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Abstract. Numerically solving multi-marginal optimal transport (MMOT) problems is
computationally prohibitive, even for moderate-scale instances involving / > 4 margi-
nals with support sizes of N >1000. The cost in MMOT is represented as a tensor
with N elements. Even accessing each element once incurs a significant computa-
tional burden. In fact, many algorithms require direct computation of tensor-vector
products, leading to a computational complexity of O(N') or beyond. In this paper,
inspired by our previous work [Comm. Math. Sci., 20, 2022], we observe that the costly
tensor-vector products in the Sinkhorn Algorithm can be computed with a recursive
process by separating summations and dynamic programming. Based on this idea,
we propose a fast tensor-vector product algorithm to solve the MMOT problem with
L! cost, achieving a miraculous reduction in the computational cost of the entropy
regularized solution to O(N). Numerical experiment results confirm such high per-
formance of this novel method which can be several orders of magnitude faster than
the original Sinkhorn algorithm.
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1 Introduction

Multi-marginal optimal transport, first proposed by Gangbo and Swiech [18], is an ex-
tension of the classical optimal transport problem [7,36]. It aims to find an optimal trans-
port plan that minimizes total cost while fitting multiple marginal distributions. MMOT
problems naturally arise in various fields, such as machine learning [2, 5,11, 20, 32], in-
compressible fluid dynamics [4,8,42], density function theory [10,14,22,23], Schrodinger
bridge [12,19], and tomographic reconstruction [1], and thus have attracted wide atten-
tion in recent years.

However, the heavy computational burden of solving general MMOT problems lim-
its its broad application. For [-marginal distributions with support sizes of N, the I-th
order cost tensor in MMOT problems contains N’ elements. To fully obtain the infor-
mation of the cost tensor, it is inevitable to repeatedly access all elements in the ten-
sor, leading to a significant computational cost. For example, the generalized Sinkhorn
algorithms [6, 7, 30, 34, 40] require repeated computation of tensor-vector products, re-
sulting in a computational complexity of O(N'). More severely, directly solving linear
programming problems has a computational complexity of N®(!). Therefore, these meth-
ods remain computationally prohibitive even for moderate-scale MMOT problems. Some
modified algorithms with lower computational complexity have been proposed for spe-
cific MMOT problems, such as the MMOT problem with a tree structure [19,41] and the
Wasserstein barycenter [3, 6,39].

In this work, we propose a novel implementation of the Sinkhorn algorithm for solv-
ing the entropy regularized MMOT problem with L; cost applications in image process-
ing [38], computer vision [35] and seismic tomography [16,33,43], which has linear com-
putational complexity relative to support size N. This work is a follow-up work of the
fast Sinkhorn algorithms [28,29] , which observe the special structure of the kernel ma-
trix with Wasserstein-1 metric and utilize dynamic programming techniques [21,24-26],
achieving linear computational complexity for solving up to 2-marginal optimal trans-
port problem. Unlike the previous situation, the kernel matrix evolves into an /-th order
tensor in the /-marginal optimal transport problem. The computational burden of the
Sinkhorn algorithm becomes prohibitive due to the O(N') operations required by the
tensor-vector products. To address this problem, we observe a similar special structure
of the kernel tensor and accelerate the tensor-vector products using the series rearrange-
ment and dynamic programming techniques [25], which results in a fast Sinkhorn algo-
rithm with O(N) computational complexity.

The rest of the paper is organized as follows. In Section 2, we review the MMOT prob-
lem and the generalized Sinkhorn algorithm for the 1-dimensional (1D) and 3-marginal
case. Then, we introduce the key fast tensor-vector product technique and provide a de-
tailed implementation of our algorithm in Section 3. This algorithm can be conducted in
more general scenarios, such as high-dimensional and /-marginal optimal transport prob-
lems, which are presented in Section 4. In Section 5, numerical experiments are carried
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out to demonstrate the overwhelming advantage of our algorithm in terms of computa-
tional efficiency. Finally, we conclude this paper in Section 6.

2 Multi-marginal optimal transport and the Sinkhorn algorithm

We first review the MMOT problem and the Sinkhorn algorithm [6]. To streamline our
discussion, we exclusively showcase the 3-marginal optimal transport problem and its
corresponding Sinkhorn algorithm in 1D space. However, it is important to note that
this algorithm can be seamlessly extrapolated to address more marginal cases in higher
dimensional space. For a more comprehensive understanding, we refer the readers to [6].

We consider the discrete MMOT problem, which is a discretization of the continuous
MMOT problem [34]. It solves the following minimization problem:

N1 N, N3
W(u,v,w)= inf ( = 1nf Zzzcllktllk' (2.1)
Tell 8

in which u e RM, v e RN, ¢ RN are three discrete probabilistic distributions
u= (M1,M2,‘ " ,MNl), 0= (01,02,‘ " /UNZ)/ w= (w1/w2/‘ " /wN3)-

Here C = (cjj) € RN1*N2XNs s the cost tensor, and T = (£) € RyN M is the multi-
marginal transport plan, satisfying the linear constraints

N; N3 Ni N3 N1 N,
TGH:{ 1]k ‘ ZZtl]k—uz, Zthk—v]/ Zztl]k_wkl 1]k>0} (2.2)

j=1k=1 i=1k= i=1j=1

In this work, our discussion is suitable for any N;, N, and N3. For the sake of simplicity,
we assume N; =N, =N3 =N in the rest of the paper.

The generalized Sinkhorn algorithm [6] was proposed to solve the regularized MMOT
problem by introducing an entropy regularization term

N
We(u,0,w) = 71_1’1f Z C1]kt11k+€t1]kln( 1]k)
i,j,k=1

The above optimization problem can be solved using the method of Lagrange multipliers,
with the Lagrangian given by

‘C<T/“/ﬁ/')’) =

i

0=

sln< Z].k ) Z]k—f—Zucl ( Z tijk — ul>
1 l] i=1 jk=1
N
:B] ( Z tl]k U]> + Z’)/k ( Z tz-]-k—wk> , (2.3)

ik=1 i,j=1
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where Kjj=e™“i/*. Define ¢ = (¢1,-,¢n), = (Y1, Pn), 9= (1, ,¢n) as

ol

o>

_1_ 1
, 1/)j:e 37, @r=e 3

o

1
4)1':6757

Taking the derivative of the Lagrangian with respect to t;; and setting it equal to zero
yields
ti=PipjprKijk, 1<i,jk<N. (2.4)

Combining Eq. (2.4) and the constraints in Eq. (2.2), we can obtain that when the regular-
ized MMOT problem attains its optimal solution, ¢, i, @ satisfy

b Z Kz;k’yb]ﬁok—uz/ P Z K1]k¢1§0k—v]/ Pk Z K1]k¢z¢] Wk (2.5)

jk=1 ik=1 i,j=1

Since the elements in K = (Kjj) are strictly positive, the generalized Sinkhorn algo-
rithm [6] can be applied to find scaling variables ¢, ¢, ¢ satisfying the above equations
by iteratively updating

¢(f+1):u®(lc X]IIJ(t) qu)(t)), (2.6)
¢(t+1):v®(;cxi¢(t+l)qu,(t)), 2.7)
(P(t+1) —w0Q (ICxl-tp(t“) le[J(H_l)), (2.8)

in which @ represents pointwise division and t denotes the iterative step. Here the tensor-
vector products follow the notation in [15], having the forms of

3 kD)

(Cx9" xxp), =Y Y Kigwy; 9, (2.9)
j=1k=1

N N D

(Kxip ™ xp) =3} K Vol (2.10)
i=1k=1
1) Ny (t+1) t+l)
(Kxipl o gpttD), =33 iy : (211)
i=1j=1
The final MMOT distance is given by

We (u 0, w Z (Pll)[]]qokcl]kKl]k_ <¢,(C@’C) 1'47 ><]'l[)>, (212)

i,j,k=1

in which © represents the Hadamard product of tensors. The generalized Sinkhorn algo-
rithm is presented in Algorithm 1.
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Algorithm 1. Generalized Sinkhorn Algorithm.

Input: u,v, w of size (N,1),¢, tol, itr_max.
Output: W (u,v,w).

Initialize ¢,9,p=1n/N,t=0,Res=Inf.
while (t < itr_max) & (Res > tol) do
te—t+1.
¢<—M®(’CX]IIJ qu)).

tpev@(leigb qu)).

qoew@(leigb X]lIJ)

Res<—sum([ @O (KX xip)—u|+ | O (K x;p xrp)—v]).
return W (u,v,w) = (,(COK) x;¢ X ;9p).

