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Abstract. This paper studies a multidimensional delay-claim risk model in
which an insurance company operates d (d > 2) lines of business exposed to
a common renewal counting process. Each catastrophic event simultaneously
produces main and delayed claims across all business lines, where the delayed
claims are settled after random delay periods. The surplus process incorporates
a geometric Lévy price process to describe investment returns. Assuming that
the main and delayed claims follow subexponential distributions and satisfy
a conditional linear dependence structure, we derive asymptotic estimates for
the finite-time ruin probability. The obtained results extend existing findings
on delay-claim models to the multidimensional framework and contribute to
a deeper understanding of ruin behavior under dependence and heavy-tailed
risks.
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1 Introduction

Nowadays, insurance companies typically manage multiple lines of business con-
currently, such as health, motor, and homeowner’s insurance. Since a single
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catastrophic event can give rise to claims across several lines, risk models have
been developed to capture such interdependencies. In particular, models incor-
porating both main and delayed claims have been extensively investigated. Sup-
pose an insurer operates d (d>2) lines of business simultaneously. A catastrophic
event may generate a main claim in each line, which is settled immediately, while
the associated delayed claim is processed after a random period. For instance,
a car accident may result in property damage in multiple lines, leading to imme-
diate claims, whereas compensation for personal injuries may be deferred, intro-
ducing dependencies between the main and delayed claims.

In this paper, we consider a multidimensional delay-claim risk model where
the surplus process can be described as follows:

Uy (t) xpel®) fotcl(s)eL(f_s)ds Zil\i(lt)xl,ieut_m
ag— | 0| - xzef@ | Joeatett=ds || 2y et
Uy(t) xett) fot ca(s)elt=s)ds Zfi(f) X, et (=)

N(t —7:i—Ds :
Zi:(1)Y1,i€L(t T Dl’l)I{TH-DLiSt}

N()y.  L(t—T—Dy;
Y. Yoe ( T‘ 2,)I{Ti+Dz,z’St} >0, (1.1)

Zf\fz(lf) Y, jel(t=T~Das)

Lzpy<ty

where (x1,...,x4) " denotes the vector of the initial reserve and ¢, (t) >0 is the den-
sity function of premium income at time f for k=1,...,d. Assume {(X1,...,X;;);i€
IN; } denotes the i-th main claims of the business lines occurring simultaneously
attime 7;. For k=1,...,d and i €[N, each main claim X ; is associated with a de-
layed claim Y} ; occurring at time 7;+ Dy ;, where Dy ; denotes an uncertain delay
time. Let {6;;i €N } be a sequence of nonnegative, independent, and identically
distributed (i.i.d.) random variables representing claim inter-arrival times. The
arrival times of the main claims 7; = Z§:1 0, i€ N4 constitute a counting process
{N(t);t>0} which is a renewal process with a finite renewal function

A(t)=EN(t) = i][’(ri <1).
i=1

Additionally, for each k=1,...,d, {Dy;;i € N_} is a sequence of nonnegative
(possibly degenerate at 0) i.i.d. random variables with a generic random vari-
able Dy with distribution Hy, and the price process of the investment portfolio is
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described as a geometric Lévy process {e"();t >0} with {L(t);t>0} being a non-
negative Lévy process which starts from 0 and has independent and stationary
increments.

For the multidimensional risk model (1.1) described above, we define the
finite-time ruin probability for any T >0 as follows:

¥(x1,...,x5;T) =P (Tmax <T (UL (0),...,Uy(0)) T = (xl,...,xd)T>,

where
Tmax =inf{t>0: max{Uy(¢),...,Uy(t)} <0}.

Here, Tmax represents the first moment that the surplus of all lines of business
simultaneously falls below zero.

The asymptotic analysis of ruin probabilities in multidimensional risk models
has become an active area of research in risk theory (see [7,9,12,13,16], among
others). In recent years, Fu and Liu [5] examined a model characterized by a com-
mon non-stationary and non-renewal arrival process. Yang and Su [26] explored
the asymptotic behavior of both finite-time and infinite-time ruin probabilities
within a multidimensional framework based on multivariate regular variation.
Subsequently, Cheng et al. [3] introduced a new dependence structure formulated
through multivariate regular variation and derived asymptotic results for mul-
tidimensional ruin probabilities in both discrete and continuous-time settings.
While the study of multidimensional ruin models brings theoretical results closer
to insurance practice, research on multidimensional models incorporating depen-
dent delayed claims remains relatively limited.

