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Abstract. Interfacial fluid instabilities are widespread in industrial applications. They
often lead to mixing between different fluids and play an important role in industrial
processes. How to control such interfacial instabilities between dielectric fluids by
external electric fields have been actively explored. To understand the effects of external
electric fields on the unstable interface and precisely control it, a numerical method
capable of providing accurate results is indispensable and highly desired. In this paper,
we present a numerical method for systems containing unstable material interfaces
between incompressible, inviscid and perfect dielectric fluids in the presence of gravity
and external electric fields in two dimensions. We extend the formulation of vortex
sheets in the literature from hydrodynamics to electrohydrodynamics, and derive a
numerical method in which the computation of both velocity and electric field is only
conducted at the one-dimensional material interface. Non-uniform one-dimensional
meshes are used to represent the interface shape, which captures the dominant fea-
tures with fewer nodes. High-order regularization for the Birkhoff-Rott integral in the
literature [1] is implemented to control the numerical instabilities. We implement a
dynamic mesh adjustment algorithm to further improve the efficiency and robustness of
numerical solutions. Validation studies on the convergence and accuracy are conducted.
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1 Introduction

Interfacial flows between different fluids occur in a wide variety of natural phenomena
and industrial applications. Under the effects of external forces, the material interface
can become unstable and exhibit complicated dynamics. One of the classical examples is
the instability that occurs when a light fluid supports a heavy fluid in a gravitational or
acceleration field [2, 3], namely the Rayleigh-Taylor instability (RTI). Small disturbances
at an unstable Rayleigh-Taylor (RT) interface grow into large structures, and the fluids
penetrate into each other. Since interfacial mixing in this process plays a key role in many
engineering applications, it is essential to explore the approaches to controlling such an
interface. One such approach is applying an external electric field to the interface between
dielectric fluids [4–8]. To precisely control the evolution of the material interface, one needs
to understand the dynamics of the material interface and investigate the various effects
that the external electric field exerts on the interface. For this purpose, it is important and
indispensable to conduct numerical simulations for this physical system. However, the
unstable nature of the physical system leads to difficulties in the stability and accuracy
of numerical methods. In this paper, we present a numerical method for studying the
unstable material interface between incompressible, inviscid and perfect dielectric fluids
in the presence of gravity and external electric fields in two dimensions. The presented
method formulates both the velocity field and the electric displacement field in terms
of “vortex sheets”, which extends the vortex sheet methods from hydrodynamics in the
absence of electric fields [9–15] to electrohydrodynamics which contains the interactions
between gravity and electric fields.

Since the pioneering works of Rayleigh [2] and Taylor [16], the research on RTI has
been active in the fields of theoretical, numerical, and experimental studies [11–13, 17–38].
Following the exponential growth in the linear stage, nonlinear structures emerge at the
material interface in the form of fingers. Accompanied by the nonlinear interactions
and merging between adjacent fingers, the dynamics of the unstable interface eventually
transitions into the turbulent stage. During this process, the evolution of the material
interface, particularly the penetration between fluids that indicates the degree of interfacial
mixing, is of great interest both to the researchers from the academic point of view and to
the engineers aiming to control interfacial mixing in industrial applications. More details
of the RTI and its applications can be found in the thorough and comprehensive reviews
by Sharp [39] and Zhou [40, 41].

Continuous mixing between fluids plays an important role in many industrial pro-
cesses, e.g. the combustion between the fuel and the oxidizer. Therefore, precise control
of unstable RT interfaces is highly desirable. For this reason, various methods for con-
trolling the unstable material interface [42–44], including applying external electric fields
to the interface between dielectric fluids, have been actively explored [3–8, 45–48]. An
experiment of continuum feedback control of a stable RT-type interface using electric
fields was conducted by Melcher and Warren [4]. Numerical simulations on the RT-type
interface in the presence of external electric fields were carried out by Cimpeanu et al. [47]
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and by Yang et al. [48]. Cimpeanu et al. focused on the suppression effect on the finger
growth from the horizontal electric field and presented a numerical experiment that used
this effect to generate time-periodic interfacial oscillations [47]. Yang et al. additionally
investigated RT unstable interfaces in a vertical electric field and numerically exhibited
how electric fields changed the interfacial morphology [48].

In the absence of external electric fields, interfacial mixing between incompressible
and inviscid fluids can be formulated in terms of vortex sheets. In this method, fluids
are separated by a sharp and non-diffusive interface, across which the tangential velocity
has a jump discontinuity due to the inviscid property of the fluids. Such a discontinu-
ity in the fluid velocity is formulated as vorticities confined to the material interface.
Conventionally, the numerical implementation of the vortex sheet formulation models
the material interface by an array of point vortices along the interface and propagates
these point vortices in a Lagrangian manner to determine the evolution of the entire sys-
tem [9–15, 49, 50]. For studying interfacial mixing problems, the vortex sheet method has
three distinct advantages over the usual Eulerian formulation. (1) It only needs to perform
one-dimensional computation along the material interface, rather than two-dimensional
computation solving the governing equations based on the Eulerian formulation. (2) In
the vortex sheet method, its data structure directly represents the shape and location of the
material interface, which is the most important information in interfacial mixing problems.
Therefore, the method can accurately determine the shape and location of the interface.
On the other hand, the numerical methods based on the Eulerian formulation usually
need to construct or estimate these quantities from the two-dimensional grid-based data.
Such constructions or estimations contain more numerical diffusion. (3) For systems
with an unbound domain, which are common in theoretical considerations, no numerical
boundaries are needed in the vortex sheet method, since the computation is solely and
directly performed at the material interface and the far-field boundary conditions are
fulfilled analytically. In contrast, since the numerical simulations in the Eulerian for-
mulation can only be performed in a finite computational domain, one must introduce
numerical boundaries for the finite computational domain and impose certain boundary
conditions at these numerical boundaries. Numerical simulations for the classical RTI
(i.e. without external electric fields) using vortex methods can be traced back to Baker et
al. [10, 11] and Kerr [12], who respectively formulated the vortex sheet based on potential
dipoles and local circulations. Tryggvason [20] developed a variation of this method based
on the vortex-in-cell method [51] and applied it to simulations of the single-mode RT
instability. This is later extended to simulations for bubble competition by Zufiria [23].
Rikanati et al. [14] used the vortex method for simulating the evolution of the multi-mode
Richtmyer-Meshkov instability [52, 53], a related interfacial instability that is initiated by
an impulsive force rather than gravitation, in the limit of two fluids of the same density.
For systems with finite density ratios, Sohn conducted numerical experiments of Rayleigh-
Taylor and Richtmyer-Meshkov instabilities and investigated the underlying dynamics
for various density ratios [13]. In this paper, we consider a more complicated system in
which the external electric field has an important impact on the dynamics of the unsta-
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ble material interface. We extend the applicability of the vortex sheet formulation from
classical hydrodynamics to electrohydrodynamics, and present a numerical method for
electrohydrodynamics that inherits all the advantages from the classical vortex methods.
One only needs to compute electrodynamics quantities on a one-dimensional “vortex
sheet” that evolves with time. Therefore, the computation is very efficient. The presented
numerical method also has the advantages in accurate determination of the interface shape
and accurate evaluation of the electrical forces acting on the material interface. To the
authors’ knowledge, the numerical methods for electrohydrodynamics available in the
literature are based on the Eulerian formulation. This is the first time that a numerical
approach for electrohydrodynamics is established in the framework of vortex sheets.

In this paper, we consider a fluid system in the absence of viscosity and surface tension,
a setting commonly investigated in theoretical studies. Although these approximations
reduce the complexity of the system and make theoretical analysis tractable, the absence
of these stabilizing mechanisms leads to difficulties in numerical simulations. The linear
stability analysis shows that in such a system, the shorter the wavelength, the faster
the finger grows. This property suggests that any small numerical errors introduced
during the computation will be amplified into spurious fast-growing waves and can
severely pollute the accuracy of the simulation, as demonstrated in [54–56]. To overcome
this problem, Krasny regularized the point vortices as vortex “blobs”, and showed that
such regularization mitigates the instability of the vortex method [57]. Higher-order
regularization methods for point vortices have been developed by Beale and Majda
[58] and Bake and Beale [1]. By constructing proper regularization functions for the
Birkhoff–Rott integral, they showed that the smoothing error caused by regularization is
reduced to higher orders and accurate numerical solutions can be obtained. In this paper,
we follow the regularization method presented in [1].

The remaining parts of this paper are structured as follows. In Section 2, we list the
governing equations of RTI for incompressible, inviscid and perfect dielectric fluids in the
presence of gravity and external electric fields. In Section 3, we formulate this problem
in the framework of vortex sheets. Section 4 introduces the cubic spline representation
for the material interface and provides the procedures for constructing the cubic spline.
Section 5 displays the numerical implementation based on the vortex sheet formulation.
Section 6 introduces a dynamic mesh adjustment to improve the efficiency of the numerical
implementation. Section 7 is the validation studies. Section 8 presents numerical examples
of an unstable RT interface controlled by various external electric fields. Section 9 is the
conclusion.

2 Governing equations

We consider a material interface separating two immiscible and perfect dielectric fluids
subject to gravity and external electric fields. Both fluids are inviscid, incompressible,
and irrotational. Fluids 1 and 2 refer to the fluids below and above the material interface,
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Figure 1: Schematic of the Rayleigh-Taylor instability problem in the presence of external electric fields. Two
fluids of different densities and different electric permittivities are driven by both gravity and external electric
fields.

respectively (see Fig. 1). For fluid i (i=1,2), the density and the electric permittivity are
constant and denoted by ρi and ϵi, respectively. The vertical boundaries of the physical
domain are infinite. This study focuses on systems with periodic boundaries in the
horizontal direction, characterized by a width of 2π. Nevertheless, the proposed numerical
method is also applicable to non-periodic systems. The fluids are considered static in the
vertical far field. The surface tension is neglected. Driven by gravity and external electric
fields, this system involves both hydrodynamics and electrodynamics. The hydrodynamics
is governed by the Euler equations, and the electrodynamics is governed by Maxwell’s
equations. These two are coupled through the boundary conditions at the material
interface between the fluids.

In each fluid phase i, the fluid motion is governed by the Euler equations, i.e.