Remark 2.1. Theoretically, obtaining approximate solutions with high accuracy requires
an adequately small entropic parameter ¢, which may cause over- or underflow in nu-
merical calculations during the Sinkhorn iteration. The log-domain stabilization tech-
nique [13] can be employed to address this issue. When the infinite norm of ¢,9 or
¢ exceeds a given threshold 7, the excessive parts of ¢, 1, ¢ are absorbed into &, B, to
avoid the over- and underflow

« — a+teln(g), B « B+eln(y), 7 < y+eln(e),
$ — 1y, P — 1y, ¢ < In.

Correspondingly, the tensor K should also be rescaled as Kjjx el thitm)/ “Kijk-

3 An algorithm for MMOT with linear complexity

The computational complexity of Algorithm 1 is O(N?) for 3-marginal MMOT problems,
and it scales to O(N') for the I-marginal case. The bottleneck arises from the repeated
tensor-vector products related to K and C© K in lines 4-8.

Inspired by the fast Sinkhorn algorithms for Wasserstein-1 distance [28, 29], we aim
to reduce the computational complexity from O(N') to O(N). For the sake of simplicity,
we discuss the acceleration of Algorithm 1 for 3-marginal case in this section. The im-
plementation can be naturally extended to the /-marginal case for any [ > 3, which will
be discussed in Section 4.2. On a uniform mesh with a grid spacing of /', the cost tensor
C = (cijx) based on the L! norm writes

cijk = (|i—jl+|i—k|+[j—k[)h.

*The discussion can be naturally extended to the case of non-uniform mesh.
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Thus, the corresponding kernel tensor K = (Kj;) satisfies
Kl.jk:,\ll*JHIl*kHIJ*k\,
in which A =¢~ /¢,
To eliminate the absolute value operator in K, we categorize the subscripts (i,j,k)
according to their orders into 6 sets?

Di={(i,j,k) |1<i<j<k<N}, Dy={(i,jk)|1<j<i<k<N},
D3={(i,j,k)|1<i<k<j<N}, Ds={(i,jk)|1<j<k<i<N}, (3.1)
Ds={(i,j,k) |1<k<i<j<N}, D¢={(i,jk)|1<k<j<i<N}.

Then, the element of tensor K has a simplified form of
Kijk = )\ﬂpi+bpj+cpk’ V(Z,],k) € Dp/ p= 1,...,6, (3.2)
where a,,b,,c, have specific values

a1:—2, 612:0, a3:—2, 614:2, as :O, 713 :2,
b1 =0, bh=-2, b3=2, by=-2, bs=2, bg=0, (3.3)
c1=2, cr=2, c3=0, cy4=0, c5=—2, cg=—2.

Similarly, C© K satisfies
(COK) = (api+bpj+cpk) AW TSR (i jk)eD,, p=1,...6.

In this section, we first propose two fast implementations to accelerate the tensor-
vector products K x;¢ X ;9 in Section 3.1 and (COK) x;¢ X ;9 in Section 3.2, achieving
a computation complexity of O(N). Subsequently, we embed the fast tensor-vector prod-
uct into the Sinkhorn algorithm, proposing the fast Sinkhorn algorithm with linear com-
plexity for the MMOT problem in Section 3.3.

3.1 Fast tensor-vector product of Cx;¢p X ;¢

The tensor-vector product writes

N N 6
(Kxipxj)e=Y_Y Kigpipi=Y_Jep, k=1,2,...,N, (3.4)
i=1j=1 p=1
in which J , are given by
k k o k-1 &k -
]k,l — qubill)j/\aﬂ-l—b]]-l—clk, ]k,Z — Z Z (I)il/)jAu21+b2]+C2k, (3.5a)
i=1j=i j=li=j+1

For the I-marginal case, we need to categorize subscripts (i,ip,--,i;). Therefore, I! sets are required.
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k N k N
i+b3j+c3k i+baj+cak
]k,3 — Z Z 4)l'll)jAa3l+ 3]+C3 , ]k,4 — Z Z ¢i¢jAu4l+ 4]+Cq , (35b)
i=1j=k+1 i=li=k+1
N N N-1 N
]k,5 — Z Z¢i¢jAa51+b5]+C5k’ ]k,6 — Z Z ¢ileAu6l+b6]+C6k- (3.5¢)
i=k+1j=i j=k+1i=j+1

Directly computing Eq. (3.4) for all k=1,...,N takes O(N?) operations. In fact, Ji , satisfy
the recurrence relations

Ji1 =A k-1 +PicPra, Ji2 =A?Jk—12+PkPr—1,2,
Ji1= g1y Amthte, J12,=0,
Ji3 = Pr3Qxk+1,3/ Jica=PraQrr14, (3.6)

Ji5 =A% k1,5 Prr1Prsa 50 Jie =A% Jkt1,6+ Prr1Prt26
Ins=0, Ine=0, Jn-16=0.

Here Py, and Qy , have the forms of

k k
Py =Albitelk Z(PiA”li, Py, = A% (kD) +ealk1) lej;\bzf,

’

i=1 j=1
b k ¢ ‘ bsk A bsj
Pk,3:/\( 3+c3) Z‘Pi)‘%l/ Qps13=A"" Z PiA 3]
i=1 j=k+1
L N (3.7)
Py =AY A, Q=AM Y gid®,
j=1 i=k+1
Pk,5 — /\a5k+65 (k—].) le)]/\b5], Pk,6 — /\bé (k—1)+66(k—2) Z(PiAlle,l,
j=k i=k
which can be also computed in a recursive manner
Pk,lz)\b1+cl Pk71/1+¢k)\(a1+b1+c1)k, Pk/2:/\a2+C2Pk71/2+lpk/\ﬂ2(k+1)+b2k+€2(k+1),
lj)1 1 :¢1Aa1+b1+C1, lj)1 2:¢1A2a2+b2+2C2,
Pa=AbtaP 54y atbstalk, Qi =ABQrr13+PrA%,
Py z=g A tbstes, Qnz=y¥nA",
(3.8)

P g=py ATatbates Ona=PNAY,

Pis=A"5"5 D 1 5+ A sk Hbskres(k=1)
PN,SI#)N/\aSN+h5N+C5(N_1)/

Po=A"bs—C6p 4 6+¢k/\ﬂek+be(k*1)+ce(k*2),
PN 6= 4)N/\Q6N+b6(N_1)+C6(N_2).

{PkA =AUTAP g A ltatbatedk {QkA =AMQr 1,4+ PrA™,
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The recurrence formulas (3.6) and (3.8) induce the fast tensor-vector product algorithm
(FTVP-1) to compute Eq. (3.4). The pseudo-code is presented in Algorithm 2, with O(N)
computation complexity specified in Table 1.

Algorithm 2. Fast Tensor-Vector Product-1 (FTVP-1).
Input: ¢,y of size (N,1),A.
Output: £X;¢ X ;1.
procedure FTVP-1(¢p,9p,A)
© JuJe T a5 Je=0N, 11 = P11

1:
2:
3 Pl,Pz,P3,P4,P5,P6,Q3,Q4—0N.

4 Pi=¢1,Pa=A%P,P13=¢1,0n3=A2PN.

5 Pra=11,Qna=A%PN,Pns=A%PN, Pye=A .
6 fork=1:N—1do
7 Pei11=A?Peq+ 1.
8 Pei12=A?Pea+ A%y i1,
9 Pii13=A?Pes+ 1.

10: ON—k3=A*QN—-kt1,3+ A PN—k-
11 Pei1,4=APia+ st

12: ON—ka=A?QN—k+14+A2PN_k-
13: PN_k5=A*PN_ks15+ A2 PN_k.

14: Py _k=A*PN_kt1,6+ A ON_k-

15: fork=1:N—1do

1é: Jis11 = A i1+ i1 P -

17: Ji+12=A?Ji o+ Pr1 Pro.

18: Jik3 = Pr3Qk+1,3-

19: Jka=PraQri1,4-

20: fork=N:—1:2do

21: Jk-15=A*Jk5+ P Prs.

22: fork=N-1:—1:2do

23: Ji-16 = A?*Ji6+ PrPei1,6-

24: return J1+ o+ I3+ T4+ T5+ T

Table 1: The number of multiplicative and additive operations in FTVP-1.