The delay-claim risk model was originally introduced by Waters and Papa-
triandafylou [20]. Subsequent studies, such as [21,27], examined its discrete-time
versions. For continuous-time extensions, relevant works include [22, 28, 29],
among others. Since catastrophic events are better represented by heavy-tailed
rather than light-tailed claim distributions, Li [11] investigated the delay-claim
model under the assumption of heavy-tailed, pairwise quasi-asymptotically in-
dependent claims. More recently, Wang et al. [19] analyzed a bidimensional de-
layed renewal risk model in which the main claims of two business lines share
a common renewal counting process and derived an asymptotic expression for
the finite-time ruin probability. Building on this, Yang et al. [24] further consid-
ered dependent structures where the main and delayed claim pairs follow bivari-
ate Farlie-Gumbel-Morgenstern distributions. Sun et al. [17] studied the asymp-
totic behaviors for some common ruin probabilities of a bidimensional delay-
claim risk model, in which each claim follows a subexponential distribution and
each claim-size inherits some dependence structure.
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Building on the above studies, this paper investigates a multidimensional
delay-claim risk model with a dependent claim structure. In this model, a com-
mon renewal process simultaneously triggers main claims across multiple busi-
ness lines, while each line experiences its own delayed claims thereafter. The
surplus evolves under a geometric Lévy investment process. Assuming that both
main and delayed claims follow subexponential distributions and satisfy a condi-
tional linear dependence structure, we derive asymptotic estimates for the finite-
time ruin probability. The results extend existing delay-claim models to the mul-
tidimensional setting and highlight the effect of dependence and heavy-tailed
risks on ruin behavior.

The remainder of this paper is structured as follows. Section 2 provides the
necessary preliminaries, including basic definitions and assumptions. Section 3
establishes the main asymptotic results and corresponding proofs for the theo-
rem.

2 Preliminaries and assumptions

2.1 Preliminaries

Throughout this paper, all limit relations hold as x — co unless stated otherwise.
For two positive functions f and g, we write f(x) Sg(x) if limsup f(x)/g(x) <1,
F(x)~g(x) if lim f(x) /g(x) =1, f(x)=o(g(x)) if limf (x)/g(x)=0, and f(x)=g(x)
if 0 <liminff(x)/g(x) <limsup f(x)/g(x) <oo.

A distribution F on [0,00) is said to belong to the subexponential distribution
class, denoted by FE€ S, if F(x) =1—F(x) >0 for all x >0 and the relation

_F(x)
hmw—n

holds for all (or, equivalently, for some) n>2, where F"* is the n-fold convolution
of F with itself. Furthermore, [4, Lemma 1.3.5 ] tells that if F€S, then Fe€ £, which
stands for the class of long-tailed distributions defined as F(x) >0 for all x>0 and
the relation

holds.

In this paper, we also require an additional class of distributions, denoted by
A, which was introduced in [10]. A distribution V supported on (—o0o,00) is said



Y. Sun and W. Sun / Commun. Math. Res., x (2025), pp. 1-21 5

to belong to the class A if it is subexponential and its right tail satisfies

Tk

V' (y)<1, forsome y>1, (2.1)

where V" (y) =limsup V(xy)/V (x). As pointed out in [10], the class A includes
almost all well-known subexponential distributions. Further properties and dis-
cussions of the class A can be found in [10, 18].

2.2 Assumptions

In practice, various dependence structures are employed to model relationships
among claim sizes or claim inter-arrival times. For recent studies of ruin esti-
mation under some dependence structure, we refer to pairwise (strong) quasi-
asymptotically independence as discussed in [14], bivariate Farlie-Gumbel-Mor-
genstern distribution as presented in [23], and strongly asymptotic independence
as explored in [2], among many others. Among these, Ko and Tang [8] introduced
the following structure.