ρiai =−∇pi−ρig ĵ, i=1,2, (2.1)

where ai is the acceleration vector of fluid i, pi is the pressure in fluid i, g is the magnitude
of gravity, and ĵ is the vertical unit vector. We comment that the gravitational acceleration
points downwards (g>0). In Eq. (2.1), the acceleration vector ai is given by

ai ≡
∂ui

∂t
+ui ·∇ui, i=1,2, (2.2)

where ui is the velocity vector of fluid i. Due to the incompressible and irrotational
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properties, the velocity vector ui satisfies

∇·ui =0, i=1,2 (incompressible), (2.3a)
∇×ui =0, i=1,2 (irrotational). (2.3b)

The electric fields in the fluid bodies are determined by Maxwell’s equations. Since the
fluids are perfect dielectric, the electrical conductivity is zero and there are no free charges
in the interior of the fluids. Then Gauss’s law is written as

∇·(ϵiEi)=0, i=1,2, (2.4)

where Ei is the electric vector of fluid i. Due to the absence of free charges, the dynamic
currents and the induced magnetic fields are caused by polarization only. Therefore, the
magnetic fields are negligible. Consequently, the Maxwell–Faraday equation reduces to

∇×Ei =0, i=1,2. (2.5)

To derive the governing equations in terms of vortex formulation in Section 3, we rewrite
Eqs. (2.4) and (2.5) in terms of the electric displacement field Di ≡ϵiEi as

∇·Di =0 and ∇×Di =0, i=1,2. (2.6)

At the material interface, we have the following boundary conditions. The fluid velocity
is continuous in the normal direction, namely

(u1−u2)·n̂=0, at the interface, (2.7)

where n̂ is the normal unit vector at the interface. We consider that no free surface charges
exist at the material interface. Then the normal component of the electric displacement
field and the tangent component of the electric field are continuous:

(D1−D2)·n̂=0, at the interface, (2.8a)

(E1−E2)· ŝ=
(D1

ϵ1
− D2

ϵ2

)
· ŝ=0, at the interface, (2.8b)

where ŝ is the tangential unit vector. In the absence of surface tension, the normal stress is
continuous:

n̂·(T1−T2)·n̂=0, at the interface, (2.9)

where the stress tensor Ti of fluid i is defined by

Ti =−pi I+ϵiEi⊗Ei−
1
2

ϵi|Ei|2 I+
1
2
|Ei|2

∂ϵi

∂ρi
ρi I (2.10)

=−pi I+
1
ϵi

Di⊗Di−
1

2ϵi
|Di|2 I (2.11)
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and I is the identity matrix. The last term on the right-hand side of Eq. (2.10) vanishes
since ϵi is constant. After substituting Eq. (2.11) into Eq. (2.9), we obtain

p1−p2=
1
ϵ1

[
(D1 ·n̂)2− 1

2
|D1|2

]
− 1

ϵ2

[
(D2 ·n̂)2− 1

2
|D2|2

]
. (2.12)

Eq. (2.12) shows that the difference in fluid pressure across the material interface is
balanced by that in electrical force. Hence, the hydrodynamics and the electrodynamics in
the system are coupled through Eq. (2.12) at the material interface.

At the vertical far fields, the velocities of the fluids are zero, i.e.

u1(y=−∞)=u2(y=∞)=0, (2.13)

and the electric displacement fields approach the external electric displacement, i.e.

D1(y=−∞)=Dext
1 , D2(y=∞)=Dext

2 . (2.14)

In summary, in terms of fluid velocity and electric displacement, the governing equations
in the interior of the fluids are given by Eqs. (2.1)–(2.3) and (2.6), the boundary conditions at
the material interface are given by Eqs. (2.7), (2.8), and (2.12), and the boundary conditions
at the vertical far fields are given by Eqs. (2.13) and (2.14). In the next section, we will
convert these governing equations and boundary conditions to the framework of the
vortex sheet model. The resulting equations will be the foundation for the numerical
scheme presented in Section 5.

3 Vortex sheet method for dielectric RTI problems

The vortex sheet method is one of the numerical methods designed to tackle unstable
interfacial problems that involve multiple fluids [9,10,59]. In the absence of external electric
fields, this method has been adopted for studying the RTI driven by gravity or acceleration,
the Richtmyer-Meshkov instability driven by incident shocks, the Kelvin–Helmholtz
instability caused by velocity difference between fluids, etc [11–13, 60]. To the authors’
knowledge, the vortex sheet method has never been adopted for RT systems that involve
electrohydrodynamics due to its complexity. In this section, we will extend the vortex
sheet method from hydrodynamic systems to electrohydrodynamic systems. We will
derive the governing equations based on the vortex formulation of the velocity field and
the electric displacement field in an RT system between inviscid, incompressible and
perfect dielectric fluids.

3.1 Vortex formulation for electrohydrodynamic systems

In the classical RTI problem, namely, when external electric fields are absent, the evolution
of the material interface is driven by gravity only. For an RT system of inviscid and
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incompressible fluids, Helmholtz’s theorem holds and no vorticity exists in the interior
of each fluid [61]. However, based on Bjerknes’ generalization of Kelvin’s circulation
theorem [62], vorticity is generated when the density gradient and the pressure gradient
are not aligned, which occurs at the material interface between fluids of different densities.
Therefore, for RT systems, vorticity is continuously generated by gravity and is confined
to the material interface. In the vortex formulation, it is the vorticity at the material
interface that continuously drives the evolution of the entire system, and the strength and
distribution of the vorticity determine the velocity fields of the fluids by the Birkhoff–Rott
integral. Hence, the vorticity along the material interface forms a vortex sheet that
determines the dynamics of the entire system [9, 11–13].

In an RT system in two dimensions, the strength of the vortex sheet γ is defined by the
jump in the tangential fluid velocity across the material interface [15, 20], namely

γ≡ (u1−u2)· ŝ. (3.1)

The motion of the vortex sheet follows the average velocity of the fluids on the two sides,
i.e.

Ū ≡ 1
2
(u1+u2), (3.2)

which is determined by the Birkhoff–Rott integral

Ūx−iŪy =−
∫

L

K(s,s′)γ′ds′. (3.3)

Here the symbol −
∫

denotes the Cauchy principal value of an integral, s denotes the
arclength coordinate along the vortex sheet, and s′ is the dummy variable in the integration.
When the material interface is 2π-periodic in the horizontal direction, the integral in
Eq. (3.3) is evaluated along one period of the vortex sheet L, and the kernel

K(s,s′)=
1

4πi
cot
(

z(s)−z(s′)
2

)
, (3.4)

where z= x+iy is the complex notation of the vortex sheet location. We comment that
the evaluation of the average velocity, given by the line integral in Eq. (3.3), only requires
quantities at the vortex sheet, i.e. the location z and the strength γ of the vortex sheet. As
we will show later, this property allows us to reduce the numerical computation from the
entire two-dimensional domain to the one-dimensional vortex sheet.

For an RT system that consists of inviscid, incompressible and perfect dielectric fluids
with external electric fields, the velocity field can still be formulated by vortex sheets
and determined by Eq. (3.3). This is because the external electric fields do not apply any
body force in the interior of the fluids (see Eq. (2.1)) but exert a surface force only at the
material interface (see Eq. (2.12)). Therefore, Helmholtz’s theorem still holds in the interior
regions and the vortex sheet formulation is applicable to the velocity field. However, this
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system is more complicated than the one in the classical RTI problems, since it involves
the electric displacement field and its interplay with the motion of the material interface.
To evaluate the electrical force at the material interface given by Eq. (2.12), one needs to
additionally compute the electric displacement field. If the electric displacement field
could be formulated into “vortex sheets” similar to the velocity field, the computation of
the electric displacement field would be only conducted along the one-dimensional vortex
sheet as well. In that case, the dynamics of the entire system could again be formulated in
terms of quantities at the one-dimensional “vortex sheets”. We now show this indeed can
be achieved.

The vortex sheet formulation is applicable to the velocity field because the velocity field
has the following important properties. (1) It is divergence-free in the interior of the fluids
(see Eq. (2.3a)). (2) It is rotation-free in the interior of the fluids (see Eq. (2.3b)). (3) The
normal component is continuous across the material interface (see Eq. (2.7)). Note that the
electric displacement field in our system also shares these three properties (see Eqs. (2.6)
and (2.8a)). Such similarities suggest that the vortex formulation is also applicable to the
electric displacement field in our system. Hence, we define the tangential difference in
electric displacement across the material interface as the strength of the “vorticity” (i.e.
the circulation) of electric displacement, namely

β≡ (D1−D2)· ŝ. (3.5)

Similar to the velocity field, the “vorticity” of the electric displacement field resides only
at the material interface. Therefore, the “vorticity” of electric displacement can also be
formulated in terms of a “vortex sheet” that coincides with the material interface, and β is
the strength of the electric displacement “vortex sheet”. We comment that the circulation
of electric displacement only occurs when there is a dielectric jump across the interface,
and the quantity β is the polarization charge induced by external electric fields due to this
dielectric jump. The average electric displacement at the material interface is defined by

D̄≡ 1
2
(D1+D2), (3.6)

and can be determined from β by the Birkhoff–Rott integral. Under the periodic boundary
conditions, the Birkhoff–Rott integral gives

D̄x−iD̄y =−
∫

L

K(s,s′)β′ds′+Dext
x −iDext

y , (3.7)

where K(s,s′) is given by Eq. (3.4), and Dext
x and Dext

y are the horizontal and vertical
components of the average electric displacement contributed by the external electric fields.

We would like to point out that there are two vortex sheets in the vortex formulation of
our system, one for the velocity field whose strength is quantified by γ and the other for the
electric displacement field whose strength is quantified by β. However, both vortex sheets
are confined to the same material interface and therefore have the same location and the
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same shape as the material interface. Based on this formulation, the governing equations
can be expressed in terms of physical quantities at the material interface only, as we will
show in the next subsection. Therefore, one only needs to evaluate and propagate these
quantities at the one-dimensional interface instead of in the two-dimensional domain.

