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Abstract. Biodiesel, a sustainable and renewable energy source, is a promising alter-
native to fossil fuels. The transesterification process of biodiesel production effectively
captures memory effects in reaction kinetics. In this study, we developed two fractional
order models of the chemical catalytic transesterification reaction to explore the mem-
ory effects of the reaction kinetics utilizing two different non-singular kernel methods:
Caputo-Fabrizio and Atangana-Baleanu in the Caputo sense. We compared the re-
sults with experimental data of biodiesel production and demonstrated the existence
and uniqueness of the solution for the fractional system. A sensitivity analysis is per-
formed using the Latin hypercube sampling method to evaluate the impact of various
parameters on biodiesel production, followed by the computation of partial rank cor-
relation coefficients based on Pearson’s correlation coefficient. We exhibit the dynamic
behavior of all reactants corresponding to these fractional models with the variation of
fractional order and the memory rate parameter. Additionally, we display the memory
effect through the surface plots for biodiesel production by varying fractional order,
molar ratio, and ultrasound frequency. Our numerical comparison with experimental
data identifies the fractional-order value for the best fit of biodiesel production and can
be increased by applying optimal control on ultrasound frequency.

AMS subject classifications: 34A08, 49-XX

Key words: Waste cooking oil, biodiesel, optimal control, Caputo-Fabrizio operator, Atangana-
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1 Introduction

Biodiesel is a leading alternative energy source to replace fossil fuels due to its favorable
properties. It can be produced from various sources like vegetable oils, animal fats, mi-
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croorganisms, or waste cooking oil using a transesterification reaction catalyzed by either
a base or an enzyme. Jatropha curcas and waste cooking oil are ideal for biodiesel pro-
duction because they are non-food sources, reducing competition with food crops, and
are cost-effective, with Jatropha thriving on marginal land and waste oil utilizing dis-
carded resources. Waste cooking oil (WCO) is a by-product of various cooking processes
in households, restaurants, food industries, and catering services. Improper disposal of
waste cooking oil harms the environment by clogging drains, polluting water bodies,
and releasing methane from landfills, contributing to climate change [11]. Reusing de-
graded oil in some food industries can increase harmful carcinogens like acrylamide and
polycyclic aromatic hydrocarbons (PAHs), posing health risks such as cancer and car-
diovascular diseases [13]. Despite its environmental and health concerns, waste cooking
oil holds significant potential for sustainable applications. One of the most prominent
uses of WCO is in the production of biodiesel, a renewable, eco-friendly alternative to
fossil fuels [4, 21]. Biodiesel production from waste cooking oil contributes to a circu-
lar economy, where waste is turned into valuable products, ensuring sustainability and
reducing overall waste generation [16]. It consists of triglycerides, but it often contains
impurities such as water, free fatty acids (FFAs), food particles, and other organic mat-
ter. The transformation process primarily involves cleaning and preparing the oil for the
transesterification reaction (see Fig. 1), which converts triglycerides into biodiesel [6].

Fractional-order derivatives have gained significant attention in mathematical mod-
eling due to their ability to capture memory effects and hereditary properties in com-

Figure 1: Scheme for WCO collection from various restaurants and households, filtration and transesterification
reaction to produce biodiesel using ultrasound frequency.
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plex systems. Unlike classical integer-order derivatives, fractional derivatives provide
a more generalized approach to describing dynamical processes where past states influ-
ence the present behavior [17]. This memory effect arises from the integral representa-
tion of fractional derivatives, where the function’s past values contribute to its current
rate of change. This feature makes fractional derivatives highly effective in modeling
real-world phenomena, such as viscoelasticity, diffusion processes, and reaction kinetics.
Several fractional derivative formulations exist, each defined by different kernel func-
tions that characterize the memory influence [23]. Among these, the Caputo-Fabrizio
(CF) and Atangana-Baleanu in the Caputo sense (ABC) fractional operators have been
widely studied due to their unique non-singular kernel structures. The Caputo-Fabrizio
fractional derivative is characterized by a non-singular exponential kernel, which pro-
vides a smooth memory effect without singularities [9]. This property makes it suitable
for modeling systems where past states influence current dynamics in a balanced manner.
On the other hand, the Atangana-Baleanu fractional derivative employs a Mittag-Leffler
function as its kernel, offering a more generalized memory representation that bridges
classical fractional and integer-order derivatives [3]. This non-local and non-singular ker-
nel allows for a more flexible modeling of memory effects in complex systems. These for-
mulations have been extensively applied in modeling diffusion, reaction-diffusion sys-
tems, and complex dynamical processes, where the choice of kernel significantly affects
the accuracy and stability of the model.

Khan et al. [14] performed a comparative analysis of heat and mass transfer in second-
grade fluids over a vertical plate, employing both Caputo-Fabrizio and Atangana-Bale-
anu fractional derivatives. The study revealed that the Atangana-Baleanu derivative pre-
dicts a faster fluid flow compared to the Caputo-Fabrizio derivative, highlighting the
influence of the chosen fractional operator on the dynamics of heat and mass transfer
processes. Singh et al. [20] investigated a chemical kinetics system utilizing the Atangana-
Baleanu derivative. Their study concluded that the Atangana-Baleanu derivative offers
a more robust framework for modeling chemical kinetics, effectively capturing the com-
plex memory effects inherent in such systems. Sheikh et al. [19] investigated the free con-
vection flow of a generalized Casson fluid, considering heat generation and a first-order
chemical reaction, using both Atangana-Baleanu and Caputo-Fabrizio fractional deriva-
tives. Their results showed that, at unit time, both fractional derivatives yield identical
velocity predictions. The study by Edessa [10], indicates that the Caputo-Fabrizio deriva-
tive offers a more precise depiction of enzyme kinetics compared to traditional integer-
order approaches.

Biodiesel production processes, such as transesterification, can exhibit memory ef-
fects where the current state depends not only on the present conditions but also on past
states. The memory phenomenon in biodiesel kinetics represents the influence of past
reaction states on the current rate of transesterification, capturing the hereditary effects
of reactant interactions and catalyst efficiency over time. Physically, this means that the
reaction does not instantaneously respond to changes in conditions but instead retains
a cumulative effect, leading to a more gradual and controlled conversion of triglycerides
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into biodiesel, which can enhance process stability and yield optimization. Fractional-
order derivatives naturally incorporate these memory effects, making them suitable for
capturing the dynamics of such processes. In biodiesel production, reaction kinetics can
be complex and involve multiple steps with varying rates. Fractional-order models can
provide a more flexible and accurate description of these kinetics compared to classical
integer-order models. In the literature, only one research article has been published on
biodiesel production using fractional-order derivatives. Basir et al. [2] applied fractional-
order modeling to enzymatic biodiesel synthesis, utilizing mechanical stirring to ensure
proper mixing of the reactants. Their study demonstrated that the presence of memory
effects in the process led to increased biodiesel production when using a fractional order
of 0.9, compared to models based on an integer-order derivative. From this study, ques-
tions may arise regarding whether base-catalyzed transesterification exhibits memory ef-
fects in biodiesel production. If so, which method between CF and ABC provides a more
accurate description of the memory effect for the dynamics of biodiesel production?

In this study, we investigate the impact of memory effects on biodiesel production
by developing two fractional-order models using the CF and ABC fractional operators
to describe the transesterification reaction WCO. The existence and uniqueness of the
ABC model are established using the Banach fixed-point and Arzelà-Ascoli theorems. To
assess the influence of key parameters on biodiesel yield, we conduct a sensitivity anal-
ysis utilizing Latin hypercube sampling (LHS) and partial rank correlation coefficients
(PRCC). Analytical and numerical solution schemes are formulated to capture the mem-
ory effects, and comparative as well as surface plots are presented to illustrate variations
in biodiesel production under different conditions. The models are validated against ex-
perimental data for both CF and ABC operators. Additionally, an optimal control strategy
for ultrasound frequency is derived using the ABC method to enhance biodiesel produc-
tion, and its effectiveness is numerically demonstrated.

