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Abstract. Just like Ebola disease, the Marburg virus disease (MVD) remains a con-
stant threat to people’s live, not only in Africa, but also in the other parts of the globe.
Recorded past outbreaks occurred in Europe, America and of course Africa, especially
in places where inhabitants come into contact with wild animal products or live along-
side wild animals such as apes, monkeys and fruit bats on a daily basis. Therefore,
studying the dynamics of the Marburg virus and making some epidemiological assess-
ments remain relevant and important in preventing future outbreaks. In this paper, we
analyze a Marburg epidemic model in which the transmission is nonlinear. The well-
posedness result is established as well as conditions for boundedness and dissipativity
results. Then, we intensively analyze the stability of the Marburg model’s equilibria.
The bifurcation dynamics indicate the existence of both transcritical (exchange of sta-
bility between the endemic equilibrium (EE) point and the disease free equilibrium
(DFE)) and backward bifurcation where the classical epidemiological condition for the
MVD to die out (Rg < 1) is not sufficient anymore, but remains necessary. Lastly, some
numerical simulations show convergence of the trajectories to both the EE and the
DFE. Some adequate preventive measures are provided.
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1 Introduction

The Marburg virus (MARV) is seen as an extremely pathogenic virus thats causes a severe
disease leading to mortality rates fluctuating between 20% and 90%. For the genetic side,
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the MARYV is characterized by a genome packaged into a unique filamentous virion with
length varying between 790 and 970 nm and width of 80 nm [15, 32]. It was first iden-
tified in 1967 in the towns of Marburg and Frankfurt (Germany) and Belgrade (Serbia
formerly known as Yugoslavia), during a series of outbreaks in which number of labo-
ratory workers were exposed to blood and tissues of infected grivet monkeys, a kind of
African green monkeys imported from Uganda. The outbreaks saw the deaths of seven
people out of the thirty-one that became infected [33]. It chronology and early evolu-
tion is depicted in Fig. 1. The world experienced many MARV outbreaks and most of
them remained sporadic if not occasional. In human population, the disease caused by
the MARYV is known as the Marburg virus disease. Just like Ebola virus, the Marburg
virus also belongs to the family of Filoviridae which regroups number of genera such
as Thamnovirus, Cuevavirus and of course Ebolavirus and Marburgvirus. The virus
causing the MVD belongs to the filovirus family, which is also part of Marburgvirus gen-
era. Viruses from the filovirus family can provoke hemorrhagic fever and death in both
human and non-human populations, such as primates (as depicted in Figs. 2-3). It ap-
pears to be deadly with the severity amplified by the lack of adequate infrastructures and
amenities able to timely to detect, diagnose, prevent and treat the disease [22, 23,25, 32].
The MVD usually starts by a severe sore throat, headache and fever followed by mac-
ulopapular rash all over the torso down to the limbs and a red exanthem appearing on
both the front part and back part of the palate. The patient during the first five days
of the symptoms, can suffer from body pain together with nausea, diarrhea and we can
see the intensification of hemorrhagic fever’s symptoms like mucosal bleeding, bleeding
from venipuncture sites and presence of blood in the faeces and vomits. The patient be-
comes lethargic and he gets dehydrated due to watery diarrhea and vomiting. Internal
hemorrhage, organ failure together with the dysregulated immune response to the virus
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Figure 1: The Marburg virus disease: origin, evolution and parties involved [30].
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Figure 2: Transmission dynamics of the Marburg virus as it spreads in the human population [32].
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Figure 3: Possible tissue damages caused by Marburg virus as it spreads in the human body [32].

may lead to death. However, not every patient dies and those who survive usually have
mild late stage symptoms of the disease. However, during and after recovery, they may
suffer from symptoms of arthritis, conjunctivitis, myalgia, and psychosis [30].

The MARYV is highly transmissible to humans via exposure to some fruit bats and
human to human through body fluids, unprotected sex or broken skin. Many patients,
depending on their level of natural or induced immunity, may develop violent haemor-
rhagic effects between five and seven days. The patients who are fatally affected usually
present some kind of bleeding, from different parts of the body. The blood found in vom-
itus sometimes goes with bleeding from the nose and gums, whereas the blood found
in faeces goes with bleeding from orifices like vagina. Another manifestation of the in-
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fection is the sudden bleeding occurring during intravenous access for the purpose of
blood sampling (phlebotomy) and which can be can be particularly laborious for the pa-
tient [36]. The patient’s central nervous system is highly involved in the development
of the disease and the consequences are various: Grumpiness, confusion, violence and
aggression.

The world has so far experienced number of outbreaks of Marburg virus with the
most recent one that happened, from 25 July to 16 September 2021 in the district of
Gueckedou (Guinea). Fortunately only one person become infected with the disease and
died, with no other known cases reported [35,36]. However, there have been, in the
past, other outbreaks in African countries such Angola, Zimbabwe, South Africa, Kenya,
Democratic Republic of the Congo and Uganda [12,17,37]. These recorded Marburg hem-
orrhagic fever outbreaks have fatally affected fewer people compared to Ebola virus out-
breaks. Most of affected people were adults, excepts the Angola 2005’s outbreak in which
a high proportion of children were affected and which killed 227 people [16, 25, 27, 35].
The MVD is generally recognized when there are outbreaks. A successful control of these
different outbreaks requires measures such as Risk communication and community en-
gagement (RCCE). Making people and community to become aware of the risk factors
linked to Marburg infection and protective directives that individuals can consider to
limit human exposure to the MARV are substantial in reducing infections and potential
deaths.

