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Abstract. A novel bi-infinite approach to compute the band structures of 2D photonic
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value problem into a finite-dimensional nonlinear eigenvalue problem (NEVP) on a
single cell for efficient numerical solution. Challengingly, the NEVP is built upon the
solutions to two systems of cyclic nonlinear matrix equations (NMEs) that have to be
solved repeatedly during iteratively solving the NEVP. The solutions are efficiently
calculated by a newly developed highly efficient coalescing technique followed by a
structure-preserving doubling algorithm. It is showed that the cost of coalescing is
proportional to the logarithm of N, the length of the truncated quasicrystal sequence,
which is significant as the cost of coalescing becomes more noticeable as N gets big-
ger for highly accurate simulations. Finally, through mathematical analysis, inclusion
intervals for eigenvalue of interest are estimated so as to significantly narrow down
the scope of search, and that significantly contributes to the overall efficiency of the
approach, as the NEVP is nonlinear in nature and has to be solved iteratively.
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1 Introduction

Photonic quasicrystals (PQCs) [4,23,30], celebrated for their distinctive aperiodic order
and intricate symmetries, have attracted considerable attention owing to their ability to
manipulate light in novel ways. These structures present unique opportunities for di-
recting photon flow, potentially advancing optical communication, sensing, and imaging
technologies. Computational investigations of PQCs allow researchers to examine their
bandgap properties and light propagation features, aiding the development of efficient
photonic devices such as waveguides, lasers, and filters [22,26,34].

In the field of quasicrystal structure computation, the supercell approximation and
projection methods are two of the most widely used techniques. These methods are
crucial for simulating the complex aperiodic order inherent in photonic quasicrystals.
The supercell approximation [24,36,39] constructs a sufficiently large periodic structure
that mimics the quasicrystal, thereby enabling the use of traditional computational ap-
proaches. On the other hand, the projection method [13, 14, 25] maps low-dimensional
photonic quasicrystals into a higher-dimensional periodic lattice, effectively capturing
the aperiodic nature of quasicrystals. Both methods, however, require substantial compu-
tational resources to achieve high precision, as they must accurately account for complex
interference patterns and subtle photonic bandgap effects. Consequently, enhancements
in both computational power and algorithmic efficiency are vital for conducting detailed
and accurate simulations, which are essential for designing optimally innovative pho-
tonic devices.

For approximating an 1D quasi-periodic structure using periodic structures, as shown
in Fig. 1a, a supercell is a periodic unit created to contain as many cells as possible so
that the quasi-periodic structure of interest is adequately approximated. There are two
different ways to do so. One is to simply use a sufficiently large supercell and then repeats
it, as in Fig. 1a where one supercell AB---BA appears periodically. The other one which
we will be using is to first select a central cell C (the scattering region) and then create
two supercells, one for each sides of the scattering region, as shown in Fig. 1b where
the scattering region is in the middle marked by C and to its left is supercell AB---BA
repeated and to its left is a different supercell AB---AA repeated. This introduces an
additional flexibility to account for different long-range periodic growths to the two sides
of the scattering region, thereby reformulating the original model as an approximate bi-
infinite one.

In this study, we focus on the band structure calculations for 2D photonic superlattice
(PS) with 1D quasi-periodicity. By leveraging the supercell approximation, we employ a
novel cyclic reduction technique to condense the computations involving large supercell
structures into a manageable unit cell size. This means that even though a substantial
number of supercells are necessary to approximate PS accurately, the actual dimension of
the discrete eigenvalue problem remains relatively small when it comes to compute the
band structure. This significantly reduces the computational complexity in the overall
band structure calculation for 2D photonic superlattice, making it numerically efficient
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(a) Supercell AB---BA repeats periodically.

T,y .. .. T, TyT4q .. .. Ty T. I It .. .0, T, Ty IS
A B B A|J]A B B A|JC|A B A AJA B A A
oHN  EHOOE EHOOGOGE OGOIOE OO
Q Uy oo O U0, . ol 2 L0l 9 L0 9

(b) Supercell AB-.--BA repeats periodically to the left of the central cell C (the scattering region), while, to its
right, supercell AB---AA repeats periodically.

Figure 1: Periodic and bi-infinite approximants of photonic superlattice. In (b), cell C represents the scattering
region, and T¢, T'¢, {T; 17;11 {r; [?711 represent interfaces between two related subdomains among Qc, {Q;}/_;,
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and practically feasible. The main contributions of this study are as follows.

* We approach the study of 2D photonic superlattices with 1D quasiperiodic proper-
ties from a novel bi-infinite perspective, which is akin but different from the classic
periodic approximation. We utilize Green’s function to transform the associated bi-
infinite eigenvalue problem into a finite-dimensional nonlinear eigenvalue problem
(NEVP), which is built upon the solutions to two systems of cyclic nonlinear matrix
equations (NMEs) that have to be solved repeatedly during iteratively solving the
NEVP.

* We adopt a cyclic scheme on the bi-infinite structure, leading to the development of
anew cyclic structure-preserving doubling algorithm (C-SDA). C-SDA significantly
accelerates the process of solving large-scale nonlinear matrix equations whose so-
lutions are used to define the NEVP.

¢ Through mathematical analysis, we obtain inclusion intervals that contain the
eigenvalues of interest, significantly narrowing down the scope of search and
speeding up computations.

As a result, our method has a computational complexity of O(log¢ N) where N is the
number of supercell utilized in the periodic approximant and ¢ is some irrational con-
stant (i.e., (v/5+1)/2 for Fibonacci) that characterizes the superlattice sequence, respec-
tively. Compared to the commercial multiphysics software COMSOL', our method
demonstrates significant advantages in speed and memory cost when the ultra-long pe-
riodic approximation of a quasi-periodic structure has to be used for highly accurate
simulations.

fCOMSOL Multiphisics® v 5.5.0, 2020, https://www.comsol.com/.
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The rest of this paper is organized as follows. In Section 2, we introduce the mathe-
matical model for 2D PS and our approach of using a bi-infinite perspective coupled with
the finite element method (FEM) for discretization. In Section 3, we utilize the two-sided
Schur complement approach to transform the discretized bi-infinite linear eigenvalue
problem into a finite-dimensional NEVP. In Section 4, we explain our C-SDA to rapidly
solve systems of cyclic NMEs. In Section 5 we first establish inclusive intervals for eigen-
values of interest and then explain a nonlinear variant of the Jacobi-Davidson method
for to compute them. Section 6 estimates the overall complexity of our algorithm, and
finally in Section 7 we report our numerical experiments to demonstrate the effectiveness
and efficiency of our method. Conclusions are drawn in Section 8. There are two appen-
dices. We provide a necessary review of The structure-preserving doubling algorithm is
reviewed in Appendix A, along with some analysis particular to what we do in this pa-
per. Appendix B derives determining equations for various derivatives that are needed
by the Jacobi-Davidson method.

Notation. As usual, R and C are the sets of real and complex numbers, respectively,
and C™*" is the set of all m x n complex matrices. X' and X* are the transpose and con-
jugate transpose of a matrix/vector X, respectively; (X) and p(X) denote the spectrum
and spectral radius of a square matrix/linear operator X, respectively. The imaginary
part of a square matrix X is defined as and denoted by Im(X) := (X—X*)/(2:) where ¢
is the imaginary unit. X >0 (> 0) means that X is Hermitian, i.e., X = X* and positive
definite (HPD) (Hermitian and positive semi-definite (HPSD)). For a column vector v
(conventionally in bold lowercase), ||v|| = v/V*v.

2 Governing equations and finite element discretization

21 Governing equations

In the context of 2D electromagnetic models, electromagnetic waves can be classified into
two principal types based on the orientation of the electric and magnetic fields: trans-
verse magnetic (TM) modes and transverse electric (TE) modes. The TM modes are char-
acterized by the electric field component being perpendicular to the plane of periodicity,
commonly the xy-plane, with the magnetic field components residing within the plane.
In contrast, the TE modes feature the magnetic field perpendicular to the plane of period-
icity, while the electric field components are oriented within the plane. Each mode type
delineates a distinct arrangement of electromagnetic fields as follows:

TM modes: E(r)=(0,0,E;(r)), H(r) = (Hx(r),H,(r),0),
TE modes: E(r)=(Ex(r),E,(r),0), H(r) = (0,0,H(r)),
where r is any point in the xy-plane.

