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Abstract. We study the character of Thurston’s circle packings with obtuse exterior
intersection angles, and we get some simple criteria for the existence of hyperbolic
circle packings. Moreover, the compactness theorem of combinatorial Ricci flows in
hyperbolic background geometry with the weight function ® € [0, ) is obtained.
As a consequence, We generalize G. Lin’s result [12] from acute exterior intersection
angles case to obtuse exterior intersection angles case.
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1 Introduction

Circle packings were first studied by P. Koebe [15] in the 1930s in the context of conformal
mapping, but the topic quickly dropped from sight. In the 1970s, W. Thurston [20] dis-
covered circle packings independently in the process of constructing certain hyperbolic
3-manifolds. In 1985, W. Thurston [21] recognized some special character of rigidity in
these circle configurations that was reminiscent of that shown by anlytic functions, so
he conjectured that people could use circle packings to approximate classical conformal
mapping. In 1987, R. Sullivan [18] proved Thurston’s conjecture.

In fact, in the 1970s, W. Thurston [20] observed a very deep connnection between
circle packings and hyperbolic polyhedra. Given a convex hyperbolic polyhedra in the
hyperbolic 3-space B, the boundaries of the oriented hyperbolic planes containing its
faces form a circle packing on the sphere dB®. This circle packings record all the informa-
tion of the original polyhedron.

W.Thurston’s hyperbolization theorem for 3-manifolds is an important discovery in
mathematics, it builds a connection between the geometry and topology of 3-manifolds
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and the algebra of discrete groups of Isom(H?). In 1970, E. Andreev [1,2] provided a com-
plete characterization of compact hyperbolic polyhedra with non-obtuse dihedral angles,
and this theorem is one of the three main tools in proving Thurston’s hyperbolization the-
orem for Haken 3-manifolds. Combining the work of P. Koebe [15], E. Andreev [1,2] and
W. Thurston [20], which is usually called the Koebe-Andreev-Thurston theorem, people
obtained a complete criterion for the existence of circle packings.

From Ge-Lin’s point of view [12], the criteria of Koebe-Andreev-Thurston theorem
are difficult to verify, so Ge-Lin introduced the character of circle packings, and they
obtained some simple criteria for the existence of circle packings for non-obtuse exterior
intersection angles.

In this paper, we study the character of Thurston’s circle packings with obtuse exterior
intersection angles ® € [0, 7r), and we also get some simple criteria for the existence of
hyperbolic circle packings.

Suppose X is a closed surface and 7 is a triangulation on X. Let V = {vy,--- ,v,} be
the set of vertices in 7, where n is the number of vertices. Let e;; be the edge joining v;
and v;, we denote the set of all edges and triangles in 7 by E and F. The weight function
on the triangulationis ® : E — [0, 77).

A circle packing P = {C, : v € V} on a surface is a collection of circles with a
particular combinatorial structure. Suppose X is equipped with a constant curvature
metric i, we say a circle packing P on (X, j) is called (T, ®)-type if there exists a geodesic
triangulation 7, on (X, i) isotopic to 7 such that the circle C, is centered at 7, (v) and
for any edge e € E, the two circles C,, C, which correspond to the vertices u, v of e
intersecting at an angle ®(e).

Given a weight function @ : E — [0, 7r), a natural question is:

Question 1.1. Does there exists a (7, ®)-type circle packing P on (X, i) whose exterior
intersection angle function is given by ®? If it does, to what extent is the circle packing
unique?

Suppose (X, T,®) is a triangulated closed surface with weight function ® : E —
[0, 7T), for any circle packings based on (X, 7, ®), in order to give some criteria for the ex-
istence of hyperbolic circle packings, Ge-Lin [12] introduced the character of the weighted
triangulation surfaces (X, 7, ®) as

L(T,®)=(L(T,P)1, -, L(T,P)u),

where L(T,®); is the character at each vertexi € V,

(1.1)

1 + cos ®;; + cos Dy; — cos D;
LT, @)= ), arccos( J ki ]k>
AijkeF 2,/1+ cos @jj+/1 + cos Py,

For a three-circle configuration, as shown in Fig. 1, Zhou [22] introduced the notation
Ai'k as
]

Aijk = cos ®jj + cos Dji cos Dy,



82 C. Liu / Anal. Theory Appl., 41 (2025), pp. 80-98

D, Vi
q)ki
Cji V; Vi Ck
d)jk

Figure 1: A three-circle configuration.

similarly, they denoted

Ajki = cos ®ji + cos Dy; cos Dy,
Akij = €08 Oy; + cos D;; cos Py

Now, we state our main results. We study the character of Thurston’s circle packing
when the weight function is ® : E — [0, 71), In this section, we always assume that
)\ijk/ )\jki/ /\ki]' > 0 for all Al]k e F.