3.2 Governing equations of the dielectric RTI with external electric fields in
the vortex formulation

We now rewrite the governing equations of the system in terms of physical quantities at the
material interface based on the vortex formulation. Let α be the Lagrangian coordinate of
the material interface. For the RT system governed by Eqs. (2.1)–(2.3), (2.6)–(2.8), and (2.12)–
(2.14), at any given time t, the location x(s(α,t),t)≡ (x,y), the velocity Ū(s(α,t),t)≡
(Ūx,Ūy), and the electric displacement D̄(s(α,t),t)≡ (D̄x,D̄y) of/at the material interface
are determined by the following set of equations:

dx
dt

= Ū, (3.8a)

dΓ
dt

=2A
∫ s(α+)

s(α−)

dŪ
dt

· ŝds′+(2Agy−Fγ−Fe)
∣∣∣
α+

α−
, for any segment (α−,α+), (3.8b)

β+2AϵD̄ · ŝ=0, (3.8c)

Ūx =−−
∫

L

Kxγ′ds′, Ūy =−
∫

L

Kyγ′ds′, (3.8d)

D̄x =−−
∫

L

Kxβ′ds′+Dext
x , D̄y =−

∫

L

Kyβ′ds′+Dext
y . (3.8e)

Here

Γ=
∫ s(α+)

s(α−)
γ(s′,t)ds′, (3.9a)

Kx =
1

4π

sinh(y−y′)
cosh(y−y′)−cos(x−x′)

, Ky =
1

4π

sin(x−x′)
cosh(y−y′)−cos(x−x′)

, (3.9b)

Fγ =−A
4

γ2, Fe =
ϵ2−ϵ1

ϵ1ϵ2(ρ1+ρ2)

(
D̄2

x+D̄2
y−

β2

4

)
, (3.9c)

A=(ρ2−ρ1)/(ρ2+ρ1), Aϵ =(ϵ2−ϵ1)/(ϵ2+ϵ1). (3.9d)

In Eqs. (3.8b) and (3.9a), α− and α+ are the Lagrangian coordinates of the starting and
ending points of an arbitrary interface segment, and Γ is the vorticity resided in the
segment. The definitions of γ and β are given by Eqs. (3.1) and (3.5), respectively.

Eq. (3.8a) is the propagation equation for the interface location. Eqs. (3.8d) and (3.8e)
are directly from the Birkhoff–Rott integrals given by Eqs. (3.3) and (3.7). We comment that
Eqs. (3.8a) and (3.8d) are identical to the governing equations in the classical RT system
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and do not explicitly involve electrodynamics. However, the effects of electrodynamics
enter the solutions of Eq. (3.8) via the distribution of polarization charge, which affects
the vorticity along the interface. The former is determined by Eq. (3.8c) and the latter by
Eq. (3.8b). Readers may refer to Appendix A for the derivation of Eqs. (3.8b) and (3.8c).
Note that the average velocity Ū and the average electric displacement D̄, expressed as
integrals by Eqs. (3.8d) and (3.8e), also appear in the differential equations (Eqs. (3.8a)
and (3.8b)). Hence, Eqs. (3.8a)–(3.8e) constitute a coupling integro-differential equation
system.

3.3 Governing equations for non-periodic systems

In Sections 3.1 and 3.2, we presented the governing equations for RT systems with periodic
horizontal boundaries. However, in some RTI problems, the horizontal boundaries are
non-periodic and the motion of a closed material interface is of interest. To obtain the
governing equations for such cases, one only need to replace the Biot-Savart kernel in the
Birkhoff–Rott integrals of Eqs. (3.3) and (3.7) with

K(s,s′)=
1

2πi
1

z(s)−z(s′)
(3.10)

and evaluate the integrals along the entire interface. Consequently, the kernels Kx and Ky
in Eq. (3.9b) are replaced by

Kx =
1

2π

y−y′

(x−x′)2+(y−y′)2 and Ky =
1

2π

x−x′

(x−x′)2+(y−y′)2 . (3.11)

4 Discretization and cubic spline representation

To numerically solve Eq. (3.8), i.e. the governing equations for an RT system of perfect
dielectric fluids in the presence of external electric fields in the framework of the vortex
sheet, we divide one period of the material interface into N segments with N+1 points (see
Fig. 2). For a point i (0≤ i≤N) at the location xi ≡ (xi,yi), Ūi, D̄i, and βi are the quantities
associated with that point. The periodic boundary conditions give xN = x0+2π, yN =y0,
ŪN =Ū0, D̄N = D̄0, and βN =β0. For a segment i (0≤ i≤N−1) with points i and i+1 being
the endpoints, its arclength is denoted by ∆si and the segment carries the local circulation
of velocity Γi. These notations are illustrated in Fig. 2. We comment that, although the
velocity field and the electric displacement field are both represented in the formulation
of vortex sheets, the computed variables are chosen differently in our numerical scheme.
For the electric displacement field, we compute at each point the polarization charge β,
namely the “vortex strength” of electric displacement. This is because β occurs explicitly
in Eqs. (3.8b) and (3.8c) (note that Fe in Eq. (3.8b) contains β). To solve these two equations,
it is necessary to evaluate the value of β at each point. On the other hand, for the velocity
field, we propagate the local circulation of velocity Γ in each segment by Eq. (3.8b), instead
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Dx
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Dy
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li

γi
R

Fluid 2
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Ui
Di

xi-1

Ui-1
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xi+1

Ui+1
Di+1
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U0
D0

UN=U0
DN=D0

Figure 2: Discretized variables along the material interface. In particular, xi, Ūi and D̄i are variables for point
i, and ∆si and Γi are variables for segment i.

of the vortex strength γ at each point. The reasons are two-fold: (1) To propagate γ directly,
one needs to evaluate the tangential derivatives in Ū, Fγ and Fe (see Eq. (A.11)). However,
accurate numerical evaluation for such derivatives will be difficult for a material interface
with a complicated shape that occurs commonly in RTI problems. On the other hand,
to propagate Γ by Eq. (3.8b), one only needs to compute the difference of Fγ and that of
Fe between the two endpoints of a segment, which are straightforward to calculate. (2)
Eq. (3.8b) can be discretized into a conservative form for the vorticity Γ. Since the motion
of the material interface is driven by Γ in the vortex formulation, the conservation of Γ is
highly desired in the numerical computation.

Since the RT interface commonly evolves into a complicated shape at late times, it is
crucial to establish a precise representation of the interface shape. This will lead to three
improvements: (1) It can capture a material interface with a complicated shape better. (2)
It gives a more accurate evaluation for Eqs. (3.8d) and (3.8e), since they are in the form
of line integrals along the material interface. (3) It provides more accurate estimations
for the arclength of segments and for the tangential direction at the material interface,
which are essential in the computation of Eqs. (3.8b) and (3.8c). We will adopt the cubic
spline method to achieve these purposes. In our vortex spline method, the shape of the
material interface is represented by a cubic spline that is C2-continuous along the material
interface. This provides an accurate estimation of the tangential direction and a better
representation of complicated interface shapes such as spiral roll-ups.

Let the interface have a set of points {(xi,yi)} on a parametric curve x(s)=(x(s),y(s))
in two dimensions, where s is the arclength coordinate along the material interface. Using
s as the parameter, we construct a cubic spline for the curve (x,y). For each segment i,

x, y and s must satisfy the relation ∆si = s(xi+1,yi+1)−s(xi,yi)=
∫ si+1

si

[(
∂x
∂s

)2
+
( ∂y

∂s

)2]1/2ds,
where si ≡ s(xi,yi). Here x(s) is the cubic spline function constructed for the x-coordinate,
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i.e. a piecewise cubic polynomial in each subinterval [si,si+1] that satisfies x(si)= xi and
C2-continuity at s= si. Similarly, y(s) is the cubic spline function for the y-coordinate.
Since the expressions of x(s) and y(s) depend on the values of {s(xi,yi)}, the above
equation is a nonlinear equation for s. We solve this equation iteratively by applying

∆s(j+1)
i =

∫ s(j)
i+1

s(j)
i

[(
∂x(j)

∂s

)2
+
( ∂y(j)

∂s

)2] 1
2 ds until convergence, where j is the iteration index, the

initial arclength of each segment is approximated by ∆s(0)i =
√
(xi+1−xi)2+(yi+1−yi)2,

and the arclength coordinate is updated by s(j)
i =∑i−1

n=0 ∆s(j)
i in each iteration. We comment

that x(j)(s) and y(j)(s) are the cubic spline functions constructed based on {s(j)
i }. Therefore,

the explicit expressions of ∂x(j)

∂s and ∂y(j)

∂s are available in the (j+1)th iteration. The following
(Algorithm 1) is the pseudo-code of the interface shape construction in the vortex spline
method:

Algorithm 1: Construction of a cubic spline for the interface shape

1 initial estimation for the arclength of each segment:

∆s(0)i =
√
(xi+1−xi)2+(yi+1−yi)2 for all i;

2 initial estimation for the arclength coordinate of each discrete point:

s(0)i =∑i−1
n=0 ∆s(0)i for all i;

3 j=0;
4 repeat
5 construct the cubic spline functions x(j)(s) and y(j)(s) based on the arclength

{s(j)
i } such that x(j)(s(j)

i )= xi and y(j)(s(j)
i )=yi for all i;

6 update the arclength of each segment:

∆s(j+1)
i =

∫ s(j)
i+1

s(j)
i

√
( ∂x(j)

∂s )2+( ∂y(j)

∂s )2ds for all i;

7 update the arclength coordinate of each discrete point:

s(j+1)
i =∑i−1

n=1 ∆s(j+1)
i for all i;

8 j= j+1 ;

9 until ∆s(j)
i is convergent;

The procedure of cubic spline construction above determines the arclength coordinate
si for each point (xi,yi), the arclength ∆si=si+1−si for each segment i, and the cubic spline
functions x(s) and y(s) of the interface.

Fig. 3 demonstrates how a cubic spline can provide a more accurate representation for
the complicated shape of a material interface. In Fig. 3a, the interface shape is represented
by straight lines that connect adjacent points, while in Fig. 3b, the interface shape is
represented by cubic spline segments. Both simulations are for the same system of A=0.05
and use 400 segments. Fig. 3 displays the portion of the material interface in the area
1≤ kx≤2 and −0.7≤ ky≤0.5, which is near the center of a vortex structure. Fig. 3 clearly
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Figure 3: Comparison of a material interface represented by (a) straight-line segments and (b) cubic spline
segments. The figures show that the cubic spline construction provides a more realistic representation for
the shape of the material interface and avoids intersections at the interface, which occur in the straight-line
representation (see the inside of the dashed red ellipses in figure (a)).

shows that the cubic spline representation provides a more realistic description of the
interface shape than the straight-line segment representation for the same number of
discrete points on the material interface. Furthermore, Fig. 3a shows that the material
interface represented by straight-line segments intersects with itself near the center of the
vortex structure (see the inside of the dashed red ellipses). Hence, the material interface
represented by straight-line segments is no longer valid and the numerical simulation
terminates shortly after. Fig. 3b shows no intersections at the material interface based on
the cubic spline representation.