Assumption 2.1 ([8, Assumption 3.1]). Let X1,X>,...,X;; be n random variables.
There exist some constant xo=xo(n) >0 and a dominating coefficient M,, >0 such
that for any 2<m <mn,

P(L! X > x—t| X =t)

1

<M,, x>x
P(Cr X >x—t) ’

holds uniformly for all ¢ € [xg,x].

Assumption 2.1 is introduced to characterize the dependence structure of the
claim sizes, forming the basis for our model. We next state some fundamental
assumptions for the risk model (1.1).

Assumption 2.2. Assume that {(Xj; Y););i € Ny} is a sequence of iid. copy
of nonnegative random pair (X, Yy) with marginal distributions (F,Gy), respec-
tively, for k=1,...,d. Assume that {Dy ;i€ INL }, {(Xy;, Yi;);i €INL}, {L(t);t>0}
and {N(t);t >0} are mutually independent for k=1,...,d. Additionally, for k=
1,...,d, assume that the premium density function c(t) is bounded, i.e., 0<cy(#) <
co for some ¢y >0 and all £ >0.
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3 Main results

In this section, we introduce our core findings, including the asymptotic estima-
tion of ruin probability for the multidimensional model. Before presenting the
estimation of ruin probability, we denote the following terms for simplicity. De-
tine the number of permutations as

Sq={(h,...hq) | me{l,...,d} for I=1,...,d and hy#h; for 1#j},
Sd—k:{(h1/~~/hd—k) |hl€{1,...,d} for [=1,...,d—k and hl;ﬁh] for l#]},

and denote Q(k)={1,...,d}/{h1,...,hy_i} for k=2,...,d—1. Let W; is either X; or Y;
for 1<i<d, and write I'={(Wy,...,W;) |W; € {X;,Y;} for 1<i<d}. We can observe
that since W; is either X; or Y;, the cardinality of the set |I'| is 24, For example,
(X1,...,X4-1,Y;) is an element in T', with W; =X; fori=1,...,d—1and W; =Y.

Then Theorem 3.1 presents the asymptotic estimate of ruin probabilities when
the main claims and the corresponding delayed claims are dependent through
the dependence structure given in Assumption 2.1.

Theorem 3.1. Consider the multidimensional risk model (1.1) satisfies Assumption 2.2.
Assume that for any fixed k=1,...,d and i€ N, (X ;,Yy ;) satisfies Assumption 2.1 as
m =2, that is, for some large xy ; >0 and a constant My ; >0,

holds uniformly for all t € [xy ;,x]. Let T >0 be any fixed time such that P(7; <T)>0. If
F,Gie Aand Fi(x)=<Gj(x) fori,j=1,...,d, then as min{xy,..., x4} — o,

Y(xr,oxs T~ Y x((Whyeo, Wa), 1,0, x85T),
(Wh,... W)€l

where
)(((Wl,...,Wd),xl,...,xd;T)

d L(YP uito, Iy, — d
= ) []r (Whp > Xp,e (et oy {WhPYhP})> [ A (du;)Hj(dv))
(hl,...,hd)esd R, p:1 ]‘:1

d—1
+) )
k=2 (hy,ehg k)
€S54k

d—k

1—[ P (Whp > Xn,e
=1
Ry (h1ehia i) P

41
L(Zf:l ”j"’vhpl{whp—th}))
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x 1 ]P(Wm>xmeL(”1+Um1{wm:Ym})>
meQ(k)
d—k+1

d
H du] HH] dv]
j=

d— p+1
LY S ujto,, I _ )
+ / HlP(Whp>xhp j=1" b {WhP YhP})
Ry (- ihg—) pi
L(uy~+vy,, I _
><]P(Wh1>xhle Guatom Tow th})>

d—k+1 d

x TT P (W > xettrrarentivma) ) TT A duy) [ T Hj(doy)
meQ(k) =1 =1

4+ / H ]P(Wm>xmeL(Zf 1 ]-HJmI{Wm Ym}))

k
Ry—gs1k(hise i) meQ(k)

xH]P(Whp>xhpe (=t o T, p =Ty} ) H Aduj) HH (dv; ]
p=1

d
+ HIP (Wi > et ) ) A ) [ T H (o),
R .