The recent Marburg virus outbreak occurs in the Republic of Rwanda which has con-
firmed more than seventy cases in the country, and primarily based in the capital city
Kigali, where some deaths were recorded. This is the country’s first Marburg outbreak.
Before that, a series of cases of infections were reports in various parts of Africa, particu-
larly in countries like Guinea and Tanzania. The World Health Organization (WHO) and
other health agencies have been closely monitoring and responding to these outbreaks,
providing support for containment measures and treatment efforts [4].

Lately in January 2025, in the Democratic Republic of the Congo, a new, unrecognized
disease presenting symptoms like the Ebola ones surfaced, leading to over 50 deaths in
about five weeks . Early inquiries traced the source of the outbreak to Boloko village, after
bat meat was consumed. Laboratory tests for common hemorrhagic fevers, including
Marburg disease, returned negative. Hence, up to now, the exact cause remains under
investigation [38].

In the following section, we consider and analyze a generalized mathematical model
describing the Marburg disease dynamics in a particular region. We also studies different
stability conditions related to this specific model.

2 Model formulation

We consider here a region where the total population at the time t is denoted by N(¢),
with the initial population N(0) = Nyp. We divide the population N(¢) into four sub-
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classes: S(t),I(t),R(t) and U(t) respectively the compartments of susceptible individu-
als, infected individuals, recovered individuals and immunized individuals. In fact, S()
comprises individuals considered to be susceptible to get MARV, while I(t) comprises
individuals infected with MARV. Those individuals who recover from MARV are com-
prised in R(t) and lastly we believe that some individuals become immunized after being
infected and recovered from MARV and they are comprised in the compartment U(t).
All recruitments are assumed to be happening at the rate constant A, into the S(t) com-
partment of susceptible individuals. We also assume that infected individuals become
automatically infectious.

A fraction of the population N(t) is assumed to be dying at a rate constant 6 from
the causes non related to MVD, making the quantity 1/6 the average lifetime. Further-
more, people are assumed to be killed by the MARYV at a rate constant d. The successful
MARYV transmission is assumed to be nonlinear, indicating the kind of contacts between
people in the population and the infectious, and given by the incidence BS#(I) where
represents a rate constant. The nonlinear character of the dynamics is symbolized by
function # with 17(0) =0 and #(I) >0 for 0 < I < Nj. The function 5 belongs at least to the
space C3(0,Np].

We also assume that MARYV infectious individuals, thanks to some biological protec-
tive systems or efficient treatments, suddenly recover from the MVD at a rate constant o,
allowing them to enter the compartment of recovered individuals. Among those who
recover, we believe that a fraction of them, VR with v <1 become immunized due to the
treatments received, making the remaining fraction (1—v)R susceptible again to catch the
MARYV a rate constant {. The above description is summarized in the transfer diagram
depicted in Fig. 4 and mathematically expressed by the following system:

‘DjS=A—[By(I)+0]S+(1-v){R,
D) 1=BSy(I)—(0+0c+d)],
‘D/R=0I—[(0+v)+(1-v){|R,
‘D)U=vR—6U

2.1)

pn(l

B+d
c-v

Figure 4: Flow diagram of the Marburg model.



6 EF. Doungmo Goufo and I. Tchangou Toudjeu / CSIAM Trans. Appl. Math., x (2025), pp. 1-27

with the initial conditions reading as
S(0)=So, 1(0)=1Ip, R(0)=Ro, U(0)=Uo. (2.2)
Here CD? is the Caputo derivative mathematically defined as

c 1 t _du
D?“(t)—m/o (t—1) 7d—g(é)dé- (2.3)

3 Mathematical analysis

The main aim of this section is to first analyze the well-posed of the system (2.1)-(2.2).
After that we investigate the existence results for the system’s equilibrium points. Before
that, let us recall that using fractional differential equations for modelling diseases gives
us a larger degree od liberty than traditional differential equations do. Hence, there has
been growing interests among the scientific community about applying fractional opera-
tors to the domain of modelling in mathematical epidemiology because disease dynam-
ics and related phenomena in different fields, like sciences, engineering, and technology,
have proven to be described successfully by the systems using fractional-order opera-
tions and such descriptions appear to be better compared to the classical ones. As an ex-
ample, modelling in mathematical epidemiology where we use the concept of a fractional
Laplacian operator (theory of Lévy flights) is a typical application of a better described
process based on fractional derivatives [6,10,29].

3.1 Positivity and boundedness results

Firstly, we prove that, for any t >0, the solutions of model (2.1)-(2.2) with nonnegative ini-
tial conditions remain nonnegative. Moreover, we show that they are bounded. Consider
the space

RY={(S,LR,U)€R*:5>0,1>0,R>0,U>0}.

We can refer to the fundamental theory of ordinary differential equations (ODEs) to state
that there exists locally a unique solution & = (S,I,R,U) for the Cauchy problem (2.1)-
(2.2). Hence, we have the following results.

Proposition 3.1. Let (S,I,R,U) be a solution of (2.1)-(2.2) on [ty,+0),tg € R. If the initial
condition (2.2) is non-negative, then the corresponding solution & of the Marburg model (2.1) is
non-negative for all t € (to,t1),t1 > 0.