2 Preliminaries

Definition 2.1 ([8]). The Caputo fractional derivative of order α∈(n−1,n] of f (x) is defined as

C
a Dα

x f (x)=
1

Γ(n−α)

∫ x

a
(x−t)n−α−1 f n(t)dt, n=[α]+1.

Definition 2.2 ([9]). Let f ∈H′(a,b),b>a, 0<φ<1. Then, the CF fractional differential operator
is defined as follows:

CFD
φ
x ( f (x))=

M(φ)

1−φ

∫ x

0
exp

[

−
φ(x−t)

1−φ

]

f ′(t)dt, x≥0, 0<φ<1.

The function M(φ) serves as a normalization function, dependent on φ and meets the condition
M(0)=M(1)=1.
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Definition 2.3 ([3]). The ABC fractional derivative in Caputo sense of a function f (x)∈H1(a,b),
b> a with θ∈ (0,1] is defined as

ABC
a Dθ

x f (x)=
ϑ(θ)

1−θ

∫ x

a

d f

dt
Eθ

[

−
θ

1−θ
(x−t)θ

]

dt,

where H1(a,b),b> a is a space of square-integrable functions and is defined as

H1(a,b)={ f (x)∈L
2(a,b) | f ′(x)∈L

2(a,b)},

and ϑ(θ)=1−θ+θ/Γ(θ).

Definition 2.4 ([3]). Let f ∈ H1(a,b) and θ ∈ (0,1]. The θ-th ABC fractional integral of the
function f (x) is

AB
a Iθ

x f (x)=
(1−θ)

ϑ(θ)
f (x)+

θ

ϑ(θ)Γ(θ)

∫ x

a

f (s)

(x−s)1−θ
ds, x∈ [a,b],

where ϑ(θ) is as defined in above.

3 The basic integer-order model and the corresponding CF and

ABC fractional order model formulation

To develop a mathematical model for the transesterification reaction between waste cook-
ing oil (triglycerides) and methanol for biodiesel production, the following key assump-
tions are considered:

[L1] : The transesterification process consists of three consecutive and reversible reaction
steps, where triglycerides react with methanol to produce biodiesel and glycerol as
a byproduct [12].

[L2] : The reaction mixture contains a minimal amount of water (0.2% w/w), which is
insufficient to significantly influence hydrolysis reactions. Hence, hydrolysis is
neglected in this model [24].

[L3] : Since free fatty acids (FFAs) and other impurities are removed before transesterifi-
cation, the saponification reaction is assumed to be negligible.

In transesterification, mass transfer resistance at the interface between methanol and
triglyceride phases plays a crucial role, particularly in heterogeneous reaction systems
where the reactants are immiscible. Factors such as high viscosity, poor solubility, and



6 S. M. Ahammed et al. / CSIAM Trans. Appl. Math., x (2025), pp. 1-31

diffusion limitations contribute to mass transfer resistance. Ultrasound application sig-
nificantly improves mass transfer by reducing phase boundary resistance through cavita-
tion, leading to enhanced diffusion. The mass transfer coefficient, considering ultrasound
effects, is estimated using a modified Dittus-Boelter correlation [7]

Mc=
1

Mr
=0.023

D

d2
(Re)0.8(Sc)0.33=0.023

D

d2

(

d2ρH

µ

)0.8(
µ

ρD

)0.33

, (3.1)

where Mr represents mass transfer resistance (inverse of the mass transfer rate), while Re

and Sc denote the Reynolds and Schmidt numbers, respectively. The parameters D,ρ,µ
correspond to diffusivity, density, and viscosity of waste cooking oil, while d is the reac-
tor vessel diameter, and H is the applied ultrasound frequency. Based on our previous
studies [7] and [1], we identified that the optimal conditions for biodiesel production us-
ing ultrasound frequency are H=50kHz, T=50◦C, a methanol-to-triglyceride molar ratio
is 5 : 1, and a reactor diameter d= 1 meter. This whole study is conducted under these
optimized conditions.

The transesterification reaction occurs in the presence of a potassium hydroxide cata-
lyst and follows a three-step reversible mechanism [12]:

Step 1: Triglyceride (TG) reacts with methanol (AL) to form diglyceride (DG) and bio-
diesel (BD).

Step 2: Diglyceride reacts with methanol to produce monoglyceride (MG) and biodiesel.

Step 3: Monoglyceride reacts with methanol to yield biodiesel and glycerol (GL).

The overall reaction is

TG+CH3OH
r1 f

⇋
r1b

DG+BD,

DG+CH3OH
r2 f

⇋
r2b

MG+BD,

MG+CH3OH
r3 f

⇋
r3b

GL+BD.

(3.2)

The rate constants r1 f ,r2 f ,r3 f (forward reaction) and r1b,r2b,r3b (backward reaction) fol-
low the Arrhenius equation

ri =Aie
−EAi
RT , (3.3)

where Ai is the frequency factor, EAi
is the activation energy, T is the reaction tempera-

ture, and R is the universal gas constant [5]. Here in Table 1 reaction rates of the transes-
terification reaction are given and in Table 2 other parameter values used in the formation
of mass transfer coefficient are given.
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Table 1: Values of various reaction rate constants used in the transesterification reaction, adopted from [22].
These constants are essential for modeling the biodiesel production process and influence the reaction kinetics.

Parameter Definition Value (mole−1Lmin−1)

r1 f Forward reaction constant 0.102

r1b Backward reaction constant 0.021

r2 f Forward reaction constant 0.053

r2b Backward reaction constant 0.010

r3 f Forward reaction constant 0.015

r3b Backward reaction constant 0.164

Table 2: Some liquid properties of waste cooking oil and input range of ultrasound and vessel size used in the
reaction at 50◦ C.

Parameter Definition Value

D Diffusivity of WCO 1.00×10−7-1.5×10−7 m2 ·s−1

ρ Density of WCO 880kg·m−3

µ Viscosity of WCO 26.1kg·m−1 ·s−1

d Vessel diameter 1m

H Ultrasound frequency 30-60kHz

3.1 Integer-order differential system

The governing ordinary differential equations (ODEs) for the reaction mechanism, con-
sidering mass transfer effects, are formulated as follows:











































































dT

dt
=−r1 f TA+r1bDB,

dA

dt
=−r1 f TA+r1bDB−r2 f DA+r2b MB−r3 f MA+r3bGB,

dD

dt
= r1 f TA−r1bDB−r2 f DA+r2bMB,

dM

dt
= r2 f DA−r2bMB−r3 f MA+r3bGB,

dB

dt
= r1 f TA−r1bDB+r2 f DA−r2bMB+r3 f MA−r3bGB+

B

Mr

(

1−
B

Bmax

)

,

dG

dt
= r3 f MA−r3bGB,

(3.4)

where T, A, D, M, B and G are the concentration of triglyceride, methanol, diglyceride,
monoglyceride, biodiesel, and glycerol, respectively with initial condition T(0) = T0,
A(0)=A0, D(0)=0, M(0)=0, B(0)=0 and G(0)=0.

Now, we extend the integer-order model to a fractional-order framework by replacing
the time derivative with two distinct non-singular kernels: the exponentially decay type
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kernel and the Mittag-Leffler kernel. However, this substitution disrupts dimensional
consistency, as directly replacing an integer-order derivative with a fractional derivative
(CF or ABC) in a dimensionally balanced equation is mathematically still questionable.
To resolve this issue, we introduce the memory rate parameter R with dimensions as
same as (1/minute) on the left side of the fractional model. This memory rate parameter
ensures dimensional coherence, preserving mathematical consistency and stability in the
modified system.