During the cubic spline construction, one needs to solve two tridiagonal matrices of
size N-by-N to determine the coefficients of the cubic spline in each iteration. In practice,
three iterations are usually sufficient for the cubic spline to converge. By using the Thomas
algorithm, the complexity of solving these tridiagonal matrices is only O(N). Since the
evaluation of the Birkhoff–Rott integrals has a complexity of O(N2) and the cubic spline
construction only has a lower complexity of O(N), the portion of computational time
spent on the latter does not play an important role in the efficiency of the numerical
scheme.

Baker et al. [63] showed that singularity occurs at an RT interface in the vortex sheet
formulation, namely the curvature can become infinite at one or more points along the
interface at a critical time. To continue numerical simulations beyond the critical time,
regularization of the Birkhoff–Rott integral has to be applied [1, 57, 58]. The application of
regularization smooths the singularity of the material interface and gives an approximate
solution for the interface motion beyond the critical time. As shown later in Section 5.2,
we will implement such a regularization in our numerical method.
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5 Numerical implementation

In this section, we describe the implementation of a numerical scheme for solving the
governing equation (3.8) derived in Section 3 for the evolution of the material interface.

We decompose the external electric field into two: a horizontal electric field E0=E0 î
and a vertical electric displacement field D0=D0 ĵ, where î and ĵ are the horizontal and
vertical unit vectors, respectively. The following (Algorithm 2) is the pseudo-code for
solving an RTI problem from the initial time t=0 to the terminal time t=T in the presence
of external electric fields:

Algorithm 2: Steps for solving RTI with external electric fields
Initialization:
Step 1: initialize the external electric field by Dext

x =(ϵ1+ϵ2)E0/2 and Dext
y =D0;

Step 2: initialize the location xi, the velocity Ūi and the vorticity Γi of the interface;
Step 3: set time t=0;
Propagation (see Fig. 4 for details):
while t<T do

Step 4: determine the polarization charge βi and the electric displacement D̄i at
the interface;
Step 5: solve xi, Γi and Ūi iteratively until convergence;
Step 6: forward one time step by setting t= t+∆t;

In Steps 4 and 5 of Algorithm 2, we aim to solve a group of coupled nonlinear integro-
differential equations, i.e. Eq. (3.8) for x, Γ, Ū, β, and D̄. This approach involves the
following key procedures (see Fig. 4):

P1: construct the shape of the material interface for evaluating the tangential unit vector
ŝ in Eqs. (3.8b) and (3.8c) and the integrals in Eqs. (3.8d) and (3.8e);

P2: determine the average velocity Ū and the average electric displacement D̄ at the
material interface by evaluating Eqs. (3.8d) and (3.8e);

P3: determine the polarization charge β by solving Eq. (3.8c);

P4: propagate the location x of the material interface by Eq. (3.8a) and the vorticity Γ
confined to the material interface by Eq. (3.8b).

In what follows, we provide the details of procedures P1–P4 in Sections 5.1–5.4, and then
incorporate all these procedures into the numerical implementation in Section 5.5.

5.1 Construction of interface shape

This procedure is provided in Algorithm 1 already.



W. Guo and Q. Zhang / Commun. Comput. Phys., 39 (2026), pp. 78-118 93

Beginning of time step n + 1

xn
i , �n

i , Ūn
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i �t ;

P1: Construct cubic spline x(s) and y(s) based on xn+1
i

Estimate
⇣

dŪ
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dŪ
dt

⌘n�1

i

P4: Find �n+1
i by Eq. (36) using xn+1

i &
⇣

dŪ
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Figure 4: Flowchart for propagating the material interface by one time step ∆t using the vortex spline method.
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5.2 Numerical evaluations of the Birkhoff–Rott integrals

To solve the electrohydrodynamic system governed by Eq. (3.8), one needs to evaluate
the average velocity Ū by Eq. (3.8d) and the average electric displacement D̄ by Eq. (3.8e).
However, computing Eqs. (3.8d) and (3.8e) directly is prone to failure in numerical sim-
ulations due to the following facts. Numerical analyses showed that short-wavelength
instability of the vortex sheet led to difficulty in convergence [54, 56]. Additionally, spu-
rious short-wavelength modes caused by round-off errors in computers can drastically
reduce the accuracy of computational results [56]. As aforementioned, singularity even
occurs at the material interface in finite time [63]. To mitigate these problems, regulariza-
tion methods for the Birkhoff–Rott integral are introduced [1, 57, 58]. The linear stability
analysis showed that regularization diminished the short-wavelength instability and
yielded numerically more tractable equations. Applying the regularization method in [1],
we obtain the regularized version of Eqs. (3.8d) and (3.8e) by respectively replacing Kx
and Ky with

Kx,δ =Kx f
( r

δ

)
and Ky,δ =Ky f

( r
δ

)
. (5.1)

Here δ is the regularization factor, f =1+gm and m denotes the order of the smoothing
error caused by regularization. For systems with periodic horizontal boundaries, r =√

2[cosh(y−y′)−cos(x−x′)]. For m=1,3, and 5, Baker and Beale [1] obtained

g1(r)=−exp
(
−r2), (5.2a)

g3(r)=
(
−1+2r2)exp

(
−r2), (5.2b)

g5(r)=
(
−1+4r2− 4

3
r4
)

exp
(
−r2). (5.2c)

We approximate the regularized Eq. (3.8d) by the midpoint rule and have the sums:

(Ūx)i =−∑
j
(Kx,δv)i,j+ 1

2
γj+ 1

2
∆sj

=− 1
4π ∑

j

sinh(yi−yj+ 1
2
)

cosh(yi−yj+ 1
2
)−cos(xi−xj+ 1

2
)

f
( ri,j+ 1

2

δv

)
Γj, (5.3a)

(Ūy)i =∑
j
(Ky,δv)i,j+ 1

2
γj+ 1

2
∆sj

=
1

4π ∑
j

sin(xi−xj+ 1
2
)

cosh(yi−yj+ 1
2
)−cos(xi−xj+ 1

2
)

f
( ri,j+ 1

2

δv

)
Γj. (5.3b)

The location of the midpoint (xj+ 1
2
,yj+ 1

2
) in the spline segment j is obtained from the

cubic spline construction shown in Algorithm 1, r2
i,j =2[cosh(yi−yj)−cos(xi−xj)], and
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γj+ 1
2
=Γj/∆sj. For Eq. (3.8e), we apply the trapezoidal rule and obtain

(D̄x)i =−∑
j
(Kx,δe)i,jβ j∆lj

=− 1
4π ∑

j

sinh(yi−yj)

cosh(yi−yj)−cos(xi−xj)
f
(

ri,j

δe

)
β j∆lj, (5.4a)

(D̄y)i =∑
j
(Ky,δe)i,jβ j∆lj

=
1

4π ∑
j

sin(xi−xj)

cosh(yi−yj)−cos(xi−xj)
f
(

ri,j

δe

)
β j∆lj, (5.4b)

where ∆lj =
1
2 (∆sj−1+∆sj). A detailed and comprehensive study for the regularization

and for the numerical quadrature of the Birkhoff–Rott integrals was conducted in [1].
Eqs. (5.3) and (5.4) are for systems with periodic horizontal boundaries. For non-

periodic systems, the Biot-Savart kernels are given by Eq. (3.11) and regularized by
Eq. (5.1) with r=

√
(x−x′)2+(y−y′)2 [1]. Then the velocity of the material interface is

evaluated by

(Ūx)i =− 1
2π ∑

j

yi−yj+ 1
2

(yi−yj+ 1
2
)2+(xi−xj+ 1

2
)2 f
( ri,j+ 1

2

δv

)
Γj, (5.5a)

(Ūy)i =
1

2π ∑
j

xi−xj+ 1
2

(yi−yj+ 1
2
)2+(xi−xj+ 1

2
)2 f
( ri,j+ 1

2

δv

)
Γj, (5.5b)

and the average electric displacement at the material interface is evaluated by

(D̄x)i =− 1
2π ∑

j

yi−yj

(yi−yj)2+(xi−xj)2 f
(

ri,j

δe

)
β j∆lj, (5.6a)

(D̄y)i =
1

2π ∑
j

xi−xj

(yi−yj)2+(xi−xj)2 f
(

ri,j

δe

)
β j∆lj, (5.6b)

where r2
i,j =(xi−xj)

2+(yi−yj)
2.

Using Eqs. (5.3)–(5.6), we can calculate the average velocity {Ūi} and the average
electric displacement {D̄i} at the points {xi} based on the cubic spline functions x(s) and
y(s), the polarization charge {βi} and the local circulation of velocity {Γi}.

5.3 Determination of the electric displacement field

How the application of external electric fields affects the motion of the material interface
is given by the term Fe in Eq. (3.8b). To evaluate this term, one needs to determine the
polarization charge β from Eq. (3.8c). We discretize Eq. (3.8c) into

βi+2Aϵ(D̄xsx+D̄ysy)i =0, for i=1,2,··· ,N, (5.7)
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where the subscript (·)i denotes that the quantities in the bracket are taken at point i,
and sx ≡ ∂x/∂s and sy ≡ ∂y/∂s represent the horizontal and vertical components of the
tangential unit vector ŝ, respectively. By substituting Eq. (5.4) into Eq. (5.7), we obtain a
set of linear equations for βi, i.e.

N−1

∑
j=0

Mijβ j =di, for i=0,1,2,··· ,N−1, (5.8)

where

Mij =




− Aϵ

2π

sinh(yi−yj)(sx)i−sin(xi−xj)(sy)i

cosh(yi−yj)−cos(xi−xj)
f
(

ri,j
δe

)
∆lj, i ̸= j,

1, i= j,
(5.9a)

di =−2Aϵ

[
Dext

x (sx)i+Dext
y (sy)i

]
. (5.9b)

Note that the coefficients of this linear system, namely (sx)i, (sy)i and ∆li, depend on the
interface shape and are given by the cubic spline functions x(s) and y(s). By solving the
system of linear equations given by Eq. (5.8), we obtain the values of {βi} and evaluate
{(Dx)i} and {(Dy)i} from Eq. (5.4).