Proof. Let us put X1 =S5,X>=1,X3=R and X; = U. Assume that there is an instant ¢ at
which a Xj(t) vanishes for any j=1,2,3,4. Put

f=inf{te (to,t1): X;(t)=0,j=1,2,3,4}.
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Then, for any j=1,2,3,4,
Xi(t)>0, te(tof),
{ X;(F)=0.
Hence, using (2.1), the differential equation for the solution X; can take the form
‘D' X;=—X;E(X)+E(X),

where E(X) is a non-negative function. This yields

{CD?X]-(t)z—X]-E(X), te[to,f,

Xi(t) >0, te[to,f],
which contradicts the fact that X;(f) =0 and the proof is complete. O
This results also proves that, with respect to model (2.1), the nonnegative orthant
RY ={(S,,R,U)€R*:5>0,I>0,R>0,U >0}

is positively invariant. We can therefore state the following boundedness and compact-
ness results.

Proposition 3.2. The solutions of the system (2.1) are uniformly bounded in the compact subset
4 A
Y= (S;I;R;U)€R+,N(t)§g+e : (3.1)

Thus, the subset Y is a positively-invariant set for the system (2.1) with non-negative initial
conditions in R% and which is absorbing for e > 0. Moreover, we have the invariance property:

A A A
< — <— > i < —.
IFN(0) < G,then N(t) < Gforallt_O,anthTOON(t)_ 5

Proof. From the system (2.1), we get N=_S+1+ R+ U by summing all the equations, and
‘DIN(t)=A—0ON(t)—dI(t).

This leads to °D; N(t) < A—0N(t). The result follows as we use a method similar to that
of the proof of the Proposition 3.1 above. O

3.2 Existence results and stability analysis

Let the system be
‘DJS=A—BSy(I)+(1-v){R—-6S,
‘D] T1=pBSy(I)—(0+o+d)I, (3.2)
‘D/R=0cI—(0+v)R—(1-v){R,
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and
CD?N:A—GN—dI. (3.3)

Solving the system
0=A—pBSy(I)+(1—v){R—-0S,
0=pSy(I)—(0+0c+d)I,

(3.4)
0=0I—(60+v)R—(1—v)CR,
0=A—0N-—dlI,
we get the equilibria
XOZ é/OIO/é 7 X*:(S*/I*/R*/N*)/
0 0
where (0 d)l I A—dI
+(7+ * (7* - *
5*271 R*:—I N*: 7
(L) 0+v+(1-v)¢ 0
and where I, verifies
n(D) |, (Fotd)(6+v+(1-—v)E) —(1-v)lo) | _0(0+c+d) -
I A(O+v+(1-v)Q) AB '

3.2.1 The disease-free equilibrium (DFE)

We can study the stability of the DFE X, for the system (3.2)-(3.3), by analyzing the eigen-
values of the Jacobian matrix. Hence, the Jacobian matrix evaluated at the disease-free
equilibrium X,, using the linearized system (3.2)-(3.3) reads as

0 20 (1-v)¢ 0
J(X,)=Df(X,)=| © ﬁ%”/m)_(“"*d) 0 ol. @3

0 o —(0+v)—(1=v)¢ O

0 _d 0 g

This allows us to state the following proposition.

Proposition 3.3. Considering the definition of nonlinear incidence 1 taken from the space
C3(0,No|, and assuming that the following condition holds:

pA1'(0)

86 10rd)

then the DFE of the Marburg disease model (3.2)-(3.3) always exists and is asymptotically stable.
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Proof. The existence result follows from the same standard theory of ODEs. With refer-
ence to [9,26], it suffices to show that all the eigenvalues, say A;,i=1,...,4 of the Jacobian
matrix J(X,) reside outside the angular sector

1
|ArgA;| < E’yn, i=1,...,4,
which is also closed. Mathematically, it is expressed by the following constraint:
1
|ArgA;| > 577 Vi=1,2,3,4. (3.7)

The characteristic matrix given as

0+ B (0) —1-vg 0
A
H}(A): 0 —‘3577/(0)—|-(9—|-(T+d)+/\ 0 0 (3.8)
0 —0 0+v+(1—v)(+A 0O
0 d 0 0+A

yields the following characteristic equation:
2 A !
(04+2)%(04+v—(1+7) +A) <—,B§17 (0)+(8+0+d) —i—}\) =0.
Hence, the eigenvalues read as
A
)\1,2 = —9, )L3 = — (9—|—1/+ (1 —V)g), /\4 :‘3517 (O) — (9+U+d)
The requested condition is met except for A4. Then, it becomes obvious that A4 veri-
fies (3.7) if

BAy'(0)
0

which completes the proof. O

<O0+0+d,

The basic reproduction number for the Marburg model (3.2)-(3.3), reads as

_ BAY'(0)
R —m. (3.9)

It expresses the number of secondary Marburg infections that one infected case is go-
ing to cause in a population totally susceptible to catch MARV. Practically speaking, the
Proposition 3.3 here above implies that if Ry <1 then, the MVD will die out.
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Remark 3.1. Note that Figs. 5 and 6 graphically show the contour plots of the basic repro-
duction number R seen to be varying with some sensitive parameters of the Marburg
model and indicating possible dynamics of the Marburg disease. Especially, Fig. 6, from
which we have the confirmation of a possibility to decrease R below the threshold of
unity, with the condition of reducing the transmission rate B while augmenting the re-

covery rate and improving on the case detection of symptomatic cases.
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3.2.2 Existence and stability results

Let us transform (3.5) into

(3.10)

@ AB

1 6(0+0+d) :'7(11) <1_£> —m(I),
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where
A(0+v+(1—-v)])
(0+0+d)(0+v+(1—-v){) —(1—-v)o
Then, the I —solutions to (3.9) all depend on 7(I), more precisely on lim;_,o%(I)/I=m(0)
and the sgn(m’(I)).