Theorem 1.1. Let X be a closed surface. If X admits a triangulation T with degree d > 7 at
each vertex, assume that A, Ajxi, Awij > 0 for all Aijk € F, then for any given constant weight
®: E — [0, 1), there exists a unique complete hyperbolic metric y on X so that (X, ) supports
a (T, ®)-type circle packing P.

Theorem 1.1 is a simple criteria for the existence of hyperbolic circle packing. Since
Beardon-Stephenson [3] have pointed out that every circle packing P with all vertex de-
gree d < 6 can not be supported on any closed surface X of genus g > 2, and every circle
packing P with all vertex degree d > 7 can not be supported on the sphere or torus, so
the requirement d > 7 is sharp.

However, the condition that the weight function ® is a constant in Theorem 1.1 is a
little bit restrictive, and it can be released to some extent. In fact, we have the following
generalization.
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Theorem 1.2. Let X be a closed surface. If X admits a triangulation T with degree d > 7
at each vertex, assume that Ajjx, Ajxi, Avij > 0 for all Aijk € F, then for any weight ® €
larccos 77, arccos & C [0, 71/2], where 0 < & < 1 < 1, and for any ® € [arccos,arccos ] C
[7t/2,7T) where —1 < ¢ < 5 < 0, 5 and ¢ are arbitrary chosen so that 1 < (2cosz7” —
14 ¢)/(2—2cos 21), there exists a unique complete hyperbolic metric y on X, so that (X, )

supports a (T, ®)-type circle packing P.

For instance, if ® takes values in [0,0.337t] or in [0.47T, 71/2] respectively, they all sat-
isfy the assumption in Theorem 1.2.

Theorem 1.3. Given a weighted triangulated closed surface (X, T, ®) with the weight ® : E —
[0, 77), assume that Ak Ajkis Aij = 0 for all Aijk € F, consider the hyperbolic background
setting.

(a) If the character L(T,®); > 27 at all vertices, then x(X) < 0, and there exists a unique
hyperbolic circle packing -, based on (X, T, ®). Consequently, r,, determines a unique
complete hyperbolic metric y on X, such that (X, u) supports a geometric decomposition
isotopic to T, and each edge connecting two adjacent vertices is a hyperbolic geodesic.

(b) If the character L(T,®); < 27 at all vertices, then x(X) > 0. Consequently, there exists
no hyperbolic circle packings based on (X,T,®). In this case, any solution r(t) to flow
(2.1) satifies r(t) — 0 when t — oo.

Theorem 1.4. Given a weighted triangulated closed surface (X, T, ®) with the weight ® : E —
[0, 7T), assume that Ajjx, Ajxi, Akij > 0 for all Aijk € F,

(a) If the character L(T,®); > 27t at all vertices, then x(X) < 0 and there exists a unique
complete hyperbolic metric y on X, such that (X, p) supports a (T, ®)-type circle packing
P.

(b) On the other hand, if the character L(T,®); < 27t at all vertices, then x(X) > 0and there
exists no such (T, ®)-type circle packings.

In our paper, one of the main tools is the convergence of the solution to combinatorial
Ricci flow in hyperbolic background geometry. In Chow-Luo’s paper [6], they request
® € [0, r/2] and they get the convergence result of combinatorial Ricci flow in hyperbolic
background geometry, we generalize the condition to ® € [0, 71) and have the following
compactness theorem.

Lemma 1.1. Given a weighted triangulated closed surface (X, T,®) with ® : E — [0,7),
assume that Ajj, Ajxi, Akij > 0 for all Aijk € F. Suppose r(t) for t € [0, +oc0) is a solution to the
Ricci flow (2.1) in hyperbolic background geometry so that the set {r(t)|t € (0,+o0)} lies in a
compact region in RY,, then r(t) converges exponentially fast to a circle packing metric in RY,,
whose curvature at each vertex is zero.
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This paper is organized as follows. In Section 1, we introduce the background and
main results. In Section 2, we introduce some preliminaries. In Section 3, we introduce
the three-circle configuration and the character of circle packings. In Section 4, we intro-
duce some basic knowledge of combinatorial Ricci flow on surfacess. In Section 5, we
prove the main results.

2 Preliminaries

In our case, we consider the hyperbolic circle packings. Given a triangulated closed sur-
face (X, T, ®P) with weight ® : E — [0, 71), we assign each vertex v; a positive number 7;,
and realize each edge ¢;; by a hyperbolic segment of length

lij = cosh™! (coshr;coshr; + sinhr;sinhr; cos ®;;).