5.4 Propagation of the interface location and the velocity circulation

In the vortex spline method, we propagate the location x of the material interface by
Eq. (3.8a) and the vorticity Γ at the material interface by Eq. (3.8b). Given the location
{xn

i } and the vorticity {Γn
i } at the current time step n, these two quantities are propagated

to the next time step n+1 by the discretized form of Eqs. (3.8a) and (3.8b):

xn+1
i = xn

i +
∆t
2

(
Ūn+1

i +Ūn
i

)
, (5.10)

Γn+1
i =Γn

i +∆t
(

A
[(

dŪ
dt

)n

i
· ŝn

i +

(
dŪ
dt

)n

i+1
· ŝn

i+1

]
∆sn

i +2Ag
(
yn

i+1−yn
i
)

−
[
(Fγ)

n
i+1−(Fγ)

n
i
]
−
[
(Fe)

n
i+1−(Fe)

n
i
])

. (5.11)

Here ∆t is the size of the time step, and the superscript (·)n denotes the value of a quantity
at the time step n. In Eq. (5.11),

(
dŪ
dt

)n

i
=

Ūn+1
i −Ūn

i
∆t

, (5.12)

(Fe)
n
i =

ϵ2−ϵ1

ϵ1ϵ2(ρ1+ρ2)

(
[(D̄x)

n
i ]

2
+
[
(D̄y)

n
i
]2−

(
βn

i
)2

4

)
, (5.13)
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and (Fγ)n
i is evaluated as follows. Since vorticity can concentrate in certain regions of the

RT interface, a steep slope of the vortex strength γ occurs [13]. To preserve numerical
stability, we use the Godunov solver to compute the flux (Fγ)n

i , namely,

(Fγ)
n
i =−A

4
max

[
(γn

i−)
2,(γn

i+)
2], (5.14)

where

γn
i−=min

[(
γL
)n

i
,0
]

, γn
i+=max

[(
γR
)n

i
,0
]

. (5.15)

Here
(
γL)n

i ≡ γ(t = tn,s = s−i ) is the left state of γ at point i at the time step n, and(
γR)n

i ≡γ(t= tn,s= s+i ) is the right state of γ at point i at the time step n (see Fig. 2). The
states

(
γL)n

i and
(
γR)n

i are reconstructed from {Γn
i } by the same approach as in the finite

volume methods. For example, using the Godunov scheme [64] to reconstruct the left and
right states of γ at point i gives

(
γL
)n

i
=Γn

i−1/∆sn
i−1 and

(
γR
)n

i
=Γn

i /∆sn
i , (5.16)

which are estimated by the average vortex strengths in the left and right spline seg-
ments, respectively. For reconstruction with higher accuracy, one can refer to the MUSCL
scheme [65] and the WENO scheme [66, 67].

We comment that Eqs. (5.3), (5.10), and (5.11) are strongly coupled because xn+1
i , Γn+1

i ,
and Ūn+1

i depend on each other: xn+1
i is propagated by Ūn+1

i in Eq. (5.10); Γn+1
i depends

on Ūn+1
i since

(
dŪ
dt

)n

i
in Eq. (5.11) has dependency on Ūn+1

i (see Eq. (5.12)); Ūn+1
i depends

on xn+1
i and Γn+1

i in the form of line integrals given by Eq. (5.3). We will apply an iterative
method to solve this coupling system, which is discussed in the next subsection.

5.5 Procedures for propagating the system by one time step

At the beginning of the time step n+1, the quantities {xn
i }, {Γn

i }, {Ūn
i }, and

{( dŪ
dt

)n−1
i

}

are known. We apply an iterative approach to propagate these quantities by one time step
∆t. This is given by the following pseudo-code (Algorithm 3):
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Algorithm 3: Procedures for propagating the system by ∆t

Known: xn
i , Γn

i , Ūn
i , and

(
dŪ
dt

)n−1

i
Initialization of iteration:

1 determine βn
i from Eq. (5.8), and evaluate D̄n

i by Eq. (5.4);
2 estimate xn+1

i = xn
i +Ūn

i ∆t, construct x(s) and y(s) based on xn+1
i ;

3 estimate
(

dŪ
dt

)n

i
=
(

dŪ
dt

)n−1

i
;

Iteration:
4 repeat

5 determine Γn+1
i from Eq. (5.11) using xn+1

i and
(

dŪ
dt

)n

i
;

6 evaluate Ūn+1
i by Eq. (5.3) based on xn+1

i and Γn+1
i ;

7 xn+1
i = xn

i +
∆t
2

(
Ūn+1

i +Ūn
i

)
, construct x(s) and y(s) based on xn+1

i ;

8
(

dŪ
dt

)n

i
=

Ūn+1
i −Ūn

i
∆t ;

9 until convergence;

A flowchart for these procedures is shown in Fig. 4. This concludes the implementation
of the vortex spline method.

6 Dynamic mesh for the material interface

The implementation shown in Section 5 uses a fixed number of cubic spline segments to
represent the shape of the material interface. This is usually sufficient for numerical simu-
lations of an unstable interface at early times. However, as time progresses, complicated
structures appear at the unstable material interface. The material interface is stretched out
to a much larger extent than the initial state, and the interface shape becomes much more
complicated. Therefore, using a fixed number N of cubic spline segments to represent the
shape of an unstable material interface eventually leads to a lack of resolution at late times.
Even though one could discretize the initial material interface with a finer mesh (namely
using a larger value of N) to delay the occurrence of under-resolution, this approach is
inefficient for two reasons. (1) A finer mesh causes longer computation time and requires
more computational efforts. Such additional costs are unnecessary since at early times the
material interface is not stretched significantly. (2) The stretching at the material interface
is nonuniform. The resolution in the vicinity of the stretched region still rapidly becomes
insufficient even with a finer mesh, and it is impossible to determine the stretched region
a priori for general cases. To resolve this issue, we introduce a procedure of dynamic
mesh adjustment that efficiently refines the mesh in the vortex spline method during the
numerical computation.

Given a material interface represented by a sequence of cubic spline segments, at the
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end of each time step, we perform three procedures for each segment i:

Procedure 1: Examine whether the spline segment is too stretched or too curvy. The former
is determined by whether the arclength ∆si exceeds a threshold value ∆sc, and the latter is
determined by whether cos−1(ŝi · ŝi+1) exceeds a threshold value θc.

Procedure 2: If either criterion in Procedure 1 is met, split the spline segment into two by
its midpoint. Note that the midpoint of every spline segment is already available when
evaluating Eq. (5.3).

Procedure 3: Allocate the vorticity Γi in the pre-split spline segment to the two post-split
segments. We comment that a straightforward interpolation may yield oscillations of the
vortex strength γ and lead to numerical instability in the subsequent computation. To re-
tain the monotonicity of γ between neighboring segments and avoid spurious oscillations
during the allocation of Γ, we adopt the same idea of the MUSCL scheme [65]. Namely,
γ in the pre-split segment is approximated by a linear function, and the derivative of γ
is limited by a slope limiter. Consider a pre-split segment i which has the arclength ∆si
and holds the vorticity Γi. We first calculate the average vortex strength in segment j
(j= i−1,i,i+1) by γ̄j =Γj/∆sj. The left and right slopes of γ in segment i are estimated by

dl =2
γ̄i−γ̄i−1

∆si+∆si−1
and dr =2

γ̄i+1−γ̄i

∆si+1+∆si
. (6.1)

The limited slope of γ in segment i is then given by

d=minmod(dl ,dr), (6.2)

where minmod(·) is the minmod slope limiter defined by

minmod(a,b)=





min(a,b), if a≥0,b≥0,
0, if ab<0,
max(a,b), if a≤0,b≤0.

(6.3)

Finally, the segment i is divided into two segments of equal arclength ∆si/2 with the left
(right) segment containing the vorticity ΓL

i (ΓR
i ), where

ΓL
i =

∫ 0

− ∆si
2

(γ̄i+ds)ds=
1
2

Γi−
1
8

d∆si, ΓR
i =Γi−ΓL

i =
1
2

Γi+
1
8

d∆si. (6.4)

Once the local refinement of all spline segments is finished, we reevaluate all physical
quantities based on the post-split segments. The pseudo-code of the dynamic mesh
adjustment is as follows (Algorithm 4):
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Algorithm 4: How to dynamically adjust the mesh
At the end of each time step n:

1 foreach cubic spline segment (x(s),y(s)) where s∈ [sn
i ,sn

i+1] do
2 if ∆sn

i >∆sc or cos−1(ŝn
i · ŝn

i+1)> θc then
3 sn

i+ 1
2
= 1

2 (s
n
i +sn

i+1);

4 split the spline segment by its midpoint: xn
p =
(

x(sn
i+ 1

2
),y(sn

i+ 1
2
)
)

;

interpolate the acceleration:
(

dŪ
dt

)n−1

p
= 1

2

[(
dŪ
dt

)n−1

i
+
(

dŪ
dt

)n−1

i+1

]
;

allocate the vorticity in the post-split segments [sn
i ,sn

i+ 1
2
] and [sn

i+ 1
2
,sn

i+1] with

ΓL
i and ΓR

i given by Eq. (6.4);

5 reconstruct the cubic spline (x(s),y(s)) based on the post-split mesh;
6 evaluate the average velocity {Ūn

i } at all points of the post-split mesh, based on
the updated cubic spline (x(s),y(s)) and vorticity {Γn

i };
7 proceed to the next time step.

The implementation of dynamic mesh adjustment in the vortex spline method is
shown as the lower dashed box in Fig. 4. We comment that Krasny [68] developed a point
insertion technique, in which the coordinates of the newly inserted point are determined
by cubic polynomial interpolation based on the coordinates of four neighboring points.
In our approach, the coordinates of the inserted point are determined from our basic
construction of a cubic spline based on all points at the interface.