j=1

1m=

and the regions of integration are defined as

p
R;= {(ul,...,ud,vl,...,vd) € (0,+oo)2d ‘ Z”j"‘vhpI{Whp:th} <T for p:l,...,d},
i=1

Rl,k(hlr'-'/hd—k) = { (ull"-/ud—k+1101/'-~/vd) € (0/+°°)2d_k+1 ’

p+1
Zuj—i—vhpI{Whp:th}ngor p=1,...,d—k and
j=1

ur+omlgw, —y, <T for meQ(k)},

Ry (h,.. hg_y) = { (U1 Ug— 1,01, ---,0g) € (0,400)24k+1 ’

0 Ly, =,y < T
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p+1
Zuj—i—vhpI{Whp:th}ngor p=2,...,d—k and
j=1

Uq +u2+va{Wm:Ym} <T for me Q(k)},

Ry_ks1i(hi,...hg_g)= { (U1, lg— 1,01+, 04) € (0,4-00)2FF+1 ’

p
Zu]'—i—vhpl{whpzyhp}ngor p=1,...,d—k and
j=1

d—k+1

Y. ujtomliw, v, <T for mGQ(k)},
j=1
Rlz{(u,vl,...,vd)e(0,+oo)d+1 ‘u—t—vml{wmzym}gT for m=1,...,d}.

3.1 Lemmas and proofs

We present some lemmas that study tail behaviors and characteristics of ran-
dom variables with dependent structures. The first lemma establishes a Kesten’s
bound for random variables satisfying Assumption 2.1. We refer to [25, Lem-
ma 2.1] for the proof details.

Lemma 3.1 ([25, Lemma 2.1]). Let { X}, k€IN} be a sequence of identically distributed
real-valued random variables with a common distribution F € S and satisfying Assump-
tion 2.1. Then, for any e >0, there exists a positive constant K, such that

P <iXk >x> <K¢(1+¢)"F(x)

k=1
holds for all n € N and all x > 0.

The following lemma plays a crucial role in the proof of Theorem 3.1.

Lemma 3.2. Under the conditions of Theorem 3.1, for T >0,

d
(ﬂ { ) (sz Ut Yiie” (HDk'i)I{HDkJﬁT} ) >Xk}>

k=1
N)(((Wl,...,Wd),xl,...,xd;T), (3.1)

where the symbols are consistent with those in Theorem 3.1.
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Proof. We choose an integer m large enough such that the following holds:

d (N(T)
<ﬂ{ Z (Xkl L) +Yk1 (T1+Dk1) {TH—Dk,iST}) >xk}>

d
ﬂ{ (Xk,ie_L(Ti)‘FYk,ie_ (t+D kl)I{Tﬁ-Dk <T}) >xk} N(T):n>
k=1 (i=1
c=h(x1,...,.x5T)+L(x1,...,.x45T).
By conditioning on 71,L(s), we have

Il (xl,...,xd;T)

1) d n
< ) P <ﬂ {Z (Xk,ie_L(Tl)+Yk,i€_L(T1)> >xk}1N(T) :”>

1) o d n
— Z /T/ HIP <2(Xk1 +Yk1 )>xk>
xP(N(T—s)=n—1)P(L(s) €dr)P(r €ds),

where the last step is due to the independence of { X ;+ Yy ;;1<i<n} for 1<k <d.
Let Z ;= Xj ;+Yi; and Zj = Xj+Yj with distributions F, then F € S due to [15,
Lemma 1]. Applying Lemma 3.1 yields

Li(xq,...,x5T)

< Z / / ]‘[1113<§zk,ie—7>xk>113(N(T s)=n—1)

n=m+1
xIP(L(s) €dr)P(t €ds)
00 T d
gn_;ﬂ/o_/o EKk(l—ksk)”]P(Zke_r>xk)]P(N(T—s):n—l)

xIP(L(s) €dr)P(t €ds)
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[e0]

< Y KO+ D (14¢) //HIP Zye ™" > x)P(N(T—s)=n—1)
n=m-+1
d
K(1+¢) // 1+€ dNT_S)I{N(T—s)zm}>Hflt(xker)

xIP(L(s) edr)P(ty €ds)