3.2 Caputo-Fabrizio fractional model

Using the CF fractional operator, the model is reformulated as






























































R(1−φ) CFD
φ
t T(t)=−r1 f TA+r1bDB,

R(1−φ) CFD
φ
t A(t)=−r1 f TA+r1bDB−r2 f DA+r2b MB−r3 f MA+r3bGB,

R(1−φ) CFD
φ
t D(t)= r1 f TA−r1bDB−r2 f DA+r2b MB,

R(1−φ) CFD
φ
t M(t)= r2 f DA−r2b MB−r3 f MA+r3bGB,

R(1−φ) CFD
φ
t B(t)= r1 f TA−r1bDB+r2 f DA−r2b MB+r3 f MA

−r3bGB+
B

Mr

(

1−
B

Bmax

)

,

R(1−φ) CFD
φ
t G(t)= r3 f MA−r3bGB

(3.5)

with the same initial condition as above and φ ∈ (0,1] is the order of the CF fractional
system.

3.3 ABC fractional model

For the ABC fractional operator, considering the memory rate parameter R (previously
defined), the governing equations are































































R(1−θ) ABCDθ
t T(t)=−r1 f TA+r1bDB,

R(1−θ) ABCDθ
t A(t)=−r1 f TA+r1bDB−r2 f DA+r2b MB−r3 f MA+r3bGB,

R(1−θ) ABCDθ
t D(t)= r1 f TA−r1bDB−r2 f DA+r2bMB,

R(1−θ) ABCDθ
t M(t)= r2 f DA−r2bMB−r3 f MA+r3bGB,

R(1−θ) ABCDθ
t B(t)= r1 f TA−r1bDB+r2 f DA−r2bMB+r3 f MA

−r3bGB+
B

Mr

(

1−
B

Bmax

)

,

R(1−θ) ABCDθ
t G(t)= r3 f MA−r3bGB

(3.6)

with the same initial condition as above, i.e. T(0) = T0, A(0) = A0, D(0) = 0, M(0) = 0,
B(0)=0, and G(0)=0 and here θ∈(0,1] represents the order of the ABC fractional deriva-
tive.
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4 Existence and uniqueness of the transesterification reaction

system

In this section, we establish the existence and uniqueness of solutions for the fractional
model (3.6) based on the ABC derivative. The existence of solutions ensures the math-
ematical consistency of the ABC fractional model, confirming that solutions can be ob-
tained under well-defined conditions. Uniqueness guarantees deterministic and unam-
biguous outcomes, which are essential for reliable real-world predictions. These prop-
erties validate the robustness of the model, ensuring its reliable application in biodiesel
production, where precision and reproducibility are essential for optimizing reaction effi-
ciency, improving yield, and enhancing process sustainability in industrial and environ-
mental settings. To illustrate the existence and uniqueness of our proposed model, we
employ the well-known Banach fixed-point theorem and the Arzelà-Ascoli theorem.

4.1 Existence of system

Applying the ABC integral operator to both sides of the system (3.6), we obtain


































































T(t)−T(0)=R(θ−1) ABC Iθ
0,t(−r1 f TA+r1bDB),

A(t)−A(0)=R(θ−1) ABC Iθ
0,t(−r1 f TA+r1bDB−r2 f DA+r2b MB−r3 f MA+r3bGB),

D(t)−D(0)=R(θ−1) ABC Iθ
0,t(r1 f TA−r1bDB−r2 f DA+r2b MB),

M(t)−M(0)=R(θ−1) ABC Iθ
0,t(r2 f DA−r2bMB−r3 f MA+r3bGB),

B(t)−B(0)=R(θ−1) ABC Iθ
0,t

(

r1 f TA−r1bDB+r2 f DA−r2b MB+r3 f MA

−r3bGB+
B

Mr

(

1−
B

Bmax

))

,

G(t)−G(0)=R(θ−1) ABC Iθ
0,t(r3 f MA−r3bGB).

(4.1)
This implies that


















































































T(t)−T(0)=
R(θ−1)(1−θ)

ϑ(θ)
G1

(

T(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G1

(

T(s),s
)

ds,

A(t)−A(0)=
R(θ−1)(1−θ)

ϑ(θ)
G2

(

A(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G2

(

A(s),s
)

ds,

D(t)−D(0)=
R(θ−1)(1−θ)

ϑ(θ)
G3

(

D(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G3

(

D(s),s
)

ds,

M(t)−M(0)=
R(θ−1)(1−θ)

ϑ(θ)
G4

(

M(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G4

(

M(s),s
)

ds,

B(t)−B(0)=
R(θ−1)(1−θ)

ϑ(θ)
G5

(

B(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G5

(

B(s),s
)

ds,

G(t)−G(0)=
R(θ−1)(1−θ)

ϑ(θ)
G6

(

G(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G6

(

G(s),s
)

ds,

(4.2)
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where the kernels Gi, i=1,2,.. . ,6 are defined as


























































G1(T(t),t)=−r1 f TA+r1bDB,

G1(T(t),t)=−r1 f TA+r1bDB−r2 f DA+r2bMB−r3 f MA+r3bGB,

G1(T(t),t)= r1 f TA−r1bDB−r2 f DA+r2bMB,

G1(T(t),t)= r2 f DA−r2bMB−r3 f MA+r3bGB,

G1(T(t),t)= r1 f TA−r1bDB+r2 f DA−r2bMB+r3 f MA−r3bGB+
B

Mr

(

1−
B

Bmax

)

,

G1(T(t),t)= r3 f MA−r3bGB.

Let L be the linear operator acting on the entire system (4.2), defined as


























































































L
(

T(t)
)

=
R(θ−1)(1−θ)

ϑ(θ)
G1

(

T(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G1

(

T(s),s
)

ds,

L
(

A(t)
)

=
R(θ−1)(1−θ)

ϑ(θ)
G2

(

A(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G2

(

A(s),s
)

ds,

L
(

D(t)
)

=
R(θ−1)(1−θ)

ϑ(θ)
G3

(

D(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G3

(

D(s),s
)

ds,

L
(

M(t)
)

=
R(θ−1)(1−θ)

ϑ(θ)
G4

(

M(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G4

(

M(s),s
)

ds,

L
(

B(t)
)

=
R(θ−1)(1−θ)

ϑ(θ)
G5

(

B(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G5

(

B(s),s
)

ds,

L
(

G(t)
)

=
R(θ−1)(1−θ)

ϑ(θ)
G6

(

G(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G6

(

G(s),s
)

ds.

(4.3)

Now we have to prove that L(H), where H = [T(t),A(t),D(t),M(t),B(t),G(t)]⊤ is com-
pact to ensure the existence and boundedness of the solutions of the system (3.6). Con-
sider the first equation of the system (4.3), we can write,

∥

∥L
(

T(t)
)∥

∥=

∥

∥

∥

∥

R(θ−1)(1−θ)

ϑ(θ)
G1

(

T(t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1G1

(

T(s),s
)

ds

∥

∥

∥

∥

,

≤
R(θ−1)(1−θ)

ϑ(θ)

∥

∥G1

(

T(t),t
)∥

∥+
R(θ−1)θ

ϑ(θ)Γ(θ)

∥

∥

∥

∥

∫ t

0
(t−s)θ−1G1

(

T(s),s
)

ds

∥

∥

∥

∥

,

=
R(θ−1)(1−θ)

ϑ(θ)

∥

∥G1

(

T(t),t
)
∥

∥+
R(θ−1)Tθ

ϑ(θ)Γ(θ)

∥

∥

∥

∥

∫ t

0
G1

(

T(s),s
)

ds

∥

∥

∥

∥

,

≤

[

R(θ−1)(1−θ)

ϑ(θ)
+K1

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

∥

∥G1

(

T(t),t
)
∥

∥. (4.4)

