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1 Introduction

This work addresses the multistability problem for the dynamical systems arising from
the bio-chemical reaction networks (under mass-action kinetics). The problem is how
to efficiently determine if a reaction network admits at least two stable positive steady
states in the same stoichiometric compatibility class. Multistability is important in math-
ematical biology since it widely exists in the decision-making process and switch-like
behavior in cellular signaling (e.g. [1,9, 13,19, 30]). In practice, one way to detect mul-
tistability is to first find nondegenerate multistationarity (i.e. to check if the network
admits more than one positive nondegenerate steady state). Usually, one can obtain
two stable steady states if the number of positive nondegenerate steady states is at least
three (e.g. [14,20,28]). Generally, deciding multistationarity /multistability or computing
the witnesses (i.e. a choice of parameters for which the network exhibits multistationar-
ity /multistability) is challenging because the problem is known to be a special real quan-
tifier elimination problem (that means we want to efficiently obtain the information of
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real solutions of a semi-algebraic system, e.g. [5,15]). However, there indeed exists a col-
lection of efficient/practical methods for detecting multistationarity (e.g. [7, 16, 18, 24]).
Most of these approaches are to check if the determinant of a certain Jacobian matrix
changes sign [2,6,8,10,23,29].

One big goal in the area of reaction network is to look for the “explicit” criteria. That
means we hope to tell the dynamical behaviors of a network by reading the network itself
without doing any expensive computations. One typical result, which makes the big goal
realistic, is the well-known deficiency zero theorem and the deficiency one theorem [11].
So far, such explicit criteria for detecting multistationarity /multistability are only known
for small networks with one species or up to two reactions (possibly reversible) [17,25].
For instance, in [17], the authors completely characterized one-species networks by “ar-
row diagrams”, and the number of (stable) steady states can be read off by looking at
the existence of T-alternating subnetworks with certain type of arrow diagrams. Later,
in [21], the criterion for multistationarity described by arrow diagrams is extended to
more general networks with one-dimensional stoichiometric subspaces. Since for the
one-dimensional networks, admitting at least three positive steady states is a necessary
condition for admitting multistability (e.g. [27, Theorem 3.4]), the explicit criterion for ad-
mitting three positive steady states (described by “bi-arrow diagrams”) is studied in [26].
Also, the authors of [26] has completely characterized the stoichiometric coefficients of
the bi-reaction networks that admit at least three positive steady states. We remark that
in the point of view of real algebraic geometry, an explicit criterion for multistationar-
ity /multistability is essentially an explicit criterion for deciding number of real solutions
of a special class of semi-algebraic systems. Some related recent work is the extension
of the Descartes’ rule of signs for the high dimensional algebraic systems (e.g. [4, 12]),
which can also be applied to the steady-state systems arising from bio-chemical reaction
networks.

In this paper, we focus on the bi-reaction networks that admit finitely many posi-
tive steady states. The main result is an explicit criterion for deciding multistability of
bi-reaction networks (see Theorem 3.1). By this result, we completely classify all non-
trivial bi-reaction networks according to if they admit multistability or not (here, a “non-
trivial” network means this network admits at least one positive steady state). This work
can be viewed as an extension of [26], since in [26], all bi-reaction networks are classi-
fied according to if they admit at least three positive steady states (recall that admitting
three positive steady states is a necessary condition for multistability). In general, it is
a challenging problem to drive explicit criteria for determining multistability. Since we
know the multistability can be lifted from a small sub-network to a large biochemical net-
work [3], explicit criteria for small networks such as bi-reaction networks are important
for making a breakthrough.

The rest of this paper is organized as follows. In Section 2, we recall the basic def-
initions and notions for the reaction networks and the multistationarity /multistability.
In Section 3, we present the main theorem (a sufficient and necessary condition in terms
of the stoichiometric coefficients for a bi-reaction network to admit multistability), and
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we illustrate how to use the theorem for deciding multistability by several examples. In
Section 4, we present the proof of the main theorem by discussing several cases. In the
supplementary materialst, we present a list of useful lemmas and their proofs, and we
provide Maple files for the computations presented in Section 3.