In this paper, without loss of generality, we use the TE modes as the model of interest.
By Maxwell’s equations and the constitutive relations between electromagnetic fields in
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PQCs, the band structure calculations of the TE modes of 2D PQCs can be, respectively,
described by the Helmholtz eigenvalue problem (HEP)

—V-(e;'(r)VH,(r)) =Apz(r)H:(xr), req, (2.1)

where Q) is the domain of 2D PS, A = w? € R is the eigenvalue, E,(r) and H.(r) are the
corresponding eigenfunctions,

e(r)=e, (r)Pe,(r) €C¥?BC, u(r)=p,(r)®u.(r)eC>*?aC

are the permittivity and the permeability, respectively, and both are block diagonal and
HPD. Meanwhile, since the PQCs are assumed to be periodic along one of the two lat-
tice translation vectors, the a-direction, the electromagnetic fields along the a,-direction
must satisfy the Bloch condition [17], i.e., H; satisfies the quasi-periodic conditions along
the a, direction:

H,(r4ap) =™ 2H,(r), reQ, (2.2)

where 277k is the Bloch wave vector within the first Brillouin zone [15].

2.2 Finite element discretization

Let HY(Q)={f: f,%,% € L2(Q)}. We define the Sobolev spaces
Cper(Q) ={9p€C™(Q) : p(r+az) =¢(r)},

]H;l;er(Q) = the closure of C;,.(Q2) in H!(Q).

In addition, we define the quasi-periodic function space with respect to the lattice vector

a, for wave vector k €IR?,

Hé’é‘r(ﬂ) ={¢: e*lZTEk-a24) € ]Hll)er(ﬂ), reQ}.

Therefore, for any E,,H,,ve€C®(Q)) ﬂ]H}l;ekr (Q)), with the periodic conditions (2.2), we have
the weak formulation of HEP (2.1) [20] as

/st(r)VHz(r)-Vv(r)dQ:)\/QyZ(r)HZ(r)-v(r)dQ. (2.3)

We use the Galerkin-type finite element method (FEM) to approximate (2.3). Due to the
structure of 2D PQCs as illustrated in Fig. 1b, we employ the same triangulation on the
subdomains {();}!_; and {Qj}f:1 in the same unit cells A or B. Let I';;1 be the interface

between (); and ();,1, and fj+1 the interface between ﬁj and ﬁj+1.
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Adopting the standard nodal bases {¢;}"_; of the finite element space Hllj}ekr(ﬂi) and
]I—I%,’el}(ﬁj), we obtain the FEM matrices in each subdomain as

Kifsit) = | o (V9 (1) Vg ()i, (2.42)
Eist)= [ (7 (V94 (6)) V9, (r)de, (2.4)
Milsit)= [ pe(e)gs (1)-91 (1), (2.40)
Filsi) = [ i(6)s (5) g ()de, (244)
Rl = [ o (€209 (0) Vs (), 24¢)
Bl = [, (€209 1) oy (e, 249
W66 = [ o el ()04 (e, 24g)
E@h) = /fjH pz(x) s, (x) - @1, (r)do, (2.4h)

where i€ {1,2,---,r},j€{1,2,--- £}, s;,t; €{1,2,---,n;} and §j,fj c{1,2,---,7;} with n; and
i1j being the degrees of freedom (DoF) for each subdomains O\l and ﬁj\fj.ﬁrl, respec-
tively. It is understood that K;(s;, ;) in (2.4a) refers the (s;,¢;)th entry of matrix K; and the
same understanding goes to the rest of expressions in (2.4).

For the central (scattering) region Qc\ (I’ Ufc), the corresponding discrete stiffness
and mass matrices K. and M are given by

Keloole)= [ (1 00V () Ve (r)de, (250)
Me(se te) = /Q iy PO ), (2.5b)

respectively, where s¢,tc€{1,2,---,nc}, and nc is the DoF for subdomain Q¢ \ (T Ufc). As
in (2.4), the connection matrices E. and EC can be formulated by replacing the integration
domain Qc\ (T Ufc) with I'c and Tc in (2.5a), respectively. The connection matrices Fc
and F. for the mass matrices are constructed in a similar way.

3 Eigenvalue problem for photonic quasicrystals

3.1 Green’s function approach for the bi-infinite system

After HEP (2.1) for PQCs is discretized by the Galerkin-type FEM via the weak formula-
tion (2.3), the corresponding submatrices in (2.4) and (2.5) are set up and integrated into
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the so-called Hamiltonian system for PQCs, an infinite-dimensional matrix pencil X —v.M,
where both K and M are bi-infinite block tri-diagonal Hermitian matrices with M > 0.
Specifically, we have

Ky gL,C
K=& Ko &,
5C,R Kr
(3.1)
M, F LC
M= |F'c Mc Fiil|,
Fer Mg

where Kc—vM. € C"¢*"¢ is the Hamiltonian pencil for the central (scattering) region,
Kr—vMy is the leading matrix pencil for PQCs corresponding to the right side to the
scattering region C in Fig. 1b and has the following r-periodic leading block-tridiagonal
structure:

K, E: -
Eq
K1 E; 4
E,.1 K, E;
) -
R Er Kl
' E 4
Erfl KV
. ~[Ki - K1 K, Ky - K, --
=:BTriD [El i By E, Ey - E, |’ (3.2a)
M - M,y M, M; --- M, }
My =:BTriD , 3.2b
R [1:1 ... F.4 F F -+ FE .- ( )

K1 —vM, is the ending matrix pencil for PQCs corresponding to the left side to the scat-
tering region C in Fig. 1b and has the following /-periodic ending block-tridiagonal struc-
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ture:
Ey
E, K
. E\T
K= E K E
E, K, E;;
Eé—l I/<\€—1
. . . E\T
i E Ky
=:BTriD P USSP Al] , (3.3a)
[ K, - Ky K, Kioqg - K
. EB* ... [ [ [ N o
=BTriD ¢ e -1 1] 3.3b
M, 1 [ My, -~ M; M;, My - Ml] (3.3b)
and &, ¢, Ecr, Fi,c and Fcr are the associated conjuncting matrices:
T T
SC,R: [EE/O/] 7 ]:C,R: [PE/O/] 7 (34a)
SL,C: [O//OIE'CT] T/ FL,C: [0/”'1011/52]TI (34b)

with Ec—vE. and E.—vE, coming from the boundary FEM discretization between the
leading, the ending PQCs and the central region, respectively. Also in (3.2) and (3.3),
Kj—vM; for 1<j<rand K —1/M for 1 <;j </ are squared matrix pencils with suitable
sizes accordmg to the 1nter10r FEM discretization as in (2.4), and E —VP for1<j<rand

Ej—vl?j for 1 <j</in (3.2) and (3.3) are rectangular matrix pencils of compatible sizes

dictated by the boundary FEM discretization as in (2.4).
For later use, we define the following r-periodic leading block-tridiagonal matrices

K. -~ K.+ K. Ky - K: ...
K:=BTriD | / ret S 2l i ] 3.5a
=wmap [ TR @5)
M - M,q4 M, My -~ M ---
M;=BTriD| ./ 4 4 I }, 3.5b
I 35
for 1 <j<r, and the /-periodic ending block-tridiagonal matrices
. ... E* E* Er E* Er
Kj=BTriD 4 7! PO 1, (3.6a)
- K K1 o K K K;
— .. F* [ Er Iy F*
M;=BTriD L RO pl (3.6b)
o My My - My Mg oo M
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for 1 <j</. We now introduce Green’s function approach [2,3,16] for the computation
of band structures for PQCs. For any 7 >0, the infinite matrices (K;— (v+u7)M;) and
Iej - (1/—}—117)/(/(\]' are known to be invertible because K;—v.M; and /Gj —vﬂj can not have
genuine complex eigenvalues. For v :=v+10", we let

(Kj—vtM;) = , (3.7)

Gi(v") ] . .

where G;(v") and @(V*) have the same sizes as K; and 12]-, respectively, and their exis-
tence and invertibility are guaranteed by [7, Chapter XXIV, Theorem 4.1] and [9]. Because
of the periodic structures of the matrices in (3.5), recalling (3.7) and using the Schur com-
plement technique, we find that, for j=1,---,7,

Gi(v") = [Kj—vM;— (E—vE) Gia (v ) (Ej—vE) | (3.8)

where G,11(-)=Gi(+), a system of r cyclic nonlinear matrix equations (NMEs). Similarly,
from (3.6) and (3.7) arises a system of ¢ cyclic NMEs: for j=1,---,/,

~

~ ~ ~ o~ ~ ~ -1
Gi(v+) = | Kj—vMj— (Ej—vE)Gya (vF) (B;—vE)*| (3.9)

where Gy11(-) =G1(+).