P k,p Qk,p ] kp ]
Number of operations | 18N | 6N | 14N | 5N
Total 43N
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3.2 Fast tensor-vector product of (COK) x;¢ X

The tensor-vector product writes

(COK)xipxp), chl,kK”kw] hszp,

i=1j=1

in which fk,p for p=1,2,...,6 are given by

k k ‘ ‘
fk,l = ZZ(ali+blj—|—clk)¢i¢j/\all+b1]+c1k,
i=1j=i

k=1 k

fk,Z = Z Z (a2i+ij"’Czk)gbilIJj/\azi+b2j+C2k,
j=li=j+1

R k N o

Jk3= Z Z (a3i+b3j—|—c3k)4)i¢j/\a31+b3]+c3k,
i=1j=k+1

R k N o

]k,4 = Z Z (a4i—|—b4j—|—c4k)4)i¢j/\a41+b4]+qk,
j=li=k+1

. N N ' '

]k,5: Z Z(QSi—Fb5j+C5k)¢i¢jAa5l+b5]+C5k,
i=k+1j=i

. N N ‘ ‘

]k,6: Z Z (a6i+b6j‘|‘C6k)(,bi1pj/\“6l+b6]+cﬁk_
j=k+1i=j+1

(3.9)

(3.10)

Directly computing Eq. (3.9) for all k=1,...,N takes O(N?) operations. In fact, fk,p satisfy

the recurrence relations
Ji1 =A% (k11 +c1Jk-1,1) + i (R + (b1 +c1)kPy 1),
Ji1=(a1+by14c1)prpr An Tt
{fk,z =A% (Jiiiptc2Jk-1,2) ¢ (Re12+ (a2+c2)kPe_1 ),
J12=0,
Jk3=Ry3Qk41,3+ Pr3Ski1,3+ 3Kk 3,
Jia=RiaQur14+PraSksra+caklia,

{ Ji5 =A% (Jer1,5—c5Jkr15) + P (Rerrs+ (as(k+1) +cs5k) Peras),

Ins=0,

Ine=0, Jn-16=0.

{ Jio =A% (fis1,6—C6Jk+16) + Prr1 (Rirae+ (b6 (k+1) +cok) Pesag),

(3.11)
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Here Ji ;, Py p, Qx p are the same as those in Egs. (3.5) and (3.7). Additionally, Ry, and S,
have the forms of

k , k .
Rea= ARy “agigid®l, Ry =AF 0Dy Ty,
i=1 j=1
k , N .
Ri3 =AUtk Y agigA®sl, Skr13=A""F Y bajpiA™,
i=1 j=k+1 312)
k , N ‘ G
Rk,4 _ /\(u4+C4)k Zb4jl/]j/\b4l/ Sk+1,4 — )\ wk Z a4i¢i)\”4l,
j=1 i=k+1
N N
Rk,5 _ /\a5k+cS(k71) Zb5jl/J]')\b5j, Rk,6 — Abs(k71)+66(k72) Zaf)i(,bi/\%i,
=k i=k
which can also be computed in a recursive manner
R.r—= Auz-l—CzR
_abitc (a1+b1+c)k k2 k=12
{Rk{l =AN 1Ri;1:: +a1k§bk/\ T ’ +b2klPkAu2(k+1)+b2k+cz(k+1)/
— a C
R],] — a]('bl/\ 1 1 1, Rl/z — bzlpl/\2ﬂ2+b2+2C2,
Ryz = AT Ry s4-azkgy A (o tbatealk, Sk3=A"S 13+ bk,
R1,3:a34>1/\“3+b3+c3, SN,S :bSNwNAbS/
(3.13)

Ry g =AMFTUR, 4+ bykip A (a+bateak, Ska=AMSp 14 FaskgA™,
Ry4=Dbapy Atbates, Sna=asNPnA™,

Ris5=A"""%Rki15 Rie=A"""%Ry 16
+b5kl[)k/\a5k+b5k+c5(k_1), +a6k(l)kAu6k+b6(k_1)+c6(k_2),
RN 5= b5¢NALI5N+b5N+C5(N71), RN 6= a6(PN/\{l6N+b6(N71)+Cﬁ(N72).

The recurrence formulas (3.11) and (3.13) induce the fast tensor-vector product algo-
rithm (FTVP-2) to compute Eq. (3.9). The pseudo-code is presented in Algorithm 3, with
O(N) computation complexity specified in Table 2.

Table 2: The number of multiplicative and additive operations in FTVP-2.

Pk,p Qk,p ]k,p Rk,p Sk,p fk,p 7
Number of operations | 18N | 6N | 14N | 24N | 8N | 38N | 5N
Total 113N
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Algorithm 3. Fast Tensor-Vector Product-2 (FTVP-2).
Input: ¢,y of size (N,1),A,h.
Output: (COK) x;¢ ¥ ;.
1: procedure FTVP- 2(4) P,A)
2 JuJoJsJa s Je=0n.
3 R1,R5,R3,R4,R5,R¢,S53,54=0x.
4: Rl,l = —2(])1,R1,2 = —2/\21[)1,1{1’3 = —2(])1,51\],3 :2N/\21I)N.
5: R1,4 = —21[]1, SN,4 = ZN)LZ(PN, RN,5 = Z)LZIIJN, RN,6 = 2)\4(,01\].
6
7
8
9

fork=1:N—1do

Rip11 =A?Ri1 —2(k+1) 1.
Rir12=A?Ry2—2(k+1)A% 1.
: Rii1,3=A*Ri3—2(k+1)Pps1-

10: SN—k3=A?SN—kt1,3+2(N—K)A* PNy

11: Rip1,4=A?Ria—2(k+1) ey 1.

12: SN—ka=A?SN_ks14+2(N—K)A2 Py

13: RN-k5=A?Ry_ky1,5+2(N—K)A2 ¢y .

14: Ry_k6=A*RN_ji1,6+2(N—k)A* Py .

15: fork=1:N—1do

16: Jri1,1 = A2Ji1 +2A% 1 + i1 Ry, 1 +2(k+1) i1 Pegr 1.

17: Jis12=A k2422 i+ Prr1 R +2(k+1) s P2

18: Ji3=Ri3Qk+1,3+ PraSki1,3-

19: Jia = RiaQri1,44 PeaSei1,4

20: fork=N:—1:2do

21: Ji—15=A k5 +2A Ji s+ PRy s —2(k—1) ¢ Py 5.

22: fork=N—-1:—1:2do

23: fee1,6 =A% +2A% 6+ PeRir1,6—2(k—1) P Pei1 60

24: return h(J{+ o+ 3+ Jat+Ts+T6)-

3.3 Algorithm implementation

The major computational burden of the generalized Sinkhorn algorithm (Algorithm 1)
lies in the tensor-vector products related to K in lines 4-7 and that related to COK in
line 8. Here we propose a step-by-step approach to reduce the computational complexity
from O(N?) to O(N):

* KXjpX@in lines 4 and 7: We define K = (Kiji) satisfying Kjjx = K;j = Abpitepitagk
V(i,j,k) € Dp. Then it can be verified that

’CX]IIJ ><k(p:l€><l-tp><]-q),
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which can be computed with O(N) computational cost according to the discussion
in Section 3.1, because K has the similar form of Eq. (3.2);

* Kx;¢xke in lines 5 and 7: We can apply the same technique as used above to
reduce the complexity to O(N);

* KX;¢ Xy in line 6: According to Algorithm 2, the complexity can be reduced to
O(N);

* (COK)xi¢x;pinline 8: According to Algorithm 3, the complexity can be reduced
to O(N).

Based on the above discussions, we successfully accelerate the generalized Sinkhorn
algorithm and propose a fast Sinkhorn algorithm with O(N) computational complexity.
The pseudo-code is presented in Algorithm 4.

Algorithm 4. The Algorithm for MMOT with Linear Complexity.
Input: u,v,w of size (N,1),¢, tol, itr_max.
Output: W (u,v,w).
Initialize ¢, ¢, =1xn/N,t=0,Res =Inf.
while (¢t < itr_max) & (Res > tol) do
tt+1.

¢ —uQFTVP-1(¢p,p,A).

¥+ vOFTVP-1($,g,A).

@+—wOFTVP-1(¢,,\).

Res+sum(|p OFTVP-1(¢,@,A)—u|+ |p OFTVP-1(¢,p,A) —0]|).
return W, (u,0,w) =h{@p,FTVP-2(¢,,A)).

The log-domain stabilization can also be aggregated into the fast tensor-vector prod-
uct algorithm. The key point is to accelerate the tensor-vector products related to the
rescaled tensor K = (e(®i+Fi+m)/ “Kijx), which can be achieved by modifying the update
formulas of Py, Qx,p, Jx,p in FTVP-1. The pseudo-code is presented in Algorithm 5.

