jo) , %ﬂ(ﬂ
j=1

+ (iagV'b — /a)e*®) = (—lﬂo\[— Va). (4.8)

Next we consider whether p(z + ¢) — p(z) is constant.

Subcase 1.1: p(z +¢) — p(z) = 5, where 7 is a constant in C. Since p(z) is a polynomial
in C", then we have

p(z) = L1(z) + Hi(s) + By, (4.9)

where Li(z) = ap1z1 + a12z2 + - - - + 41,2, and Hi(s) is a polynomial in s := dqiz1 +
dozp + -+ 4+ dyzy in C" with dicy +doca + -+ +dycy, = 0 and Hi(s +c¢) = Hi(s);
a1y, - ,A1,,d1,- -+ ,dy, By € C. Hence, we get p(z + jc) — p(z) = Li(jc) forall j € N. It
follows from (4.8) that

k
iVD Y ajebFHOp() ot S L (agv/b — v/a)e

=i

_ bZae 1005555 4 (iaov/b — Va). (4.10)

Subcase 1.1.1: Suppose that

—iv'h Za o100 (—iagV'b —+/a) =0, (4.11)
then, by (4.10), we get
k . z
ivhy. ajeLl(]C)eQ( = + (iagV'b — +/a) = 0. (4.12)
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If there exists i (i = 1,---,k), such that g(z + ic) — g(z) is a nonconstant, then
g(z+ jc) — g(z) is a nonconstant for each j = 1,2, - - - , k, since a, b, a; are non-zero, by ap-
plying Lemma 2.3 to (4.11) and (4.12) respectively, we get iagv/b + /a = iagv/b — /a =0
and a; = O forall j=1,2,---,k, this is a contradiction to our assumption that a # 0.
Hence, there exists i (i = 1, -+ , k), such that ¢(z + ic) — g(z) is a constant, then g(z) is a
polynomial.
Thus, it follows that g(z) = La(z) + Ha(s) + By, where Ly(z) = ax1z1 + apzo + -+ +
a2,z and Hy(s) is a polynomial in s := dqz1 + dpzo + - - - + dyz, in C" with dycy + daco +
-+ +dyc, = 0and Ha(s +¢) = Ha(s); ax1,- -+ ,a20,d1,- -+ ,dn, By € C, p(z) and g(z)
satisfy the following relationship

i bZae’Ll]c + (iagV'b 4+ +/a) =0,
i bZae 109)e™2~ 4 (iagV/b — v/a) = 0.
Subcase 1.1.2: Assume that
—ivb Za o100 + (—iagVb — \/a) #

Then, it follows from (4.10) that

(—z bZae (je) W—F(—iao\f—ﬁ)) e %)

= bzajeLl(fc>eg(”@’g‘”+(ia0\f ~Va). (4.13)
=1

If p(z) is a nonconstant polynomial, from (4.13) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then L1 (jc) = 0. It follows from (4.13) that

(—ie \fa]—zxfa]) ZHCZ =
+ (e- PE) (—iagV'b — v/a) — (iagV/b — \/E)) =0, (j=1,---,k), (4.14)

if thereexistsi (i = 1,- - - , k), such that g(z + ic) — g(z) is a nonconstant, then g(z + jc) —
g(z) is a nonconstant for each j = 1,2, - - - , k, by applying Lemma 2.3 to (4.14), we have

(Z)\/Eaj — 1\/5(1] =0, (] =1, 'k)'

and

2() (—iagy/b — /a) = iagV'b — /4,
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since 4, b, a;, (j = 1,---,k) are non-zero, then from the first equation above, we have
(e=2F (z) 4 1) = 0, substitute it into the second equation above, we obtain (e72P (z) — 1) =0,
this is a contradiction. Hence, there exists i (i = 1,-- - , k), such that g(z +ic) — g(z) is a
constant, then g(z) is a polynomial.

Subcase 1.2: Let p(z + ¢) — p(z) is nonconstant. Hence, we can easily get p(z + jc) — p(z)
is nonconstant for each j = 1,2, - - - , k. By applying Lemma 2.3 to (4.8), we discover that

iao\/E—}—\/E:iao\[—\/Et:O and 4;=0 forall j=1,2,---,k

This is a contradiction to our assumption that a # 0.