Performing Gauss elimination on X —v*M from the top and bottom with matrices
K.—vt M, and Kr—vT My as pivoting matrices and recalling (3.1)-(3.3) and (3.7)-(3.9),
we end up with the two-sided “Schur complement” of K- —vMc at the central position as
follows:

KC _VMC - (EC _VFc)*Gl (1/+) (EC _Vpc) - (EC _Vﬁc)é‘l (V+) (EC _Vﬁc)*, (310)
whose associated nonlinear eigenvalue problem (NEVP) is

[KC—VMC— (Ec—VE.)*Gy(v)(Ec—vF.

_(Ec—Vﬁc)él(V+>(Ec—Vﬁc)*}P:O- (3.11)

A scalar-vector pair (v,p) is called an eigenpair of the NEVP if it satisfies (3.11), and
accordingly v is called an eigenvalue and p the associated eigenvector. We point out that,
by Green’s function approach [3,17], only those eigenvalues v such that {G;(v")}_; and

{@(v*) }le have nonzero imaginary parts are of interest.
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3.2 Nonlinear eigenvalue problem for photonic superlattices

The bi-infinite generalized eigenvalue problem (GEP) for PQC structures by FEM can be
formulated as
Kq=vMagq, (3.12)

where K and M are as given in (3.1), Kc —vMc is the PQC for the central region, M. >0,
Kr—vMyz and K; —vM, are the leading and ending matrix pencils for the PQC, ap-
proached by r and / periodic leading and ending block-tridiagonal matrix pencils as
given by (3.2) and (3.3), respectively. Let

Le(vh)=(Ec—vE)*Gi(v")(Ec—vE), (3.13a)
Le(v) = (Ec—vE) G (v) (Ec—vEo)", (3.13b)

where G;(v*) and G (v) are defined in (3.7). Then NEVP (3.11) can be written as

[Kc—vMC—LC(W)—EC(W)}pzo. (3.14)
Let vc be an isolated eigenvalue of K —v.M with eigenvector
T T
a=[a.,9ca:] =[a»a 909192 ]
We get, by (3.12),
Ky gL,C qu M, F LC qv
E'c Ko &l lac| =V |Fc Mc Fir| |qc|- (3.15)
SC,R Kr qr F CR My qr

In the following theorem, we will establish a connection between the bi-infinite GEP
(3.12) and NEVP (3.11) or equivalently NEVP (3.14).

Theorem 3.1. If (v, [q},qt,qt]") is an eigenpair of K—v.M, i.e., satisfying (3.15), then (vc,qc)

is an eigenpair of NEVP (3.14), i.e.,

|:KC_1/CMC_LC<VC>_EC(VC)] quO (316)

Proof. Expand (3.15) to get
]CLqL+5L,CqC = VC(MLqL+-FL,CqC)/ (3.17a)
gC,RqC+ICRqR:VC(FC,RqC+MRqR)r (3.17b)
ElcqutKeqe+E8xqr =ve(Fcqu+Mcqe +Frqr)- (3.17¢)

Solve (3.17a) and (3.17b) for q; and qy to get

qL:_(’CL_VCML)_l(gL,c—Vc}_L,c)CIc, (3.18a)
qR:_<ICR—VCMR)71(5C,R_VC]'—C,R>qc- (3.18b)
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Plugging q; and qy in (3.18) into (3.17c¢) yields
0= (Kc—veMc)qe+ (& c—veFie) " qut (Ecr—VeFer) qr

= [KC —VeMc— (EL,C _VC]:L,C)* <’CL _VCML>71 (5L,c _VC]:L,C)
—_ <€C,R_VCFC,R)*(ICR_VCMR)_l(8C,R_VC~FC,R>]qC' (3.19)

By (3.4) and (3.7), (3.19) becomes
Ke—veMc— (EC_Vcﬁc)él (Vc) (EC_VCP\C)* - (EC_VCFC)*Gl (Vc)(Ec _VCFC)} qc=0,

which is the same as (3.16), upon noticing (3.13). O

As a consequence of Theorem 3.1, for the study the band structures for PQCs on the
central region, it suffices to consider NEVP:

Fc(l/)qc:: |:KC_VMC_ (EC_Vﬁc)él (V)(E\C_Vcﬁc)*

— (Ec—VE) "G (v) (Ec—vEc) | ac =0, (3.20)

which unfortunately is built upon G; (v) and G; (v), the solutions to the systems of cyclic
NMEs (3.8) and (3.9), respectively, and they are not explicitly available.

4 Cyclic SDA for a system of cyclic NMEs

In subsection 3.2, we have reduced the bi-infinite GEP (3.12) to a finite dimensional NEVP
(3.20). This NEVP is defined in terms of G;(v) and G;(v), solutions to the two systems
of cyclic NMEs (3.8) and (3.9), respectively. Both Gi(v) and G;(v) depend on v, and
when NEVP (3.20) is solved iteratively, such as by the nonlinear Jacobi-Davidson method
[35] that we will be using, they have to be computed repeatedly for many different v.
Therefore it is imperative to be able to solve these cyclic NMEs efficiently and accurately.
To that end, we propose a fast method that consists of two stages:

1. Given v, each of the two systems of cyclic NMEs is coalesced into one NME of the
form
X=Q-A*(X—P) 14, (4.1)

where A,P,QeC"*", P=P* and Q=Q%;
2. Solve NME (4.1) by the structure-preserving doubling algorithm (SDA) [10-12].

For ease of reference, we will call this two-staged method Cyclic SDA (C-SDA).
In the rest of this section, we focus on the first stage: coalescing, and leave a detailed
account of SDA for (4.1) to Appendix A.
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To coalesce either (3.8) or (3.9) into one NME, we first reformulate them in terms of
[Gj(v+)] and [G vh)] - , respectively, as follows: for j=1,---,r,

- * 1711
Gi(v") ' =Kj—vM,;— (Ej—vE)*[Gj3a(vT) ] (Ej—vEF), (4.2)
where G, 11(-) =Gy (+),and, for j=1,--- ¢,

~ _ ~ A~ _ 71 ~ %
Gi(v") ' =Kj—vM;—(E;—vE) [Gja(v!) ] (Ej—vE)", (4.3)
where Gy41(-)=G1(-).

The basic idea of coalescing either (3.8) or (3.9) can be best explained by merging the
following two NMEs

Xo=Qu— Al (Xy—P,) 1A, (4.4a)
Xp=Qp—Ap(Xc—Py) ' Ay, (4.4D)
into one through eliminating X;, where X,, X}, and X, are unknown square matrices but
otherwise may have different sizes among them, and the sizes of all other matrices in (4.4)
are conformably determined by the involved matrix operations, e.g., P; has the same size

as Xj. Substitute (4.4b) into (4.4a), with the help of the Sherman-Morrison-Woodbury
formula, to get

1

Xo=Qa— A*[Qb—Az(Xc P) 1Ay =P A,
=Q—A [ a)l
+(Qp— Py lAZ(Xc Pb_Ab(Qb_Pa)ilAZ)_lAb(Qb_Pa)il]Aa

= [Qa_ u(Qb—Pa) 1Au]
- [AZ(Qb_Pa)_1AZ] [Xc— (Pb+Ab(Qb_Pa)_1AZ)] 71Ab(Qb_Pa)_1Aar (4-5)
or a new NME

Xo=Qab) = Aly) (Xe = Plar)) ™ Aapy, (4.6)
without Xj,, where
Quary =Qa—As(Qp—Pa) ' A, (4.72)
Plapy=Po+Ap(Qp—Pa) ' 45, (4.7b)
Ay =Ap(Qp—Pa) 1 Ay (4.7¢)

Suppose that now we are given r-cyclic NMEs as
Xj=Qj= A (Xj—P) 7 4A;, j=1,, (4.8)

where X;,1=Xj and each X; is a square matrix and two different X; may have differ-
ent sizes, and the sizes of all other involved matrices are determined accordingly by the
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involved matrix operations. A general way to coalesce (4.8) goes as follows. First we
eliminate X5, Xy, ---, i.e,, all X; with even indices by merging the jth equation into the
(j—1)st equation. If r is odd, the last equation remains untouched. In the end, we get
[r/2]-cyclic NMEs in X1,X3,---,X ir/2]- Repeat the process until only one NME, in the
form (4.1) in X; only, remains, at which point SDA becomes applicable to compute Xj,
and if necessary, X;,X;_1,---,X> can be obtained by evaluating the right-hand side of the
equations in (4.8) backwards.