4 Various generalization

In this section, we aim to extend the capabilities of our algorithm to higher dimensions
and more margins.
4.1 High dimension generalization

In this subsection, we consider the two-dimensional case of our algorithm as an exam-
ple, noting that its generalization to three or higher dimensions follows a similar ap-
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Algorithm 5. Fast Tensor-Vector Product with log-Domain Stabilization (FTVP-LOG).
Input: ¢,y of size (N,1),A.
Output: K x;¢ Xitp.
1: procedure FTVP-1(¢,p,A)
2 JuJa T3 T4 5 Je=0n, 11 =191
3:  Py1,Py,P3,Py,Ps5,P,Q3,Q,=0n.
4 Pri=¢1,Pip=A%p1, Pis=¢1,On3=A%PN.
5: Pa=11,Qna=A’pN, Pns=A*PN, Pn o= A PN.
6
7
8
9

fork=1:N—1do
Pes1,g =A%e®@0)/Ep g gy g
Pey1p =A% B Pec) /ey 4 A2y .
P13 =A2el %)/ st s,

10: QN k3= )‘ze(ﬁN_kH7ﬁN_k)/€QN—k+1,4+/\2¢N—k'

11: Pry1a=A%eP=Pe)/ep ) iy .

12: Qn-ka=AZeNk1=0n-0/EQ 1+ A2 .

13: Py_y5=A2e(N-k1=On-0/EDy g s A2y

14: Py kg =A% PNkt =PNi)/EPy o o+ MYy

15: fork=1:N—-1do

16: Jer11 :/\26(7k+1—'}’k)/5]k 1 _|_¢k+1e(ﬂék+1+ﬁk+1+7k+1)/€pk+l 1.
17 Jiz12= /\23(7k+1*7k)€]k ) +¢k+le(“k+1+ﬁk+7k+1)€pk ).
18: Ji3=e@tPentrd/ep 0 5.

19: Jia=e W TAFIED O Ly 4.

20: fork=N:—-1:2do

21 Jec15= /\23(%—1*%)/8],( 5 +¢ke(“k+ﬁk+7k—1)/€pk 5.

22: fork=N—-1:—-1:2do

23 Te—16 :/\26(7’“1_7’()/8];( 6_|_1l)ke(“k+l+,3k+')/k—l)/epk+l 6

24: return J1+Jo+ T3+ i+ 5+ 6

proach with no fundamental distinction. Similar to Section 2, we consider the discrete
two-dimensional MMOT problem, which solves the following minimization problem:

N1 My N, My N3 M,

W(”/v/w):%relf = lnf Z Z Z Z Z Z Cirigjijokikatirinjijokika- (4.1)

11 112 1]1 1]2 1k1 lk2 1

Here

C — <Ci1i2j1j2k1k2) c RNlMl X NoMjp X N3M3

is the cost tensor, and
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N1 M1 x NoM> x N3M
T = (tiyigjijoky k) € R 722700

is the multi-marginal transport plan, satisfying the linear constraints

N, M, N3 M3

TG I1= {T: (tilizjlfzklkz) | ti1i2j1j2k1k2 > O, Z Z Z Z ti1i2j1j2k1k2 = Uiy,

j1=1p=1k;=1ky=1

N1 M; N3 Ms N1 My Ny M,
Z Z Z Z tirinjy jokiky = Vjyjar Z Z Z Z tivigjijakiks = Whiky (- (4.2)
i1=1lip=1k1=1ky=1 i1:1i2:1j1:1j2:1

Similar to the discussion in Section 2, our discussion is suitable for any N, Mj, Ny,
M, N3 and Mj3. For the sake of simplicity, we assume N; =N, =N3;=N and M; =M, =
M3 = M in the rest of the paper. Similar to the entropic regularization technique intro-
duced in Section 2, we consider the following regularized MMOT problem:

N M

We(wow)=1inf ) ). Cinjijkiktivikiks +einiipkk (i otk )
i1, j1,k1=1ip,j2,k2=1

Based on analogous derivation, the above problem achieves optimum when scaling vari-
ables ¢ = (@), $ = (¥j) @ = (Prir,) ERM satisfy

PO KXy j X, ) =1, (4.3)
¢®(’Cxi1iz¢xk1kz¢):vl (4'4)
¢®(’Cxi1i2¢><j1j2 IIJ):w, (4.5)
in which the tensor-vector products write
N M
(IC Xjija ' Xklkzq’)l&iz = Z Z Kili2j1j2k1k2¢j1j2 Phiko s (4.6)
Juki=1j2,ko=1
N M
(IC Xiyiy @ Xklkzq’)h]'z = Z Z Kili2j1j2k1k2¢i1i2 Prrkr s (4.7)
i1,k1=1ip,ky=1
N M
(IC Xiria @ X jjo lp)k1k2 = Z Z Ki1i2f1j2k1k2¢i1i2¢j1j2‘ (4.8)

i, 1=1iz,jo=1
The optimal transport plan is given by
tivioji ko = Piria Wi Phaka Kisiojs ok o

and the optimal transport distance is

N M
We(wo,w)= Y. Y. Ciijiphka®iiWpnPhkKiijjokiks
i1,j1,k1=1ia,j2,ko=1

:<¢I<C®}C)Xi1i2¢xj1jz¢>' (4.9)
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Here, the cost tensor C = (c,-lz-z]-1 joki k) € RNMXNMxNM pased on the L! norm of a uniform
2D mesh with a vertical spacing of 1; and a horizontal spacing of h, writes

Cirigjijokik, = (|11 —j1|+[in =k [+ [j1 = k1 )1 + ([i2 — o | + |2 — k2 |+ [j2 — k2| 2,

GIRNMXNMXNM

and the corresponding kernel tensor K = (K ;, jijake k) writes

i — 1 |+l — k1 |+ — K| o 2ol +]ia—ka |+ |j—k
Kiis koo :A\lll Al =kl +n 1|/\|212 Jal+li2=ka|+|j2 2|,
where A\ =e /¢ and A, =¢"2/¢. The generalized Sinkhorn algorithm can be applied to
calculate (¢, 9,@) by iteratively updating

¢(t+l) =uQ (IC Xjij2 lp(t) Xklkzq’(t))’ (4.10)
¢(t+1) —00 (}Cxili2¢(t+l) Xklkﬂ’(t))/ (4.11)
(P(m) —wO (/Cxiliqu(t“) lejzl/,(tﬂ)). (4.12)

Similar to the discussion of our algorithm for the 1D problem in Section 3, the bot-
tleneck of computational efficiency arises from the tensor-vector products, such as | =
K Xii, @ X j,j, , whose element satisfies

N (=il — K]y [l + oo+~
_ 1—nl+li—kil+i—kil|y li2—jo|+li2—ka|+]j2—ka| ,
]klkZ_ Z Z Al /\2 4’11121/)]1]2' (4.13)
i1, 1=1iz,jp=1

Obviously, directly calculating this tensor-vector product requires O(N3M3) operations,
which is an unacceptable computational cost. Now, we delve into a detailed discussion
on reducing the computational cost to O(NM).

First, ¢, ¢, ] € RNM are flattened into 1D vectors in column-major order

¢= (4’1/4’2/"‘/4’1\4)/ Y= (‘/’11‘/’21"'1‘/’1\/1)/ J= (11112/"';]1\4),
in which the sub-vectors 471-2,111]-2, Ji, € RN are

¢, = (P11, P21+ PNi ), ll’]'z=(¢1j2,¢2j2,'“,¢1\1j2)/ T, = ko J2kyr 1 INK, ) -

GRNXNXN

By defining a tensor K = (K x,,n) with the element

_ =l i =k |+ 11—k
Kiljlkl/N _/\1 ’

the Eq. (4.13) can be rewritten in vector form as

L il ikl
_ 2= 2|+ |i2—ka|+|j2—k2 ) )
Ikz_ Z Zl/\Z <}CNX11¢i2 X]ll/)jz)'
ip=1jp=
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We use the same technique in Section 3 to eliminate the absolute value operation above,
separating the summations into 6 components according to the order of subscripts