Hence, we can realize each triangle Aijk € F by a hyperbolic triangle of edge length [;;,
l ikr lki'

] The triangle is formed by the centers of three circles of radii r;, 7; and ry intersecting
at angles ®(e;j), ®(ejx) and ®(ey;), for the simplify of notation, we denote ®(e;;), D(ejx)
and ®(ex;) by ®jj, jx and Py;, respectively. The inner angle at v;, v; and vy in triangle
Aijk is 6;, 0 and 6y, respectively. This produces a hyperbolic cone metric on the surface X
with singularities at the vertices. We call these radii (11, - - - , 7,,) the circle-packing metrics
based on (7, ®).

Let a; be the cone angle at the vertex v;, where cone angle means the sum of all inner
angles having vertex v;. The discrete Gauss curvature K; at each vertex v; is defined to
be 27 — a;. Given a circle packing metric ¥ = (ry, - - - , 1), the corresponding curvature is
K= (Ky, -, Kp).

Consider the curvature map

K: rs K, reR,
(rll"' /ri’l) — (Kli"' /Kn>-

The Koebe-Andreev-Thurston theorem [17] says that the curvature map K : r — K is
injective and its image set K(R” ;) is a bounded convex polytope.

Let X be a closed surface with a triangulation 7 = (V, E, F), where V, E, F represents
the set of vertices, edges and triangles, respectively. Given a weight function ® : E —
[0, 1), suppose X is equipped with a constant curvature metric p.

In the non-obtuse intersection angle case, that is, for non-obtuse weight function
® : E — [0, 1/2], Thurston’s circle packing theorem [20] has answered the existence and
uniqueness question of (7, ®) — type circle packing on X. More precisely, W.Thurston
studyed the existence and rigidity of circle packing on higher genus surfaces with a pre-
scribed combinatorial type and non-obtuse exterior intersection angles.
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Theorem 2.1 (W. Thurston, [20]). Let T be a triangulation of a closed surface X of genus g > 0.
Let @ : E — [0, 7t/2] be a function satisfying the following conditions:

(C1) If ey, ez, e3 form a null-homotopic closed path in T, and 2?:1 D(e;) > m, then these edges
form the boundary of a triangle of T,

(C2) If ey, 2, e3, e4 form a null-homotopic closed path and 214:1 D(e) > 27, then ey, ez, €3, ey
form the boundary of the union of two adjacent triangles.

Then there exists a constant curvature metric y on X such that (X, u) supports a (T, D)-type
circle packing P. Moreover, the pair (P, ) is unique up to isometries if ¢ > 1 and up to similarity

ifg=1.

Thurston’s circle packing theorem gives a complete criterion for the existence of cir-
cle packings, but the condition (C1) and (C2) are difficult to verify for general weight
® € [0, 7r/2], since the angle structure ® and the combinatorial structure of 7 are glob-
ally intertwined together on X. Therefore, Ge-Lin [12] introduced the “character-type”
criteria which consider the degree of the triangulation, their degree conditions do not
respect the angle structure ®, and they obtained some quite simple criteria for the exis-
tence of hyperbolic circle packings. For example, they concluded that if a closed surface
X admits a circle packing with all vertex degree d; > 7, then it admits a unique complete
hyperbolic metric, such that the triangulation graph of the circle packings is isotopic to a
geometric decomposition of X.

For more related results on circle packing, we refer to the work of Colin de Verdiere [7],
Feng Luo [16], Marden-Rodin [17], Rodin-Sullivan [18], K. Stephenson [19] and others.
In this paper, we generalize Ge-Lin’s result to obtuse exterior intersection angles case.

In our proof, one of the main tools is the convergence of the solution to combina-
torial Ricci flow on surfaces in hyperbolic background geometry, and we establish the
compactness theorem of the solution to the flow.

Chow-Luo [6] introduced the following combinatorial Ricci flow on surfaces in hy-
perbolic background geometry

% = —K;sinhr;, (2.1)
where 7; is the circle packing metric and K; is the discrete Gauss curvature. The combina-
torial Ricci flow is the analogue of Hamilton’s smooth Ricci flow in the discrete setting.
The idea of combinatorial Ricci flow is similar to smooth Ricci flow, that is, to evolute the
metric with the rate which is proportional to the value of corresponding curvature, and
we want to see whether it will become constant everywhere.

As for the non-obtuse exterior intersection angle case, that is, when the weight func-
tion ® : E — [0, 7r/2], Chow-Luo [6] proved that the solution to combinatorial Ricci flow
on surfaces in hyperbolic background geometry converges if and only if there exists zero
curvature circle packing metrics.
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Figure 2: A tangential circle packing in hyperbolic background geometry [19, Fig. 1.6].