In applying the reduction process above to (4.2), for given v :=v+10", we turn it into
(4.8), with identifications:

X] = [G](V+>] 1, A] = E]'—VF]', Q] :K]'—VM]', P] :0, (49)
for j=1,---,r. For the case of (4.3), we turn it into (4.8), with identifications:

X] = [@](v+)] 71, A]* = 1/5\]-—1/1?]-, Q] :K]'—I/]\//\I]', P] :0, (410)
forj=1,---,¢,and r=/.

What we have just explained is for a general system (4.8) of cyclic NMEs, without
paying any attention to if some of the coalescing operations are identical and thus do not
have to be done more than once. For our purpose in this paper, i.e., coalescing (4.2) and
(4.3), there are indeed quite a lot of identical coalescing operations. We shall now explain.
Commonly used in one-dimensional quasiperiodic sequences are the Fibonacci sequence,
Octonacci sequence, and Thue-Morse sequence, etc. which are composed of two different
types of cells arranged in a specific order as a result of their peculiar substitution rules:

* Fibonacci sequence: substitution rule is

A 1 1| [A| _|AB

B 1 0||B| |A]
As an example, we get A - AB — ABA — ABAAB — ABAABABA —
ABAABABAABAAB—---

* Octonacci sequence: substitution rule is
A 2 1| [A| |AAB
B 1 0/|B] | A ]|
As an example, we get B — A — AAB — AABAABA —
AABAABAAABAABAAAB— ---
¢ Thue-Morse sequence: substitution rule is
A 1 1| [A| _|AB
B 1 1| |B| |AB]’
As an example, we get A — AB — ABBA — ABBABAAB —
ABBABAABBAABABBA — ---
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Figure 2: Coalescing scheme for a truncated Fibonacci sequence.

Coalescing cyclic NMEs (4.8) is done by sweeps until there is only one NME in the
form of (4.1). During each sweep, there are many pairwise repetitions, as shown in Fig. 2
for coalescing a truncated Fibonacci sequence. In the figure, we see 8 coalescing trans-
formation AB — C in the first sweep, 5 coalescing transformation CA — D in the second
sweep, 3 coalescing transformation DC — E in the third sweep, 2 coalescing transforma-
tion ED — F in the fourth sweep, and finally just one coalescing transformation EF — G
and FG — H in the fifth and sixth sweeps, respectively. Computationally, all coalescing
transformations of the same type are exactly the same and do not need to be repeated and,
as a result, there is only one coalescing transformation to do per sweep! That amounts to
a huge saving. It is important to note that the 6 coalescing sweeps are intimately linked
to the property of the Fibonacci sequence. Indeed, the number of coalescing sweeps 6, is
derived from log,, 21~6, where ¢r~1.618 is the golden ratio. In general for a truncated
Fibonacci sequence, the number of coalescing sweeps required to reduce it to a sequence
of length 1 is approximately log or N. Similarly, for truncated Octonacci and Thue-Morse
sequences of length N, the numbers of coalescing sweeps required are approximately
ﬁg%N and log, N, respectively, where ¢o ~2.414 for Octonacci and ¢r =2 for Thue-

orse.

5 Solve NEVP (3.20)

We are now ready to solve NEVP (3.20). We will use a nonlinear variation [35] of the
Jacobi-Davidson method (JD) [27,28] to calculate eigenvalues of interest. Previously we
mentioned that solving NEVP (3.20) iteratively requires repeatedly evaluating G;(-) and
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G1(+). This will be accomplished by C-SDA, which first coalesces the systems (4.2) and
(4.3) of NMEs, respectively, to yield two independent NMEs

[G1(0)]7' =Qu(6) — Au(9)* ([G1(6) 0)"
[élw)rl=Qa<9>—ﬁa<8>([cl<9>] —m(@))

(5.1a)

A
'A, (9) (5.1b)
in G1(-) and G(-), respectively, and then solve them independently via SDA which is
reviewed in Appendix A.

In general, to find all eigenvalues of interest such as the first many smallest eigenval-
ues, we will have to search extensively and blindly within a large interval. That can be
costly and ineffective. To overcome that, we will first establish inclusion intervals that

contain eigenvalues of interest in Subsection 5.1 before we discuss the JD method for
solving NEVP (3.20) in Subsection 5.2.

5.1 Inclusion intervals for v of interest

Previously we commented, after (3.11), that we need to determine those vt so that
Im(Gl(v+)) #0 or Im(G;(v1)) #0. Recall the matrices K;, E;, M;, F;, and K E M

F] from FEM in Subsection 2.2. Let

C=C;—A"IC.—AC!

1
= A7t —A , (5.2a)
E*
0 K . r—1
! E 1 E?
D=D;—A"'D.—AD?
M; 0 F b h
1 ‘.
= - —A! , —A . , (5.2b)
0 M . r—1
r F_1 E;
C=Cy—A"'C.—AC!
-1 . Ejq
= —A N =} _ , (5.2¢)
0 K ~ B RN
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= e —A , . (5.2d)

Since M >0in (3.1), we know D, D=0 by [1, Theorem 3.1] and [5, Theorem 2.1] and hence
the eigenvalues of matrix pencils C—vD and C—vD are real. Let

A=C.—vD.,, Q=Cy;—vDy, g:@—vﬁc, Qzéd—vﬁd, (5.3)

and consider NMEs o
X=Q-A*X"'4, X=0-A*X"'A. (5.4)

The first NME in (5.4) and the system (4.2) of cyclic NMEs are closely related, and the
same can be said about the second NME there and the system (4.3) of cyclic NMEs.

Denote the unit circle in the complex plane by T. For A € T and v € R, denote the
eigenvalues of matrix pencils C—vD and C—vD as defined in (5.2) by

vi(A) < <wvw(A), ni(A) < <Va(h),

respectively. Let, fori=1,---,m,and j=1,---,i

A= [‘r/wr}vl()&),‘r/rc'i)lwi()\)}, 3] = [mlr}v](/\) |r)r‘1‘a>§1/]()\)} (5.5a)
=(UA1')U(U&)- (5.5b)
i=1 i=1

With these preparation, we are ready to state our inclusion theorem for eigenvalues of
interest.

Theorem 5.1. Suppose the unimodular eigenvalues (if any) of the quadratic eigenvalue problems
(QEPs) for Q—A"TA—AA* and Q—ATA— AA* are semi-simple. Then v € A if and only if the
QEPs for (Qu—Py) —A""Ay—AA% and (Qu —Py) —A "' Ay — A A% associated with the leading
and ending NMEs in (5 1) have some eigenvalues on T, which is equivalent to that Tm(G1(v"))#£
0 and Tm(Gy (vT)) #0.