T d
<K(1+¢)'E ((1+€)dN(T)I{N(T)2m})/O [ TP (Z > xxe"®)) A(ds),
k=1

where K=TT¢{_, K; and e=max{e,...,&;}. By conditioning on L(s), [15, Lemma 1]
and Fj =< Gy for k=1,...,d, we have

d d
[1r (zk > xkeL<S>) <M[]P (Xk > xkeL<S>)
k=1 k=1

for some M > 24. By [6, Lemma 3.2], we can choose some & small enough such
that E((14¢)™N(T)) < co and E((1+¢)*N(T) IiN(ry>my) — 0 as m— oo. Thus,

T d
Il gKM(l —|—€)d]E ((1 +S)dN(T) I{N(T)Zm}) /0 1—[1[) (Xk > xkeL(s)> A(ds)
k=1

T d
=0< . H]P X > xye U)A(ds))

k=1
o(x((X1,..,. Xa),x1,...,xzT)). (3.2)

We set

Qn = { (51/52/~~/Sn—|—1/ wlll,wl,z,...,wlln,...,wdll,wdlz,...,wd,n
rlr---/rnrrl,lr---/rl,n/---/rd,lr-'-/rd,n) :

0<s1 <+ <5, <T <Spy1, Wi, i, >0, for i=1,...,n, kzl,...,d}

and condition on 7; for 1<i<n+1, Dy ;,L(s;),L(s; +wy ;) for 1<i<n,1<k<d. Let
Gk i is either Xj ; or Y ; for 1 <k <d, and write

' ={(C1is-rCai) | Ci € { Xk Y} for 1<k<d}.



Y. Sun and W. Sun / Commun. Math. Res., x (2025), pp. 1-21 11

Then, we have

12 (xl,...,xd;T)

(A e ) on)

xIP(ty €dsy,..., Typ1 €dspi1,D10 €dws ..., Dy €dwg
L(sy) €dry,...,L(sy) €dry,L(s1+w1) €drya,..., L(sp+wy ) €dra, ).

Note that the integrand in the above equation can be rewritten as

(5 e o3 ) o)

i=1

d n
= HH) Z (in 1+Yk e 'I{Si""wk,iST}) >.X'k>

n

~ 1—[ i Z (I[J (Xk,ike_rik > xk> +1P (Yk/ike_rkrik I{Sik+wk,ik§T} > Xk> ) p

k=1ij=1 i;=1

where the last step is due to [1, Lemma 4.2]. Expanding the product ]_[,‘321(-)
gives rise to 2? summation terms, which can be described through the following
combinatorial representation. Thus,

L(x1,...,x5;T)~ i i i

Vl_lil:l id:1

/ ( ﬂ {gk,ik (e_rik I{ék,ik:Xk,ik} +e I{gk,ik:Yk,ikrSik+wk,ik§T}) > Xk })
n Cl 17 rgd ld

k=1
er’

xP (1 €dsy,..., Typ1€dsy11,D10 €dwy1,...,Dyy €dwgy ,,
L(s1) €dry,...,L(sy) €dry,L(s1+w1 1) €drig,...,L(sp+wg ) €drg )

m n n d
XL B (e,

n=1i;=1 ldzl(glzl gd,ld) k=1
er’

—L(t;, +Dxg =
+e (Tt k’k)I{gk,ik—Yk,ik,Tik+wk,ik<T})>xk}’N(T)_n>

= Z 12(51*,...,601*), (33)
(ST
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where
"= {(gl*/“'rgd*) |€k* c {Xk*/Yk*} for 1§k§d}

Each element in I'* is coincidence with the choice of (&y,;,,...,{4,,). Thus, for case
(gl*/“'rgd*) = (Xl*/'-'/Xd*)/ we have

Y B(XieXas)

(C1aresGas ) ET™
n n d
~(E- £ )£ e mnhvm =)
=1 n=m+l1 =1 iz=1 k=1
22121(X1*,...,Xd*)—Izz(Xl*,...,Xd*). (3.4)

Whenever it causes no ambiguity, we omit explicit arguments in the expres-
sions of the form I (X1y,..., X4 ), and this convention will be used hereafter. We
also follow the standard convention that a summation over an empty index set is
defined as zero. Since the proof for the d-dimensional case is technically intricate
and less transparent, we present the detailed argument for the three-dimensional
case to improve clarity. The same reasoning applies to the general d-dimensional
setting, ensuring the validity of the overall result.