2 Background

2.1 Chemical reaction networks

In this paper, we follow the standard notions on reaction networks used in [26,27]. A re-
action network G (or network for short) consists of finitely many reactions

K .
lejX1—|—---—i—zxst5 —]> ﬁle1—|----—|—,BS]‘XS, ]:1,2,...,111, (2.1)

where Xj,..., X, denote s species, the stoichiometric coefficients jj and ,Bij are non-nega-
tive integers, each k; € R~ is a rate constant corresponding to the j-th reaction, and we
assume that

VjE{l,...,m}, (0(1]',"',065]')#(ﬁ”,"‘,ﬁsj)' (22)

The stoichiometric matrix of G, denoted by N/, is the s x m matrix with (i,j)-entry equal
to Bij—wjj. The stoichiometric subspace, denoted by S, is the real vector space spanned
by the column vectors of \V.

The concentrations of the species X1,X>,..., X, are denoted by x1,x,...,x;, respectively.
Note that x; can be considered as a function in the time variable t. Under the assump-
tion of mass-action kinetics, we describe how these concentrations change in t by the
following system of ordinary differential equations (ODEs):

S
K1 H x;"zl
i=1

S
(&) H x?‘12
i=1

1= (fi(x), filix) =N , (23)

S
N
K [T 2™

i=1

where x denotes the vector (x1,xz,...,Xs), and « denotes the vector (xi,...,k, ). Note that
foreveryie{1,...,s}, fi(x;x) is a polynomial in Q[x,x].

A conservation-law matrix of G, denoted by W, is any row-reduced d x s matrix (here,
d:=s—rank(N)), whose rows form a basis of S*. Note that rank(W)=d. Especially, if the
stoichiometric subspace of G is one-dimensional, then rank(N') =1 and rank(W) =s—1.

Thttps://github.com/65536-1024/one~-dim
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Note that the system (2.3) satisfies Wx=0, and any trajectory x(t) beginning at a nonneg-
ative vector x(0) =x” € RS , remains, for all positive time, in the following stoichiometric
compatibility class with respect to the total-constant vector c:= Wx? € R%:

Pe:={xeR%y: Wx=c}. (2.4)

2.2 Multistationarity and multistability

For a given rate-constant vector x € R”, a steady state of (2.3) is a concentration vector

x* €RY such that fi(x,x*)=---= f(x,x*) =0, where fi,..., f; are on the right-hand side
of the ODEs (2.3). If all coordinates of a steady state x* are strictly positive (i.e. x* €RS ),
then we call x* a positive steady state. We say a steady state x* is nondegenerate if
Im(Jacs(x*)[s) =S, where Jacs(x*) denotes the Jacobian matrix of f with respect to x,
at x*. A steady state x* is exponentially stable (or simply stable) if it is nondegenerate,
and all non-zero eigenvalues of Jac;(x*) have negative real parts. Note that if a steady
state is exponentially stable, then it is locally asymptotically stable [22].

Suppose N € Z>(. We say a network admits N (nondegenerate) positive steady states
if there exist a rate-constant vector x € R”; and a total-constant vector c € R? such that it
has N (nondegenerate) positive steady states in the stoichiometric compatibility class P..
Similarly, we say a network admits N stable positive steady states if there exist a rate-
constant vector k €ER”, and a total-constant vector c€IR¥ such that it has N stable positive
steady states in P..

The maximum number of positive steady states of a network G is

cappos(G) :=max{N € Z>oU{+o0} : G admits N positive steady states}.
Similarly, we define
capstap(G) :=max {N € Z>oU{+o0} : G admits N stable positive steady states}.
We say a network admits multistationarity if cap,.s(G) > 2. We say a network admits
multistability if capgq, (G) > 2.
3 Main result
In this section, we focus on the bi-reaction network G

ap Xy Fag Xy B X1+ + B Xs,
ap X1+ FaoXs 2 BXi+-+BaXs. (3.1)

First, we define the following sets of indices, which give a partition of the set {1,...,s}:

Si:={i:an>ap, pa >, 1<i<s},
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Sy:={i:an<ap, Bin <wi, 1<i<s},
Sz:={i:an>ap, Bin <wi, 1<i<s},
Sy:={i:an<ap, Bin>wpn, 1<i<s},
Ssi={i:aj=apor i =u;,1<i<s}. (3.2)

Foreachie{1,...,s}, we define the following notions:
ai:=|ap—ap|, vii=|Ba—wnl (3.3)

Theorem 3.1. Given a bi-reaction network G (3.1) with a one-dimensional stoichiometric sub-
space, suppose 0 < cappos(G) < +-oo.