Proof. For v €A, it holds that
0=det(C—vD)=det((C4—A 'C.—AC})—v(Dy—A'D.—AD}))
=det((C4—vDy4)—A"Y(Cc—vD)—A(C; —vDy))
=det(Q-ATA-AAY),
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where A and Q are as defined in (5.3). Since the QEP for Q—A~!A—AA* has some semi-
simple eigenvalues A € T, NME X =Q— A*X ! A has a unique weakly stable solution X
with Im(X) #0 [11]. Furthermore, the associated NME X =Q— A*X 1A, related to the
system (4.2) of cyclic NMEs (see also (4.8) with (4.9)), is equivalent to the symplectic GEP

o 2)=1a o e
where X =diag(G;(v")™%,---,G,(vT) 1) with Im(X) #£0,

Sy

with §; = X]jrllAj, j=1,--,rand X; =X,11, and 0(S) C {1 €C: |A| <1}. Thus the associ-

ated QEP for (Q,—Py) —A 1A, —A A} with (5.1a) at the completion of coalescing also has
some eigenvalues A € T, and so the weakly stable solution G;(v*)~! to (5.1a) must have
nonzero imaginary part, which is equivalent to Im(Gy (v*)) #0. That Im(G; (v+)) #0 can
be proved analogously. O

Remark 5.1. In Theorem 5.1, it has been shown that Im(G; (v+)) #0 and Im(G; (v+)) #£0
for v € A. Thus, the eigenvalue lA)anfl structure of interest of NEVP (3.20) lies inside the
union of intervals {A;}7, and {A;}", in (5.5).

5.2 Jacobi-Davidson method for the NEVP

In this subsection, we apply the nonlinear variation [35] of the Jacobi-Davidson method to
solve NEVP (3.20), in which the corresponding matrix-valued functions Gi(-) and G ()
will be evaluated by C-SDA as explained in Section 4.

Let (6,v) be an approximate eigenpair of (3.20), the JD correction is determined by [35]

[I—F.(0)vu*|F.(0)(I—vv*)t=—F(0)v=:—r,
tlv, (5.6)
u“F.(0)v=1.

Let e =u*F.(0)t to be determined. Then from (5.6) it follows that
t=eF.(0) 'F.(0)v—F.(8) 'r. (5.7)

Use v*t=0 to get
e=v"E(0) 'r/ (V*F(0) 'EL(0)v). (5.8)
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Once € is calculated by (5.8), the correction vector t can be computed according to (5.7),
but for that we will need to calculate F.(0) and solve two linear systems

Fe(0)y=r, Fc(0)z=F.(0)v (5.9)

fory=F.(0) 'rand z=F.(0) ' [E.(0)v].

In Appendix B, we have derived a formula for F/(6) which involves not only G;(0)
and G, () but also their derivatives G/(6) and G}(#). Previously in Section 4, we ex-
plained how to evaluate G;(6) and G;(8) via C-SDA. It turns out that evaluating G} (6)
and @{(9) requires solving two systems of cyclic Stein equations which in turn can be
also be done similarly to the methodology of C-SDA: 1) coalesce the two systems of cyclic
Stein equations into two independent Stein equations, respectively, 2) solve the two Stein
equations by Smith’s method [29,37]. As described, computing F.(0) this way is not
cheap. Ultimately, we opt to approximate F. () by forward divided-difference:

Fe(6+66) —Fc(6)
56

FL(0) ~

throughout our numerical experiments and it works well and is efficient.
According to (3.20), we have

Fe(0) =Ke—0Mc— (Ec—0F.)*G1(0) (Ec —0F,)
_(EC_GFC)*Gl(G)(EC_GFC)/ (5.10)

where G;(6) and 61(9) can be calculated by SDA on (5.1). Note that since the size of
NEVP (3.20) is modest, the two linear systems in (5.9) can simply be solved by one Gaus-
sian elimination on F.(0).

One step of the ]D method is locally equivalent to one Newton step and, for that rea-
son, the JD iteration is usually quadratically convergent. Furthermore, after one eigen-
value is converged, we use the locking and purging strategy in [27,35] to compute other
eigenvalues.

Finally, we integrate all algorithmic ingredients explained so far together to yield our
complete algorithm for the band structure computation in Algorithm 1, which we will
name as FAMEpqgc, an extension of our previous fast algorithms for photonic crystals
[21,33], specifically designed for computing the band structures of PQCs with 1D quasi-
periodicity.

6 Computational complexity

Let N=max{r,¢}, where r and / are the lengths of the cyclic NMEs (3.8) and (3.9). In view
of previous discussions, we need to perform approximately log o N coalescing operations
to merge the cyclic NMEs into independent ones in the form of (4.1), where ¢ is the gen-
erating ratio of the sequence of interest, e.g., ¢ =1.618 for Fibonacci, 2.414 for Octonacci,
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Algorithm 1 FAMEpqc: A Green’s function based structure-preserving algorithm with
Jacobi-Davidson iteration for calculating band structures of photonic quasicrystals

Input: lattice translation vectors aj, ap, permittivity ¢, permeability y, information of the
1D quasi-periodicity for 2D PQCs.
Output: eigenvalues {w;}"; of NEVP (3.20).

1: construct K;,M;,E; F;i=1,---,r, and Rj,Mj,Ej,ﬁj for j=1,---,¢ according to (2.4) and
Kc,Mc,Ec, Fc according to (2.5);

2: pick initial guesses to potential eigenvalues in the intervals estimated according to
Theorem 5.1, and then employ the nonlinear Jacobi-Davidson method to solve NEVP
(3.20) with the correction formula as in (5.6), keeping in mind that, during the Jacobi-
Davidson iteration, the evaluations of Gy(-) and G;(-) are done by applying Algo-
rithm A.2 (C-SDA) to solve (4.2) and (4.3), respectively.

and 2 for Thue-Morse. The resulting NME (4.1) is then solved by a few SDA iterations.
Since matrices originating from FEM within each cell are relatively sparse, and matrices
E;—vF; arising from discretizing the interfaces between different cells are of very high
sparsity, the computational complexity of each coalescing step is approximately O(n?),
where 7 is merely the discretization scale of the scattering cell (i.e., the size of K¢). There-
fore, the overall computational complexity of coalescing cyclic NMEs (4.2) and (4.3) is
approximately (log, N) O(n?), the dominant cost of the whole computing procedure.
For maintaining high approximation accuracy, it is often necessary to go for a suffi-
ciently fine grid within each single cell, which in turn leads to a large discretization scale
n for the single cell. At this point, further subdivision of a cell can be performed, say
through breaking it up into p parts, which accordingly reduces the size of the matrices
involved in the SDA iterations. It is important to note that such an action will increase
the length of the sequence, for example, turning an original sequence of ABAAB into
A+ ApBy---ByAy---ApAq---ApBy---By. However, the overall computational complex-
ity is actually reduced. In fact, the subdivision roughly reduces the matrix size from n to
n/p while the number of merging operations increases from log, N to 2(p—1) +log, N
due to 2(p—1) more steps for merging A;---A, and B; --- B, into A and B separately first
before the inherent characteristics of the original sequence can be taken advantage of as
showcased in Fig. 2. Since each merging costs O((1/p)?), the total computational cost is

2(p—1)+log, N
now about MO(#).

7 Numerical experiments

In this section, we demonstrate the correctness and efficiency of our proposed method
FAMEpqc as outlined in Algorithm 1 for calculating 2D PQCs through several numeri-
cal experiments, and compare it with COMSOL, the commercial multiphysics software
for simulating real-world designs, devices, and processes. We use Fibonacci, Octonacci,
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(a) A and B for Fibonacci. (b) A and B for Octonacci. (c) A and B for Thue-Morse.

Figure 3: Geometric schematics of cells A and B for Fibonacci, Octonacci and Thue-Morse sequences.

and Thue-Morse sequences as examples, whose specific generating rules are detailed in
Section 4. The model parameters for our experiments are as follows (the lattice constant
a=20 mm for all):

* Fibonacci sequence (Su-Schrieffer-Heeger model in [32,38]). Lattice translation vec-

tors are a;=a[1,0]T, a,=a[0,1]T. Cells A and B each contains four circular dielectrics
of radius 0.122 in the square shape with the side lengths 0.724 and 0.28a, respec-
tively, as shown in Fig. 3a. Each dielectric has relative permittivity ¢, = 6.1 and
relative permeability p, =1.

Octonacci sequence. Lattice translation vectors are a; =a[1,0]", a, =a[0,1]T. Cell A
contains 1 square dielectric with side length 0.5a while cell B is blank, as shown in
Fig. 3b. The square dielectric has relative permittivity ¢, =6.1 and relative perme-
ability p,=1.

Thue-Morse sequence. Lattice translation vectors are a; =a[1,0]T, ay = a[%,%]?
Cell A contains 1 normal hexagonal dielectric with side length 0.22 while cell B is
blank, as shown in Fig. 3c. The hexagonal dielectric has relative permittivity e, =4
and relative permeability y,=1.