3 Three-circle configurations and the character of Thurston’s
circle packings

Since we want to generalize the weight function from acute exterior intersection angles

case to obtuse exterior intersection angle case, we first show some results of three-circle

configurations. The first lemma shows the existence and uniqueness of such a three-circle
configuration.

Lemma 3.1 (Z. Zhou, [22]). Suppose @;j, i, Oy; € [0, 71) satisfies
Djj + Pj + P < 7T
or
D+ Dip < 7T+ Dy, D+ Dy < T+ Dyj, Dy + Dy < 7T+ Dy

Then for any three positive numbers r;, tj, ry, there exists a configuration of three mutually inter-
secting circles in hyperbolic background geometry, unique up to isometry, having radii r;, r;, 1y
and meeting in exterior intersection angles ®;j, ®jx, Dy;.

In hyperbolic background geometry, for a given weight function ® € [0, ), in the
proof of the convergence of combinatorial Ricci flows, one of the key observation is the
following lemma. Recall that

A = cos @jj + cos Py cos Dy;.



C. Liu / Anal. Theory Appl., 41 (2025), pp. 80-98 87

Lemma 3.2 (Z. Zhou, [22]). Suppose @;;, ®j, Oy € [0,7) satisfying Ajjr > 0, Ay > 0,
)\kij > 0, then
0 36

d9; '
=— <0, sinhrj— = sinhr; =L >0,
81’]' i

8(91' + 9]' + Qk)
or; or — . <0

ai’i
When r; > 0, we have sinhr; > 0, hence g—f; > 0 for i # j, this property plays an

important role in our proof. But a natural question is: when can we achieve A;; > 0,
Ajki > 0and Ay;j > 0? The following lemma answers this question.

Lemma 3.3 (Z. Zhou, [22]). Given ®;;, ®jx, Py; € [0, 1), we have Ajjx > 0, Ajgi > 0, Agj; > 0
if and only if one of the following properties holds:

1. q)i]' + q)jk + &, < 7,
2. @i, ji, Dy are the angles of a spherical triangle with each side less than or equal to 7t/2.

In Ge-Lin's paper [12], they defined the character of the weighted triangulation (7, ®)
on X to be
L(T,®)=(L(T,®)1,--,L(T,®)),

where

1+ cos ®;; + cos Py; — cos P;
L(T,®)i= ). arccos( J i ]k>

(3.1)
NiKEF 2\/1—|—C08q>ij\/1—|—COSq>ki

and they use the character to give a new criteria of the existence of circle packings.

Since the combinatorial structure 7 and the angle structure & come from the circle
packings P on X, so the weighted triangulation (7, ®) records all the information of a
(T, ®)-type circle packings P. Hence, the character £L(7, ®);cy is indeed an invariant of
all (7, ®)-type circle packings P on a closed surface X.

Specially, Ge-Lin [12] proved that in Euclidean background geometry, for a given
weighted triangulated surface (X, 7, ®), if the circle packings metricr = (1,--- ,1), then
the character £(7,®); of each vertex i € V is exactly the cone angle at v;.

4 Combinatorial Ricci flows in hyperbolic background
geometry

In this section, we establish a compactness theorem for combinatorial Ricci flows on sur-
faces in hyperbolic background geometry, thus we can prove the main results in next
section.

Given a weighted triangulated closed surface (X, 7, ®) with ® : E — [0, 77), if all the
triangulations are isometric gluing by hyperbolic triangle, then we say that the triangu-
lations have hyperbolic background geometry.
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In this section, we always let s(r;(t)) = sinh(r;(f)). Recall that for each triangle Aijk €
F, 6;,0; and 6, are the inner angles at v;, v; and vy, respectively.
Chow-Luo [6] proved some symmetric properties of circle packings.

Lemma 4.1 (Chow-Luo, [6]). In hyperbolic background geometry H2, for all angles Djj, i,
&y € [0, ), if the triangle of radii r;, r; and ry intersecting at these angles exists, then we have

00; _00;
a—rjs(r]) = a—ris(rl).

Proposition 4.1. Suppose all the weight function ® are in |0, 7v). If the radii r; evolves in time t
according to the differential equation

dr;(t)
dt

= —Kis(ri(t)),

where K; is the discrete Gauss curvature at the vertex v;, then the evolution of the inner angle 6;
satisfies the following equation

do;/dt = —AZJ(K] — Kl‘) — Az‘k(Kk — Ki) + A/K;,

where A; and A, are positive valued elementary functions inr;, rjand ry, for r # s. Furthermore,
Aps = Agy.

Proof. By the chain rule, we have

do; _96;, %6, %6,
dt —or; ' orp ) ok

891 801 801

== 5, Kis(ri(t) = a—ij]s(r](t)) - a—rkKks(rk(t))
agi 891

=- aTjS(rj)(Kj - K;) - aTkS(Tk)(Kk — K;) — DiK.