Interchanging the order of the sums in I; (X1, X2+, X3.) leads to

n n

= 35 5 TP (Xl M 5 X et

i1=1n=ijip=1i3=1

Xy,e M) >x3,N(T)=n)

EE(E(Ene S et )
L(gere £ )
. (”21+2+ Yoy v ))

ir=i1+1 = iz=ip i3=i1+1 iz=ip iz3=ip+1

P

VS

Xllile_L(Til) > x1,Xp ,-Ze_L(T"z) > xz,X3,i3e_L(Tf3) >x3,N(T)= n)

Z Z Z (X111 ll)>x11X212 L(Tiz)>xz,

iz=1lip=iz+1i1=ip+1
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Xaiye M) > 0,7, < T)

0 0 0
++Z Z Z I[)(Xlll ’1)>X1,X212 L(Ti2)>X2,
i1=lip=i1+1liz=ip+1

X3/l'3€_L(Ti3) > X3,Tj, < T)
=11y +-+Dhias)- (3.5)
For Iy (1) (case iy > i >i3), we have

oo (o)

1) Z Z Z ]P(Xlzl L(m, (le_Ti3)+(Til—Tiz))>xll

iz=1lip=iz+1i;j=ip+1
XZ i (T13+(Ti2_Ti3)) > le

X3,i36 ( i3)>x3l1‘-i3+(1‘-iz_Ti3)+(Ti1_1‘-i2)ST)'
Recall that both {L(t);t >0} and {7;;i >0} possess the property of independent

and stationary increments. Hence, conditioning on t;,, T;, — T, T;, — T;, and L(-)
yields

I ZZ Z

is=1lip=iz+1i1=ip+1
T ,T— T—uz—
/ / u3/ us uz]P (Xl > xleL(u1+u2+u3)> P (XZ > xzeL(u2+u3)>
0—J0— 0—
x P (X3 > x3eL(”3)> P (1, —i, €duq ) P(Ti,—i; € dun )P (T3, €dug)

/// P (Xl > xleL(u1+uz+”3)) P (XZ > X2€L(u2+u3)> P (X3 > X3eL(”3))

uq,Up,u3>0,

Mt ST N (dug ) A(dug )M (dus). (3.6)

Slmllarly, we can derive 121(3), 121(5), 121(9), 121(11), 121(13) . For 121(2) (Case il > iz :i3),

i i1 Y —L(7
I -y ¥ P (Xppe Mo 0 s, X e HT) S
ir=1li;=ip+1

X3l3 (le)>x31’(lz+(’(ll_1—lz)§T> .

T—u
—Z Z // P X1>xle (”1+”2)>]P(X2>xzeL(”2)>

ir=1li1=ip+1
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x IP (X3 > xgeL(“2)> P (1, i, €duq)P(T;, €dus)

// I (X1 > xleL(M1+M2)> P (Xz > XZEL(”2)>

Ml,u2>0,

utup<T x P (Xg > xgeL(”2)> A(duq)A(duy). (3.7)
Similarly, we can derive Iy (4), 21(6), L21(8), L21(10), [21(12)- FOr Ip1(7) (case iy =iy =i3),
it holds that
In) i P (X1 e P s X0 e ) s ) Xy s e M) S a1 < T)
= '21/—][) X1 > xleL(”)> P (Xz > xp_eL(”)) P (Xg > x3eL(”)> P(;, €du)
=

_ /0 i1p ( X;> xleL(”)) P (Xz > xzeL(”)) P (X3 > X3€L(u)> Adu). (3.8)

Combining (3.5)-(3.8) leads to the result for I; in 3-dimensional case

In= ), /H]P<Xh > xy, € flui))f{)‘(d”j)
p

(h1,hp,h3)” 73 p=
€S53

+ ) / P (Xhl > xhleL(”l“L”Z)) [Ir (Xm > xmeL(”l)) Adug)A(up)
hi1€51 Ry 2(hy) mehy,h3