We implement the nonlinear Jacobi-Davidson method in Section 5 in MATLABY to

compute a small number of positive eigenvalues. The tolerances for Jacobi-Davidson and
SDA are set to 10710 and 10712, respectively. All calculations are performed in MATLAB
R2023b or by COMSOL Multiphysics on a workstation with 64 GB of memory and an
Intel(R) Core(TM) i7-10700K @ 3.80 GHz processor in IEEE double precision arithmetic.

The weak form (2.3) of HEP (2.1) is discretized by FEM. In the first two experi-

ments, We begin by truncating the Fibonacci/Octonacci/Thue-Morse sequence to one
with length N and then extend this truncated sequence periodically to the left and right
of the central region, as in Fig. 1b, and hence, r =¢= N. In the third experiment, we aim
to demonstrate the versatility of our approach in handling different long-range periodic
growths to the two sides of the scattering region whereas COMSOL cannot.

#The MathWorks®, https: //www.mathworks . com/products/matlab.html.
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Figure 4: Numerical results by COMSOL and by FAMEpqc for the truncated Fibonacci sequence: (a) Band
structures (calculated with N =20); (b) CPU time vs. N with k=[0,0] and p=1; (c) Relative error R; as
defined in (7.1) vs. N; (d) Time vs. N with k=1[0,0] and p=1,3,5.

The FEM matrices, Kc—vM¢, Ec—VF., anAd EC - VI?CA, as cAletailed in (3.1), along with
Kj—vM;, E;—vF; for j=1,---,r in (3.2), and Kj—vM;, E;—vFj for j=1,---,¢ in (3.3), are
computed for subdomains Qc, {Q;}/_;, {ﬁj}le and boundaries T¢, T¢, {T:Y4, {fj}fgll
according to (2.4). Lastly, we solve NEVP (3.20) associated with the band structure for
PQCs within the central region C in Fig. 1b by FAMEpqc.

Experiment 1: Consider the 2D PS with 1D Fibonacci sequence. We seek the 100 small-
est eigenvalues of NEVP (3.20): F-(v)qc =0. Our numerical results are shown in Fig. 4
which has four subplots:
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Fig. 4a: The band structures of the 30 smallest eigenvalues w of (3.20) are plotted against
the second component of the Bloch vector k, with r =/ = N =20. The band structures
computed by both COMSOL and FAMEpgc show excellent agreement.

Fig. 4b: CPU time by FAMEpgc and COMSOL are plotted as the length of the truncated
sequence length N varies. It shows that COMSOL has an advantage for N less than 4000
but runs slower than Algorithm 1 for N bigger than 4000. It is important to notice that
COMSOL quickly becomes infeasible. The observation can be well explained. For relative
small N, the discrete matrix is relative small in size and at the same time the potential of
the coalescing strategy in FAMEpqc has not been fully realized yet. When N is very large,
exceeding 4000 for the case, FAMEpgc demonstrates a clear speed advantage due to the
fact that the logarithmic compression effect become increasingly significant. Moreover,
for the case when N exceeds 7000, due to high memory requirement, COMSOL can no
longer complete its calculations, whereas our FAMEpqc can still go forward up to N =
10000.

Fig. 4c: The relative errors in the first five computed eigenvalues w are plotted. These
eigenvalues clearly depends on N. For that reason, we shall write the jth eigenvalue as
w;j(N). It can be justified that N-w;(N) approaches a constant as N increases. For that
reason, we define the relative error R; for the jth eigenvalue wj(-) in Fig. 4c as

|Niy1wj(Niy1) — Niw;(N;)]|
relative error R;(N;):= ,
(N Niwj(Ni)

(7.1)

where N; =i-10°.

Fig. 4d: We subdivide each unit cell, A and B, into p parts, i.e., Aj, Az, -+, Ap and
By, By, -+, Bp, to observe the computational performance of FAMEpqc as p varies. To il-
lustrate the effect of p, we plot CPU time by C-SDA for a single Jacobi-Davidson iteration
in Fig. 4d. It can be observed that CPU time is logarithmically related to N, consistent
with the analysis in Section 6.

Experiment 2: Similarly, consider 2D PQCs with 1D Octonacci and Thue-Morse se-
quences, respectively. We also compute their band structures by FAMEpgc and by COM-
SOL. The results are displayed in Fig. 5a and Fig. 6a, showing that the band structures by
the two methods are in full agreement.

Fig. 5b and Fig. 6b show CPU time by FAMEpgc and by COMSOL for Octonacci
and Thue-Morse, respectively. We observe a similar trend: COMSOL holds an edge for
small N and loses out big as N increases for the same reason as we explained in the first
experiment. Additionally, for N > 8000, COMSOL aborts due to out of memory on the
workstation.

Experiment 3: We combine the truncated Fibonacci sequence with the same physical
parameters as in Fig. 3a and with /=13 and a truncated Octonacci sequence with the same
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Figure 5: Numerical results by COMSOL and by FAMEpqc for the truncated Octonacci sequence: (a) Band
structures (calculated with N=20); (b) CPU time vs. N with k=[0,0] and p=1.
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Figure 6: Numerical results by COMSOL and by FAMEpqc for the truncated Thue-Morse sequence: (a) Band
structures (calculated with N=20); (b) CPU time vs. N with k=[0,0] and p=1.

physical parameters as in Fig. 3b and with =17, as the left and right parts, respectively, to
create a bi-infinite approximants of photonic superlattice as in Fig. 1b. COMSOL cannot
deal with such a configuration while our FAMEpqc can. After computing the smallest
200 positive eigenvalues, we obtained the band structure of such a photonic quasicrystal,
as shown in Fig. 7 plots the band structure computed by FAMEpgc for the made-up

photonic quasicrystal.
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Figure 7: Band structure computed by FAMEpgc for a made-up photonic quasicrystal approximated by the
truncated Fibonacci (left, £=13) and Octonacci (right, r=17) sequence.

8 Conclusions

In this article, we adopt a bi-infinite approach to approximate 2D PQCs with 1D quasi-
periodicity in order to compute photonic band structures. The basic idea is to first trans-
form the discretized bi-infinite eigenvalue problem into a small scale finite-dimensional
nonlinear eigenvalue problem (NEVP) via two-sided Schur’s complement and then solve
the NEVP by a nonlinear eigenvalue algorithm such as the nonlinear Jacobi-Davidson
method which we use in our experiment. However, the NEVP is built upon the solu-
tions to two systems of cyclic nonlinear matrix equations (NMEs). For that, we design
the so-called cyclic SDA (C-SDA) consisting of an efficient coalescing technique followed
by a structure-preserving doubling algorithm (SDA). The coalescing technique merges a
system of N cyclic NMEs via just O(log, N) coalescing operations, instead of O(N)) ones,
where ¢ is the generating ratio of the 1D quasiperiodic sequence of interest, e.g., ¢ is
1.618 for Fibonacci, 2.414 for Octonacci, and 2 for Thue-Morse. We name our complete
method as FAMEpqc to indicate that it is a sequel to our previous fast algorithms for
photonic crystals. Results from our numerical experiments validate our approach in ac-
curacy, in comparison with commercially available software COMSOL, and at the same
time our method runs significantly faster and uses significantly less memory than COM-
SOL for very long sequences. Our analysis suggests, as well as demonstrated numeri-
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cally, the computational complexity of our complete algorithm is O(n*log o N ) whereas
that of COMSOL is O(n?N), where 7 is the discretization scale of the scattering cell.
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A Review of SDA

SDA stands for structure-preserving doubling algorithm [12]. Recall NME (4.1): X =
Q—A*(X—P)"'A, where A,P,QeC"*", P=P* and Q=Q*. For P=0, it has been widely
studied [19] (and references therein). The reader is referred to [12] for a general and
comprehensive treatment, which is based on its equivalency to

A 0|1 —P I|]|I

o i [x]-[a o i A
W—/ ﬁ,—%

=9 = A

where S = (X—P) ! A. Equation (A.1) says that any solution X to (4.1) is closely related
to an n-dimensional eigenspace of matrix pencil &7 —v.%. This matrix pencil takes the so-
called second standard form (SF2) [12, chapter 3] and is symplectic, i.e., &7 &/ * =B]B* [12,

Theorem 3.4] where | = [_0 I (I)] . As a consequence, its eigenvalues appear in pairs that

are “symmetrical” with respect to the unit circle (see, e.g., [12, Table 2.1]). For that reason,
it has an even number of eigenvalues on the unit circle, if any. Artificially regarding half
of those belonging to the closed unit disk and the other half to the complement of the
open unit disk, we may say that symplectic pencil &/ —v% always has n eigenvalues in
the closed unit disk and the other n eigenvalues in the complement of the open unit disk.
In particular, if it has no eigenvalues on the unit cycle, then it has n eigenvalues within
the unit circle and 7 eigenvalues outside the unit circle.