6
Ikz = Z Iszp’
p=1

each of which has a simple form of

ky ko

2(kp—1i
Ik2/1: Z Z AZ( ’ 12) <}CN ><ll ¢12 X]l l/;j2>’
ir=1ja=i
el ke
Ik2/2: Zl Z 1A2 an <}CNX11¢Z2 X]l ¢]2)’
R=lp=p+
2 L2
Jio 3= 21 ; A PTERN % iy X ¥5,),
i—1j,=kp+1
o (4.14)
2, M 2(i2—f2)
Ik2,4: Z ; /\2 (’CNXil ¢i2 Xy ¢j2)/
J2=liz=ko+1
Y 2k
Ik2r5:' ; 1‘2 /\2 B (’CN X ¢i2 Xjy ¢j2)/
ip=ko+1pp=12

Mol M
Ik2,6: Z Z AZZ 2<}CNXi1¢i2Xj1¢j2)'

jo=ko+1ir=pp+1
In fact, Ji, , satisfy the recurrence relations

_ 22 _ 22
Jion =AMk 10 RN X Pyt X ¥ | T2 = AT k12N Xy @y Xy Piy—1,25
J10=Kn X 1% 91, J12=0,

2,3 =KN X Piy 3 Xy Q1,30 Jioa = KN Xy Qpy 11,4 Xy Pry 1)
2 2
Jio-15=2A5T 1y 5 KN Xiy @1, X1 Py s ) Tio—1,6 = A5k 6 H KN Xy Py 11,6 Xy Py
Jms=0, Jme=0,Tpm—1,6=0.
N
Here Py, ,, ka,p €R™ have the forms of

ko ) ko .
- Z(kz—lz) - 2(k2*]2+1)
Pi,a= Z /\2 4’1'2/ P, p= Z Az lI]jz/
=1 =1

& 2(ky—iz) M 2(j—kat1)
_ 2—12 _ 27— R2
sz,S = Z /\2 ¢i2’ ka,s = Z /\2 1/’]'2/
ir=1 j2=kz
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ko M
_ 2(k2—j2) _ 2(iy—ky+1)
Pk2/4 - ‘Zl)tz lpjz’ Qk2,4 - Zk AZ ¢i2
2= I2=K2

M (k1) M a(i—krt2)
_ J2—#K2 _ I2—=K2
sz,S— Z Az l/’jzf sz,é— Z Az 4’1'2/
J2=kz i=ky
which can also be computed in a recursive manner

Pi,1=APi, 11+ ¢y, Pi, 2 =A3Pi, 12+ A3,
Pi1=¢y, Piy=A3,,

{sz,3 =3Py, 15+ @y, { Qi3 =M Q13238

Piz=¢, Qumaz=A3¥ 1

{sz/l =A3Pr, 14+, { Qi s =A5Qk, 114 T A3y,
Pia=1,, Quma=Adp,
Pk2,5:/\%Pk2+1,5+/\%¢k2' Pk2,6:/\%Pk2+l,6+/\%¢k2'
P :A§¢M, P :A%¢M'

The pseudo-code of the implementation above is presented in Algorithm 6, with O(MN)
computational complexity. Similar idea can be naturally applied to accelerate the tensor-
vector product (COK) X4, ¢ X j,;, P in Eq. (4.9), and so are omitted.

The above technique can be naturally extended to the d-dimensional case. Next, we
discuss the number of addition and multiplication operations for d dimensional MMOT
problem. Let the number of additions required in d-dimensional space be denoted as
NA;, and the number of multiplications as NM,. Without loss of generality, assuming
that the grid size N is the same across all dimensions, we obtain the following recurrence
relation:

NA;=(6NA,_1+17)N, NA;=17N,
NM, = (6NM;_;+20)N, NM; =26N,

From this, we can further derive the expression for the number of operations in an ar-
bitrary d-dimensional space, as summarized in Table 3. Meanwhile, the above discussion
applies analogously to the tensor product (C©OK) x i, ¢ X, j, p summarized in Table 4 as
well.

4.2 [-marginal generalization

In this subsection, we extend our algorithm to solve general /-marginal optimal transport
problems. For ease of exposition, we focus on one-dimensional probabilistic distribu-
tion on a uniform mesh with a grid spacing of h. Its generalization to high-dimensional
distributions follows an analogous approach as discussed in Section 4.1.
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Algorithm 6. Fast Tensor-Vector Product for 2D MMOT.

Input: ¢,y of size (N x M), A1,A,.
Output: £X;¢ X ;1.

1: procedure FTVP_2D(¢p,1p,A1,A2)
2 Jin=FTIVP-1L(¢y, ¢y, M), J12.J13 J1,4T15 16 =ON-
3 Pri=¢,P1a=M, Prs=¢;,Qusz=Nty.
4 Pra=v,Qua=Aer Pus=Nt, Pus =3¢
5: fork=1:M—1do
6 Pii11=A5Pr1+ ¢ .
7 Pii12 :/\%Pk,2+/\%¢k+l'
8 P13=A3Pis+ g
9: Qui—ks =M Qumks15 AP k-
10: Pii1a=APrat+py .
11: Qui-ra=A3QuM—kr14+A5P N1 1
12: Py_k5=APy_ks15F A58 5
13: Py_k6=APrp_ks16 AP 0k
14: fork=1:M—1do
15: Jir10 =A3Jk1 +FTVP-1(Piiy 1,9y, 1, A1)
16: Jii12=A3Jk 2 +FTVP-1(¢,. 1, Pr2,A1).
17: Ji3=FTVP-1(Py3,Qpy13M)
18: Jia=FTVP-1(Qp 14 PraA1).
19: fork=M:—1:2do
20: Ji-15=A3]i5+FTVP-1(¢,,Pi5,A1).
21: fork=M-1:—1:2do
22: Ji—1,6=A3J 6+ FTVP-1(Piy16,8;,A1).
23: fork=1:M do
24: Je=Tka k2T Tk +TeatTis+Tie:

25: return (J1,J5,, Jm)

Table 3: The number of additive (NA) and multiplicative (NM) operations required for KX j,...i, @ X j,-..j; -

Dimension d NA NM Total
d=1 17N 26N 43N
d=2 119N2 176 N2 295N?
17 17 42 37
d —x6d—Z |N9 | (5x6l—4)N4 | [ = xe6d—= | N4
( 5 %75 ) (5x6%—4) 5 5
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Table 4: The number of additive and multiplicative operations required for (C©K) Xiyig-rig @ X jrjpja P

Dimension d NA NM Total
d=1 41N 72N 113N
d=2 615N? 1066 N2 1681 N2
41 g AN 71 i 58\ .4 112 i 99\ .4
d (13 x 14 13>N <13 40— 13)N 13 40— 13 N

Given [ discrete distributions uy,u,,- -+ ,u;, where uj= (T/ljll,ujlz,' .-,
crete [-marginal optimal transport problem [6] is formulated as

u]-,N].) eRN, the dis-

Ny N
W(uq,up,-+ ,u;) = inf ( inf C; 4.15
( 1 2 l) TGH TGHZIleZZ Z 1112 11 1112 Z[ ( )

Here, C = (ciyiy...i)) € RN1xN2x-xNp i5 the [-th order cost tensor, and the L; norm based
pairwise-interaction cost is
Z |ip—ig|h.

1<p<qg<l

Ci1i2~~~i1 =

GRNlXN2>< Nl

z}. (4.16)

Without loss of generality, we assume N;=N for all j=1,2,...,I. By introducing the en-
tropic regularization technique, the optimal transport plan 7 =(t;, ir-.-i;) Of the regularized
I-marginal optimal transport problem

The collection of all admissible multi-marginal transport plan 7 =(t;j,...;,)
is given by

]1
iyig-wiy 20, Z X Z Ztlllz i = Ui, Vj=1,2,..