The arclength of the cubic spline segments gradually decreases as the refinement of
the mesh continues. Therefore, the size of the time step ∆t needs to be adjusted adaptively
to avoid violating the Courant–Friedrichs–Lewy (CFL) condition. Eq. (3.8b) indicates that
one needs to solve a local Riemann problem of γ at each point xi, and the CFL condition
requires

∆tn ·max
[
−A

2

(
γR
)n

i
,−A

4

((
γL
)n

i
+
(

γR
)n

i

)]
<∆sn

i , (6.5a)

∆tn ·max
[

A
2

(
γL
)n

i+1
,
A
4

((
γL
)n

i+1
+
(

γR
)n

i+1

)]
<∆sn

i (6.5b)

for all i. Here
(
γL)n

i and
(
γR)n

i are the values of γ at s= s−i and s= s+i at the time step n,
respectively (see Eq. (5.16) for the example of the Godunov scheme). At the beginning
of each simulation, an initial time step ∆t0 is assigned. Then we check whether the CFL
condition is satisfied at the beginning of each time step. If the CFL condition is violated, we
reduce ∆t by half repeatedly until the CFL condition is satisfied, and then use Algorithm
3 to propagate the interface.
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7 Validation studies

In this section, we will conduct validation studies of the vortex spline method. There are
two key numerical parameters in the vortex spline method, namely the number of spline
segments N used to represent the shape of the material interface and the magnitudes of
the regularization factors (δv and δe). We will show that the vortex spline method gives
convergent numerical solutions under these two numerical parameters. Since analytical
solutions in the literature are valid only up to the weakly nonlinear regime [6, 69], we con-
duct our validation studies in two stages. First, we validate the convergence of the vortex
spline method up to the weakly nonlinear regime by comparing the obtained numerical
results with the theoretical predictions. Second, we carry out convergence studies in the
fully nonlinear regime. The velocity of the finger tip at the RT interface indicates how
the fluids in the system penetrate into each other, which is the most important physical
quantity people are interested in. Therefore, we will validate this quantity obtained from
the numerical simulations.

For the convenience of analyzing and presenting the numerical results, we introduce
the dimensionless length scales x̃=kx and ỹ=ky and the dimensionless time scale t̃=t

√
kg.

The densities and electric permittivities are expressed in terms of the Atwood numbers A
and Aϵ, which are dimensionless parameters. The remaining physical quantities in the

system are non-dimensionalized by Ũ = Ū
√

k
g , Γ̃=Γ

√
k3

g , Ẽ0=E0

√
k
g

ϵ̄
ρ̄ , and D̃0=D0

√
k

gϵ̄ρ̄ .

Here ϵ̄= ϵ1+ϵ2
2 and ρ̄= ρ1+ρ2

2 are the average electric permittivity and the average density
of the two fluids, respectively.

For all numerical simulations conducted in this section, the material interface is initially
perturbed by a single-mode sinusoidal disturbance, i.e. ỹ0

i =−ã0cos(x̃0
i ), where the initial

grid points x̃0
i is uniformly distributed in the interval [−π,π], and ã0 is the dimensionless

initial amplitude of the material interface. The perturbed material interface is static at
the initial moment, namely Ũ0

i = 0 and Γ̃0
i = 0 for all i. Unless specified otherwise, the

dimensionless physical parameters in all numerical simulations in this section are A=0.3,
Aϵ =0.5, ã0 =0.1, Ẽ0 =0.5 and D̃0 =0. The regularization function g3 given by Eq. (5.2b)
are used in all simulations.

7.1 Validation in the weakly nonlinear regime

In the weakly nonlinear regime, the material interface has not developed into a compli-
cated shape yet. Therefore, the role of dynamic mesh is not essential. Hence, in each
simulation, we use a fixed number of spline segments. The size of the time step is constant
∆t=0.001 in all simulations. We first conduct numerical simulations with three different
values of regularization factors to show the convergence of the numerical solutions under
the refinement of the regularization factors. We fix N=800 and choose δv = δe = δ with
δ=0.4,0.3, and 0.2. Fig. 5a is the dimensionless velocity of bubbles ṽbb≡ Ũy(x̃=π) versus
the dimensionless time t̃, and Fig. 5b is the dimensionless velocity of spikes ṽsp≡Ũy(x̃=0)
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Figure 5: Convergence of the dimensionless bubble/spike velocity ṽbb/sp from the vortex spline method
under the refinement of regularization factors at early times. The numerical results (black ‘+’ for δ= 0.4,
red ‘⋄’ for δ= 0.3, blue ‘◦’ for δ= 0.2) all coincide with each other, and converge to the linear theory (red
dashed curves) within the linear regime and to the nonlinear perturbation theory (blue solid curves) within
the weakly nonlinear regime. This confirms the convergence of the numerical results under the refinement of
regularization factors.

versus t̃. The numerical results for δ=0.4,0.3, and 0.2 are plotted in black ‘+’, red ‘⋄’, and
blue ‘◦’ symbols, respectively. As a base of the convergent study, we also plot the predic-
tion of the linear theory (red curves) and that of the third-order nonlinear perturbation
theory (blue curves). The linear theory gives ṽlin

bb = ã0σsinh(σt̃) and ṽlin
sp =−ṽlin

bb , where

σ=
√

A−A2
ϵẼ2

0 [6]. The analytical expressions for the third-order nonlinear perturbation
solutions are listed as Eqs. (4.8)–(4.12) in [69]. Fig. 5 shows that the results from all three
numerical simulations coincide with each other. This confirms the convergence of the
numerical solutions. At very early times, three numerical solutions from different regu-
larization factors all agree with both the prediction of the linear theory and that of the
nonlinear perturbation solution. However, as time proceeds, the nonlinear effects become
progressively evident. Therefore, all numerical solutions gradually deviate from the pre-
diction of the linear theory but still agree well with that of the nonlinear perturbation
solution up to the weakly nonlinear stage (see Fig. 5a). This shows that the simulations
capture the nonlinear behavior of the finger development at the unstable RT interface.

To confirm the convergence of numerical solutions under mesh refinement, we conduct
numerical simulations with various numbers of spline segments representing the material
interface, i.e. N=200,400,800 and 1600. The physical parameters are the same as in Fig. 5,
and the size of the time step remains ∆t=0.001. The regularization factor is δv =δe =0.3.
Figs. 6a and 6b plot the numerical solutions for the dimensionless velocity of bubbles ṽbb
and that of spikes ṽsp, respectively. The numerical results with N=200,400,800, and 1600
are plotted in black ‘+’, red ‘⋄’, blue ‘◦’, and magenta ‘∆’ symbols, respectively. Fig. 6
clearly shows that all four numerical solutions with different values of N coincide with
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Figure 6: Convergence of the dimensionless bubble/spike velocity ṽbb/sp from the vortex spline method
under mesh refinement at early times for four different numbers of spline segments (black ‘+’: N=200; red
‘⋄’: N = 400; blue ‘◦’: N = 800; magenta ‘∆’: N = 1600). The results for all cases coincide with each other
and agree well with the linear theory (red dashed curves) within the linear regime and with the nonlinear
perturbation theory (blue solid curves) within the weakly nonlinear regime. This confirms the convergence of
the numerical results under mesh refinement.

each other. It also shows that these numerical solutions all agree with the prediction of the
linear theory (red curves) at early times and agree with the prediction of the nonlinear
perturbation solution (blue curves) over a longer time, since the nonlinear perturbation
solution takes into account the nonlinear behavior of fingers and has a longer range of
validity. Even for a coarse mesh with N = 200 spline segments, the numerical results
agree with the prediction of the linear theory up to t̃=2.5 and with that of the nonlinear
perturbation solution up to t̃=4.5. This shows that it is unnecessary to use a fine mesh
with a large number of spline segments in the numerical simulations for the early-time
evolution of the material interface. However, the situation is very different at late times, at
which the material interface becomes fully nonlinear and has a complicated shape.

7.2 Validation in the fully nonlinear regime

In Section 7.1, the convergence and accuracy of the vortex spline method have been
validated up to the weakly nonlinear regime. Now we carry out the validation studies
further to the late-time nonlinear regime.

In Figs. 7a and 7b, we plot the numerical solutions for the dimensionless velocity of
bubbles ṽbb and that of spikes ṽsp obtained from the vortex spline method with various
values of regularization factors. The setting of numerical simulations and the meaning of
symbols in Fig. 7 are the same as in Fig. 5 (N=800 and δ=0.4,0.3,0.2). The simulations are
conducted up to the nonlinear regime of t̃=8.8, after which an intersection occurs at the
material interface for the case of δ=0.2 due to a lacking of spline segments that represent
the interface. Fig. 7 shows that the numerical solutions for the finger velocities with
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Figure 7: Convergence of the dimensionless bubble/spike velocity ṽbb/sp from the vortex spline method
under the refinement of regularization factors δ at late times. The meaning of symbols is the same as in Fig. 5.
The figure shows that the numerical results are convergent to each other.

different values of regularization factors are almost identical to each other. Therefore, for
the finger growth at the RT interface, which is the most important quantity in RTI problems,
the vortex spline method gives convergent numerical results under the refinement of
regularization factors.

In Figs. 5 and 7, we showed how the regularization factor influences the growth of
fingers, which is the large-scale behavior of the material interface. Now we examine how
the regularization factor affects the fine-scale features of the material interface. Plotted in
Fig. 8 are the snapshots of a material interface at t̃=20 for a system with Ẽ0=0.4125,Aϵ=1/3
and a small Atwood number A=1/10 which enhances the fine-scale structures such as
roll-ups. The procedure of dynamic mesh adjustment is applied and the initial number of
spline segments representing the material interface is N=400. The numerical simulation in
each subfigure of Fig. 8 is conducted with (a) δ=0.4, (b) δ=0.3, and (c) δ=0.2, respectively.
The comparison in Fig. 8 shows that a smaller value of δ leads to more pronounced fine-
scale structures at the material interface. This is consistent with the phenomena observed
in [1], in which the regularization method was derived and the effects of the regularization
factor were investigated comprehensively. On the other hand, as shown in Fig. 7, the
large-scale structures at the material interface, namely the growth rate at the bubble tip and
that at the spike tip, do not show any differences for these three values of δ. We comment
that the choice of the regularization factor δ is problem-dependent. In the studies of RTI,
people are mostly interested in the evolution of the mixing length, namely the vertical
distance between the highest and lowest points of the material interface. For this purpose,
δ=0.3 is sufficient. However, if one investigates the details of fine-scale structures at the
material interface, such as the interface shape near the vortex centers, a smaller value of δ
is needed.