We can assume that there exist positive real numbers ν1,ν2,ν3,ν4,ν4, and ν6 such that

‖T(t)‖≤ν1 , ‖A(t)‖≤ν2, ‖D(t)‖≤ν3, ‖M(t)‖≤ν4, ‖B(t)‖≤ν5, ‖G(t)‖≤ν6.
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Let
B1= max

t∈[0,T]
T∈[0,ν1]

G1

(

T(t),t
)

,

and utilizing this in the Eq. 4.4, we get

∥

∥L
(

T(t)
)∥

∥≤B1

[

R(θ−1)(1−θ)

ϑ(θ)
+K1

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

. (4.5)

Proceeding similarly, we can obtain that

∥

∥L
(

A(t)
)∥

∥≤B2

[

R(θ−1)(1−θ)

ϑ(θ)
+K2

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

,

∥

∥L
(

D(t)
)
∥

∥≤B3

[

R(θ−1)(1−θ)

ϑ(θ)
+K3

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

,

∥

∥L
(

M(t)
)
∥

∥≤B4

[

R(θ−1)(1−θ)

ϑ(θ)
+K4

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

,

∥

∥L
(

B(t)
)
∥

∥≤B5

[

R(θ−1)(1−θ)

ϑ(θ)
+K5

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

,

∥

∥L
(

G(t)
)∥

∥≤B6

[

R(θ−1)(1−θ)

ϑ(θ)
+K6

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

,

where

B2= max
t∈[0,T]

A∈[0,ν2]

G2

(

A(t),t
)

, B3= max
t∈[0,T]

D∈[0,ν3]

G3

(

D(t),t
)

,

B4= max
t∈[0,T]

M∈[0,ν4]

G4

(

M(t),t
)

, B5= max
t∈[0,T]
B∈[0,ν5]

G5

(

B(t),t
)

,

B6= max
t∈[0,T]

G∈[0,ν6]

G6

(

G(t),t
)

.

Therefore, L(H) is bounded. Let us consider t2>t1 and for a given ǫ>0, there exist a δ>0
such that ‖t2−t2‖<δ. Now we can write for that first equation as

∥

∥G1

(

T(t2),t2

)

−G1

(

T(t1),t1

)
∥

∥

=
∥

∥

(

−r1 f T(t2)A(t)+r1bD(t)B(t)
)

−
(

−r1 f T(t1)A(t)+r1bD(t)B(t)
)∥

∥

≤ r1 f ν2‖T(t2)−T(t1)‖. (4.6)

Assuming that if the function T(t) is Lipschitz continuous, i.e. there exists for some real
number χ1>0 and for all t2, t1, the inequality

‖T(t2)−T(t1)‖≤χ1‖t2−t1‖
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holds. We rewrite the Eq. (4.6) as,

∥

∥G1

(

T(t2),t2

)

−G1

(

T(t1),t1

)
∥

∥≤R1‖t2−t1‖, (4.7)

where R1=r1 f ν2χ1. Similarly, if the other population of the system A(t), D(t), G(t), B(t),
and G(t) are Lipschitz continuous, then there exist some positive real numbers Ri,
i=2,3,.. . ,6, for which we can write as following:

∥

∥G2

(

A(t2),t2

)

−G2

(

A(t1),t1

)∥

∥≤R2‖t2−t1‖,
∥

∥G3

(

D(t2),t2

)

−G3

(

D(t1),t1

)∥

∥≤R3‖t2−t1‖,
∥

∥G4

(

M(t2),t2

)

−G4

(

M(t1),t1

)∥

∥≤R4‖t2−t1‖,
∥

∥G5

(

B(t2),t2

)

−G5

(

B(t1),t1

)∥

∥≤R5‖t2−t1‖,
∥

∥G6

(

G(t2),t2

)

−G6

(

G(t1),t1

)∥

∥≤R6‖t2−t1‖.

(4.8)

Furthermore, using the Eq. (4.4) with the inequality (4.7), we have

∥

∥L
(

T(t2)
)

−L
(

T(t1)
)∥

∥

≤

∥

∥

∥

∥

[

R(θ−1)(1−θ)

ϑ(θ)
+K1

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

(

G1

(

T(t2),t2

)

−G1

(

T(t1),t1

))

∥

∥

∥

∥

,

≤

[

R(θ−1)(1−θ)

ϑ(θ)
+K1

R(θ−1)Tθ

ϑ(θ)Γ(θ)

]

R1‖t2−t1‖. (4.9)

Choosing

δ=
ǫ

[

R(θ−1)(1−θ)/ϑ(θ)+K1R(θ−1)Tθ/
(

ϑ(θ)Γ(θ)
)]

R1

,

and we can see that ‖L(T(t2))−L(T(t1))‖<ǫ whenever ‖t2−t1‖<δ. Proceeding similarly,
we can show that ‖L(H(t2))−L(H(t1))‖< ǫ where H = [A(t),D(t),M(t),B(t),G(t)]⊤.
Hence, according to the Arzela-Ascoli theorem [15], we can say that the operator L(H)
is compact. Therefore, the solutions of the fractional system (3.6), corresponding to the
method exist. Now we prove the uniqueness of this solution in the subsequent section.

4.2 Uniqueness of system

Let T(t) and T′(t) be the two solutions of the fractional system (3.6). Then for the first
population, we can write as

∥

∥G1

(

T(t),t
)

−G1

(

T′(t),t
)∥

∥=
∥

∥−r1 f A(t)
(

T(t)−T′(t)
)∥

∥≤∆1‖T(t)−T′(t)‖, (4.10)
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where ∆1= r1 f ν1. Similarly, we obtain for the other population as follows:











































∥

∥G2

(

A(t),t
)

−G2

(

A′(t),t
)
∥

∥≤∆2‖A(t)−A′(t)‖,
∥

∥G3

(

D(t),t
)

−G3

(

D′(t),t
)∥

∥≤∆3‖D(t)−D′(t)‖,
∥

∥G4

(

M(t),t
)

−G4

(

M′(t),t
)

‖≤∆4‖M(t)−M′(t)‖,
∥

∥G5

(

B(t),t
)

−G5

(

B′(t),t
)∥

∥≤∆5‖B(t)−B′(t)‖,
∥

∥G6

(

G(t),t
)

−G6

(

G′(t),t
)

‖≤∆6‖G(t)−G′(t)‖.

Now we prove the uniqueness of the solution of the system (3.6). For this, let us con-
sider the linear operator L again, which is defined in the previous section and using the
relation in Eq. (4.10). We obtain

∥

∥L
(

T(t)
)

−L
(

T′(t)
)
∥

∥

=

∥

∥

∥

∥

R(θ−1)(1−θ)

ϑ(θ)

(

G1

(

T(t),t
)

−G1

(

T′(t),t
))

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1

(

G1

(

T(s),s
)

−G1

(

T′(s),s
))

ds

∥

∥

∥

∥

≤
R(θ−1)(1−θ)

ϑ(θ)

∥

∥G1

(

T(t),t
)

−G1

(

T′(t),t
)
∥

∥

+
R(θ−1)Tθ

ϑ(θ)Γ(θ)

∥

∥

∥

∥

∫ t

0
G1

(

T(s),s
)

−G1

(

T′(s),s
)

ds

∥

∥

∥

∥

≤

[

R(θ−1)(1−θ)

ϑ(θ)
∆1+K1

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆1

]

‖T(t)−T′(t)‖.