Here,
D; = 89i/8ris(ri) + 801/81/]5(1’]) + 89i/8rks(rk).

By Lemma 4.1, we can write D; as

By Lemma 3.2, the last partial derivative is negative in the case of H?2, define A; = —D; >
0,let Ay = 00y, /0rys(ry,) for m # n, thenby Lemma 3.2 and Lemma 4.1, A,,;, is a positive
elementary function and A, = Ayum. Thus the result follows. ]
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On triangulated closed surfaces, people have the following discrete version of Gauss-
Bonnet formula [6], and this formula is useful in our later calculation.

Proposition 4.2 (Gauss-Bonnet). Let A = —1,0,1 be the curvature of one of the three ge-
ometries H?, B2, $? used in the construction. If the circle packings metric based on a weighted
generalized triangulation (T, ®) exists where ® : E — [0, 1), then the total curvature

N
Y Ki =2mx(X) — AArea(X).
i=1

Proposition 4.3. In hyperbolic background geometry, given a weighted triangulated closed sur-
face (X, T,®) with ® : E — [0, 7), under the Ricci flow (3.1), the curvature K;(t) evolves
according to

dK;/dt =Y _Cij(K; — K;) — BiK;,

ji

where the sum is over all vertices v; adjacent to v;, C;j and B; are positive elementary functions in
the radiiry,- - -, ry. Furthermore, Cj; = Cj;.

Proof. Actually, this is a direct consequence of Proposition 4.1, since

dK;/dt = — Y de* /dt,
jk

k. . .
where ¢/" are inner angles at v; in the triangle Av;v;vy. O

As a consequence, similar to Chow-Luo’s procedure in [6], we can obtain the discrete
maximum principle for curvature evolution equation for obtuse exterior intersection an-
gles @ € [0, 7T).

Theorem 4.1 (The Maximum Principle). Given a weighted triangulated closed surface
(X, T,®) with ® : E — [0,7). In hyperbolic background geometry H?, suppose r(t) =
(ri(t),--- ,rn(t)) is the solution to combinatorial Ricci flow (2.1) in an interval. Let M(t) =
max{Ky(t), -+ ,Ky(t)} and m(t) = min{Ky(t), -+ ,K,(t)}, then max(M(t),0) is non-
increasing in time t and min(m(t),0) is non-decreasing in t.

Applying the maximum principle, we obtain the following long time existence re-
sults.

Proposition 4.4. Given a weighted triangulated closed surface (X, T, ®) with ® : E — [0, 7r).

In hyperbolic background geometry H?, for any initial metric r(0) € RY,, the solution to the

Ricci flow (2.1) with the given initial metric exists for all time t > 0.
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Proof. We prove that as long as time t is bounded, then r;(f) and 1/r;(t) remain bounded,
so that the solution to combinatorial Ricci flow (2.1) exists for all time ¢ > 0. Since
dTi

E = _Ki sinhrl-,

we have
K;(t) = d(In(coth(r;/2))),

then we have coth% < ce?™, where c is some constant. Hence, r;(t) is bounded away
from 0 as long as t is bounded. According to the Maximum principle Theorem 4.1, we
have r;(t) is bounded from above as well, to see this, we first show the following lemma.

Lemma 4.2 (Chow-Luo, [6]). For any € > 0, there exists a constant C, = Cy(€) such that
when r; > Cy, the inner angle 8; in hyperbolic triangle Nvjvjvy is smaller than e.

According to this lemma, if there exists a sequence t, — 7, where 5 € (0, 4+o0] such
that r;(t,) — oo, then K;(t,) will tend to 27, but due to the discrete maximum principle,
we have M(t) < 27, which is a contradiction, so we complete the proof. ]

In our paper, one of the main tools is the long time convergence result of the combi-
natorial Ricci flows in hyperbolic background geometry.

Lemma 4.3. Given a weighted triangulated closed surface (X, T,®) with ® : E — [0, 7).
In hyperbolic background geometry H?, suppose r(t) for t € [0,+00) is solution to Ricci flow
(2.1) so that the set {r(t)|t € (0,+o0)} lies in a compact region in RY,, then r(t) converges
exponentially fast to a circle packings metric in RY, whose curvature at each vertex is zero.

Proof. The proof is similar to Chow-Luo’s proof of Proposition 3.7 in [6], the major change
lies in the weight function, since we generalize the weight function from ® : E — [0, /2]
to®: E — [0, ), but due to Lemma 3.2, we also derived the evolution equation and the
maximum principle (see Proposition 4.3 and Theorem 4.1), so we also have this compact-
ness theorem. O

In order to get the lower bound estimate for combinatorial Ricci flows (2.1), we first
show some comparison principles.