Note that E represents the maximum value I, can reach and @ =AB/(0(0+0c+d)) is
seen as the contact reproduction number in well-known usual theory of mass action inci-
dence in which #(I) =I. Following [9,24,26], we have the following results summarizing
the conditions of existence for X..

Proposition 3.4. For Marburg model (3.2)-(3.3):

1) If m(0)>1/w@ and m'(I) <O for all I € (0,E) then, there exists one endemic equilibrium
point.

2) If m(0) =0,m"(I) <0 on (0,E] and @ < @* then, there exists no endemic equilibrium
point.

3) If m(0) <1/w@ and m'(I) <0 for all I € (0,E) then, there exists no endemic equilibrium
point.

4) If m(0) =0, m"(I) <0 on (0,E] and @ = @* then, there exists one endemic equilibrium
point.

5) If m(0) =0, m"(I) <0 on (0,E] and @ > @* then, there exist two endemic equilibrium
points I} and 12, with I} € (0,1,,) and 12 € (I,,,E).

In this proposition, @* represents the only value of @ satisfying the Eq. (3.10) when I

attains its unique maximum I, in (0,E).
Recalling that

—
H, —
—

110)~ iy TG =m0

and knowing that m(I) is positive when I € (0,E), with m(Z) =0, where we have taken
into account the basic reproduction number R defined in (3.9). Then, from the number 1)
of the Proposition 3.4 and Eq. (3.10), we can state the result.

Corollary 3.1. The Marburg model (3.2)-(3.3) has a unique endemic equilibrium if Ro > 1, and
m'(I)<0for 1€ (0,8).

Having provided the existence conditions for the endemic equilibrium point of the
MARYV model, we can now investigate the stability.

In the following lines, we analyze the conditions of stability for the endemic equilib-
rium X, = (S, L, R, N,) using the linearized system of (3.2)-(3.3) around X.,. This devel-
opment leads to the Jacobian matrix

—pn(L.)—0 —BS.n' (L) (1-v)C 0
1(X) = ‘Bnél*) BS.y' (L) —(0+0+d) 0 0 . (311)
o —(0+v)—(1—-v)g 0

0 —d 0 —0
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We can look at the eigenvalues A,,r=1,2,3,4, using characteristic equation

(L) +0+A BS.' (L) —(1-v)¢ 0
—Bn (L) —BS.n' (L) +(0+0c+d)+A 0 _0, (12
0 — O+v)+(1—v){+A 0
0 d 0 0+A
which gives
C(0+A) (A +C1A% +CoA+C3) =0 (3.13)
with ()
_ N 1
C1=pn(L)+20+(1 v)§+(9+a+d)<1 1*77(1*)>,
Cy=p(0+0o+d)y' (L) L+ (0+v-+(1-v)Z) (B (L) +20)
_ (L)
+ (By(L.)+20+v+(1 v)g)(9+a+d)<1 1*17(1*)>' (3.14)

C3=p(0+0c+d) (0+v+(1—v)0)n' (L)L —py(L)r(1—v)L

+ (B (L) +0) (0+v+(1—v)7) (0+0+d) (1—1* ’Z;g:;) :

It appears clearly that C1,C,, and C3 depend on the function #(I). Because the eigen-
value A = —6 is not positive, we can only rely on the roots of

P(A)=A34CiA2+CoA+C3=0

defined in (3.13) to establish the stability results using the extended Routh-Hurwitz cri-
teria as proposed in [2]. Hence, we have proved the following results.

Corollary 3.2. The endemic equilibrium X, of the MARV model (3.2)-(3.3) is asymptotically
stable if one of the following conditions hold:

1) C1>20,C2,>0,C3>0,I1p<0,and 0<y<2/3,
2) C1<0,C<0,ITp<0,and2/3<v<1,
3) C1>0,C3>0,C1Cyp>C3,and I1p >0,

where Ip is the polynomial P(A)'s discriminant.
The bifurcation analysis are depicted in Figs. 13 and 14 showing condition for the

model to have forward and backward bifurcations respectively and show that the model
contains a backward bifurcation under certain conditions.
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4 Impact of Mittag-Leffler kernel

The Mittag-Leffler function, a function arising naturally in the expression of solutions to
differential and integral equations of fractional order, is also highly important in relax-
ation processes. Other works have shown its importance in applied sciences [13,14,18,19].
The function has attracted a growing attention of scientists in the past decades thanks to
its capability of describing conventional and non conventional real life phenomena, in
an accurate manner.