Proceeding similarly for other equations, we can obtain











































































∥

∥L
(

A(t)
)

−L
(

A′(t)
)
∥

∥≤

[

R(θ−1)(1−θ)

ϑ(θ)
∆2+K2

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆2

]

‖A(t)−A′(t)‖,

∥

∥L
(

D(t)
)

−L
(

D′(t)
)
∥

∥≤

[

R(θ−1)(1−θ)

ϑ(θ)
∆3+K3

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆3

]

‖D(t)−D′(t)‖,

∥

∥L
(

M(t)
)

−L
(

M′(t)
)
∥

∥≤

[

R(θ−1)(1−θ)

ϑ(θ)
∆4+K4

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆4

]

‖M(t)−M′(t)‖,

∥

∥L
(

B(t)
)

−L
(

B′(t)
)∥

∥≤

[

R(θ−1)(1−θ)

ϑ(θ)
∆5+K5

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆5

]

‖B(t)−B′(t)‖,

∥

∥L
(

G(t)
)

−L
(

G′(t)
)∥

∥≤

[

R(θ−1)(1−θ)

ϑ(θ)
∆6+K6

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆6

]

‖G(t)−G′(t)‖.
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The linear operator L will be a contraction mapping if the following conditions are hold:



























































































R(θ−1)(1−θ)

ϑ(θ)
∆1+K1

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆1<1,

R(θ−1)(1−θ)

ϑ(θ)
∆2+K2

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆2<1,

R(θ−1)(1−θ)

ϑ(θ)
∆3+K3

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆3<1,

R(θ−1)(1−θ)

ϑ(θ)
∆4+K4

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆4<1,

R(θ−1)(1−θ)

ϑ(θ)
∆5+K5

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆5<1,

R(θ−1)(1−θ)

ϑ(θ)
∆6+K6

R(θ−1)Tθ

ϑ(θ)Γ(θ)
∆6<1.

(4.11)

Therefore, the fixed point theory [25] ensures the uniqueness of the solution of system
(3.6) if all the condition in Eq. (4.11) are satisfied.

5 Fractional optimal-control problem

In this section, we examine the formulation and solution of an optimal control problem by
using ABC operator for the model (3.6). Developing optimal control problems (OCP) for
various real-world phenomena is a growing and dynamic research field. Generally, the
formulation of a fractional optimal control problem (see Fig. 2) involves first determining
the optimal control z(t), that minimizes the cost function

J(z)=
∫ t f

t0

G(t,y,z)dt

subject to the constraint

R(1−θ) ABCDθ
t y=F(t,y,z)

with initial condition y(0) = y0, where 0< θ ≤ 1, the state and control variables y and z
respectively, G(t,y,z) and F(t,y,z) are differentiable functions.

In this model, we considered the state variable as y=(T,A,D,M,B,G)∈ R6, and we
aim to find the optimal control z∗(t)∈R to minimize the mass-transfer resistance between
methanol and WCO. Let us consider the following cost functional:

J[z]=
∫ t f

t0

[

W1z2−W2B2
]

dt,

where W1 represents the weight constant with W1 > 0, while W2 stands for the penalty
multiplier. Let the control input variable z(t) represent the ultrasonic frequency applied
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Figure 2: Flowchart of the fractional optimal control problem algorithm, illustrating the sequential steps from
problem formulation to the derivation of optimal control and state trajectories using the Atangana-Baleanu
(ABC) fractional operator and Pontryagin’s principle.

at time t, where 0≤ z(t)≤1. A value of z(t)=1 corresponds to the maximum utilization
of ultrasound frequency, while z(t) = 0 signifies no ultrasound application. Hence, the
model system of equations (3.6) becomes






































































F1=R(1−θ)ABCDθ
t T(t)=−r1 f TA+r1bDB,

F2=R(1−θ)ABCDθ
t A(t)=−r1 f TA+r1bDB−r2 f DA+r2b MB−r3 f MA+r3bGB,

F3=R(1−θ)ABCDθ
t D(t)= r1 f TA−r1bDB−r2 f DA+r2b MB,

F4=R(1−θ)ABCDθ
t M(t)= r2 f DA−r2b MB−r3 f MA+r3bGB,

F5=R(1−θ)ABCDθ
t B(t)= r1 f TA−r1bDB+r2 f DA−r2b MB+r3 f MA

−r3bGB+
B

zMr

(

1−
B

Bmax

)

,

F6=R(1−θ)ABCDθ
t G(t)= r3 f MA−r3bGB

(5.1)

with initial conditions T(0)=T0, A(0)=A0, D(0)=0, M(0)=0, B(0)=0, and G(0)=0. Our
objective is to find the optimal control z∗(t) that minimizes the functional J(z), i.e.

J(z∗)=min{J(z) : z∈Z}.

The set Z of feasible controls, consists of all measurable functions satisfying

Z=
{

z | z is measurable and satisfies 0≤ z≤1, ∀t∈ [t0 ,t f ]
}

.
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To determine z∗(t), we utilize Pontryagin’s minimum principle [18]. The Hamiltonian is
expressed as

H=W1z2−W2B2+
6

∑
n=1

ΦiFi,

=W1z2−W2B2+ΦT(−r1 f TA+r1bDB)

+ΦA(−r1 f TA+r1bDB−r2 f DA+r2b MB−r3 f MA+r3bGB)

+ΦD(r1 f TA−r1bDB−r2 f DA+r2b MB)

+ΦM(r2 f DA−r2b MB−r3 f MA+r3bGB)

+ΦB

(

r1 f TA−r1bDB+r2 f DA−r2b MB+r3 f MA−r3bGB+
B

zMr

(

1−
B

Bmax

))

+ΦG(r3 f MA−r3bGB), (5.2)

where ΦT,ΦA,··· ,ΦG are adjoint variables and F1, F2,··· ,F6 are functions defined in
Eq. (5.1) with the properties






























































































































R(1−θ)Dθ
t ΦT =−

∂H

∂T
= r1 f A(ΦA+ΦT−ΦD−ΦB),

R(1−θ)ABCDθ
t ΦA=−

∂H

∂A
=r1 f T(ΦA+ΦT−ΦD−ΦB)+r2 f D(ΦA+ΦD−ΦM−ΦB)

+r3 f M(ΦA+ΦM−ΦB−ΦG),

R(1−θ)ABCDθ
t ΦD =−

∂H

∂D
= r1bB(−ΦA−ΦT+ΦD+ΦB)

+r2 f A(ΦA+ΦD−ΦM−ΦB),

R(1−θ)ABCDθ
t ΦM =−

∂H

∂M
= r2bB(−ΦA−ΦD+ΦM+ΦB)

+r3 f A(ΦA+ΦM−ΦB−ΦG),

R(1−θ)ABCDθ
t ΦB =−

∂H

∂B
=2W2B+r1bD(−ΦA−ΦT+ΦD+ΦB)

+r2b M(−ΦA−ΦD+ΦM+ΦB)

+r3bG(−ΦA−ΦM+ΦB+ΦG)−
1

zMr

(

1−
2B

Bmax

)

,

R(1−θ)ABCDθ
t ΦG =−

∂H

∂G
= r3bB(−ΦA−ΦM+ΦB+ΦG).

(5.3)

The transversality conditions are

ΦT(t f )=ΦA(t f )=ΦD(t f )=ΦM(t f )=ΦB(t f )=ΦG(t f )=0.

Theorem 5.1. The control parameter z∗ that minimizes J(z) over Z are given by

z∗(t)=max

(

0,min

(

1,

{

ΦBB(Bmax−B)

2W1 MrBmax

}
1
3

))

,
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where ΦT,ΦA,ΦD,ΦM,ΦB,ΦG are the adjoint variables satisfying Eqs. (5.3) and the following
transversality conditions:

ΦT(0)=ΦA(0)=ΦD(0)=ΦM(0)=ΦB(0)=ΦG(0)=0,

and

z∗(t)=







































0,

{

ΦBB(Bmax−B)

2W1MrBmax

}
1
3

≤0,

{

ΦBB(Bmax−B)

2W1MrBmax

}
1
3

, 0<

{

ΦBB(Bmax−B)

2W1 MrBmax

}
1
3

<1,

1,

{

ΦBB(Bmax−B)

2W1MrBmax

}
1
3

≥1.