Case 2: If L¥(f) = 0 and L5(f) # 0. Differentiating (4.6) A-th times partially with respect
z;, We can obtain

Nf(z)  hi(z)en) + hy(z)en)
oz} 2.\/a ’

A
I (z) = <aqu(f)> + Hiy (aAg;§Z),. y ,a‘gz(iz)>,

_ (()\* 9'q2(2) 9q2(2)
hz (Z) - ( azi + HZ)\ aZZ)L s 7 aZi ’
Hi, is partial differential polynomials of g;(z) of degree less than A, A = 1,2--- s, and
similar definition for Hy,. By (4.6), (4.7) and (4.15), we can get a simple formula as follows

(4.15)

where

(4.16)

ivh Z byl (z 4 md) e EHmd)=0() 4 j\/p Z buho (z 4 md)eT (@ Hmd)=0:(z)

(zaof— Va)eh® = (—zaoxf— \f) (4.17)

Next we consider whether p(z + ¢) — p(z) is constant.

Subcase 2.1: p(z + ¢) — p(z) = 1, where 7 is a constant in C. Since p(z) is a polynomial
in C", then we have
p(z) = L1(z) + Hi(s) + By,

where Li(z), Hi(s), By are defined in Subcase 1.1. Thus, we get p(z + md) — p(z) =
Li(md) for all m € IN. It follows from (4.17) that

(z+md

ivh Z byhi (z + md)el Hma)+p() %

m=1

= VB Y buha(z + md)e MDD (o a). (4.18)

m=1

+ (iagV'b — \/a)e??
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Subcase 2.1.1: If

—ivh Y buhy(z + md)e DS L (Ligo /b — /) = 0, (4.19)

m=1
then, from (4.18), we get

ivb Z buhi(z + md)e L (md) o 55

m=1

+ (iagVb — \/a) = 0. (4.20)

If thereexistsi (i = 1,-- - ,s), such that g(z + id) — g(z) is a nonconstant, then g(z + md) —
g(z) is a nonconstant for each m = 1,2,---,s, since a,b, b,, are non-zero, by applying
Lemma 2.3 to (4.19) and (4.20) respectively, we get iagv/'b + /a = iag\Vb — \/a = 0,
buhi(z +md) =0, byha(z+md) =0 forallm =1,2,---,s, this is a contradiction to our
assumption that a # 0. Hence, there existsi (i =1,--- ,s), such that g(z +id) — g(z) isa
constant, then g(z) is a polynomial.

Thus, it follows that g(z) = Ly(z) + Ha(s) + By, where Ly(z), Ha(s), By are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

iVb Y byuha(z+ md)e’Ll(md)eM + (iagVb 4 Va) =0,

mfl

i be hi(z+ md)e Li(md) o 25 + (iagVb — \/a) = 0.

m=1

Subcase 2.1.2: If

~iVb Y byhy(z + md)el1(md)e st + (—iagV'b — /a) #

m=1

Then, it follows from (4.18) that

(z+md

ivb Z byhi(z + md)elr(md)e* + (iagV'b — \/a)

= (—z b Z bho(z + md)e — Ly (md) £

m=1

(—moxf—\/)> “2G) 0 (4.21)

If p(z) is a nonconstant polynomial, from (4.21) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then Lq (md) = 0, h1(z) = ha(z). It follows from (4.21) that

g(z4md)—=g(2)

(—ie’zf’(z) \/Ebth(z +md) — iVbbyhy (z+ md)) e- 2
+ (e—2P<Z>(—iaof— Va) — (iagv/b — \/a)) =0, (m=1,---,s), (4.22)
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if there exists i (i = 1,---,s), such that g(z + zd) g(z) is a nonconstant, then g(z +
md) — g(z) is a nonconstant for eachm =1,2,---,s, by applying Lemma 2.3 to (4.22), we
have

—ie" 2P/ bbyhy (z 4+ md) — iVbbyhy(z4+md) =0, (m=1,---,s),

and

e~ (—iagVb — \/a) = iagV'b — /a,

since a, b, by, (m = 1,---,s) are non-zero, then from the first equation above, we have
(e=2P(2) 4-1) = 0, substitute it into the second equation above, we obtain (e=2"(2) —1) =0,
this is a contradiction. Hence, there exists i (i = 1,-- - ,s), such that g(z + id) — g(z) isa
constant, then g(z) is a polynomial.