In this section, we generalize the Marburg model by including the Mittag-Leffler ker-
nel to get

bepYS=A—BSy(I)+(1—v){R—-0S,
eI =BSy(I)—(0+0c+d)I,

(4.1)
eDIR=0l—(0+v)R—(1—-v){R,
abeDIU=vR—0U
with initial conditions
S(0)=Sy, I(0)=Ip, R(0)=Ry, U(0)="Uy, (4.2)

where “bCD? is the Atangana-Baleanu derivative known to incorporate the Mittag-Leffler
kernel and mathematically defined as

B(y) [fdu
(1=7)Jo d¢

We associate the “ D] -operator with its anti-derivative given by

Du(r) =

(€)Ey [— 7(%,(’?1 g, 0<vy<l1. (4.3)

abﬂu(t):%u(m%ﬁ /O (e u(E)dE, >0, (4.4)

Before going further, we state the following results.

Lemma 4.1 ([7]). If y€(0,1] then,

B DT () = u(t) — bo. (4.5)
Hence, the following problem:
abe Ty, (4) —
e
has the solution expressed as
u(t):uwﬁc(t)+ﬁﬁ/ot(t—gﬁ—1c<§)d§. (4.7)
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Theorem 4.1 ([28]). Let us consider the following system with derivative of fractional-order:

{abcD?u(t):G(u@)), 0<y<1,

I/l(to) =uyeR™ (48)

with u(t) = (u1,uz, - ,uy(t)) ER™ and z:[G1,Gy,-+,Gp] | : R™ — R™. Hence, solutions to
G(z(t)) =0 are defined to be the equilibria for the model. An equilibrium point q is said to be
locally asymptotically stable if and only if all eigenvalues z; of the Jacobian | =0G /du, evaluated
at q verify the inequality |Arg(z;)| >y /2.

With these two results in mind, the Marburg model (4.1) can be transformed into
eDYS=G(t,S,I,R,U),
DY 1=Gy(t,S,I,R,U),

e DYR=Gs(t,S,1,R,U), ®3)
Wb DYU = Gy(t,S,1,R,U)
with
G1(,S,LR,U)=A—BSy(I)+(1—v)IR—6S,
Ga(t,S,LR,U) = BSy(I)— (0+0+d)I, @.10)
Gs(t,S, LR, U)=0l—(04+v)R—(1—v)(R,

Ga(t,S,1,R,U)=vR—6U.

Whence, with reference to the fractional system (4.1), we consider the nonlinear sys-
tem given by

{abch u(t)=Y(tu(t)), 0<t<b, 0<vy<1, (4.11)

u(0)=up>0

with

u(t)y=(S,L,R,U)T,

1o = (So,1o,Ro,Up) T, (4.12)

Y(tu(t) = (Gi(tS,LRU)), j=1,.. 4
In the following lines,

[ull = sup [u(t)]
te[0,e]
defines a norm in the Banach space denoted by A =C([0,¢],R*) with |u(t)|=|S|+|I|+
IR|+|U|,S,I,R,U€C[0,e] and V:[0,e] x R* — R a continuous function.
With reference to Lemma 4.1 and Theorem 4.1, the problem (4.11) takes the form of

an integral equation that reads as

u(t)=u 1_—7 u LL ! _ -1 u
()= + g3V (t))+B(fy)F(fy)/o<t O IY(Eu(@)dE.  (413)
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At this stage, using Eq. (4.13), the operator O: A — A can be defined as

(Ou)(t) :Mo—l-%y(t,u(t)) +ﬁﬁ/ot(f—é)%ly(é,u(é))dé. (4.14)

Remark 4.1. Recall that, a solution to the model (4.11) exist if and only if the operator O
has a fixed point.

The existence of a solution is a direct consequence of the notion of Schauder fixed
point theorem [31].

Proposition 4.1. Let us consider:

(H1) Thereis a1, a2 € A so that

a] = sup |ag(t)|, a3=sup |az(t)|<1,
te[0,e] te[0,e]

and for every t € [0,e],u €A,
|V (tu(t))[ <ar(t) +az(b)]u(t)].

Hence, there exists at least one solution to the problem (4.11) (and therefore the system (4.1))
Proof. To prove of the proposition, we proceed as follows.

1. We start by proving that the operator O continuous. In fact, let a sequence u, € A
defined as u, — u and take f € [0,¢]. Hence, we get

[(Ouy ) (t) — (Ou)(t)]

1—y
< 5y Y () =Y (1)

+ﬁﬁ/ot(f—€>7‘l\y(§,un(é)) —V(Eu(f))|de
1_,)/ e’)/ —_ . u .
< (s grmar 19 Con) -V () ) s

Using the continuity property of ), we have ||Ou,, —Ou|| — 0 as n — +o0.

2. Secondly, we prove that operator O maps bounded sets into bounded sets. Let E,
be the set given as E, = {u € A: ||u|| <r}, then, we just need to prove existence of
a coefficient M >0 so that ||Ou|| <M. Then,
1

|(Ou)( )!<HM0H+—|3’ )H—,y)m/o(t—é‘)”_1|y(éfu(€))1d§, (4.16)

now referring to the condition (1), leads to

|V (tut))| <ar(t)+ag(t)|u(t)].
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Thus,

(a1 +aful)

=

<|luo ||+

=~}
2

(0u) (1)< ol + 5 @i+ el + gy 70
G (1) (1) )
57 (=7 ) 5 (07 )
. o7 * ev
<tub+giy (074157 5 (07470

1— er 1
<M < Hoc0. (4.17)

Q
=

3. Thirdly, we prove that operator O maps bounded sets to equicontinuous sets. For
t1,t2 €[0,e] with t; > t; and u € E,, we get

|(Ou)(t1) — (Ou)(t2)]

<l g [ -0 () b

B(v)T'(v) Jo
0% 1 'ty _
—WW/O (t2—§)7 1y(61”(§))d5
0% 1 t _ _
< g [ 67 - - Y ) e

LR S PR u
+WW/ﬁ (=) 1Y (&u(@))|de

” 2(h—t)"+ (5 —t))] — 0 as t — bh. (4.18)

Whence, the full continuity property of O follows from the three steps above and
the Arzeld-Ascoli theorem.