Proof. Differentiating the Hamiltonian (5.2) with respect to z, we get

∂H

∂z∗
=0=2W1z∗−

ΦBB(Bmax−B)

2W1Mθ
r Bmaxz∗2

=⇒ z∗=

{

ΦBB(Bmax−B)

2W1Mθ
r Bmax

}
1
3

.

Applying the Pontryagin minimum principle, we get

R(1−θ)ABCDθ
t ΦT =−

∂H

∂T
, R(1−θ)ABCDθ

t ΦA =−
∂H

∂A
, R(1−θ)ABCDθ

t ΦD =−
∂H

∂D
,

R(1−θ)ABCDθ
t ΦM =−

∂H

∂M
, R(1−θ)ABCDθ

t ΦA =−
∂H

∂B
, R(1−θ)ABCDθ

t ΦG =−
∂H

∂G

with transversality condition

ΦT(t f )=ΦA(t f )=ΦD(t f )=ΦM(t f )=ΦB(t f )=ΦG(t f )=0.

The proof is complete.

6 Numerical validation

This section presents the numerical illustration of our biodiesel model results. We employ
MATLAB 2021a and Python for the numerical simulations. First, we outline the complete
numerical scheme corresponding to different fractional derivative operators, specifically
the ABC derivative and the CF derivative. The numerical solution uses these numerical
schemes to analyze the model’s behavior effectively.

6.1 Numerical solution scheme for reaction system

6.1.1 ABC fractional operator

The fractional system (3.6) corresponding to Atangana-Baleanu in the Caputo sense can
be written as

R1−θ ABCDθ
t

(

f (t)
)

=Ψ
(

t, f (t)
)

, (6.1)
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where f (t)=[T(t),A(t),D(t),M(t),B(t),G(t)]⊤ and Ψ(t, f (t)) denotes the right-hand side
of the fractional system (3.6). Applying the Definition 2.4, in the Eq. (6.1), we get

f (t)− f (0)=
R(θ−1)(1−θ)

ϑ(θ)
Ψ
(

f (t),t
)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

∫ t

0
(t−s)θ−1Ψ

(

f (s),s
)

ds.

Using iteration, the equation is reformulated as

f (tn+1)= f (0)+
R(θ−1)(1−θ)

ϑ(θ)
Ψ
(

f (tn),tn

)

+
R(θ−1)θ

ϑ(θ)Γ(θ)

n

∑
k=0

∫ tk+1

tk

(tn+1−s)θ−1Ψ
(

f (s),s
)

ds. (6.2)

Utilizing the two-step Lagrange interpolation polynomial, the function Ψ( f (s),s) approx-
imated in the interval [tk,tk+1] as follows:

Ψ
(

f (s),s
)

≈
Ψ
(

f (tk),tk

)

h
(s−tk−1)−

Ψ
(

f (tk−1),tk−1

)

h
(s−tk), (6.3)

where h is the time step size. Now,

∫ tk+1

tk

(tn+1−s)θ−1Ψ
(

f (s),s
)

ds,

=
∫ tk+1

tk

[

(tn+1−s)θ−1(s−tk−1)
Ψ
(

f (tk),tk

)

h
−(tn+1−s)θ−1(s−tk)

Ψ
(

f (tk−1),tk−1

)

h

]

ds,

=
hθ

θ(θ+1)

[

(n−k+1)θ(n−k+θ+2)−(n−k)θ(n−k+2θ+2)
]

Ψ
(

f (tk),tk

)

−
hθ

θ(θ+1)

[

(n−k+1)θ+1−(n−k)θ(n−k+θ+1)
]

Ψ
(

f (tk−1),tk−1

)

.

Using this result in the Eq. (6.2), we have the numerical solution of the fractional system
(3.6) corresponding to Atangana-Baleanu in the Caputo sense, as follows:

f (tn+1)= f (0)+
R(θ−1)(1−θ)

ϑ(θ)
Ψ
(

f (tn),tn

)

+
R(θ−1)hθ

ϑ(θ)Γ(θ)(θ+1)

×
n

∑
k=0

[

[(n−k+1)θ(n−k+θ+2)−(n−k)θ(n−k+2θ+2)]Ψ
(

f (tk),tk

)

−[(n−k+1)θ+1−(n−k)θ(n−k+θ+1)]Ψ
(

f (tk−1),tk−1

)

]

. (6.4)

6.1.2 Caputo-Fabrizio fractional operator

The fractional system (3.5) corresponding to CF differential operator can be written as

R1−φ CFD
φ
t

(

g(t)
)

=Ψ′
(

g(t),t
)

, (6.5)
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where g(t)=[T(t),A(t),D(t),M(t),B(t),G(t)]⊤ and Ψ′(t,g(t)) denotes the right-hand side
of the fractional system (3.5). Applying the fundamental theorem in the Eq. (6.5), we
obtain

g(t)−g(0)=
R(φ−1)(1−φ)

M(φ)
Ψ′
(

g(t),t
)

+
R(φ−1)φ

M(φ)

∫ t

0
Ψ′
(

g(s′),s′
)

ds′.

Now this equation can be written as follows:



















g(tn+1)−g(0)=
R(φ−1)(1−φ)

M(φ)
Ψ′
(

g(tn),tn

)

+
R(φ−1)φ

M(φ)

∫ tn+1

0
Ψ′
(

g(s′),s′
)

ds′,

g(tn)−g(0)=
R(φ−1)(1−φ)

M(φ)
Ψ′
(

g(tn−1),tn−1

)

+
R(φ−1)φ

M(φ)

∫ tn

0
Ψ′
(

g(s′),s′
)

ds′.

Replacing the second equation in the first equation, we obtain

g(tn+1)−g(tn)=
R(φ−1)(1−φ)

M(φ)

(

Ψ′
(

g(tn),tn

)

−Ψ′
(

g(tn−1),tn−1

))

+
R(φ−1)φ

M(φ)

∫ tn+1

tn

Ψ′
(

g(s′),s′
)

ds′. (6.6)

Utilizing the result as in Eq. (6.3), we have

∫ tn+1

tn

Ψ′
(

g(s′),s′
)

ds′=
3h

2
Ψ′
(

g(tn),tn

)

−
h

2
Ψ′
(

g(tn−1),tn−1

)

, (6.7)

where h is the time step size. Therefore, using two Eqs. (6.6) and (6.7), we get the numer-
ical solution for the CF fractional system (6.5) as follows:

g(tn+1)= g(tn)+
R(φ−1)

M(φ)

[(

1−φ+
3hφ

2

)

Ψ′
(

g(tn),tn

)

−

(

1−φ+
hφ

2

)

Ψ′
(

g(tn−1),tn−1

)

]

. (6.8)

6.2 Sensitivity analysis of reaction parameters

To assess the impact of model parameters on the biodiesel production system, we per-
form a sensitivity analysis using the Pearson correlation coefficient method. Sensitivity
analysis plays a crucial role in determining how variations in input parameters influ-
ence the system’s output, thereby identifying key parameters that significantly affect the
biodiesel yield and efficiency.

Uncertainty analysis is essential for assessing the reliability and sensitivity of system
parameters in biodiesel production. The Pearson correlation coefficient (PCC) is a key
statistical measure that quantifies the strength and direction of the linear relationship be-
tween input parameters and model outputs. Unlike rank-based methods, PCC evaluates
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direct proportionality, helping identify dominant parameters that significantly influence
system behavior. By performing uncertainty analysis, we can quantify parameter sensi-
tivity, improve model robustness, and enhance predictive accuracy, ensuring that varia-
tions in system inputs do not lead to misleading conclusions in process optimization and
decision-making.