Subcase 2.2: Assume that p(z + ¢) — p(z) is nonconstant, then by similar arguments of
Subcase 1.2, we can also get a contradiction.

Case 3: Suppose that LX(f) # 0 and L5(f) # 0 and ¢ = d € C", then, by (4.3), (4.4) and
(4.15), we can get a simple formula as follows

Z b Zﬂ ep Z+]C)+P( ) sz /C + 1\/5261 ep z+]c) M
j=1

+ivb Z byuhi (z + mc)ePEHme)Tp()

m=1

(z+mc) 8(z)

+ivh Z buha(z + mc)ep(z)*P(Zerc)eg(Zer;w
m=1

+ (iagV'b — \/2)e?®) = (—iag\V/'b — \/a). (4.23)

Next we consider whether p(z + ¢) — p(z) is constant.

Subcase 3.1: p(z +¢) — p(z) = 1, where 7 is a constant in C. Since p(z) is a polynomial
in C", then we have
p(z) = Li(z) + Hi(s) + By,

where Li(z), Hi(s), B are defined in Subcase 1.1. Thus, we get p(z + jc) — p(z) = L1 (jc),
p(z 4+ mc) — p(z) = Ly(mc) for all j,m € N. It follows from (4.23) that

k
VB Y el O L Y by (-4 meel (e
j=1 m=1
(zao\[ — Va)e
g(z4mec)—g(z)

8(z+jc)—g(z)
2

—1 be hy(z + me)e 11 (me) g™

=—iVvb Za e L1(jo)e
(—zaof —Va). (4.24)
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Subcase 3.1.1: If

8(z4+mc)—g(z)

S
—ivb Za el g Y buha(z + mc)eT1(me) ==

m=1
+ ( —moxf —a) =0, (4.25)

then, it follows from (4.24) that

k

' . et s(zme)—g(2)

iV aelilic)e® S iV 2 Byl (2 + mc) el () 255
=1 ~1

+ (iagV'b — /a) = 0. (4.26)

If there exists i (i € IN), such that g(z + ic) — g(z) is nonconstant, then g(z + jc) — g(z)
and g(z + mc) — g(z) are nonconstant for each j,m € N, since 4, b are non-zero and at
least one of a; or by, are non-zero, by applying Lemma 2.3 to (4.25) and (4.26) respectively,
we get iagv/b + v/a = iagpv/'b — /a = 0, a; = 0, byh1(z +mc) = 0, byho(z + mc) = 0 for
allj=1,2,--- kK, m=1,2,---,s, this is a contradiction to our assumption that 2 # 0.
Hence, there exists i (i € IN), such that g(z + ic) — g(z) is a constant, then g(z) is a
polynomial.

Thus, it follows that g(z) = Ly(z) 4+ Ha(s) + By, where Ly(z), Ha(s), B, are defined in
Subcase 1.1.1, p(z) and g(z) satisfy the following relationship

i bZa]

VB Y bula(z + me)e 195 4 (iag /b + Va) =0,

m=1

i bZae 10je) ¢ 24 +1\fb2b hy(z + mc)e Li(me) o 25 + (iagV'b — \/a) = 0.
j=1

=1

Subcase 3.1.2: If

g(z4+me)—g(z)