(a) If all the four sets S1,S2,S3,S4 are non-empty, then G admits multistability if and only if

) ; s . ; ny 3.4

iGZSlaz >rir€1§51{al} or iezszal >rir€1g;1{az} (3.4)

(b) If there are exactly three of the four sets S1,S2,S3,S4 are non-empty, then G admits multi-
stability if and only if one of the following four statements (1)-(4) holds:

(1) S1,S3 and Sy are non-empty, and

Z a;>min{a; }. (3.5)
i€, 1€54

(2) Sz,S3 and Sy are non-empty, and
Y a;>min{a;}. (3.6)
i€Sy i€Ss

(3) S1,S2 and Sz are non-empty, and there exists a subset S5 of Sy such that

Z a; > Z a; > mgr;{ai}. (3.7)

ics,  ies; €
(4) S1,S2 and Sy are non-empty, and there exists a subset ST of S1 such that

Z a; > Z a; >min{a; }. (3.8)
ics, s 1€54
(c) If there are exactly two of the four sets S1,S2,S3,S4 are non-empty, then G admits multista-
bility if and only if one of the following two statements (1)-(2) holds:
(1) Sy and Sz are non-empty and there exists a subset S5 of Sy such that

Z a; > Z a; > mgr;{ai}. (3.9)

€Sy  ieS; '€
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(2) Sy and Sy are non-empty, and there exists a subset ST of Sy such that
Z a; > Z a; >min{a; }. (3.10)
ics, i 1€54
(d) If only one of the four sets S1,S2,S3,S4 is non-empty, then G admits no multistability.

Remark 3.1. Part (c) of Theorem 3.1 implies that for the following several cases: S;
and S, non-empty, S1 and S3 non-empty, S; and S4 non-empty, and S3 and S4 non-empty,
there is no multistability. In fact, by [26, Theorem 6.1(b)], we know that for these cases,
a one-dimensional bi-reaction network admits no more than 2 positive steady states.
By [27, Theorem 3.4], admitting 3 positive steady states is a necessary condition for a one-
dimensional network to exhibit multistability.

Example 3.1. The following examples illustrate how Theorem 3.1 works. In the supple-
mentary materialst, we also provide Maple files for the readers to verify the presented
computations.

(a) Consider the following network:
4X1+Xo+ X3 — 5X1+ Xy,
X14+2X0+ Xy — 3Xo+X3.
It is straightforward to check that
a1 =3, a=1, a3 =1, az=1,
S1={1}, S2={2}, S;={3}, S:={4}, S5=0,

Zai:al =3>1=ua4 :min{ai}.
€5 i€5y

So by Theorem 3.1(a), we have caps,,(G) > 2. The steady-state system augmented
with the conservation laws is

K1 x‘fxp_xg —KpX1 x§x4 =0,

—x1—x2—c1=0,

—x1—x3—C2=0,

xX1—x4—c3=0.
One can check that for c;=—2,c0=—17/10,c3=3/10,x1 =1, and x, =1, the network
has 3 positive steady states
x(
2

NE)

(0.3293,1.671,1.371,0.02930),
(1.000,1.000,0.7000,0.7000),
(1.548,0.4521,0.1521,1.248),

where x(1) and x®) are stable.

thttps://github.com/65536-1024/one~-dim
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(b))

(b)(ii)

Consider the following network:

3X14+3Xp+2X3+ Xy — 4X1+4Xo+X3+2Xy,
X1+ Xo+X5+4Xy — 2X3+3Xy.

It is straightforward to check that

a1 =2, a=2, az=1, ay =23,
S1={1,2}, S:=0, S3={3}, Si={4}, S5=0,

Z ai=m+ay=4>3=ay :min{ai}.
ics, 1€Sy

So by Theorem 3.1(b)(1), we have caps,(G) > 2. The steady-state system aug-
mented with the conservation laws is

mﬁ@%m—@mmmﬁza
X1—X2—C1 :O,
X1+X3—62:0,
x1—x4—c3=0.