In Figs. 9a and 9b, we show the finger velocities ṽbb and ṽsp for various numbers of
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Figure 8: Comparison between the material interfaces at t̃= 20 obtained by (a) δ= 0.4, (b) δ= 0.3, and (c)
δ=0.2. The figures show that a smaller regularization factor leads to more pronounced fine-scale structures at
the unstable material interface, but provides almost identical results for the growth of large-scale fingers.
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Figure 9: Convergence of the dimensionless bubble/spike velocity ṽbb/sp from the vortex spline method
under mesh refinement at late times. Four cases with a fixed number of spline segments N are presented up
to the moment when each simulation is halted due to an under-resolved mesh (black ‘+’: N=200; red ‘⋄’:
N=400; blue ‘◦’: N=800; magenta ‘∆’: N=1600; green ‘×’: N=3200). Additionally, the numerical results
with a dynamically adjusted N (controlled by Algorithm 4) are plotted in cyan ‘∇’ symbols until N reaches
3200. The figure shows that the numerical results for all cases coincide with each other. The figure also shows
that the numerical simulation with a dynamic N runs up to a much later stage than those with a fixed N.

spline segments representing the material interface, i.e. N=200,400,800,1600, and 3200.
Compared to Fig. 6, we double the number of spline segments up to N=3200 because the
interface shape becomes much more complicated at late times. All physical parameters
and symbols are the same as in Fig. 6, with the addition of green ‘×’ symbols denoting the
results of N=3200. Since the number of spline segments N is fixed during each numerical
simulation, a lack of resolution at the material interface eventually occurs in the stretched
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Figure 10: Number of spline segments N for the numerical simulation based on dynamic mesh adjustment in
Fig. 9 versus dimensionless time t̃. The figure shows that dynamic mesh adjustment is more efficient since it
maintains a smaller value of N compared to a fixed-mesh simulation.

and roll-up regions at late times. This can lead to an unphysical solution of the material
interface that intersects with itself in numerical simulations. Hence, the above numerical
results are plotted only up to the moments when an intersection occurs. Fig. 9 shows that
the numerical results from different N all coincide with each other up to the occurrence of
intersections. This confirms that the numerical solutions obtained from the vortex spline
method are convergent under mesh refinement at late times.

As time evolves, the interface shape becomes increasingly complicated and roll-up
structures emerge at the interface. Naturally, more cubic spline segments are needed
to represent the shape of the interface. However, increasing the number of segments at
the initial mesh is not a suitable approach to fulfill this need. This is clearly shown in
Fig. 9, in which the numerical simulations with a fixed number of cubic spline segments
N=200,400,800,1600, and 3200 halted at t̃≈9.3,9.6,10.0, 10.5, and 11.2, respectively. Thus,
when we increases N by a factor of 16 (from 200 to 3200), the numerical simulation is
only extended by 20% (from 9.3 to 11.2). This problem is rooted in the fact that one needs
significantly more segments to represent the regions with a very complicated interface
shape, but only a small number of segments to represent the regions with a relatively
simple shape. In the numerical simulations with a fixed N, a large portion of segments is
wasted in the latter regions, but a critical shortage of segments still occurs in the former
regions. To resolve this issue, we apply a procedure of dynamic mesh adjustment to
refine the mesh only where and when it is needed in the complete implementation of
the vortex spline method. The details of the procedure are provided in Algorithm 4. To
demonstrate its advantages, in Fig. 9 we also plot the results of a numerical simulation
conducted with dynamic mesh adjustment (cyan ‘∇’ symbols) for the same system as
the fixed-N simulations in this figure. The number of spline segments is initialized by



W. Guo and Q. Zhang / Commun. Comput. Phys., 39 (2026), pp. 78-118 107

N = 400 and additional segments are inserted as needed during the simulation. The
simulation automatically finished when N reached 3200, which is the same as the number
of segments in the finest fixed mesh in the comparison. Fig. 9 shows that the dynamic
mesh adjustment method carries out a longer numerical simulation than the fixed-N
method. Fig. 10 displays how the number of spline segments N increases with t̃ in the
dynamic mesh adjustment method. It shows that the value of N stays at 400 until t̃ reaches
7.6. Then N increases to 800 at t̃≈10.5. This is the time at which the numerical simulation
with a fixed N=1600 halted due to the self-intersection of the interface. When N reaches
1600, the simulation further progresses to t̃≈12, which is beyond the time at which a fixed
N = 3200 failed due to self-intersection. Finally, the simulation finishes at t̃≈ 13 when
N reaches 3200 without self-intersection. We comment that even though the results of
the finger velocity from a fixed N=3200 and that from a dynamic N are almost identical,
the one with a dynamic N has a much coarser mesh at early times and therefore is much
less time-consuming than the one with a fixed N. This confirms that the dynamic mesh
adjustment is more efficient and more robust than the uniform mesh refinement at the
initial moment. Fig. 10 also shows that the value of N grows faster at later times. This
is due to the fact that the material interface becomes increasingly more complicated and
more stretched as time proceeds. Hence, the effects of dynamic mesh adjustment become
more prominent as the numerical simulation reaches late times.

Fig. 11 demonstrates the convergence of the vortex spline method under the refinement
of dynamic mesh. In Fig. 11, we display the material interfaces at t̃=12 obtained with
three different dynamic meshes. All three simulations have the same initial number
of spline segments N = 400 and the same regularization factor δ = 0.3. In the order
of Figs. 11a, 11b, and 11c, we tighten the criteria for locally refining the mesh in each
simulation and consequently increase the number of spline segments N used to represent
the material interface. The final numbers of N are (a) N = 1570, (b) N = 2068, and (c)
N=2584. A comparison between Figs. 11a–11c shows that the material interfaces obtained
with different N in these three simulations are almost identical. Only under a very close
inspection of Fig. 11, the material interface with larger N exhibits slightly more pronounced
fine-scale structures. This is what one would expect by the fact that the finer the mesh, the
more details of the fine structures can be revealed. For practical purposes, these figures
are indistinguishable. This confirms the convergence of the vortex spline method under
the refinement of dynamic mesh.

We also conducted validation studies on the convergence of the vortex spline method
under the refinement of time step sizes by simulating the same system shown in this
section with different sizes of time steps. In the simulations with a fixed mesh, the size of
the time step is fixed with ∆t=0.002,0.001, and 0.0005; in the simulations with a dynamic
mesh, the size of the time step is adaptively adjusted and ∆t is initialized with the above
three values. The numerical results obtained with these three different ∆t are almost
identical. All of the numerical results shown in this section are obtained with ∆t=0.001.

Figs. 5–9 show the validation studies for RT systems under the effects of gravity and a
horizontal external electric field. We have also conducted the same validation studies for
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Figure 11: Comparison between the material interfaces at t̃=12 obtained with different dynamic meshes.
From left to right, the criteria for dynamic mesh refinement in each simulation become stricter, and the
number of spline segments N used to represent the material interface becomes larger consequently, i.e. (a)
N=1570, (b) N=2068, and (c) N=2584. The figure shows that as N increases, the profile of the large-scale
structures remains visually identical, and the fine-scale structures become slightly more pronounced. This
validates the convergence of the vortex spline method under the refinement of dynamic mesh.

systems under the effects of gravity and a vertical external electric field. The studies show
that the vortex spline method is still convergent in the presence of a vertical electric field.
The resulting figures are similar to Figs. 5–9.

8 Numerical examples

In this section, we will demonstrate the capability of the vortex spline method with
examples of simulating RT systems in various external electric fields. All numerical
simulations are initialized with a single-mode material interface with zero velocities and
a dimensionless initial amplitude ã0 =0.1. The dynamic mesh adjustment is employed
with an initial number of spline segments N=400. The regularization function is g3 given
by Eq. (5.2b) and the regularization factors are δv = δe =0.3. The size of the time step is
initially ∆t0=0.005 and is adaptively adjusted during the simulations based on the CFL
condition.

In Fig. 12, we display the evolution of a single-mode unstable RT interface up to
the nonlinear regime under various external electric fields. In this set of numerical
simulations, the Atwood number is A=1/3 and the dielectric Atwood number is Aϵ=1/2.
We conduct three different simulations with the same initial material shape to show the
effects of external electric fields: (a) in Figs. 12a–12c, a horizontal electric field is applied
(Ẽ0 = 1/

√
3); (b) in Figs. 12d–12f, no electric field is applied (as a basis of comparison);

(c) in Figs. 12g–12i, a vertical electric field is applied (D̃0 =1/
√

3). For each simulation,
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Figure 12: Evolution of a single-mode unstable RT interface in the presence of (a)-(c) a horizontal external
electric field, (d)-(f) no external electric fields, and (g)-(i) a vertical external electric field. The material
interfaces in all three sequences have the same initial shape. The snapshots of the material interface in each
sequence are taken at t̃=7,9, and 11, respectively. The figure shows that the horizontal electric field suppresses
the growth of both large-scale fingers and fine-scale structures, whereas the vertical electric field enhances the
growth. The final number of spline segments are: (c) N=1214, (f) N=2324, (i) N=5284.
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the snapshots of the material interface are taken sequentially at time t̃=7,9, and 11. The
comparison among these snapshot sequences exhibits how the material interface evolves
differently under different external electric fields. Compared to the case without external
electric fields (Figs. 12d–12f), the horizontal electric field suppresses interfacial instability
(Figs. 12a–12c) while the vertical electric field enhances finger growth (Figs. 12g–12i).
Such phenomena are consistent with the numerical results in Refs. [47, 48] and the linear
analysis in Ref. [3]. In addition to large-scale fingers, fine-scale structures also demonstrate
different features at late times (see Figs. 12c, 12f, and 12i). For example, the stabilizing
effects of the horizontal electric field reduce the complexity and the rotation of the roll-
up structures at the sides of the spike tip (see Figs. 12c and 12f). On the contrary, the
application of a vertical electric field leads to the formation of much more complicated
structures near the spike tip, and the roll-up feature of these structures becomes more
prominent than those in the system without external electric fields (see Figs. 12f and 12i).