A.1 SDA for the regular case

Often the desired solution X to (4.1) is the one for which S in (A.1) has all of its n eigen-
values lying in the closed unit disk. Numerically, SDA can find the desired solution
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elegantly and effectively. Adopting the notation in [12], we write

Ep O

oy =9 = [_XO I

Yo I
}, @0._@:{_% 0}, (A.2)

ie,Ey=A, Xo=0Q=X{,and Yo=P=Y]. We have, by (A.1), o [}I(] =% [)I(] S. SDA [12,

Algorithm 3.2] iteratively computes <% and % having the same structural form as the
ones for k=0 such that

Iy _ | Ex O [ T] _[=Ye I|[I|aat__, [I]c
aldl=lx =l o=l e
where (Ej, X, Yi) are recursively computed according to
Er1=Ex(Xe—Yi) 'Eg, (A.4a)
Xir1=Xe—Ef (X —Yi) 'Eg, (A.4b)
Yir1 =Y+ Ee(Xe—Ye) ' Ef. (A.4c)

These recursive formulas are well-defined, provided no Xy —Yj is singular.

It is important to note that X and S in (A.3) are the same ones as in (A.1). First we
consider the case when &7 —v.% has no eigenvalues on the unit circle, which, in view of
our earlier discussions, imply that &7 —v.% has exactly n eigenvalues in the open unit
disk and the other n eigenvalues outside of the closed unit disk. The case is termed the

reqular case [12, section 3.7]. Let [ZlT,ZﬂT € C2"*" be a basis matrix associated with the
n eigenvalues in the open unit disk and suppose that Z; € C"*" is invertible. Then there
exists .# € C"*" such that

Z4

N I _ I 1
¥ B R IR T e
i.e., (A.1) holds with X = 7,7 Vand S=Z,.# Zy I whose eigenvalues are the same as
those of .#, which are the same as the n eigenvalues of .27 —v.% in the open unit disk. In

particular, the spectral radius p(S) <1. With such X and S in (A.3), we have
Er=(X-Y)S%, X—Xp=—ES* = X—X=—[$"7 (X—Y,)S%.
Hence if X —Yj is uniformly bounded, then we will have
lim | X=X, < [o(5)P (A.6)

Asymptotically, this says that || X — X;|| goes to 0 as fast as [p(5)]2>"" —0, i.e., eventually
quadratically. Inequality (A.6) essentially follows from the general convergence results
in [12, section 3.7], where it is also shown that, under suitable conditions, Y; converges
to a solution of the dual equation of (4.1), implying that X — Y} is uniformly bounded. In

summary, for the regular case, SDA is quadratically convergent.
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A.2 SDA for the critical case

We consider the case when &/ —v.% has unimodular eigenvalues, the so-called critical
case [12, section 3.8]. Earlier, we argued that the number of these unimodular eigenval-
ues must be even. To further simplify our analysis, we assume that these unimodular
eigenvalues are semisimple, as this is the case for which SDA does not converge. Our
analysis below for such a case will reveal a remedy to salvage the divergence by exploit-
ing information from the SDA iterations (A.4).

Since we have assumed that all unimodular eigenvalues are semisimple, the Kro-
necker canonical form [6, Chapter IV] of .&7 —v % takes the form

_h 0] _ I O] _
Wl Z = [0 I, =]y, WRBZ= 0 =]z, (A7)
where W, Z € C2"*2" are nonsingular, and
=A®, L=Q0J, (A.8a)
A= diag(e’Al,- .. et ), Q=diag(e',---,e'“™m), (A.8b)

Js € Cln=m)x(n=m) with the spectral radius p(Js) < 1. Since ], and ] commute, it holds
from (A.7) that

AZ]p=Wp]y=RBZ]. (A9)
By the doubling transformation theorem [12, Theorem 3.1(b)], we have
ALy =B L] (A.10)

In the same spirit as the proofs in [12, section 3.8], we now prove a convergence theorem
for { o —vA}2 | generated by (A.4) for the current case.

Theorem A.1. Let o/ —v% be given as in (A.1) with all its unimodular eigenvalues being semi-
simple and admits the eigen-decompositions in (A.7). Suppose that {(Ex, Xk, Yi)}i2., generated
by the SDA recursion (A.4) is well-defined and that {E; }t2_, is uniformly bounded. Write Z in
(A7) as

| Zn Zn L nxn i
Z= [221 Z2J, Z;eC™", i,j=12 (A.11a)
and let
Zz']';llzzl’j(:/l:m), Zij;zzzij(:/m+1:n), i,j:1,2. (Allb)

If 711 and Z1; are invertible, then we have

(i) ExZia=0(0(J¥)) —0as k— oo,
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(i1) szn;z = Z21;2 + O(p(]szk)) — Z21;2 as k— oo,
(iii) YkZ12;2 = Z22;2—|— O(p(]_szk)) — Zzz;g as k — oo.
Proof. Plugging 7 —v %y in (A.3), |7 and ]z in (A.7) and Z in (A.11) into (A.10), we get

ExZu = (—YaZu+7Zn) (A2 @]2), (A.12a)
EZin(OP @) = —YiZin+ Zn, (A.12b)
XiZi1—Zn =E[Zn (Azk @]fk), (A.12¢)
(XiZio—Zan) (P @ ) = B Zaa. (A.12d)

From (A.12b) it follows that
Ykzzzzzle—Ekzlz(sz@]_szk)Zlef (A.13)

which implies that Y is uniformly bounded because Ej is assumed uniformly bounded
and the spectral norm 10% ||, =1 always and 72 =0 as k— c. By (A.12a), we get

0
ExZi1p=(—YkZ11+2Z) [

]2k:| —0(p(J)) =0 ask—co.

This proves item (i). By (A.12c), we have
_ . kK oky
Xp=ZnZy' +EfZn (A ©J2) 25
_ g k
=ZnZj +UVig +0(p(J2))

for some uniformly bounded matrix Clk e C"" and then it holds that

0
XkZno="2n [I

n—m

} +0(p(J2)) = Zn2+O(p(J2)) = Zonz

as k — oo, proving item (ii). Similarly, from (A.12b), we also have
YieZup="Zna+0(p(J2)) = Zmp ask— o,

as expected for item (iii). O

In the critical case, X; does not converge in its entirety, but some component of it does.
The problem is how to exploit the converging component so as to construct the desired
weakly stable solution. This is what we will do in the following. From Theorem A.1(j, ii),
we find that

Z11-2} [ Z112 ]
-~ . A.14
|:221;2 X112 ( )
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forms an approximate stable invariant subspace of .27 —v% corresponding to Js. Usually
after just 8 to 10 SDA iterations (A.4), Z11, computed by the SVD of Ej such that ExZ;1.,~0
is accurate enough.

But we have to construct Z;1,1 and Z;1,;. To that end, we perturb &/ —v% to o —vPB:

— [A 0] ~ [-P I
g=| "= =| = Al
o =lw ) w15
where, for some sufficiently small 77, say 7~1078,
A=A+wmyD, B=-A*"—uyD*, Q=Q+wl, P=P-ul, (A.15b)

and D is specially chosen to fit the structure of A in (A.1) coming from the FEM dis-
cretization in Section 2 as follows:

o A [0 I
A=A, o0 a159

In (A.15c), by virtue of FEM, Ay at the top-right corner of A has relatively a very small
size, and the identity matrix at the top-right corner of D is made to have the same size as
Ag. Hence A preserve the same structure in A. Based on the result of [10], the matrix pair
o/ —v% of (A.15a) can be made to have no eigenvalue on the unit circle, as guaranteed
by the next theorem.

