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Abstract. Numerically solving multi-marginal optimal transport (MMOT) problems is
computationally prohibitive, even for moderate-scale instances involving / > 4 margi-
nals with support sizes of N >1000. The cost in MMOT is represented as a tensor
with N elements. Even accessing each element once incurs a significant computa-
tional burden. In fact, many algorithms require direct computation of tensor-vector
products, leading to a computational complexity of O(N') or beyond. In this paper,
inspired by our previous work [Comm. Math. Sci., 20, 2022], we observe that the costly
tensor-vector products in the Sinkhorn Algorithm can be computed with a recursive
process by separating summations and dynamic programming. Based on this idea,
we propose a fast tensor-vector product algorithm to solve the MMOT problem with
L! cost, achieving a miraculous reduction in the computational cost of the entropy
regularized solution to O(N). Numerical experiment results confirm such high per-
formance of this novel method which can be several orders of magnitude faster than
the original Sinkhorn algorithm.
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1 Introduction

Multi-marginal optimal transport, first proposed by Gangbo and Swiech [18], is an ex-
tension of the classical optimal transport problem [7,36]. It aims to find an optimal trans-
port plan that minimizes total cost while fitting multiple marginal distributions. MMOT
problems naturally arise in various fields, such as machine learning [2, 5,11, 20, 32], in-
compressible fluid dynamics [4,8,42], density function theory [10,14,22,23], Schrodinger
bridge [12,19], and tomographic reconstruction [1], and thus have attracted wide atten-
tion in recent years.

However, the heavy computational burden of solving general MMOT problems lim-
its its broad application. For [-marginal distributions with support sizes of N, the I-th
order cost tensor in MMOT problems contains N’ elements. To fully obtain the infor-
mation of the cost tensor, it is inevitable to repeatedly access all elements in the ten-
sor, leading to a significant computational cost. For example, the generalized Sinkhorn
algorithms [6, 7, 30, 34, 40] require repeated computation of tensor-vector products, re-
sulting in a computational complexity of O(N'). More severely, directly solving linear
programming problems has a computational complexity of N®(!). Therefore, these meth-
ods remain computationally prohibitive even for moderate-scale MMOT problems. Some
modified algorithms with lower computational complexity have been proposed for spe-
cific MMOT problems, such as the MMOT problem with a tree structure [19,41] and the
Wasserstein barycenter [3, 6,39].

In this work, we propose a novel implementation of the Sinkhorn algorithm for solv-
ing the entropy regularized MMOT problem with L; cost applications in image process-
ing [38], computer vision [35] and seismic tomography [16,33,43], which has linear com-
putational complexity relative to support size N. This work is a follow-up work of the
fast Sinkhorn algorithms [28,29] , which observe the special structure of the kernel ma-
trix with Wasserstein-1 metric and utilize dynamic programming techniques [21,24-26],
achieving linear computational complexity for solving up to 2-marginal optimal trans-
port problem. Unlike the previous situation, the kernel matrix evolves into an /-th order
tensor in the /-marginal optimal transport problem. The computational burden of the
Sinkhorn algorithm becomes prohibitive due to the O(N') operations required by the
tensor-vector products. To address this problem, we observe a similar special structure
of the kernel tensor and accelerate the tensor-vector products using the series rearrange-
ment and dynamic programming techniques [25], which results in a fast Sinkhorn algo-
rithm with O(N) computational complexity.

The rest of the paper is organized as follows. In Section 2, we review the MMOT prob-
lem and the generalized Sinkhorn algorithm for the 1-dimensional (1D) and 3-marginal
case. Then, we introduce the key fast tensor-vector product technique and provide a de-
tailed implementation of our algorithm in Section 3. This algorithm can be conducted in
more general scenarios, such as high-dimensional and /-marginal optimal transport prob-
lems, which are presented in Section 4. In Section 5, numerical experiments are carried