Lemma 4.4 (G. Lin, [12]). Let f : [0, +00) — R be a locally Lipschitz function. Suppose that
there exists a constant Cy, such that f'(t) < 0 fora.e. t € {f > C1}, then

f(t) <max{f(0),C1}, Vte|0,+o0).
Similarly, if f'(t) > 0 fora.e. t € {f < C1}, then

f(t) > min{f(0),C;}, Vte|[0,+x).
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Lemma 4.5 (G. Lin, [12]). Let r(t) be a solution to combinatorial Ricci flow (2.1). Then there
exists a positive constant Cz = C3(7,7(0)) > 0 depending on the triangulation T and initial
data r(0), such that r;(t) < Cs foralli € V.

For a hyperbolic triangle Aijk in H?, let r;, rj, 1 be the radius of the circles centered
at vertex v;, vj, vx. We denote the interior angle at each vertex v; by 0; = 0;(7), where

7= (7’1',1’]', i’k).

Lemma 4.6. Given a weighted triangulated closed surface (X, T, ®) with ® : E — [0, rr). If for
each three-circle packings configuration r;,1;, ri and ®jj, O, Oy, assume that Ayjp > 0, Ajg; > 0
and Ayjj > 0, then the angle function t — 0;(t1) is continuously differentiable and strictly
decreasing in (0, +00).

Proof. When @ € [0, 7r), it is obvious that cos ®;;, cos ;i and cos y; € (—1,1]. Similar to
Ge-Lin’s proof in [12], set f(t) = cos 6;(1), and by direct computation,

() = (14 cos ®;;)(1 + cos Py;) sinh? t + (1 4 cos ®;; + cos Dy; — cos D)
() fa(t) '

where

fi(t) = \/(1 + cos @;;)? sinh? t 4 2(1 + cos i),

fa(t) = \/(1 + cos Dy;)2 sinh? t + 2(1 + cos Dy;).

Then the derivative of f(t) is

, .+ a(®)sinh(2t)[b(P) sinh® t + c(P)]
o= ROR® ’

where

IZ(CD) = (1 + cos q)lj)(l + cos q)ki)/
b(q)) = (1 ~+ cos @1])(1 -+ cos q)ki)(l —+ cos q)jk)/
c(®) = (1+cos @j) (2 + cos D;; + cos Py ) — (cos Djj — cos LS

by the same calculations, we also have fi(f) > 0, fo(t) > 0, a(®) > 0, b(P) > 0, the
difference lies in c(®), in our case, since

Aijk = cos @jj + cos D cos Dy; > 0,
Ajki = cos Dj + cos Py cos Djj > 0,
Akij = cos Dy; + cos Pjj cos P > 0,
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so we have

¢(®) =(1 4 cos D) (2 + cos Djj + cos Dy;) — (cos P;; — cos Dy;)?
=(2 — cos? D — cos? @y;) + (cos ®;; + cos Dj cos Py;)
+ (cos @y; + cos @;; cos Dji) + 2(cos Dji + cos Dy, cos P;;) > 0.

Therefore, f'(t) > 0, that s, f(t) is strictly increasing, which is equivalent to that 6;(¢1) is
strictly decreasing. O

Lemma 4.7. For any weight function ® : E — [0, 7t), the following limits exist:

lim 6;(t1) = arccos<

t—0

1+ cos ®;; + cos y; — cos <I>]-k>
2\/1 -+ cos q)i]'\/l + cos ®y;

where 1 = (1,1,1) and lim;_, , o, 0;(t1) = 1. As a special case, if the weight ® : E — [0,71) is a
constant, we obtain that lim; 0 0;(t1) = Z.

Proof. Taking the limits directly, we have

lim cos 6;(#T) — lim (14 cos ®;j)(1 + cos Dy;) sinh? t + (1 4 cos ®;j + cos Oy; — cos Djy)
} =

130 10 fit) f(t)
B 1+ cos @;; + cos Dy; — cos P

N 2\/1 + cos q)i]‘\/l + cos ®y;

So

lim 6;(+1) = arccos
t—0

<1 + cos ®;; + cos Py; — cos <I>jk>
2,/T+ cos®;j\/T+cos Py )

If the weight ® : E — [0, 77) is a constant, that is, ®;; = @ = Dy, then we have
) - 1 T
%13691(1‘1) = arccos 5 = .

This completes the proof. O

Proposition 4.5. Given any weight function ® : E — [0, ), for a fixed hyperbolic triangle
AUZ'U]'U]{, if]’z' = min{ri, 7’]', T’k}, then 91(7) > 91'(1’1'1), ifi’i = max{ri,r]-, Tk}, then 91(7) <
0:(ri1).