[Ir (Xm > xmeL(”1+”2)) P (Xhl > xhleL(”1)> A(ul)A(uz)]

mehy,hs

+
Rop(ny)

+/R H]P Xm>xme L{u )>/\(du)

:X((Xl,XZ,X3),X1,X2,X3, T)/

where S5, 51, R3, Ry 5(1,), Roo(1,), R1 are defined as in Theorem 3.1 with d =3, k=
2, (W, W, W3) = (Xl,Xz,Xg,) Wthh can be further extended to the d-dimensional
case. Thus, we have

Ii=x((X1,..-,Xa),%1,...,x55T). (3.9)
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For I»,, it holds that

n

) d
In= Y Z 2113( {Xklk ’k)>xk} N(T)=n>
k=1

n= Ti’l+111 ld:1

Yy ¥ ((d]{Xk,k W), Tn§T<Tn+1>

n=m+11<i,...,iz;<n

< Z /]’[113 X, > xpe )>1P(N(T—s):n—1)1P(Tleds)

T d A
—o / [1P (Xi>xiet®) A(ds) |, (3.10)
k=1
where in the last step we use E((N(T)+1)%)<co and IE((N(T)—I—l)dI{N(T)zm})—m
as m — co. Hence, plugging (3.9) and (3.10) into (3.4) yields
Iz(Xl*,...,Xd*) N)(((Xl,...,Xd),xl,...,xd;T). (3.11)
For I (Y14, X24,..., X4+ ), we have
L (Y1, X0k, Xg4)
n

(Z Z ) Z Z]P (Yl i T‘1+D111)I{Til+D1,i1ST} > X1,
=1 ld

= n=m-+1 1

d
ﬂ{szk lk)>xk} N(T)=”>
=:1§1(Y1*,X2*,...,Xd*)—Ié(yl*,XZ*,...,Xd*). (3.12)

The 3-dimensional case for 121(Y1*,X2*, ,X4x) is considered analogously to
I1(X14,...,X44). Changing the order of summation in I 1 yields

[e°] [e¢] il—l 1n 1 11 1
a-EE(E(Tipe L re 1
i1=1n=i; \ir=1 = iz=ip i3=ip+1 iz=iy iz=i;+1
i1—1 n
‘E(TiEe ¥ )

ir=i1 =1 iz=ip iz=ip+1
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n 1—1 ir—1
+ L (Evg+ T+ £ )
=i1+1 \iz=1 iz3=iy i3=iy+1 iz=ip i3=ir+1
]P(Yl i€ (T11+D111)I{Ti1+D1,i1§T}>x1/X2,ize_ (%) > 2y,
Xs;.e is —L(T, 13) >X3,N(T) :n)
7Y Y
=1yt g (3.13)

For 12Y1(1)f we have

(0] (o) oo
(Tia+(Tiy —Tin )+ (Ti, — T3, )+ D1
Z Z Z P (Yl i i3+ (Tiy = Tig)+(Tiy = Tiy) 1"1)I{T,‘+D1,i1§T} > X1,
is=1lip=iz3+1ij=ip+1 le' . L(Ti3+(Ti2—Ti3)) >
4 2 4

X3,l'3eL(Ti3) > x3/Ti3 + (le _Tig) + (Til - le) S T) .

Following similar derivations as in (3.6)-(3.8), we can derive 12Y1 (1) 12Y1 (3)” IZY1 (5)7
Loy Dy I
21(9)” 121(11)” *21(13

//// P (Yl > xleL(u1+u2+u3+w)) P (Xz > xzeL(u2+u3)>

uq,Up,uz,w>0,
uy+uytuz+w<T

Y for instance,

P <X3 > x3eL(”3)> Hy (dw)A(dur )M (dup)A(duz).  (3.14)

o Y Y Y Y Y Y
Similarly for 121(2), 121(4), 121(6), I 21(8)’ 121(10) 121(12), for example,
Izy1 /// Y1 > xleL(“1+”2+w)) P (Xz > xzeL(”2)>
uq,up,w>0,
<T

s x P <X3 > xgeL(“2)> Hi(dw)A(duy)A(duy), (3.15)
Izy1 // Y] > xqe “*w)> P (Xz > xzeL(”)>

u,w>0,

T
whes X P (X3 > x3eH ) ) Hy (duw) A (du). (3.16)