4. Lastly, we prove that operator O represents a priori bound. To achieve it, we let
Aj={ucA:u=mn(0u),0<mr<1}.

So, we just need to prove that A; is a bounded set. Indeed, considering any ¢ € [0,¢]
and u € A; yields

u(t)y=m {uo—i—;(—%y(t,u(t))

y 1 -
WW/O (t—&)7 1y(€,u(é))dé}, 0<m<1. (4.19)
Referring to (#1), leads to

|u()] <[(Ou)(t)]
&y

B(7)

< luoll+

<(1—7)+%> + B“(z;) ((1—7)+%) <4oo.  (420)
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Hence, we obtain the expected result as a consequence of Schauder fixed point the-
orem [31] via it particular version, the Schaefer’s fixed point theorem. Which com-
pletes the proof. O

The proof of uniqueness results for the solution can be achieved using the Banach
contraction principle as shown in the following lines.

Proposition 4.2. Let us consider
(Ha) There is 6 >0 (constant) so that
V(s (1) =Y (o (8)) <6ur (1) =u ()]
for every t€ [0,e] and uq,uy €A.

Hence, if the inequality

1—v eV
(B(v)+B(7)F<7)>5<1

holds, then the solution to the problem (4.11) (and therefore the system (4.1)) is unique.

Proof. Making use of

> PO+ ||uo||

sup |V(t,0)|=p < +oo, 150

te[0,e]

we can define a neighborhood with radius denoted by r. Then, we prove that OE, C E,,
where E,={ucA:||u||<r}. So, fora ucE, and t € [0,¢], we have

vy 1 f _
(Ou)(H)] < SUP}QMOH () [+ gy iy -0 Y @) ¢

refo,e B(7)I'(7)
_Huo||+ 7\3’(” ))\(€)+ﬁﬁ/:(e—g)7—l\y(g,u((;))\dg

_Huo||+ By )(Iy(tu( )) =Y (t,0)[+|Y(t,0)])
BT @07 19 (@) - Y0l +V(0) 142
1—v e
<|luo||+ (8]|u||+p)O < 7. (4.21)

Thus, OE, C E,. Moreover, let uy,u; € A, then for each t € [0,¢], we have

(Our)(#) = (Ouz) (1))
-7
< W |y(t/“1(t)) _y<t/”2){
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y 1 .
S Teotvey | =79 (En(@) -V (@) |4
1—v e »
S(S<B(’y)+B(fy)r(ry)>””1 2| (4.22)

It follows, the hypothesis of the proposition above, that the operator O is contractive.
Thus, the Banach contraction principle yields the desired uniqueness result, which com-
pletes the proof. O

5 Numerical approximation scheme

We provide in this section a numerical technique to address the solvability of fractional
system (4.1) similar to the one proposed in [34]. Recall that a huge number of other
real world problems have successfully been described by many authors using numeri-
cal schemes based on the same numerical iterative principle [1,3,5,7, 8,11, 20, 21] and
references therein.

Applying the Atangana-Baleanu antiderivative given in (4.4) on both sides of the
MARYV fractional system (4.1), using the initial conditions and Lemma 4.1 lead to the
system

1—7 v 1 t _
()=S0 +g3 21 (6S(0) + gy gy ) -9 Z1(E5@)4e,

6=+ 5t 220, 10)) + g s [ (=8 2@ @) e,

B(7) 7I) 5.1

. v o1 y (5.1)
R(*)ZR0+W33(fIR(t))+WW/() (t=8)7 23(¢,R(8))dg,
() =ty G200 0) + g s 607 Za(e (@) e

with Z;,i=1,2,3,4 referring to G;,i=1,2,3,4 defined in (4.10). The recursive scheme for
the S(t)-equation of the system (5.1) is given by the formula

1—o 0% 1
SWO=S+g0 21 SO+ 57T

and substitution of t=t,,1,n=0,1,... into Eq. (5.2), leads to

/ot(t_g)ﬂzl(éfs(é))dé, (5.2)

b1

S(tus1) = Slto) #5211, S(00) + sy [ =07 B ES@)AE (53

=S(to) + 113('7,; Z1(tn,S(tn)) +%7)% Z:)/:“ (bap1— &)1 21(E,5(8))de.
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We can approximate Z1(¢,S(¢)) in the [t,,t,4+1] interval with t, =rh to get
Z

Zl(C,S(C)) ~ M(t—trl) B 21 (tr—l;/ls(tr—l>) (t—tr),
equivalently
(1) =s<to>+%zl(tn,s<tn>)
r(lfy Zj; (Zl . /:H(t—tr1)(tn+1—(§)7‘1d6

z . ,S e tr1
_Z(t 1h (t 1))/tr (t—tr)(tn+1—§)7_ld‘§>’ (5.4)

where we have used the Lagrange interpolation polynomial method. Now, integrating
by parts and the substituting t, =rh into (5.4) give

s<tn+l>=S(to>+%zl(tn,s<tn>) 5.5)
B . ; hY 24 ( ;152() ) [(n4+1=r)"(n—r+2+7)—(n—1)" (n—r+2+27)]
—mzlgzvfz(;”)) [(n+1=r) " = (n=1)T(n—r+147)] |,

which is the desired iteration form. We can proceed in a similar way to obtain the
same iteration scheme for the I(t), R(t) and U (t)-equation of the system (5.1) respectively
given by