The vortex spline method can also handle systems with an external electric field
oblique to the unperturbed material interface at an arbitrary angle. Our study shows
that the fingers stay left-right symmetric when only a horizontal or vertical external
electric field is present. One may speculate that such symmetry still holds for systems
with an oblique external electric field. We now show this is not the case. In Fig. 13,
we show the evolution of an RT interface with an oblique external electric field. As
aforementioned, we decompose the oblique electric field into a horizontal electric field
with the dimensionless strength Ẽ0 and a vertical electric displacement field with the
dimensionless strength D̃0. The parameters are Ẽ0=0.6, D̃0=0.8, A=1/20, and Aϵ =1/3.
The snapshots shown in Fig. 13 are taken sequentially at t̃ = 10,12, and 14. Although
the bubbles and spikes in Fig. 13 still exhibit the penetration characteristics during the
evolution, the penetration of these fingers is no longer symmetric despite the symmetry of
the initial shape. The material interface in Fig. 13 exhibits a “shearing” behavior, similar
to the Kelvin-Helmholtz instability that occurs when a velocity difference exists across the
material interface between two fluids. In Fig. 13, the shearing develops as an asymmetric
horizontal motion of large-scale structures, i.e. the bubble moves to the right and the spike
moves to the left. This shearing enhances the fluid mixing in one of the two roll-up centers
(see the dashed box in Fig. 13c) and reduces the other.

In this paper, we focus on systems with the property of periodicity in the horizontal
direction. This is a common setting for the studies of RTI. The extension of the presented
vortex method to a more general setting depends on the specific situation. For example, it
is straightforward to extend the method to a two-fluid flow in which the material interface
between the two fluids is a closed curve. In this case, one only needs to evaluate the
velocity of the material interface and the average electric displacement at the material
interface using Eqs. (5.5) and (5.6), instead of Eqs. (5.3) and (5.4). However, for systems
containing non-fluid interfaces, such as walls, the formulation will become much more
complicated. Based on the boundary conditions at these walls, one needs to determine the
vortices along the walls and calculate the contributions from these vortices to the material
interface. We comment that the vortices at the walls also evolve dynamically. This is a
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Figure 13: Evolution of a single-mode unstable RT interface in the presence of both horizontal and vertical
electric fields. The figure shows that the bubbles and the spikes exhibit asymmetric motion in the horizontal
direction due to the external electric fields. This enhances the fluid mixing at the material interface (see the
dashed box in figure (c)).

difficult task even for the classical RTI systems without external electric fields. Therefore,
it is beyond the scope of this work for electrohydrodynamics systems.

9 Conclusion

In this paper, we present a numerical method for simulating material interfaces between
incompressible, inviscid, and perfect dielectric fluids in the presence of gravity and
external electric fields. Based on the vortex formulation, the velocity field and the electric
displacement field of the system are both formulated by vortex sheets confined to the
material interface. The dynamics of the entire system is governed by the equations of the
vortex sheets, and the numerical computation is only performed at the one-dimensional
material interface instead of in the two-dimensional domain. We validate the convergence
of the numerical solutions obtained from the vortex spline method. By comparing the
numerical solutions with the predictions of the theories in the literature, we show that
the vortex spline method provides accurate results for the growth of fingers. Numerical
examples for simulating unstable RT interfaces in the presence of various external electric
fields are included. We comment that while the examples in this paper focus on material
interfaces with a single-mode initial perturbation and periodic boundary conditions, the
vortex spline method is also applicable to multi-mode interfaces and to non-periodic
systems. Moreover, the vortex spline method can be extended to interfacial mixing
problems other than RTI, including Richtmyer-Meshkov instability and Kelvin-Helmholtz
instability, in the presence of external electric fields.

Surface tension plays an important role in the dynamics of unstable interfaces [50].
However, the inclusion of surface tension can introduce numerical instability and difficul-
ties to vortex methods [70–72]. Further investigation is still required to incorporate the
effects of surface tension into the vortex spline method.
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A Derivation of Eqs. (3.8b) and (3.8c) in vortex formulation

Based on vortex formulation, an RT system of incompressible, inviscid and perfect dielec-
tric fluids with external electric fields is governed by Eq. (3.8). In particular, Eq. (3.8a)
describes the motion of the material interface, and Eqs. (3.8d) and (3.8e) are derived from
the Birkhoff–Rott integral. In this appendix, we provide the derivation of the two remain-
ing equations, namely Eq. (3.8b) that governs the evolution of vorticity and Eq. (3.8c) that
governs the electric displacement field at the interface.

To evaluate the average electric displacement D̄ at the material interface, one needs to
determine the induced polarization charge β at the interface. We derive Eq. (3.8c) for the
determination of β. This can be obtained from Eq. (2.8b), i.e.

(D1

ϵ1
− D2

ϵ2

)
· ŝ=0. (A.1)

Since β=(D1−D2)· ŝ and D̄=(D1+D2)/2, D1 and D2 can be expressed as

D1= D̄+
1
2

βŝ and D2= D̄− 1
2

βŝ. (A.2)

After substituting Eq. (A.2) into Eq. (A.1), we obtain

(
1
ϵ1

− 1
ϵ2

)
D̄ · ŝ+

(
1
ϵ1

+
1
ϵ2

)
β

2
=0. (A.3)

In terms of Aϵ =(ϵ2−ϵ1)/(ϵ2+ϵ1), Eq. (A.3) can be simplified into Eq. (3.8c), i.e.

β+2AϵD̄ · ŝ=0. (A.4)

Now we derive Eq. (3.8b), namely the evolution equation for the vorticity Γ confined to
the material interface. Eq. (2.12) shows that

p1−p2=
1
ϵ1

[
(D1 ·n̂)2− 1

2
|D1|2

]
− 1

ϵ2

[
(D2 ·n̂)2− 1

2
|D2|2

]
. (A.5)
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After substituting Eq. (A.2) into Eq. (A.5), Eq. (A.5) can be rewritten in terms of β,D̄x, and
D̄y:

p1−p2=
1
ϵ1

(
D2

n−
1
2

[
D2

n+

(
Ds+

β

2

)2
])

− 1
ϵ2

(
D2

n−
1
2

[
D2

n+

(
Ds−

β

2

)2
])

=
1

2ϵ1ϵ2

[
(ϵ2−ϵ1)

(
D2

n−D2
s −

β2

4

)
−(ϵ2+ϵ1)βDs

]
(A.6)

=
ϵ2−ϵ1

2ϵ1ϵ2

(
D2

n+D2
s −

β2

4

)
=

ϵ2−ϵ1

2ϵ1ϵ2

(
D̄2

x+D̄2
y−

β2

4

)
. (A.7)

In the above equations, Dn≡ D̄·n̂ and Ds≡ D̄· ŝ are the normal and tangential components
of the average electric displacement D̄ at the material interface, respectively. Note that we
have used Eq. (A.4) during the simplification of Eq. (A.6).

From γ=(u1−u2)· ŝ and Ū =(u1+u2)/2, one can rewrite the velocity vector and the
acceleration vector of fluid i (i=1,2) as

ui = Ū+
(−1)i−1

2
γŝ and ai =

dui

dt
+
(−1)i−1

2
γ

∂ui

∂s
, (A.8)

where
d
dt

≡ ∂

∂t
+Ū ·∇ (A.9)

is the material derivative following the motion of the interface. Based on the Euler equation
ρiai =−∇pi−ρig ĵ, taking the difference in the tangential accelerations across the material
interface gives

(a1−a2)· ŝ=A(a1+a2)· ŝ+2Ag ĵ· ŝ− 2
ρ1+ρ2

∂(p1−p2)

∂s
, (A.10)

where A=(ρ2−ρ1)/(ρ2+ρ1). Substituting Eqs. (A.7) and (A.8) into Eq. (A.10), we obtain
the evolution equation for the vortex sheet strength γ, i.e.

dγ

dt
+γ

∂Ū
∂s

· ŝ=2A
dŪ
dt

· ŝ+2Ag
∂y
∂s

− ∂Fγ

∂s
− ∂Fe

∂s
, (A.11)

where Fγ =− A
4 γ2 and Fe =

ϵ2−ϵ1
ϵ1ϵ2(ρ1+ρ2)

(
D̄2

x+D̄2
y−

β2

4

)
. We comment that when Fe = 0, i.e.

when the external electric field is absent or when the electric permittivities of the two
fluids are equal, Eq. (A.11) reduces to the equation for γ in the classical RTI problem.

Eq. (A.11) is the evolution equation for the vortex strength of velocity γ. To con-
struct a numerical scheme that preserves vorticity, we rewrite Eq. (A.11) as an evolution
equation for the vorticity. Consider an arbitrary segment of the material interface whose
Lagrangian coordinate ranges from α− to α+. The vorticity that the segment holds is
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Γ=
∫ s(α+)

s(α−) γ(s,t)ds=
∫ α+

α− γ(α,t) ∂s
∂α dα. Taking the derivative of this equation with respect to

t gives
dΓ
dt

=
d
dt

∫ α+

α−
γ(α,t)

∂s
∂α

dα=
∫ α+

α−

∂

∂t

(
γ(α,t)

∂s
∂α

)∣∣∣∣
α

dα, (A.12)

where ∂
∂t (·)

∣∣∣
α

denotes the time derivative of a variable taken with the Lagrangian coordi-
nate α fixed. In Eq. (A.12), the time derivative and the integration are exchangeable since
the Lagrangian coordinate does not change with time. The integrand on the right-hand
side of Eq. (A.12) can be written as

∂

∂t

(
γ(α,t)

∂s
∂α

)∣∣∣∣
α

=
dγ

dt
∂s
∂α

+γ
∂

∂t

(
∂s
∂α

)∣∣∣∣
α

. (A.13)

Since

∂

∂t

(
∂s
∂α

)∣∣∣∣
α

=
∂

∂t

[(
∂x
∂α

)2

+

(
∂y
∂α

)2
] 1

2
∣∣∣∣∣∣
α

=

[(
∂x
∂α

)2

+

(
∂y
∂α

)2
]− 1

2 [
∂x
∂α

∂

∂t

(
∂x
∂α

)∣∣∣∣
α

+
∂y
∂α

∂

∂t

(
∂y
∂α

)∣∣∣∣
α

]

=
∂x
∂s

∂Ūx

∂α
+

∂y
∂s

∂Ūy

∂α

= ŝ· ∂Ū
∂α

= ŝ· ∂Ū
∂s

∂s
∂α

, (A.14)

substituting Eqs. (A.14), (A.11), and (A.13) into Eq. (A.12) gives Eq. (3.8b), i.e.

dΓ
dt

=
∫ α+

α−

(
2A

dŪ
dt

· ŝ+2Ag
∂y
∂s

− ∂Fγ

∂s
− ∂Fe

∂s

)
∂s
∂α

dα

=2A
∫ s(α+)

s(α−)

dŪ
dt

· ŝds+(2Agy−Fγ−Fe)
∣∣∣
α+

α−
.
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