Proof. Given a weight function ® : E — [0, 77), by Lemma 3.2, we have

20; ..
E)rj >0, Vi#]j
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This is the key point, then by the same argument in Ge-Lin [12, Lemma 5.6], letco : [0,1] —
]R3>0 defined as

0(s) = (r(s),73(8),14(s)) = (1= )F + sr,
consider
ri(s) =ri, ri(s) =rj+s(ri—rj), ri(s) =re+s(ri—r), Vse[0,1].

If r; = min{r;, ris rx}, then by Lemma 3.2,

O = =) () + (=) 5 e9) <0
so0 0;(c(s)) is decreasing in [0, 1], hence,
0;(7) > 0;(ri1).
As for the case r; = max{r;, rj, ¢}, the argument is similar. O

5 Proof of the main results

In this section, we prove the main results. First, we establish the following lower bound
estimate for the solution to the combinatorial Ricci flow (2.1).

Theorem 5.1. Given a weighted triangulated closed surface (X, T, ®) with ® : E — [0, 1),
assume that the character L(T,®); > 2m foralli € V. Let r(t) be a solution to the combinatorial
Ricci flow (2.1), then there exists a positive constant C = C(T,®,r(0)) > 0 depending only on
the weighted triangulation (T, ®) and the initial data r(0), such that r;(t) > C foralli € V and
all t > 0.

Proof. First, we construct a locally Lipschitz function g(t) := mingev 1, (t), then for a.e.
t € [0,+00), there exists a special vertex i € V depending on f, such that g(t) = r;(t),
¢'(t) = r/(t). By Lemma 4.6 and Lemma 4.7, 6;(¢1) is continuously differentiable for all
i€ V,and

lim 6;(+1) = arccos(

t—0

1+ cos ®;; + cos Py; — cos CIDjk>
2,/T+cos®@jj\/T+cos Py )

That is, Ve > 0, there exists a constant C = C(7,®,r(0)) > 0, such that vVt < C,

R 1+ cos ®;; + cos ®y; — cos D;
0;(t1) > arccos( J il ]k) —€.

2\/1 + cos CD,]\/l + cos q)ki
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Now, according to the same argument of Ge-Lin [12], we have ¢/(t) > 0 for a.e. t €
{g < C}. Actually, lett € {g < C} and t € [0, +o0), for any hyperbolic triangle Aijk
incident to i realized by the circle packings r(t), by the definition of g(t) = min,cy r(t),
sori(t) = min{r;(t),r;(t), rk(t)} < C. Let7(t) = (ri(t),rj(t),7«(t)), then by Lemma 4.5,

1+ cos ®;; + cos Py; — cos <I>jk)

0;(7(t)) > 60;(r;(t)1) > arccos
i(7(8) 2 8i(ri(1)1) 2 ( 2\/1—|—COSCDZ']‘\/1—|-COSCDki
Due to the assumption that the character £(7,®); > 27 forallj € V, let

min;cy (L(T,®); — 27)
maxjey d;

O<e<

7

then we have

Ki(r(t)) =2 — Y 6;(¥(t))

AijkeF

1+ cos D;; + cos Dy; — cos D,
<27 — Z <arccos( el ki ]k) —e>
NijkeF 2\/1 +COS<I>1']'\/1 +COSq>ki

=€ - di — (ﬁ(T, q))i — 271')

<e- d; —min(L(T,®); —2m) < 0.

<e rjrg/x ; rjrgl&l( (T,®); —2m)
Since g(t) = ri(t), ¢'(t) = r/(t), so we have

¢'(t) =r/(t) = —K;sinhr; > 0.

Hence, ¢'(t) > 0 for a.e. t € {g < C}. By Proposition 4.5, we have g(t) > min{g(0),C},
Vt € [0, +00). So there exists a positive constant C = C(7,®,7(0)) > 0, such that r;(t) >
C for all vertices and all times, which complete the proof. O

Let r(t) be the solution to combinatorial Ricci flows, then by Theorem 5.1 and Propo-
sition 4.3, there exists a positive constant C; and C; depending on the weighted triangu-
lation (7, @) and the initial data r(0), such that

C < 1’i<t) <G, VieV, te [O, —|—oo),

This is equivalent to say that r(t) lies in the compact region in RY,,. Then the existence
part of Theorem 1.3 is obtained by Proposition 1.1.

On the other hand, the uniqueness part of Theorem 1.3 is a consequence of the rigid-
ity part of Koebe-Andreev-Thurston theorem, i.e., the curvature map r > K is injective.

Now, we prove the nonexistence part of Theorem 1.3.
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Proof. Assume L(T,®); < 27 at each vertex i € V. Hence the average character L,, <
27t. By Proposition 3.4 in [12], we get x(X) > 0. We denote the hyperbolic area of a
hyperbolic triangle Av;v;v by Area(Av;vjvy), so

Area(X) = Y Area(Avjvjvy).