Combining (3.13)-(3.16) leads to

3

P,
b= ) / HIP <Whp > x,€ (Zjlu]+vl{hp1}))1—[A(d”j)H1(dv)
(h1, hSZ h3)? Rap=1 j=1
€03
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L(uq+up+vlgy,
+ Z [/R ]P(Wh1>xh1€ (11442 {hlfl})>
hi1€51 1,2(hq)

x [T P (Wm > xmeL(”1+UI{m:1})) Adup)AM(u)Hy (dv)

mehy,hs

+ H ]I) (Wm > xmeL(u1+M2+UI{m:1})>

Ro (1) mehy

X IP (W,,1 > xhleL(”Wf{hl:u)) Adu1 ) A (up) Hy (dv)]

/ H]P Wm>xme Lutoln= 1}))/\(du)H1(dv)
R

1m=

:X((Yl,Xz,X3),X1,X2,X3,T),

where (W1, W,,W3) = (Y1,Xp,X3). Similar to I;, we can extend the result to d-
dimensional case
Igl:X((Yl,Xz,...,Xd),X1,...,.X'd;T). (3].7)

For IZYZ, it holds that

1 Dl
5§ % DP(m VW oy

n= Ti’l+111 g

(dW{xkzk M) > e}, N<T>=n)

k=2

Z Z H)<Y111 (T1+D1)I{T1+D1§T}>x1/

n=m-+1 1§i1,...,id§n

d
ﬂ {Xk,ike_L(Tl) > xk},Tn <T< Tn+1>

k=2
< Z // Y; > xqet “*w)HIP(Xk>xke ))]P(N(T—s)zn—l)
n=m+1 u,w>0,
u+w<T

P(D; €dw)P (1 €du)
d

]E(( ( )—i—l I{N T)>m} // Y1>x16 u+w)>H]P(Xk>xkeL(u)>

u,w>0, k=2
u+w§T
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P(D; €dw)P(1y €du)
:0(X((Yl,Xz,...,Xd),Xl,...,Xd,'T)), (318)

where D; isii.d. as { D ;;i€IN, } and is independent of other sources of random-
ness. In the last step we use [6, Lemma 3.2] and the fact that E((N(T)+1)%) <o
and ]E((N(T)—i—l)dl{N(T)Zm}) — 0 as m — oo. Hence, plugging (3.17) and (3.18)
into (3.12) yields

o~ x((Y1,X2,-., X4), %1, x5 T). (3.19)

Similarly, we can derive the following asymptotic result:
12(61*,. “/gd*) NX((WII ..,Wd),xl,.. .,xd;T) . (320)
Plugging (3.11), (3.19), (3.20) into (3.3) and combining with (3.2), the proof is com-
pleted. O

3.2 Proof of Theorem 3.1

By Lemma 3.2, we have

i (N(T)
Y(xq,...,x5;T) <P (ﬂ { Z (Xk,i (Tz)—|—Ykl L(t+D kz)I{Tl+Dk <T}> >xk}>

k=1 \ i=1
~ Z X((Wl,...,Wd),xl,...,xd;T).
(Wy,...Wy)eTl

Applying Lemma 3.2, we have
b4 (x 1r--,X4s T)

d
(m { Z (sz L(t;) +Ykl L(t+ kl)l{Tz""Dk <T}> >Xk+COT}>

k=1

~ ) X((Wl,...,Wd),xl+coT,...,xd+c0T;T).
(Wi, W,)ET

Observing the form of ¥, . w,)erX((Wi,...,Wy),x1,...,x4;T) and recalling that
FeSCL,GieSCLfork=1,...,d and (3.1), we have, for cgT >0,

Yo x((Wh,eoo Wa),x14cT, ..., x4 +coT;T)
(Wi, W,) €T

~ Z X((Wl,...,Wd),xl,...,xd;T).
(Wl,...,Wd)Er
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Thus, we have

Y(x1,...,x5,T) 2 Z X((WL---,Wd),x1,---,xd}T)-
(Wl,...,Wd)Er

This completes the proof of Theorem 3.1.
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