I(tni1)=1(to)+ B( 5] 22t 1(10)) (5.6)
B0 y[n%)[mz;lz() ) [(1+1=1)T(n—r+247) = (n—1)T(n—r42+27)]
—mzz(rt(::g)tr‘l)) [(n+1=1) " = (n—r)"(n—r+147)] |,
R(tm)=R(to>+%zs(tn,l<(tn)) (5.7)
+B(77)§ [m?((;fz()tr)) [(n+1=7)T(n—r+2+7)—(n—r1)" (n—r+2+27)]

B h723 (trfl/R(trfl))
T(y+2)

[(n+1-7)""—(n—1)"(n—r+1+7)] |,
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U(tet) :u(toH%a(tn,u(tn)) (5.8)

v & WY 2 (b, U(t))
+B(7),§, T(y+2)

[(n4+1—1)Y(n—r4+2+7)—(n—r)"(n—r+2+27)]

W Zy(t o, U (1))
T(y+2)

[(n+1—7)" —(n—1)"(n—r+1+7)] |

In order to perform some numerical simulations of the MARV model (4.1), we con-
sider the parameters presented in the Table 1. Recall the nonlinear incidence #(I) =
Ix/ (14+k Ik), k,k >0,k >0, and we limit our analysis to the case k; =0. The nonlinear
incidence reduces to 7(I) = I*. Implementing the scheme described here above, we can
perform some numerical representations as depicted in Figs. 12 and 13 where we can see
three scenarios related to different values of the parameter +.

Each case show the dynamic for three values of the parameter 7y, which are y =
0.8,0.9 and 1. We observe similar trajectories reflecting the usual threshold behavior. In
Figs. 15-16, for the nonlinear incidence’s coefficient k =2 and the transmission param-
eter f =0.01, the dynamic of Marburg system (4.1) converges to the DFE point situ-
ated at X, =(6000,0,0,6000). The same scenario is shown in Figs. 17-18 for the nonlin-
ear incidence’s coefficient k =2 and the transmission parameter g =0.01, where the dy-
namic of Marburg system (4.1) converges to the endemic equilibrium situated at X, =
(9.9,7.2,5.3,5748) and verifies the condition of Proposition 3.4.

Table 1: Descriptions with values for the parameters of the MARV system (4.1).

Parameters’ | Description Estimation
symbols and rangel)

A Recruitment rate by susceptible people in the region 60 (day)~!
B Transmission coefficient Not constant
v Proportion of recovered individuals that become immunized 0.05
¢ Rate at which recovered people go back to susceptible class 0.08
0 Non-Marburg-disease related death rate 0.01
d Marburg related death rate 0.6
ol Recovery rate from Marburg 0.1
k Symbolizing the non-linear incidence 2

DSources: [36], https:/ /www.who.int/emergencies/disease-outbreak-news /item /2021-DON331.

6 Discussion and concluding remarks

The main focus in this paper have been about analyzing a Marburg epidemic model in
which the transmission is nonlinear and represented by the non-linear function 7. The
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well-posedness of the model has been established before studying conditions for the
boundedness and dissipativity results. Then, we have intensively studied the stability
of equilibria of the generalized MARV models (2.1) and (4.1) and it appears that these
models show some reliable stability under suitable conditions. The bifurcation dynamics
depicted in Figs. 7 and 8 show the type of stability applicable to the models. For instance,
the type transcritical shown in Fig. 7 indicates how an exchange of stability can happen
between the endemic equilibrium point and the DFE, while in Fig. 8, it is rather a back-
ward bifurcation indicating that the well known classical epidemiological condition for
the MVD to die out (Rp < 1) is not sufficient anymore, but remains necessary. Other
stability scenarios are shown in Fig. 9-11 for the MARV model (2.1) and Fig. 12-14 for
the MARV model (4.1). In Fig. 9, we have the possible existence of globally stability for
the DFE X, of the model (2.1), when R <1, (0.3813) and p=0.01. In Fig. 10, we have
the possible existence of stability for two equilibria: The DFE X, and the endemic equi-
librium X; = (8.2,15.9,6.0,5801), and existence of instability for the endemic equilibrium
X»=1(281,1,9.1,7.1,5777) of the model (2.1), when Ry <1, (0.7433) and p=0.3 and k=0.4.
In Fig. 11, we have the possible existence of globally stability for the endemic equilib-
rium X, = (711.1,12.2,5.8,5871) and instability for the DFE X, of the model (2.1), with
Ro>1, (1.0074) and B=1.3 and k=5x10"2.

The stability scenarios for the model (4.1) with Mittag-Leffler kernel is depicted in
Figs. 12-14 and we observe similar stability dynamics as those shown in Figs. 9-11 re-
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a 3
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Figure 7: Bifurcation diagram for Marburg dis-
ease (2.1). The values of the parameter used here

are taken from the Table 1 below. The bifurca-
tion depicted here is of type transcritical and it

indicates an exchange of stability between the en-
demic equilibrium point (blue line) and the disease
free equilibrium (green line).