=1 i1=lij=1 i=

II= {T: (ti1i2~ gy

WS(”lI”ZI”" :71—1’61% Z Z chlh -1 1112 l]+€t1112 lll < 1112~~~il)/
11 112 Z[ 1
writes
1112 i (Pl ll(PZ ip”® (Pl,ilKi1i2~~~i1/ V1§11112//ll SN' (4'17)
Here, ¢, = (¢1;,) € R denotes the I-th scaling variables, and the corresponding kernel
tensor K = (Kjj,...;,) € RN is defined as
Kiyy.oiy = ATrspasiliv=in] ) ==t

By substituting (4.17) into the marginal constraint (4.16), the optimality condition (2.5)
for the 3-marginal optimal transport problem can be analogously extended to general
I-marginal cases, which is

¢]@(]C Xil 4)1 Xij—1¢jfl Xij+1¢j+1". Xil¢l) :uj, ]:1,2,,l (418)
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The element of the above tensor-vector product has the form of
(Kxhﬁbl’” Xi,- 1P X P Xi )i

N
= Z Z Z Z K1112 l]4>1 1h° ¢jfl,ij_1¢j+l,ij+l e (Pl,il- (419)
=1

ij1=lij1=1  §=

Hence, the corresponding Sinkhorn iteration scheme to find ¢ j writes

¢1t+1 =1 (IC Xy ¢§t) Xig ¢§t) Xy ¢l(t))’ (420)
4»;“ =120 (K, o ) 91", (421)
¢l(t+1) =u (}C Xiy ¢1t+1 iy ¢2t+1 X 1‘tblt+1l )’ (4.22)

and the [-marginal optimal transport distance is given by

N N N
W€<u1/u2/"’/ Z Z Z Civig-iy P11, P2,in D1,y Kiyiy--i)
i=1i=1 =1
(P, (COK) Xj g Xiy -+ Xy P1_1)- (4.23)

Similar to the discussion of /=3 in Section 3, the bottleneck of computational efficiency
for the [-marginal optimal transport problem lies in the tensor-vector products

JO =KX py Xiy oy X 11, (4.24)
(1
TV =(CoK) xi ¢y Xt Xi #1100 (4.25)

where the superscript (1) indicates the /-marginals. The elements of J) = ( ]i(,l)) and 7" =
( ]Ai(]l)) have the forms of

Z Z A21<p<q<l‘lp lq'H‘quq' (4.26)

:1 llll

and

0 N N -1
=1

ip_1=1 l<p<q<l q=1

Obviously, the direct calculations require O(N') operations, which are unacceptable com-
putational costs. We show as follows how to accelerate the tensor-vector products to
linear computational complexity relative to support size N.
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To start, we eliminate the absolute value operation in Egs. (4.26) and (4.27) by sepa-
rating the summations into /! components according to the order of subscripts

I I
(1 ~(1
TO=y50, 1=y, (4.28)
p=1 p=1

in which the elements of | ;Z) =(J l(ll;) and 7;1) = (fl(ll;) write

-1 ,
fi(;l,;: )3 </\“k'””H<Pq,iq/\“W>, (4.29)
g=1

(i1,+,i1) €Dy

and
” -1 -1 ,
]l‘(],; = Z al,pil + Z aq,piq /\M/pll I_I(Pq,iq/\“q’plq . (4:30)
g=1

(ilr'”/il)EDp q:l

Here, D, are the sets defined by the order of subscripts

Dy={(i1,--,i)) |1<i1 <ip <---<i) <N},

Dy={(i1,--,i;) |1 <ip <iy <---<i) <N},

4.31)
Dl[:{(il,"-,il) ’1§ll<ll*l<<11§N}

We first consider the calculation of J g) =(J (l)

a(1 A1
Dyand 7y = ()

i,p) for the case of p=1. It

is straightforward to show that

-1
1 i j 1 1—
]iz,i = Z </\0<1/111 1_114’11,1'/\“"’11") =AM ]f,llll +¢1—1,i1]i(,,1 1), (4.32)
q:

1<i; <<y 1<)

in which

]z‘(,l,II) = Z (A(“11,1+041,1)11 Hﬁbq,iqAaq/llq) )

1<y <<y <y g=1

The above formula suggests that to compute | gl) =(J 1(11)1) in the /-marginal case, only 2N

multiplications and N additions are required, provided that J gl_l) =(] 1‘(,1__1,11)) has been ob-

tained in the (I —1)-marginal case. This recursive process with respect to I can be iterated
: e T3 — (73
until reaching J7™' =(]

i3,1> in the 3-marginal case, enabling J gl) to be computed with O(N)
operations.
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Similarly, ]AZ(IZ% satisfy

-1 -1 ,
]Al(ll& — Z (‘Xl,lil + Z “q,liq> </\tx1,111 I_I(Pq,iq/\txq,uq)

1< << < q=1 =1
o1 A(1-1 ! -1
=AM L-(,ll,l +<P171,i1]1-(,,1 )y At ]i(,lm a1, ]1'(1,1 :
(1 1 A(1-1 -1
=A% (]i(lll,l _Hxlfl]i(lzl,l) +r-1 (]i(z,l )+“l/1]i(1,1 ))’ (4.33)

in which

2

I— -2
f(l_l): K11+ Y agqi Ala-ta)i i/\“q,liq ]
ir,1 , 911 1<Pq,q
q:

1< <<y <) g=1

Note that, in (4.33), both of the computational complexity of J gl) and | glil) are O(N).
(1)
j

iz,l) in the [-marginal case, only 3N additions and 4N mul-

tiplications are required if ﬂlil) = (f 1(11,7111)

Therefore, to compute ﬁl) =(
) in the (I—1)-marginal case has been obtained.

This recursive process with respect to I can be iterated until reaching 7&3) =(J lg) in the

3-marginal case, thereby enabling the calculation of ﬁl) with O(N) operations.
Similar recursive processes of O(N) cost can be straightforwardly applied to the cal-

culation of other | ;Z) and i;l) and hence are not included here. So far, the tensor-vector
products (4.24) and (4.25) can both be calculated with linear computational complexity
relative to support size N.

4.2.1 Addition and multiplication counts

In this section, we count the addition and multiplication operations of the fast tensor-
vector products for the [-marginal case. We consider the calculation of J() and 7(1), which

involves the calculation of all | ;,l) (4.29), i;l) (4.30), and the summations (4.28). Since

p=1,...,11, the summation requires (I!—1)N additions. Depending on the value of i
in Dy, there are three situations:

* Situation 1: D, in which 7; is the maximum among iy,-,i, given by a general form
of
Dp:{(llllll) ’1§10'1 S Sig]—l SZISN},
for instance D;. Here (07,02,---,07_1) is a permutation of (1,2,...,/—1), and < may
be replaced by < depending on the definition (4.31). Then | ;,l) has a general form of

-1 ‘
J z(,l; = ) (A"”’V” [ I¢c,i, A”‘”ﬁ'“”ﬁ) : (4.34)
q=1

1§i01 S“‘Sial_lgil
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By using D; as an example, Eq. (4.32) indicates that only N additions and 2N mul-

tiplications are required to compute | gl) = ( ]l(]l)l) in the [-marginal case, provided

that J 5171) = (]Z([ljlll)) has been obtained in the (I —1)-marginal case. It means that, in

this situation, | l.(ll/; can be computed with (I—1)N additions and (2/ —2)N multipli-
cations. Since the permutation (¢7,02,---,07_1) has (I—1)! arrangements, totally it
requires (I—1)!(I—1)N additions and (I—1)!(2/ —2)N multiplications to calculate
all J ;,l) in this situation.

Additionally, ]Ap has a general form of

-1 -1
&1 ‘ . , ,
= X (wz,plz+2aaq,pzaq> </\H4)A> (4.35)
g=1

lSiUIS“‘Sial_lgil q:]

By using D, as an example, Eq. (4.33) indicates that only 3N additions and 4N mul-

tiplications are required to compute 751) = (fl(ll)l

that 7%1_1) =(J (1__111)) in the (I—1)-marginal case, | ;l) and | ;,l_l) have been obtained.

1

) in the [-marginal case, provided

It requires 1N additions and 3N multiplications to compute 752). Thus, in this situ-
ation, | l-(ll,; can be computed with (3 —5)N additions and (4/ —5) N multiplications.
Except for the calculation of | ;Z), it requires additional (I—1)!(3]—5)N additions
and (I—1)!(4]—5)N multiplications to calculate all T;Z) in this situation.

Situation 2: D, in which 7; is the minimum among iy,---,i;, given by a general form

of
Dp:{(ill...,il)jlgilgiglﬁ'”ﬁim_lgN}r

for instance Dj,. Then | ;,l) has a general form of

-1
1 . .
J 1(1; = X (7\"‘”” [ 1¢0,, A"‘”q"’l”4> : (4.36)
<N g=1

iy iy <-<igy_|

We can obtain the similar conclusion with the first situation that | l% can be com-
puted with (I—1)N additions and (2 —2)N multiplications. Since the permutation
(01,0%,-+,01_1) has (I—1)! arrangements, totally it requires (I—1)!(I—1)N additions
and (I—1)!(2]—2)N multiplications to calculate all J ;Z) in this situation.

A similar conclusion can be also drawn for

-1 -1
~(1 . . 1 i
<N q=1

iy iy o<y g=1
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Except for the calculation of | ;l), it requires additional (I—1)!(3/—5)N additions
and (I—1)!(4!—5)N multiplications to calculate all J ;,l) in this situation.