(EEIEE 3
—ivVb Za e N[ Y buha(z + mc)e 1)
m=1

(— 1ap \[ - \/a )
then, it follows from (4.24) that

i bZae 170 p81(2) 1 i/ Z buhi (z + mc)el1 (") e82G) 4 (iagv/b — \/a)

j=1

= (—z bZa e L100)es81(2) _ i/ Z bmhz(z—kmc)e_L](’"c)egZ(z)
m=1

@mf—fﬁﬂp (4.27)
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where

gl(z):g(2+jc2)—8(2) and gz(z):g(z—f-m;)—g(z)‘

If p(z) is a nonconstant polynomial, from (4.27) and Lemma 2.3, this is a contradiction.
If p(z) is a constant, then Ly (mc) = L1(jc) = 0, h1(z) = ha(2).
When k = s, it follows from (4.27) that

g(z+je)=g(2)

(_efzmz)i\/gaj —iVba; — e P@iVbbihy (z + jc) — iv/bbjhy (z + jc)) e 2
+ (72 (—iagv/b — v/a) — (ia0Vb — Va)) =0, (j=1,++ k), (4.28)

if there existsi (i = 1,-- - , k), such that g(z + ic) — g(z) is a nonconstant, then g(z + jc) —
¢(z) is a nonconstant for each j = 1,2, - - - , k, by applying Lemma 2.3 to (4.28)

— e 2@ivba; — ivba; — e iVbbihy (z + je)
—iVbbihi(z +jc) =0, (j=1,---,k), (4.29)
and
e~ 2P (—iagV/b — \/a) = iagV'b — /3, (4.30)
(4.29) can be written as
—e 2@iv/bla; + bjhy(z + jc)] = iVbla; + bl (z + jo)], (j=1,---,k),

since a, b are non-zero and at least one of 4; of by, are non-zero, then we have (e=2F @) 4+
1) = 0, substitute it into (4.30), we obtain (e~2P(2) — 1) = 0, this is a contradiction. Hence,
there existsi (i =1,- - - , k), such that ¢(z + ic) — g(z) is a constant, then g(z) is a polyno-
mial.

When k # s, thenk > sor k < s.

When k > s, it follows from (4.27) that

S S S
<—e_27"(z)i bZa]- —1i bZa]- — ¢ 2P(2); bejhz(z+jc)
j=1 j=1 j=1

e ) stio-s@) () k . K 8(eio)—g(2)
—ivVb) bihi(z+jc) | e 2 4 —ie ¥ Vb Y ai—ivb ) aj|e >

j=1 j=s+1 j=s+1
+ (e (—iagVb — Va) — (iagVb — Va)) =0, (4.31)

if there exists i (i = 1,- - - , k), such that g(z + ic) — ¢(z) is a nonconstant, then g¢(z + jc) —
g(z) is a nonconstant for each j = 1,2, - - - , k, by applying Lemma 2.3 to (4.33), we have

— e @ivba; — ivba; — e Piv/bbihy (z + je)
—iVbbih(z+jc) =0, (j=1,---,5), (4.32)
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and
—ie @ V/ba; —ivVba;j =0, (j=s+1,---,k), (4.33)
and
e 2P (—iagV/b — \/a) = iagV'b — /a, (4.34)
(4.32) can be written as
—e 2@ivbla; + bjhy(z + jc)] = iVbla; + bl (z +jo)], (j=1,---,5), (4.35)

since a, b are non-zero and at least one of 4; of by, are non-zero, then from (4.33) and (4.35),
we all have (e~2P(3) 1) = 0, substitute it into (4.34), we obtain (e~2"() —1) = 0, thisis a
contradiction. Hence, there existsi (i =1, - - - , k), such that g(z + ic) — g(z) is a constant,
then g(z) is a polynomial.
Similarly, when k < s, we can get a contradiction.

Subcase 3.2: Suppose that p(z + c¢) — p(z) is nonconstant. Hence, we can easily get p(z +
jc) — p(z) is nonconstant for each j = 1,2, - - - ,k and p(z + mc) — p(z) is nonconstant for
eachj=1,2,---,s. By applying Lemma 2.3 to (4.23), we discover that

iagV'b + a = iag\Vb — /a = 0, buhi(z+mc) =0, byuyha(z+mc) =0
and 4;=0 forall j=1,2,--- k.

This is a contradiction to our assumption that a # 0. This completes the proof of Theorem
41. O
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