Figure 8: Bifurcation diagram for Marburg disease
(2.1). The values of the parameter used here are

taken from the Table 1 below. The bifurcatjon
depicted here is of type backward bifurcation (m—

volving the endemic equilibrium point (blue line)
and the disease free equilibrium (green line)) and
it indicates the well known classical epidemiologi-
cal condition for the disease to die out (Rg<1) is
not sufficient anymore, but remains necessary.
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Figure 9: Possible existence of globally stability
for the DFE X, of the model (2.1), with Ry<1,
(0.3813) and p=0.01 and k=0.2.
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Figure 11: Possible existence of globally stabil-
ity for the endemic equilibrium X, and instability
for the DFE X, of the model (2.1), with Ry >1,

(1.0074) and B=1.3 and k=5x10"2.
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Figure 10: Possible existence of stability for two
equilibria: The DFE X, and the endemic equilib-
rium Xq, and existence of instability for the en-
demic equilibrium X5 of the model (2.1), with
Rp<1,(0.7433) and =0.3 and k=0.4.
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Figure 12: Possible existence of globally stability
for the DFE X, of the model (4.1), with Rg<1,
(0.3813) and p=0.01 and k=0.2.

spectively. It applies to the same equilibrium points but the trajectories are slightly dif-
ferent due the impact of the Mittag-Leffler kernel, which however, conserve the type of
stability for the equilibria involved in the precess. The whole trajectories, convergent
to the DFE X, = (6000,0,0,6000) in one case and convergent to the endemic equilibrium
X,=(9.9,7.2,5.3,5748) in the other case are shown in Figs. 15-18 and they reflect the usual

threshold behaviour.
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Figure 13: Possible existence of stability for two Figure 14: Possible existence of globally stabil-
equilibria: The DFE X, and the endemic equilib- ity for the endemic equilibrium X, and instability
rium Xj, and existence of instability for the en- for the DFE X, of the model (4.1), with Ry >1,
demic equilibrium X, of the model (4.1), with (1.0074) and B=1.3 and k=5x10"2.
Ro<1,(0.7433) and =0.3 and k=0.4.
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Figure 15: Dynamics of the model (4.1) showing the Marburg disease evolution using the Table 1 for three values
of the parameter y, which are v=0.8,0.9 and 1. We observe similar trajectories reflecting the usual threshold

behavior with a dynamic all converging to the DFE X, = (6000,0,0,6000).

As Ebola virus disease, the Marburg virus disease remains a constant threat to peo-
ple’s live, especially in the regions where previous outbreaks have been recorded or
where the inhabitants share space with wild animals such as apes, monkeys and fruit
bats on a daily basis. That is why it is important to know the real dynamics of the MVD
very well in order to put in place suitable measures to tackle it when it outbreaks. This is
also important in the search for adequate cure that can help save lives.

Affected areas and people living in should always be well informed about the nature
of the disease. They should also be aware of the key public health recommendation
notices given by scientists, experts and decision makers. Some of them include:
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Figure 16: Dynamics of the model (4.1) showing the Marburg disease evolution using the Table 1 for three values
of the parameter <y, which are 7y =0.8,0.9 and 1. We observe similar trajectories reflecting the usual threshold
behavior with a dynamic all converging to the DFE X, = (6000,0,0,6000).

Time t Time t
21 200 400 600 800 1000 ] 20 200 400 800 800 1000

175

c =
o e
© k=
S 14 g
Q_ —
3] >
= ]
o =4
2 3
o pl
3 E
73]

0 0

Figure 17: Dynamics of the model (4.1) showing the Marburg disease evolution using the Table 1 for three values
of the parameter <, which are 7y =0.8,0.9 and 1. We observe similar trajectories reflecting the usual threshold
behavior with a dynamic all converging to the endemic equilibrium X, =(9.9,7.2,5.3,5748).

¢ Clear directions on how to quickly stop the spread of the Marburg virus in affected
communities, especially the spread caused by contact with infected people in the
community via bodily fluids. Such contacts should be avoided.

¢ Clear directions on how to quickly transfer, isolate and start treating any case sus-
pected to be related to Marburg virus. Such isolation and treatment should be han-
dled, not at home, but is an equipped health facility with qualified practitioners.

¢ Clear directions on how to behave when a suspected transfer happens, like using
suitable personal protective equipment and regular hand washing.

* Clear directions on how to behave during burial ceremonies. People who have
passed away due to Marburg disease should be quickly and safely buried without
any direct contact with anyone.
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Figure 18: Dynamics of the model (4.1) showing the Marburg disease evolution using the Table 1 for three values
of the parameter <, which are 7¥=0.8,0.9 and 1. We observe similar trajectories reflecting the usual threshold
behavior with a dynamic all converging to the endemic equilibrium X, =(9.9,7.2,5.3,5748).

¢ Clear directions on how to quickly stop the wildlife-to-human spread of the Mar-
burg virus by adhering to regular hand hygiene when touching or handling any
animal products related to apes, monkeys and fruit bats. Avoiding eating raw
wild meat and the meat which has to be consumed should be well and thoroughly
cooked.

¢ Lastly, clear directions on how to conduct visits or research in both the forests dom-
inated by apes or monkeys and caverns or grottos inhabited by fruit bats. Personal
protective outfits together with masks and gloves should always be worn during
these visits.
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