One can check that for c; =9/100,¢, =3,c3=1/10,x1 =1, and x> =2, the network
has 3 positive steady states

x(M) = (0.1448,0.05478,2.855,0.04478),
x(?) = (0.7442,0.6542,2.256,0.6442),
x® =(2.103,2.013,0.8967,2.003),

where x(!) and x(®) are stable.
Consider the following network:

2X1+2Xo+ X3+ Xy +X54+3Xe — 3X1+Xp,
X14+3Xo4+3X3+2Xy — 4Xo+4X34+3X,4+ X5-+3Xs.

It is straightforward to check that

a1 =1, a=1, a3 =2, ag=1, as=1, ag=3.
S1={1}, S$2:={2,3,4}, S3={5,6}, S:=0, S5=0Q.

Choose S5 =1{2,3}. Note that

Zﬂl’:4> Zai:3>misn{ai}:1.
3

i€S; i€S; €
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So by Theorem 3.1(b)(3), we have caps,(G) > 2. The steady-state system aug-
mented with the conservation laws is

le%x§X3x4x5x2 — K2x1xgx§xﬁ =0,
x1+x2—01=0,

x1+x3—c2=0,

X1+x4—c3=0,

X1+x5—c4=0,

3x1+x¢—c5=0.

One can check that for ¢y =101,c, =101, ¢c3=1000, c4s =100, c5=315,x1 =1, and k. =72,
the network has 4 positive steady states

(32.09,68.91,68.91,967.9,67.91,218.7),
(86.24,14.76,14.76,913.8,13.76,56.29),
(
(

97.55,3.450,3.450,902.5,2.450,22.35),

D
@
®
x®) =(99.54,1.464,1.464,900.5,0.4641,16.39),

where x(2) and x*) are stable.
Consider the following network:

3X1+4X,4+5X3+2Xy — 4X14+5Xo+7X53+4+3Xy+ X5,
2X14+2Xp4+4X343Xy4+2Xs5 — Xy

It is straightforward to check that

LZ1:1, El2:2, El3:1, LZ4:1, LZ5:2.
$1={1,2,3}, $=0, $3=0, S4={4,5}, S5=0.

Choose S; = {2}. Note that
Z ai=3> Z ai:2>min{ai}:1.
i€54 ies; 1€54
So by Theorem 3.1(c)(1), we have capgq, (G) >2. The steady-state system augmented
with the conservation laws is
K106 X303X3 — 2K X3 x5 X3 x5 X2 =0,
X1—Xp—C1= 0,
2x1—x3—Cc=0,
X1 —x4—c3=0,
xX1—x5—c4=0.
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One can check that for c;=100,c,=1,¢3=101, ¢4 =90, x; =1, and x, =328, the network
has 4 positive steady states

(101.6,1.588,202.2,0.5879,11.59),
(108.1,8.081,215.2,7.081,18.08),
(
(

128.2,28.21,255.4,27.21,38.21),
190.6,90.62,380.2,89.62,100.6),

where x(1) and x®) are stable.

4 Proofs

Assumption 4.1. Without loss of generality, for any network G defined in (3.1), we as-
sume that the set S5 of indices defined in (3.2) is empty throughout the rest of the paper.
In fact, if 0 < cappos(G) < 400, one can always construct a new network such that the
new network G is dynamically equivalent to the original one and the set S5 for the new
network is empty (e.g. [27, Lemmas 5.1 and 5.2]).

We assume that any bi-reaction network G mentioned has the form (3.1). Notice that
by Assumption 4.1, we have

,Bﬂ—(xﬂ;éO, i:1,...,S. (41)

If G has a one-dimensional stoichiometric subspace, then there exists A € R (A #0) such
that
P12 —ar2 P —an
: =A : . (4.2)

s2 —Xs2 ,le — 51

By [17, Lemma 4.1] (also, see [27, Lemma 4.2]), we assume that A <0 in (4.2) (otherwise,
the network admits no positive steady state). By substituting (4.2) into fi,...,fs in (2.3),
we have

fi=(Bin—wn) <K1HX kl—l—/\Ksz "2> i=1,...5s. (4.3)