Theorem A.2. Suppose that 21 —vD*—vD is positive definite for all v €T (the unit circle). Then

for any 5 #0, o/ —vA in (A.15) has n eigenvalues inside the open unit disk and n eigenvalues
outside of the closed unit disk.

Proof. Suppose that there is some vp € T and x = [xT,x]]T with x1,x, € C" such that .o7/x =
1/03?3(. Then

Axlzvo(—ﬁxl—i—xz), —@x1+xz:v0§x1. (A.16)

From the second equation in (§.16), we get xp = @xl—i—vogxl. By the first equation in
(A.16), we have 7pAx; —xp = —Pxq, and thus

(17();{— Q—Vog)xl = —ﬁxl,
pre-multiplying which by x], upon using (A.15b), yields
x; [o(A* 4+ D* )+ (A+1mD) — (Q+1m1)) | x1 = —x7 (P—1y1)x1. (A.17)

Examining the imaginary part at the both sides of (A.17) leads to nx; (voD*+1pD—2I)x1=
0. Since 2I —vyD* — 1D is positive definite by assumption, it implies that x; =0 and thus
also x, =0 by (A.16). Therefore &/ —v.% has no eigenvalues on T.
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Algorithm A.2 C-SDA for solving (4.8).
Input: defining matrices A;, P;, Q; for 1 <i <r of cyclic NMEs (4.8);
Output: the X;-component of solution (X1, X5,---,X,) to NMEs (4.8).
: coalesce NMEs (4.8) to (4.1), according to Section 4;
: initialize <% and % as in (A.2);
: perform SDA iteration according to (A.4) for kmax steps;
: if non-convergence is detected then
perturb A, Q, P to get A, B, Q, P asin (A.15), and initialize 42%, @0 asin (A.19);
perform SDA iteration according to (A.21) for kmax steps;
compute the largest eigenvalues {7;}/", in absolute value of (X —P) 1 4;
compute the unimodular eigenpairs {(v;,z;) }", for o/ —v% with {V;}}", as initial
guesses by the inverse iteration;
9:  construct Z; and Z; as in (A.22);
10:  return Z2Z_1,'
11: else
12:  return last approximate solution to (4.1) from Step 3.
13: end if

We now consider the matrix pencil parameterized by ¢ € [0,1]

—~ [t(A—i—mD) 0]_ [ —P+yl I
—t

A (t)—vB(t):= Qi) 1 (A*+mD*) 0| (A.18)

Foreachte[0,1] and veT,
2[—v(tD*)—7(tD) =2(1—t)[+ (2] —vD* —7D) = 0.

By the same argument for o —v% above, we conclude that .« (t) —v.Z(t) has no eigen-
values on T for all t € [0,1]. It is clear that &7 (0) —v%(0) has n eigenvalues at 0 and n
eigenvalues at co. Since the eigenvalues of matrix pencil are continuous with respect to
matrix entries [18,31], </ (t) —v%(t) has the same number of eigenvalues inside the open
unit disk for all t € [0,1], i.e., n, and its other n eigenvalues are outside of the closed unit
disk for all t€ [0,1]. We conclude that &/ —v#=¢/(1)—v%(1) in (A.15) has 1 eigenvalues
inside the open unit disk and 7 eigenvalues outside of the closed unit disk. O

Like & —v% in (A.1), & —v% in (A.15) also takes the forms of (SF2) [12, chapter 3]
but it is no longer symplectic. Still, by Theorem A.2, it has n eigenvalues inside the open
unit disk and 7 eigenvalues outside of the closed unit disk, falling into the regular case [12,

. 5T 51T . . : . . .
section 3.7]. Let [Z],Z]]" € C*"*" be a basis matrix associated with the n eigenvalues in

the open unit disk and suppose that Z; € C"*" is invertible. Similarly to (A.5) there exists
A € C"™" such that

Z] _ -~ Zl - I _ ~ I ~ Mfl
J[zz] = {zj /”i”‘ﬁzzﬁ] =7 [zzzg—l} (&1 A 2,7),
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where the eigenvalues of S:=Z; //721_ ! are in the open unit disk. The doubling algorithm
for (SF2) [12, Algorithm 3.2] can be readily applied to compute X :=Z»Z; !. Specifically,
adopting the notation in [12], we write

], Foi=F= [“20 I (A.19)

ie, Ey= A, Xo = Q, Fy=B, and 170 = D. We have, by (A.1), gffov }% = %, [;Z] S. Again

SDA [12, Algorithm 3.2] iteratively computes 7 and % having the same structural form
as the ones for k=0 such that

~I_EOI_—YII~1<_~I~1<
Alg=lx W[5 ==l e

where (Ey, F, Xx, Yy) are recursively computed according to

Eps1=Er(Xe—Ye) 'Ey, (A.21a)
Fer1=E(Yi—X¢) 'Fy, (A.21b)
X1 =X+ F(Xe—Yi) 'Ey, (A.21c)
Vi1 =Y+ E (Y —Xi) 'E. (A.21d)

These recursive formulas are well-defined, provided no Xy — Yj is singular.

At convergence, Xk goes to the stabilizing solution X such that S = (X—P)~'A with
0(5)<1and X +B(X P)"'A=Q. Then we compute the largest eigenvalues 71, -, U,
in absolute value of S. The rationale is that these are the ones associated with the uni-
modular eigenvalues {v;}" ,, albeit unknown, of &/ —v.% that are moved to the inside
of the open unit disk by the perturbations in (A.15). We then perform the inverse iter-
ation [8] to compute the unimodular eigenpairs {(v;,z;)}/", for o/ —v2# with {v;}!" , as
initial guesses, respectively. Set

Z111 Z1 Zua Zip
1 B _[Zua Zuz| A22
I:Z21 J (21,7 2] [Zz] [ZZl 1 I ;2] ( )

where Z11, and Z;, are from (A.14). Finally, the desired stabilizing solution X for (4.1)
is obtained by X =Z,Z;'. The new SDA variant for solving (4.1) is summarized into a
part of Algorithm A.2.
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B F. by solving cyclic Stein equations
Differentiating F-(v) of (3.20) with respect to v at 6, we get
F.(8) =—Mc+F:Gy(8)(Ec—0F.)" + (Ec—0F.) Gy (0)E;
—(Ec—0F.)G} () (Ec—60F.)* — (Ec —0F.)*G}(0) (Ec —0F), (B.1)

which depends on G/ (6) and G} (8). It is known that

[Gi(0)71) ==G;(0) ' Gj(8)G;(0) ", [G;(0) 1) =—G;(8) ' G}(6)G;(8) !

yielding
Gi(0)==G(0)[G;(0)']'G;(0), Gj(0)==G;(0)[G;()']'G(0).  (B2)
Differentiate (4.2) and (4.3) with respect to v at 0, respectively, we get
[Gj(0)7")' =—0M;+FGj11(0) (E;j— 6F)
+(Ej—0F)"Gj1(0)Fj— (Ej—0F;)"G;,1(0) (E;—0F)), (B.3)
forj=1,---,r, where G,;1(-) =G4 (-), and
[Gj(0) 1] = (~6M;+FiGj11 (0) (E;—0F)")
+(E;j—0F)Gj1(0)F —(E;—6F) ]’-H(O)(E]—H )", (B.4)

Let B;=G;(0)(E;—0F;)*. Combine (B.2) and (B.3) to get
Yj—BjYj11Bj=Gj(6) - [G;(6)(E;—6F;)"] G}, (6) [(E; —0F;) G;(6)]
=Gj(0) [GMj —Fj*GjH (6)(E;—0F;)— (E;—0F;)*Gj}1 (G)Fj] G;(0)
—:Hj, (B.5)

for j=1,---,r, where Y, 1 =Yj. Similarly, let B}- = éj(f)) (E]-—efj). Now combine (B.2) and
(B.4) to get
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for j=1,---,¢, where ?gﬂ =Y;. We now have two systems of cyclic Stein equations in (B.5)
and (B.6). A similar coalescing technique to that in Section 4 can be developed to yield

Yl — AZYlAa == Ha, (B7a)
Y, - AzY 1 AL =H;. (B.7b)

The equations in (B.7) can be solved by essentially Smith’s method [29], a special case
of another type of SDA specialized to the Sylvester equation (see, e.g., [37, section 4] for
explanation).
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