* Situation 3: D, in which i7; is neither the minimum nor the maximum among
i1,--+,i, given by a general form of

DP:{(ilr"',il)‘lgial Siazg"’iﬁrgilgiﬂmS"'Sim—lSN}'

Then | g) has a general form of

- & (o)
g=1

(i1,+,i1) €Dy
T ) -1 )
_ 0(]’ 1 i Ag, ,plo' . Ag, ’plg
=\ X A Igee A ) Y TT fa A
1<) <+ <ig, <i g=1 i1<ig, 1 <-<igy_ <Ng=r+1
= il,inl,p‘
Here P; , and Q;, , have the following forms:

4

., _ 0(]’ i] i Ag, ,pia
Pop= 3 AW Igai,AM,

1§z‘(,1<~~<z‘w<z‘, g=1
I-1 )
Qi],p = Z H (l)aq/iaq A“O’q’l’l(ﬂ] .

ilgio’,_H S"‘§i0171 <N q:r+l

Itis observed that P; , has a similar form of ] Z(Iq in the (r+1)-marginal case, thus can
be computed with N additions and 2rN multiplications. A similar conclusion can
be drawn for Q;, , in the (I —r)-marginal case, requiring (I —r—1)N additions and
2(I—r—1)N multiplications. | l% =P, ,Qij,» takes additional N multiplications. As
aresult, | i% can be computed with (I—1)N additions and (2! —1)N multiplications.
Since there are I!—2(I—1)! cases in this situation, totally it requires (I!—2(I—1)!)
X (I—1)N additions and (I!—2(I—1)!)(2I—1)N multiplications to calculate all J ;l)
in this situation.

Additionally, ]Ap has a general form of
1

1= -1
(1 . ) . .
J 1(127 = X ("‘llpll + Z"‘wlq> </\M/” llnﬁbq,iqAaq'pl”)
q=1

(ilr”'ril)EDp q:]

r -1
_ : ap pi; . ) %o 1l
o Z ( D“%P%) </\ ! quifq,quA 1 q)
(ilr”’ril)EDp q:] q:]
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-1 -1 ,
+ Z < Z a"wﬂ”q) </\al/pllI_Iﬁbaq,ianaaq'pqu)

(i1,-i)€Dp \g=r+1 q=1

I-1 )
€D, g=1

(i1,+0r)

=R, pPi,p+Si,pQi,p+a1,pit ], ps

in which

r r
- . ) Koy plo
Rip= Z < ‘X‘TqIPZ‘Tq> (H(lb%rquA " q)’
1 q=1

1§i0'1§'”§i0'r§il q=

-1 -1
. j Koy plo,
Sz‘,,p: Z < Z ‘X‘quplaq> <Aal'pll H (P‘Tq'i”q/\ e q)'

i1<ig, 1 <++<igy SN \q=r+1 q=r+1

Similarly, R;, , has a similar form of | Z([q in the (r+1)-marginal case, thus can be com-
puted with (3r—2)N additions and (4r—1)N multiplications. A similar conclusion can
be drawn for S; , in the (I—r)-marginal case, requiring (3(/—r)—5)N additions and
4(1—r)—5N multiplications. fl(ll; =R, pPi p+Si,pQi,pt+a1pir]i,p takes additional 2N ad-

1r
ditions and 3N multiplications. As a result, except for the calculation of | ;,l), it requires
additional (I'—2(I—1)!)(3]—5)N additions and (/!—2(I—1)!)(4!—3) N multiplications to
compute all J Z.([l’; in this situation.

By summing up the operation counts above, Tables 5 and 6 present the number of
additive and multiplicative operations required for the fast tensor-vector products in the
I-marginal optimal transport problem.

Table 5: The number of additive and multiplicative operations required for the fast tensor-vector product

KXy 1 Xiy o X g

Margin [ NA NM Total
1=3 17N 26N 43N
1=4 95N 156N 251N
1=5 599N 1032N 1631N
! (I(IN—1)N (22—1-2)(I1-1)!N ((32—1-2)(I-1)!-1)N

5 Numerical experiments

In this section, we conduct numerical experiments to demonstrate the accuracy and effi-
ciency of our algorithm in both 1D and 2D cases. The generalized Sinkhorn algorithm is
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Table 6: The number of additive and multiplicative operations required for the fast tensor-vector product

(CQIC) Xiy @1 X iy Py Xip P11

Margin [ NA NM Total
1=3 41N 72N 113N
1=4 263N 444N 707N
1=5 1799N 2976N 4775N
I ((41=5)(I")=1)N | (612—41—6)(I—1)!N | ((10I>—91—6)(I—1)!—1)N

regarded as the ground truth of the entropy regularized MMOT problem. In the follow-
ing experiments, we illustrate the computational costs of the two algorithms, as well as
the disparities in their results.

In the numerical experiments, the regularization parameter ¢ is set to 10! for both
our algorithm and the Sinkhorn algorithm unless otherwise specified. For the sake of
efficiency comparison, we conduct 100 Sinkhorn iterations uniformly across all experi-
ments. For each scenario, the computational time and relative error results are averaged
over 100 experiments. All the experiments are conducted in Matlab R2020a on a PC with
16 G RAM, 11-th Gen Intel (R) Core (TM) i5-1135G7 CPU @2.40 GHz.

5.1 1D random distribution

In the first experiment, we consider three discrete 1D random distributions on the inter-
val [0,1], sampled by N grid points uniformly distributed. Three discrete vectors u!, u?, u®
are randomly generated on the grid points, where each element follows a uniform distri-
bution over [0,1]. We compare the performances of the original Sinkhorn algorithm and
our algorithm in computing W (u! / ||ut||1,u2/ ||u?||1,u3/||u3]|1).

In Table 7, we output the computational time of the two algorithms and the differ-
ence between the transport plans computed by both algorithms. Notably, as the number
of grid points increases, we observe a significant speed-up ratio while the optimal trans-

port plans computed by both algorithms remain nearly identical. This shows the sub-

Table 7: The 1D random distribution problem. The comparison between the Sinkhorn algorithm and our
algorithm with different numbers of grid points N. Py and Pg are the transport plans of our algorithm and the
Sinkhorn algorithm, respectively.

Computational time (s)

Ours Sinkhorn
10 | 499x107! | 6.48x10° 1.30 x 10! 1.13x 10716
20 | 1.01x10° | 5.26x 10! 5.18 x 10* 5.53x10717
40 | 2.05x10° | 4.20x10% 2.05 x 102 5.68 x 10717
80 | 4.12x10° | 3.47x10° 8.43 x 102 412%x10717
160 | 8.27x10° | 2.74x10% 3.32x10% 3.58x10717

N Speed-up ratio | ||Po—Ps||r
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Figure 1: The 1D random distribution problem. (a): The computational time of our algorithm and the Sinkhorn
algorithm with different numbers of grid points N. (b): The computational time required to reach the corre-
sponding marginal error for N=_80 under e=0.1 (purple) and ¢=0.05 (green).

stantial advantage of our algorithm in computation efficiency. In Fig. 1(a), we compare
the runtime of the Sinkhorn algorithm and our algorithm with different numbers of grid
points N. Employing linear regression, we obtain the empirical complexities of both algo-
rithms: Our algorithm exhibits O(N'"') complexity, and the Sinkhorn algorithm shows
O(N39) complexity. Additionally, Fig. 1(b) illustrates the computational time required
to achieve corresponding marginal errors for N =80 under different ¢, which emphasizes
the overwhelming superiority of our algorithm in speed under different regularization
parameters.

5.2 The Ricker wavelet

The Ricker wavelet is widely used in seismology for modeling the source time function,
which has a form of
R(t)=A(1-2m2Ff)e B,

Here A denotes the wave amplitude, and F is the dominant frequency.
We evaluate the performances of the original Sinkhorn algorithm and our algorithm
in measuring the discrepancy between three Ricker wavelets

A =R(t=n), fL(EH=R(E-1), f(t)=R(t-7)

based on the Wasserstein-1 distance. Without loss of generality, we set A=1,F=1. To
transform the Ricker wavelet to probability distribution function, we apply the normal-
ization method introduced in [27] and consider the following distance:

2 /1] £2 5 £2/1 2 S 2/ F2 1)
D(fl/f2/f3):W€ (fl /i’f£’§+ ’fZ/l‘f[‘J’(;_F ,f3/:l.‘—]}c—3[‘4‘(;+ )l

(.1)
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where L is used for normalization, and ¢ is a given parameter to improve numerical
stability.