We define the steady-state system augmented with the conservation laws

I’ll Z:fl ‘311 — K11 (Kl Hx K +/\K2Hx kz) (44:)

=(Bin—ain)x1—(Bri—wn1)xi—cio1, i=2,...,5. (4.5)
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We solve x; from h; =0, and we get

xl: (ﬁil_ail>X1_Ciill i:2/"'IS‘ (4'6)
P11 —an

We introduce a new variable z and a new parameter y/; such that

x1 = (B11—a11)(z+p1). (4.7)
Then, the conservation laws (i.e. ; =0) can be written as

xi=(Bin—ain)(z+pi), (4.8)
where

Ci—1

e B —am) (B —an)
If iy =0, then by (4.4) we have

ﬁxli‘kl_“kz — &
k=1 K1
So,
> A
Z Nj1 — Ko lnxk =In < KK2> . (49)
=1 1

Notice that we can replace x; with (4.8). So, we define the left-hand side of (4.9) as a new
univariate function g(z)

S

g(z):=Y (win—ap)In(Bi—an)(z+pu). (4.10)

i=1
For i € 51,54, we define d; := p;. For i € S5,53, we define d; := —y;. Recall that we have
defined the notions a;,7; in (3.3). So, we have

z)=Y ailnyi(z+d;) = ) ailn(—7i(z—d;))

i€5; i€Sy
+ Y ailn(—vi(z—d;)) = Y ailnyi(z+d;). (4.11)
i€S3 €Sy

Notice that the domain of the function g(z) is I:= (£, R), where
E.: { max{_di}i651US4l SlUS4 ?é®/

00, S51=54=0,
R min{d; }ies,us,,  S2US3 #Q, 4.12)
~+o00, S, =53=0Q.
By (4.10) and (4.11), we have
dg 20— ai a;
S (z)= = + - . (4.13)
dz ; zZ+ i Zg z+d 1;: z+d 1;5'3 —z+d; l.;& z+d;
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Lemma 4.1. Given a network G (3.1) with a one-dimensional stoichiometric subspace, suppose
cappos(G) < +oo. Let g(z) and I be the function and the interval defined as in (4.11) and (4.12).
Then, G admits multistability iff (if and only if) there exist {d;};_; CR and K € R such that the
equation ¢(z) =K has at least 2 solutions zy and zy in I satisfying §'(z1) <0 and g'(z2) <0,
where these d;’s are distinct from each other.

Lemma 4.2. Given a network G (3.1) with a one-dimensional stoichiometric subspace, suppose
cappos(G) < +oo. Let g(z) and 1= (L, R) be defined as in (4.11) and (4.12).

(i) For any given {d;};_,; CR, if

i e) =, lim glo)=-o0, iy )=, i )=

then there exists K € R such that the equation g(z) =K has at least 2 solutions zy and z,
in I satisfying §'(z1) <0 and g’ (z2) <O iff there exists z € I such that ¢’ (z) > 0.

(ii) Forany given {d;};_, CR, if

zl—l>r?+g<z> - zgl%*g<z> - zl—l>l?+ E (Z) =t lim 22 (Z) I

then there exists K € R such that the equation g(z) =K has at least 2 solutions zy and z,
in I satisfying §'(z1) <0 and g’ (z2) <O iff there exist Z1,z, € I (21 <Zp) such that

d—g(il) <0, d—g(iz) > 0.

dz dz
(iii) For any given {d;};_, CR, if
lim ¢(z)=—0c0, lim g(z)=+00 ag (z)=-+0c0, lim ag (z) =400
z%ﬁ*g N ’ z%R’g N "oorrdz N " SR dz N !

and if there exists K € R such that the equation g(z) =K has at least 2 solutions z; and z
in I satisfying g’ (z1) <0 and §'(z2) <0, then there exist z1,Zp, 23 € I (z1 <z < Z3) such
that

Z—i(z)@, )50, Bz <o.