We calculate Pearson correlation coefficients between each reaction parameter (input
variables) and biodiesel yield (output variable). The correlation values range from −1
to 1 and are represented in the bar diagram (Fig. 3). Fig. 3 illustrates that reaction param-
eters r1 f , r2 f , and Mc positively influence biodiesel production, whereas reaction param-
eters r1b have a negative impact on biodiesel yield. This analysis helps identify the most
significant factors that affect the efficiency of biodiesel production.

Fig. 4 presents the scatter plot corresponding to the partial rank correlation coeffi-
cients analysis (partial rank correlation coefficient), illustrating the relationship between
reaction parameters and biodiesel production. In the plot, the X-axis represents the nor-
malized values of each reaction parameter, while the Y-axis denotes the biodiesel yield.
This visualization helps in understanding the strength and direction of the correlation
between individual parameters and biodiesel production efficiency.

6.3 Numerical illustration

In the biodiesel production process, we employ the molar ratio of WCO-to-methanol,
along with ultrasound, to investigate their respective effects.

Fig. 5 represents the concentration trajectories of triglyceride, methanol, diglyceride,
monoglyceride, biodiesel, and glycerol utilizing 50 kHz ultrasound frequency and 5:1
methanol-to-WCO molar ratio using CF method of system (3.5) for fractional order

Figure 3: Bar diagram depicting the sensitivity of model parameters on biodiesel yield using integer order system,
assessed through partial rank correlation coefficients using Pearson’s correlation coefficient.
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Figure 4: Scatter plot is presented for biodiesel production, illustrating the relationship between all reaction
rates, including the mass transfer coefficient Mc. The statistical significance level is set at 0.05, meaning there
is a 5% probability of rejecting a true null hypothesis. Each parameter is sampled 1,000 times using the Latin
hypercube sampling approach with a uniform probability distribution, ensuring comprehensive exploration of
parameter space while maintaining statistical robustness.

φ = 0.85,0.9,0.95 and 1 with reaction rate parameter R = 0.3. The trajectories highlight
the influence of fractional-order derivatives on the reaction kinetics, where lower frac-
tional orders (φ<1) introduce memory effects that slow down the depletion of reactants
and the formation of products compared to the integer-order case (φ=1). This behavior is
biologically significant as it suggests that transesterification exhibits a non-instantaneous
response to reactant interactions. Fig. 6 shows the concentration trajectories of all the six
reactants for the same ultrasound frequency and molar ratio with θ=0.85,0.9,0.95, and 1
with the same R-value as previous of ABC method. The observed variations in reactant
concentration trends highlight the effectiveness of the non-singular kernel in capturing
memory effects, which are absent in the integer-order model (θ=1).

Figs. 7 and 8 illustrate the impact of varying the memory rate parameter R on the
chemical system using the CF and ABC fractional operators, with the fractional order
fixed at 0.95 and memory rate values set at R=0.1,0.3,0.5,0.7,0.9. Biologically, this vari-
ation in R reflects the extent to which past states of the reaction influence the present
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Figure 5: Concentration variation of all reactants over time in base-catalyzed transesterification using the CF
method with fractional order φ= 0.85,0.9,0.95, and 1. Memory rate parameter, R= 0.3, and other parameter
values are specified in Tables 1 and 2. Here, the ultrasound frequency H=50kHz, temperature T=50◦ C, and
methanol-to-oil ratio is 5 :1.

biodiesel formation rate, which is crucial in complex biochemical and catalytic processes.
A higher memory rate enhances the system’s ability to retain past kinetic information,
leading to a more sustained biodiesel yield, whereas lower values of R indicate a reac-
tion dynamic that is more dependent on instantaneous conditions rather than historical
effects.

The comparison between the CF and ABC methods in Fig. 9, with φ = θ = 0.95 and
R = 0.3, reveals that biodiesel conversion from triglycerides (TG) is higher in the ABC
method, as observed in subplots (2,3,5). This difference arises due to the distinct kernel
structures of the two fractional operators, where the ABC method, utilizing a Mittag-
Leffler function, accounts for a broader and more persistent memory effect compared to
the CF method’s exponential kernel. The enhanced memory retention in the ABC model
allows for a more sustained reaction rate, leading to greater biodiesel yield over time.

Figs. 10 and 11 represent the comparison through the surface plot for CF and ABC-
induced systems with memory rate parameter value R = 0.3. In particular, Fig. 10(A)
shows the surface plot of the biodiesel production with respect to the variation of frac-
tional order “φ” and the molar ratio between methanol and WCO of the CF model (3.4).
Fig. 10(B) represents the surface plots for biodiesel production with the variation of frac-
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Figure 6: Variation of concentration of all the reactants over time in base-catalyzed transesterification using
the ABC method with fractional order θ=0.85,0.9,0.95 and 1. Other parameter values are specified in Tables 1
and 2. Here, memory rate parameter R=0.3, the ultrasound frequency H=50kHz, temperature T=50◦C, and
methanol-to-oil ratio is 5 :1.

tional order “θ” and molar ratio using ABC method. Any coordinates on this surface
represent the final molar conversion of biodiesel after 60 minutes for a particular molar
ratio and fractional order. Similarly, Fig. 11(A) represents the surface plot for biodiesel
production with the variation of applied ultrasound frequency “H” and fractional or-
der “φ” in CF method and Fig. 11(B) represents the surface plots for biodiesel production
with the variation of fractional order “θ” and ultrasound frequency for ABC method. In
these cases, the range of fractional order φ or θ, molar ratio of methanol and WCO, and
ultrasound frequency are from 0.8 to 1, 3 :1 to 6 :1, and 30kHz to 60kHz, respectively.

6.4 Experimental validity

To validate our simulated data over time, we compared it with experimental data from
Takase [22] using both the ABC and CF methods. For this validation, 12 fractional order
values θ or φ ranging from 0.7 to 1 were considered over a 120-minute period, utilizing
2400 iterations to ensure accuracy. From this range of fractional order, two values for
ABC and two values of CF are chosen.
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Figure 7: Time-dependent variation of concentration profiles for all reactants involved in the transesterification
reaction using the CF fractional-order method with fractional order φ= 0.95. The simulations are performed
for five different values of the memory rate parameter R= 0.1,0.3,0.5,0.7, and 0.9 to analyze its influence on
reaction kinetics. All parameter values are taken as specified in Tables 1 and 2.

For ABC method: The bar diagram 12 compares biodiesel production between exper-
imental data and the ABC fractional-order model at θ = 0.89 and θ = 0.918 over reaction
times from 0 to 120 minutes. Initially (5-20 min), both ABC models and experimental
data follow a similar increasing trend, though ABC (θ = 0.89) slightly underestimates
yield while ABC (θ=0.918) aligns more closely. At 10-15min, both ABC models approx-
imate experimental values well, though θ = 0.918 slightly overestimates. At 20 minutes,
both models predict a slightly higher yield than experimental data. In the mid-reaction
phase (40-60min), all datasets align closely, with minimal deviations at 40min and near-
identical values at 60 min, confirming the ABC model’s accuracy in capturing biodiesel
production rates. In the final phase (90-120min), biodiesel production saturates, with all
datasets converging at nearly the same values, demonstrating the ABC model’s effective-
ness in predicting steady-state production. The results indicate that while θ=0.918 pro-
vides a closer match at lower reaction times, both models perform well beyond 40 min,
highlighting the fractional-order derivative’s ability to capture memory effects and im-
prove long-term predictions. The smooth convergence to experimental values suggests
that the ABC fractional-order model effectively retains historical reaction dynamics, mak-
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Figure 8: Variation of concentration profiles for all reactants involved in the transesterification reaction over
time, modeled using the ABC fractional-order method with a fractional order of θ=0.95. R remains consistent
with the values specified earlier. Model parameters are taken from Tables 1 and 2. These figures illustrate
the dynamic behavior of reactants and products, highlighting the influence of fractional-order derivatives on
reaction kinetics and memory effects in biodiesel production.

ing it a promising approach for biodiesel production modeling. Among the tested values,
θ=0.918 offers the best overall fit, emphasizing the importance of optimizing fractional
order for improved accuracy, with further experimental validation required to refine the
model under different reaction conditions.