A’U,‘ZJ]'UkEF
By the discrete Gauss-Bonnet formula in hyperbolic background geometry,

Y K =27x(X) + Area(X).

icV
Hence, there is no circle packings metric » with curvature zero. Since Chow-Luo’s re-
sult [6] show that combinatorial Ricci flows converges if and only if there exists a circle

packings metric r,, with curvature zero, therefore, we get the nonexistence part of Theo-
rem 1.3. O

On the other hand, if £L(7,®); < 27 for all vertices, we can even show that any initial
circle packings shrinks to a point along combinatorial Ricci flow.

Theorem 5.2. If the character L(T,®); < 27w or L(T,®); < 27t for a constant weight at each
vertex, then the solution r(t) to the combinatorial Ricci flow (2.1) satisfies r(t) — 0 when t tends
to +oo0.

Now, we use Theorem 1.3 to prove Theorem 1.4.

Proof. If the character £(7,®); > 27 at all vertices, by part (a) of Theorem 1.3, the so-
lution r(t) to the combinatorial Ricci flow (2.1) converges to a unique hyperbolic circle
packings r,, which determines a unique complete hyperbolic metric # on X.

If the character £(7,®); < 27t at all vertices, by part (b) of Theorem 1.3, any solution
r(t) to the flow (2.1) satisfies r(t) — 0 which means that r(¢) can not converges when ¢
tends to +oco.

Finally, since we have generalized the compactness theorem for the combinatorial
Ricci flow (2.1) in hyperbolic background geometry with weight function ® € [0, ),
then the solution r(t) to the combinatorial Ricci flow (2.1) converges if and only if there
exists a hyperbolic circle packings. Therefore, the proof is completed. O

Then, we can use Theorem 1.4 to prove Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. For any given constant weight ® : E — [0, 1), if d; > 7 at any vertex
i € V, then by the definition of £(7, ®);, we have

so L(T,®); > 2 at all vertices, by Theorem 1.3, there exists a unique complete hyper-
bolic metric # on X so that (X, i) supports a (7, ®)-type circle packings P. O
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Proof of Theorem 1.2. For any weight @ € [arccos 7, arccos §| C [rr/2, 7w), where —1 < ¢ <
1 < 0 are arbitrary chosen so that 7 < (2cos Z* —1+4¢)/(2 —2cos &), letk = 2 cos 2 >
0, Va,b € (—1,0], by Ge-Lin [12, Proposition 3.6],

1+a+b—kvl4+avi+b<1+2n—k(l+7),
sincey < (k—1+4¢)/(2—k), thatis 142y —k(1+#) < ¢, then we have
14+a+b—kvV14+av1l+0b<g.

For any given weight @ € [arccos#,arccos &| C [71/2, 7r), we have cos ®;;, cos Dji, cos Dy; €
[€, 7], by the above inequality,

1+ cos ®;; + cos Py; — ky /1 + cos Pjj/1 + cos Dy; < ¢ < cos Djy.

Then
1+ cos ®;; + cos Py; — cos <I>jk k 27
< = = (oS —,
2,/T+ cos @;j/1 + cos Dy, 2 7
that is,
1+ cos ®jj + cos Dy; —cos Py 27
arccos > —.
2,/T+ cos @;j+/1 + cos Py; 7
As a consequence, if d; > 7, then
27T 27T
L(T,®); = o7 >om
(T,®); ) Z - 227

AijkeF
By Theorem 1.3, there exists a unique complete hyperbolic metric y on X so that (X, u)

supports a (7, ®)-type circle packings P. When ® € [arccos 7, arccos | C [0, 71/2], the
proof is similar. ]

Remark 5.1. In the acute angle case, Ge-Lin [12, Theorem 2.3], proved that for a closed
surface X, if X admits a triangulation 7 with degree d > 9 at each vertex, then for any
given weight ® : E — [0, 7t/2], there exists a unique complete hyperbolic metric u on X
such that (X, ) supports a (T, ®)-type circle packings P. But when ® € [0, 7r), we do not
have similar result. In fact, we can choose some ®;;, ® i, Dy; which satisfies Ajjk, Ajki, Akij >
0, and

14 cos ®jj + cos Oy; — cos D
2,/T+ cos @;j/1 + cos Dy;
for example, let (D;;, D, D) = (1,099, —0.99), then
1+ cos @;; + cos Dy; — cos Pk
2,/T+ cos @;j/1 + cos Py,

as a consequence, we can not choose a proper degree d;, such that for any given weight,
L(T,®); > 2 at each vertex.

— 1,

~ 0.9975,
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