4.1 Proof of Theorem 3.1(a)

Proof. <) First, we prove the sufficiency. Without loss of generality, we assume that

Y a;>min{a;}. (4.14)
i€Sy

€S
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(If ¥;cs,a; > min;cg,{a;}, one can similarly prove the network G admits multistability.)
By Lemmas 4.1 and 4.2(i), we only need to find {d;};_; C R such that

. _ . _ . odg, .dg,
iy et iy sio)=-on i )=l =
and there exists z € [ satisfying ¢’(Z) > 0. First, for any i € S1, we let d; = 0. Similarly, we
let d; =0, for any i € S», and we let d; =03 for any i € S3. Assume that min;es, {a;} =a;,
where ip € S4. And for any i€ S4\ {ip }, we also make all d;’s the same, i.e. we let d; =0y for
any i € S4\{ip }. Then, by (4.11) and (4.13), we have

g(z)=) _ajlnyi(z+01)— Y aidn(—vi(z—0))

€5 €Sy
+ Y ailn(=vi(z—03)) —ajIny,(z+di) ) — Y ailnyi(z+oa),
i€S3 i€S4\{i0}
d_g(z) _ Lies, i N Yies,i  Xies,%i @y 21’654\{1‘0}“1“ (4.15)
dz z+op  —z+0y  —z4o3  z+d;, z+0y
So,
d_g(o) _ Lies, i + Yies,%i  Liess®i Wiy 21654\{1‘0}611" (4.16)

dz (%] (%] 03 dig 04

Below, we will choose concrete values for oy,0»,03,04 and d;, such that g’(0) > 0. We let

e e W A5

2611'0 ! Co Co

where
co:= Lies,% _ Gy _ 2ipbies % — iy (4.18)
o1 diy  Lies, aitai,
Notice that by (4.14), we have } ;cg a; >a;;. So, by (4.17), we have 07 >d,, and by (4.18),
we have
co=aj, y_ ai+aj, (Zai—ai0> >0. (4.19)
i€Sq i€Sq
Hence, 03 > 0 (recall that by (3.2) and (3.3), 4; > 0 for any i € S5). Obviously, we can
choose 0, such that 0, > 03. Notice that Y ;cs,4;/02 >0 (i.e. the second term of ¢'(0) in
(4.16) is positive). By (4.17), we have ¢ /2=};cg,4;/ 03, and ¢y /2> Yiiesy\{io) a;/oy. So, by
(4.16), we have

8 0)5 Diest_t_Tiessti Tiesiol oo €0 g (4

dz o] d;, 03 0y - 2 2

Notice that for the interval I= (£, R) defined in (4.12), we have
L :max{—al, _dio/ —0’4} = _dio < 0,
R :min{0’2,0‘3} =03>0.
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So, we have 0 € I. By (4.15), when z— R, we have g¢'(z) - —0c0, g(z) — —oo, and when
z— LT, we have ¢/(z) — —o0, ¢(z) — +o0. Hence, by (4.20) and by Lemmas 4.1 and 4.2(i),
the network G admits multistablity.

=) Next, we prove the necessity. Assume that the network G admits multistability.
By Lemma 4.1, G admits multistability iff there exist {d;}}_; C R and K € R such that
the equation g(z) =K has at least 2 solutions z; and z, in the interval I = (£, R) defined
in (4.12) satisfying ¢’(z1) <0 and g'(z2) <0, where these d;’s are distinct from each other.
Below, we prove the conclusion by deducing a contradiction. We assume that

Y ai< rigisﬁl{ai}’ Y ;< rirelis?{ai}'

€5 i€5;
Equivalently, we have
Zaiga]-, Vj€S4, (421)
€5
Y a;<a;, Vj€Ss. (4.22)
i€Sy

By (4.12), there exists m € S; US4 such that £ = —d,, and there exists n € S,US3 such that
R =d,,. Below, we deduce the contradiction for four different cases.

