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Abstract. One of Korn’s scaled inequalities for shells asserts that the H1-norm
of a displacement field of a shell with thickness 2ε clamped on a portion of
its lateral boundary, once scaled to a domain independent of ε, is bounded
above by the L2-norm of the corresponding scaled infinitesimal strain tensor
field multiplied by a constant of order ε−1. We give a constructive proof to this
inequality, and to other two inequalities of this type, which is thus different
from the original proof of Ciarlet et al. [Arch. Rational Mech. Anal. 136 (1996),
163–190].
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1 Introduction

The notation used, but not defined, in this introduction is defined in Section 2.
Given a domain ω in R2 and a non-empty relatively open subset γ0 of the

boundary of ω, one of Korn’s scaled inequality for shells asserts that there exists
two constants ε0 = ε0(ω,θ)> 0 and C0 = C0(ω,θ,γ0) such that for all 0 < ε ≤ ε0
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and for all vector fields u = (ui) ∈ H1(Ω1;R3),Ω1 := ω×(−1,1), that vanish on
γ0×(−1,1),

‖u‖H1(Ω1)≤
C0

ε
‖e(ε,u)‖L2(Ω1), (1.1)

where e(ε,u) = (eij(ε,u)) ∈ L2(Ω1;S3) is the matrix field defined at each point

(y,x3)∈Ω1,y=(yα)∈ω by

eαβ(ε,u) :=
1

2

(

∂uα

∂yβ
+

∂uβ

∂yα

)

−Γk
αβ(ε)uk ,

eα3(ε,u)= e3α(ε,u) :=
1

2

(

∂u3

∂yα
+

1

ε

∂uα

∂x3

)

−Γ
β
α3(ε)uβ ,

e33(ε,u) :=
1

ε

∂u3

∂x3
,

(1.2)

Γk
αj(ε)∈C0(Ω1) are the unique functions such that

∂

∂yα

(

g j(ε)
)

=Γk
αj(ε)gk(ε),

where, for all (y,x3)∈Ω1,

gα(ε)(y,x3) :=aα(y)+εx3∂αa3(y),

g3(ε)(y,x3) :=a3(y)

with

aα :=
∂θ

∂yα
∈C2(ω,R3), a3 :=

a1∧a2

|a1∧a2|
∈C2(ω;R3).

This result is essential in shell theory to obtain two-dimensional shell models
from the three-dimensional model of elasticity by means of convergence theo-
rems when the thickness 2ε of the shell go to zero, see, e.g. Ciarlet [8].

Inequality (1.1) has been proved by Ciarlet et al. [10, Theorem 4.1] (see also
Ciarlet [8, Theorem 5.3.1]) by a contradiction argument, which we briefly sketch
below. Assume that no constants ε0 and C0 exist such that inequality (1.1) holds
for all 0 < ε ≤ ε0 and for all vector fields u = (ui) ∈ H1(Ω1;R3) that vanish on
γ0×(−1,1). Then there exist sequences εm >0 and um=(um

i )∈H1(Ω1;R3),m∈N

such that
εm → 0 when m → +∞,

um=0 on γ0×(−1,1), ∀m∈N,

‖um‖H1(Ω)=1, ∀m∈N,

1

εm
e
(

εm,um
)

→ 0 in L2(Ω1;S3) when m → +∞.

(1.3)