In the experiment, we consider uniform grid points on the interval [—2,2], and set
parameters 71 =0, 2 =0.75, 3 =1.5,0 = 1073, In Table 8, we output the computational
time of both algorithms and the difference between the transport plans computed by
both algorithms. The computational time required to achieve corresponding marginal
errors for N =80 under different ¢ is shown in Fig. 2(a). As discussed in Section 5.1, our
algorithm maintains significant efficiency while preserving high computational precision
compared to the Sinkhorn algorithm.

In Fig. 2(b), we show the importance of applying the log-domain stabilization tech-
nique when regularization parameters are relatively small, e.g. ¢=0.001. Without the
log-domain stabilization, our algorithm terminates at the 89-th iteration due to exceeding
the system threshold. However, with the log-domain stabilization applied, our algorithm
maintains its efficiency without termination.

Table 8: The Ricker wavelet problem. The comparison between the Sinkhorn algorithm and our algorithm
with different numbers of grid points N. P and Pg are the transport plans of our algorithm and the Sinkhorn
algorithm, respectively.

Computational time (s)

Ours Sinkhorn
10 | 5.07x107! | 6.78 x10° 1.34x 10! 9.39 %1071
20 | 1.06x10° | 5.27x 10! 497 x 10! 1.03x 1016
40 | 2.12x10° | 4.20x10% 2.68 x 102 1.93x 1016
80 | 4.20x10° | 3.40x10° 8.10 x 102 7.36x10717
160 | 8.52x10° | 2.71x10% 3.18 x 103 1.16 x 10716

N

Speed-up ratio | ||Po—Ps|/F

2 b,
~7FS-3
10* f|-e-Sinkhorn &g
10
0 @
o 102t ©
£ £ 100
c =
] ]
X ol x
10 107"
——FS-3
2
1 2 3 -4 19 0 1 2
107 10° 107 10 10 107 107
Marginal error Marginal error

Figure 2: The Ricker wavelet problem. (a): The computational time required to reach the corresponding
marginal error for N =280 under e=0.1 (purple) and ¢ =0.05 (green). (b): The comparison between our
algorithms with and without the log-domain stabilization for N =100,e=0.001.
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5.3 2D random distribution

In this subsection, we evaluate the performance of the Sinkhorn algorithm and our algo-
rithm in computing the Wasserstein-1 metric between three discrete 2D random distribu-
tions on [0,1] x [0,1]. Those distributions are represented by N x M dimensional random
vectors, where each element follows a uniform distribution over [0,1]. We use the basic
settings mentioned in Section 4.1, and for simplicity, we set M= N.

Similar to Section 5.1, we output the computational time of two algorithms and the
difference between the transport plans computed by both algorithms in Table 9. Ad-
ditionally, Fig. 3(a) illustrates the comparison between the Sinkhorn algorithm and our
algorithm with different numbers of grid points N. It is notable that with increasing N,
the computation time of the Sinkhorn algorithm becomes unacceptable, which reaches
several weeks. In contrast, the computational cost of our algorithm remains affordable,
which draws the same conclusion as we discussed in the sections above. After con-

Table 9: The 2D random distribution problem. The comparison between the Sinkhorn algorithm and our
algorithm with different numbers of grid points N and e=0.1. Pp and Ps are the transport plans of our

algorithm and the Sinkhorn algorithm, respectively. We use ‘-’ to denote the computational time exceeding
2% 10%s.
C tational ti
NxM omputa 1ona- ime (5) Speed-up ratio | ||Po—Ps|F
Ours Sinkhorn
10x10 | 545x10° | 1.35x103 2.48 x 102 3.26 10716
20x20 | 2.19x10' | 9.36 x10* 4.27x103 7.24x 10716
40x40 | 8.40x10! - - -
80x80 | 3.48x10% - - -
160x160 | 1.35x 103 - - -
a) b) ,
v FS-3 -7FS-3
10%F © Sinkhorn 1 10% H-e=Sinkhom I8

10°¢

1072 107

Marginal error

10™"

5 10 20 40 80
Number of grid (N)

Figure 3: The 2D random distribution problem. (a): The comparison between the Sinkhorn algorithm and
our algorithm with different numbers of grid points N. (b): The computational time required to reach the
corresponding marginal error for N =10 under e=0.1 (purple) and e=0.01 (green).
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ducting linear regression, we obtain that the empirical complexity of our algorithm is
O(N'%) while that of the Sinkhorn algorithm is O (N®%!). With the growth of dimension,
the advantage of our algorithm in efficiency becomes more prominent. Furthermore, the
computational time required to achieve corresponding marginal errors for N =10 under
different ¢ is shown in Fig. 3(b). Without doubt, our algorithm outperforms the Sinkhorn
algorithm by a wide margin in terms of speed under different regularization parameters.

5.4 Multiple image matching problem

Nowadays, image matching problem has emerged as a trending topic in optimal trans-
port [9,17,31]. Our above experiments have already demonstrated the significant effi-
ciency advantage of our algorithm over the traditional Sinkhorn algorithm, suggesting
its considerable potential also in the realm of computer vision. Despite the extensive re-
search on image matching, researchers are not satisfied with comparing two agents, but
turn to multiple marginal matching problem which aims at learning transport plans to
match a source domain to multiple target domains [11]. This multiple matching prob-
lem can be readily linked to the MMOT problem. Here we select three groups of images
with different sizes from the DOTmark dataset which is specifically designed for discrete
optimal transport [37] (see Fig. 4 for illustration).

We transform images into 2D distributions on [0,1] x [0,1], represented by M x N di-
mensional vectors. Without loss of generality, we set M = N. The Wasserstain-1 metric
between three images are computed by our algorithm and the original Sinkhron algo-
rithm. In Table 10, we present the computational time of the two algorithms and the
difference between the transport plans computed by both algorithms. As mentioned in
Section 5.3, the computational time of the Sinkhorn algorithm soon becomes unbearable
as N increases. In contrast, the computational cost of our algorithm still remains af-
fordable. The computational time required to achieve corresponding marginal errors for
N =16 under different ¢ is shown in Fig. 5(a).

Finally, we show that the log-domain stabilization technique still works for two-
dimensional problems with small regularization parameters. As shown in Fig. 5(b),

Figure 4: lllustration of images from DOTmark dataset.
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our algorithm terminates at the 242-nd iteration without this technique. In contrast, by
employing the log-domain stabilization technique, our algorithm maintains its efficacy,
proven to be an efficient method for computing the MMOT problem.

Table 10: Multiple image matching problem. The comparison between the Sinkhorn algorithm and our algorithm
with numbers of grid points N and e=0.1. Py and Ps are the transport plans of our algorithm and the Sinkhorn

algorithm, respectively. We use “~" to denote the computational time exceeding 2 x 10°s.

Computational time (s) .
N d- t PyH—P.
xM Ours Sinkhorn Speed-up ratio H 05 HF
16x16 | 1.38x10' | 2.30x10° 1.67 x 103 6.41x 10716
32x32 | 5.48x10! | 1.48x10° 2.70 x 10* 1.06 x 10715
64x64 | 2.16x102 - - -
128 x 128 | 8.60 x 102 - - -
256 X256 | 3.47 x 103 - - -
a) .o b)
107 H{<—Fs-3 103k
—©-Sinkhorn
@ @102}
[0] (0]
£ £
T @ 10
—F—FS-3
0.5 0.1 0.01 1 0.8 0.6

Marginal error Marginal error

Figure 5: Multiple image matching problem. (a): The computational time required to reach the corresponding
marginal error for N=16 under e=0.1 (purple) and e=0.05 (green). (b): The comparison between our algorithms
with and without the log-domain stabilization for N =232, =0.0005.

6 Conclusion

In this paper, we propose an efficient numerical algorithm for solving the L! norm based
multi-marginal optimal transport problem with linear complexity relative to support
size N. This method accelerates the repeated tensor-vector products in the Sinkhorn
algorithm by decomposing it into a summation of multiple components, each computed
recursively with O(N) additive and multiplicative operations. Furthermore, the log-
domain stabilization technique is incorporated into our algorithm to avoid over- and un-
derflow. In numerical experiments, we demonstrate that our algorithm achieves a signifi-
cant speed advantage over the traditional method while maintaining accuracy. It reduces
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the computation cost for [-marginal case from O(N'!) to O(N) for any /. We anticipate
that our algorithm will lead to a notable acceleration in various fields such as computer
vision, machine learning, and transportation operations.
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