Case 1. Assume that there exist m € S and n € S3 such that

L=—dy,, R=d,. (4.23)
By (4.11) and (4.13), we have
lim g(z)=—o00, lim g(z)=—0c0, lim d—g(z) =400, lim d—g(z) =—00
zafd;zg N ’ z%d;g N ’ z——d; dz N ’ z—d;, dz N

So, by Lemmas 4.1 and 4.2(ii), there exists zg € [ = (—d,, d,,) such that

g a; ai a;i ai

—=(z0) = + -y —— =0, 4.24
dz (0) ig zo+d; ig —zo+d; ig —zo+d; iGZS;AL zo+d; ( )
dzg a; a; aj a;

g )= n Ly My A oo (425)
7 (20) 1_6251 ot d)? i;SZ(—zo+dZ-)2 ieZS:3(_ZO+di)2 1.6254 (z0+4d:)2

Below, we show that if (4.24) and (4.25) hold simultaneously, then there will be a contra-
diction. By (4.12) and (4.23), we have

R=d,<d:, YieS,. (4.26)

So,
a; a;

< , VieS,.
—zo+d;  —zo+dn ’
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Thus, for the second and the third terms in (4.24), we have

i€Sy i€S3 €S53
By the fact that n € S3 and by (4.22), we have
Yies, i a4 _ Yies,%  ap 0.

< <
—zo+d, —zo+d; ~ —zo+dy, —zo+dy

i€S3

So, by (4.27) and (4.28), we have

a; a;
< .
Z —2z0+d; ié —z0+d;

i€Sy
Then, by (4.24), for the first and the last terms in (4.24), we have
aj aj
> .
i;:lZ()—f—d' i§120+di

Similarly, by (4.26) and (4.22), we have

X (—Zojrdi)z - ZS (—Zo—lHii)2

€Sy ie€S
Yies,% y a
(—zo+dn)?* S5 (—2z0+di)?
Yics, i Iy
(—Zo +dn)2 (—Zo —i—dn)z
Then, by (4.25), we have
a; a;
> .
L Gorar” & Grar
By (4.21), we have
2
> -Ya,.
1-6254 (zo+di)? 1-6254 (zo+di)? ieZSl l

By (4.31), by using the Cauchy-Schwarz inequality and by (4.30), we have

Z:(z0+d PILED I S zo+d Za1/<2zoid>2><

1€Sy €S 1651 €S €5

So, by (4.32), we have

gz 2
E 5 > E — |
i€Sy <ZO 1)2 <i€S4 20 l)

which is impossible since a;/(zo+d;) > 0.

a a Yics, i a
— < — .
Z —z0+d; Z —zo+d;  —zo+d, Z —z0+d;

1€Sy

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)



Y. Liang, X. Tang and Q. Zhang / CSIAM Trans. Appl. Math., x (2025), pp. 1-38 15

Case 2. Assume that there exist m € S4 and n € S, such that
L=—d,, R=d,. (4.33)

Since Case 2 is symmetric with respect to Case 1, the proof is similar to the proof of Case 1.
We omit the details.

Case 3. Assume that there exist m € S; and n € S3 such that
L=—dy,, R=d,. (4.34)
Then, by (4.12), we have
—dy=max{—d;}ics,us,, dn=min{d;}ics,us,-

So, for any z € (—d,,, d,), we have

a; a; .
— < Vies,
1 d " z1d, teo
a; a; .
, VieSs,. 4.35
o d; " zrd, 'E? (435
Since m € S4 and n € S3, by (4.21)-(4.22), we have
A=Y a4, ap=)_a;. (4.36)
=) i€S;

Then, by (4.13), (4.35) and (4.36), we have

ag, . a; a;i a;i a;i
E(Z) =) z+d; ) —z+d; )y —z+d; 2 z+d;

i€Sy i€Sy i€S3 i€Sy

- Yics, A | Yies, i an A
~X

— — <0.

So, g(z) is decreasing in I. Thus, ¢(z) =0 has at most one real solution in I. On the other
hand, by Lemma 4.1, g(z) =0 has at least two real solutions in I, which is a contradiction.

Case 4. Assume that there exist m € S and n € S, such that

L=—d,, R=d,. (4.37)
By (4.11) and (4.13), we have
lim g(z)=-—o00, lim g(z)=4o0, lim d—g(z) =-+0c0, lim d—g(z) =400
Z—>—d:,r,g N ’ Z—>d;g N ’ z——d; dz a ! z—dy dz - )