For CF method: The bar diagram (Fig. 13) compares biodiesel production using ex-
perimental data with the CF fractional-order model at two different values of fractional
order: CF (φ = 0.97) – blue bars, CF (φ = 1) – gray bars, and experimental data – or-
ange bars. In the early phase (5-20 min), the CF (φ = 0.97) model slightly underesti-
mates biodiesel yield at 5 min compared to experimental data, while CF (φ=1) is closer.
At 10 min and 15 min, both CF models approach experimental values but still remain
slightly lower. At 20 min, the CF (φ = 1) model more accurately follows experimental
data than CF (φ=0.97), which slightly underpredicts the yield. In the mid-reaction phase
(40-60 min), both CF models align well with experimental values, with minimal devia-
tion at 40 min. At 60 min, experimental and simulated results converge, indicating the
CF method effectively captures reaction dynamics. In the final phase (90-120 min), all
three datasets converge, confirming that both CF models accurately predict steady-state
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Figure 9: Comparison of the concentration profile of reactants in the transesterification reaction modeled with
the CF and ABC fractional operators. With fractional orders φ= θ = 0.95 and R= 0.3, the figure highlights
differences in reactant consumption and product formation, demonstrating how each fractional model captures
the reaction dynamics.

biodiesel production. Overall, the CF fractional operator provides a better fit for integer
order φ=1 across reaction times compared to fractional order φ=0.97, especially in the
initial phase. The results suggest that the CF fractional-order model effectively retains
reaction memory for the range 0.97 to 1, but precise tuning of φ is essential for improved
accuracy.

Optimal control: To overcome the initial mass transfer resistance between methanol
and WCO, ultrasound frequency is applied at the start of the reaction. Once the reac-
tion gains momentum, ultrasound frequency is no longer required. To enhance cost-
effectiveness, we can switch off the frequency at that stage. Fig. 14(a) shows the com-
parison of biodiesel production after employing optimal control technique on the ultra-
sound frequency for the ABC fractional method with using the best fitted fractional order
θ=0.918 and Fig. 14(b) is the corresponding control profile. From the figure, it is evident
that after 30 minutes we can switch off the ultrasound frequency. Fig. 14(a) demonstrates
that by applying control on ultrasound frequency the production of biodiesel can be en-
hanced by 4-6% and also the process will be more cost-effective.
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Figure 10: Surface plot for the concentration of biodiesel after 60 minutes with the variation of molar ratio of
methanol and WCO from 3 : 1 to 6 : 1 and fractional order φ or θ from 0.8 to 1 using (A) CF and (B) ABC
fractional operator. Here H=50kHz, R=0.3, and other parameter values taken from Tables 1 and 2.

Figure 11: Surface plot for the concentration of biodiesel after 60 minutes with the variation of ultrasound
frequency from 30kHz to 60kHz and fractional order φ or θ from 0.8 to 1 using (A) CF and (B) ABC fractional
operator. Here the molar ratio of methanol and WCO is 5 : 1, R=0.3, and other parameter values taken from
Tables 1 and 2.

7 Discussion and conclusion

In this study, we have studied the transesterification reaction mechanism for biodiesel
production from waste cooking oil (WCO) with fractional order derivative. We investi-
gate the memory effect in the transesterification reaction of biodiesel using two distinct
non-singular kernels: the exponential decay kernel and the Mittag-Leffler kernel. The
whole study is conducted within a 1-meter of vessel diameter, at constant 50◦C tempera-
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Figure 12: Comparison of experimental data against simulated data for biodiesel production using ABC fractional
operator with fractional order θ= 0.89 and θ= 0.918. Data in eight different times also been given in tabular
form.

Figure 13: Comparison of experimental data against simulated data for biodiesel production using CF fractional
operator with fractional order φ=0.97 and φ=1. Data in eight different times also been given in tabular form.

ture, and 5:1 methanol to WCO molar ratio. Additionally, a 50kHz ultrasound frequency
is applied to the system to enhance mixing and reduce the initial mass transfer resistance
between oil and methanol.
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(a) (b)

Figure 14: (a) Comparison of the concentration profile of biodiesel after using optimal control technique for the
ABC fractional method utilizing the best fitted fractional order θ=0.918 and (b) is the corresponding optimal
control profile. Here H=50kHz, methanol:WCO =5:1 and all the other parameter values taken from Tables 1
and 2.

In Sections 4.1 and 4.2, we analyzed the existence and uniqueness of the system (3.6)
for the ABC fractional operator using the well-established Banach fixed-point theorem
and the Arzelà-Ascoli theorem. Section 5 explores the formulation and solution of an op-
timal control problem for the model (3.6) using the ABC operator. By applying the Pon-
tryagin minimum principle and Hamiltonian approach, we derived the optimal control
profile z∗(t). A comprehensive numerical scheme for both the CF and ABC operators
is developed in Section 6.1. Using these numerical schemes, the solution of the systems
(3.5) and (3.6) are graphically represented in Section 6.2.

In Figs. 5 and 6, the effect of memory on the reactants through the non-singular kernel
is shown using both CF and ABC fractional operators for a fixed memory rate parame-
ter’s value, R=0.3 with the variation of fractional order φ and θ. In Figs. 7 and 8, the effect
of memory rate parameter R is shown for both the fractional method for order φ=θ=0.95.
In Fig. 9 comparison is made for fractional order 0.95 between two non-singular kernel
methods. In Figs. 10 and 11 surface plots for final biodiesel production with respect to
fractional order, the molar ratio of methanol and WCO, and ultrasound frequency are
plotted for both the fractional method. In Section 6.4, detailed experimental validity is
given for both CF and ABC systems and determines the order of the fractional deriva-
tives. Additionally, the optimal control profile for maximum biodiesel production utiliz-
ing the best-fitted fractional order for the ABC fractional method and the corresponding
improvements of production is plotted in Fig. 14.

In conclusion, the study confirms that the ABC fractional-order model (θ=0.918) pro-
vides the best fit with experimental data, particularly in the early phase, due to its su-
perior ability to retain memory effects. While the CF model aligns well at integer order
(φ = 1), it lacks accuracy at fractional orders (i.e. for 0< φ< 1). Both models converge
with experimental data in later stages, demonstrating their reliability in biodiesel kinet-
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ics modeling. Overall, the ABC model proves to be a more effective tool for capturing
the history-dependent nature of transesterification reactions, making it a promising ap-
proach for optimizing biodiesel production. Finally, by controlling ultrasound frequency
over time, biodiesel production can be increased by 4-6%.

This study has certain limitations. The comparison of biodiesel production using CF
and ABC fractional models is based on a limited set of experimental data obtained under
fixed reaction conditions, specifically at a constant temperature, molar ratio of alcohol to
oil, catalyst concentration, and ultrasound frequency. However, biodiesel yield and reac-
tion kinetics are highly sensitive to variations in these parameters. Changes in reaction
temperature can alter the rate of transesterification and side reactions like saponifica-
tion, while different molar ratios of alcohol to oil may influence reaction equilibrium and
biodiesel conversion efficiency. Additionally, modifications in ultrasound frequency or
mechanical stirring intensity can affect mass transfer rates and catalyst dispersion, lead-
ing to deviations in biodiesel yield compared to the results obtained in this study. To
improve the applicability of fractional-order modeling, future research should system-
atically analyze these parameters and optimize reaction conditions to enhance model
accuracy and practical implementation.
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