So, by Lemmas 4.1 and 4.2(iii), if G admits multistability, then there exists zo€ I=(—d,,,d,,)

such that ; P -
d—i(zo)>0, T8 2)=0, Z8&(z)<o0.
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So, by (4.13), we have
ai ai a; a;
+ > - + ,
1;5:1 Zo+d; ieZSz —zo+d; iEZS3 —zo+d; iEZS4 zo+d;

i€S5) i€S3 i€5y i€Sy

» (ZOTlfli)‘z+ » <—2071Ldi)2 -4 (—Zojrdi)z tL (Zo+ldi)2'

i€51 i€Sy i€S3 1€Sy

Note that by (4.40), one of the following two equations must hold:

a; ai;
I - -
Z (Zo+di)3 ~ Z (ZO+di)3,

€5 i€Sy

a; a;
Z (—Zo+di)3 S Z <—Zo+d1’)3‘

i€Sy 1€S3

ai ai ai ai
< .
L (zo+di)3+.z (—z0+d;)? .Z (—zo+di)3+.z (z0+4d;)?

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

Without loss of generality, we assume (4.41) holds (if (4.42) holds, we can prove the con-
clusion similarly). Below, we prove that (4.38), (4.39) and (4.41) can not hold simultane-

ously by the following four steps.
Step 1. In this step, we prove that (4.38) and (4.39) imply

a; a;
Z (ZO"‘dZ‘)Z = Z (Zo—f—di)z.

€5 i€Sy

We prove the conclusion by deducing a contradiction. Assume that

aj a;
< .
Z (Zo+di)2 = Z (ZO"‘dZ‘)Z

€5 i€5,

Then, by Cauchy inequality and by (4.44), we have

2
aj
(Zov) <E iy Eo<E gragp B

€5 €5 €5 i€Sy €5

By (4.21), we have

a? a; ’
L Greay zal\zm{‘zzmi).

i€Sy €Sy i€Sy i€S,

Notice that a;/ (zo+4d;) >0 for any zp € I. So, by (4.45) and (4.46), we have

a; a;
L zo+d; <L zo+d;

€S i€Sy

(4.43)

(4.44)

(4.45)

(4.46)
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Hence, by (4.38), we have

a; a;
L “Zot+d; L —zo+d;

i€Sy 1€S3

On the other hand, by (4.39) and (4.44), we have

a; a;
Z (—Zo—i—di)z S Z (—Zo—l—dl’)z'

i€Sy i€S3

So, by Cauchy inequality and by (4.48), we have

i€Sy i€Sy i€Sy 1€S3

By (4.22) and by the fact a;, <a; for any i € S3, we have

2 . 2
L oty Z““ZW<<-Z —zmi) |

1€S3 i€Sy €S i€S3

So, by (4.49) and (4.50), we have

al al
< .
X —z0+d; ié —z0+d;

i€Sy

This is a contradiction to (4.47). Therefore, the inequality (4.43) must hold.

2
<Z—zOldi> <L B R B

17

(4.47)

(4.48)

(4.49)

(4.50)

Step 2. In this step, we show that by (4.41) and (4.43), we can construct do,ap €IR such

that
Z a; > ap
ics, (ZO+di)2 (Zo—i—do)z’
Y s S
i (z0+di)® = (z0+do)
Let

= <l§s4m> / (éW) h
5 2

It is straightforward to check that

Z aj a0 Z aj a0
(0+di)? ~ (zo+do)?’ 5 (zo+di)®  (z0-+do)>

1€Sy

So, by (4.41) and (4.43), we have (4.51) and (4.52) hold.

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)
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Step 3. In this step, we prove that
ap 2 Z a;. (456)

By (4.54), we only need to show that

3 2
(ﬂ m) ’ (2 m) P 437

€Sy i€Sy €5

Notice that by Cauchy inequality, we have

3
a; aj;
(Z (Zo+di)2> Z (zo+d;)*

l€54 1654
2
= L a; a;
(iez&; (Z°+di)2> leZS; (zo+4d;)? 24 (zo+4d;)*
2 2
a; a;
“\ L mray ) \ & Grar ) 458
<i6254 (Z°+di)2> <lezs4 (20 +di)3> (4.58)
By (4.21), we have
2 2
i€Sy (zo+d;) i€S, (Zo—l—di) bl Zo—i—d =

So, by (4.58) and (4.59), one can see that (4.57) holds.

Step 4. In this step, we show that (4.51) and (4.52) imply two contradictory inequali-
ties (4.64) and (4.65). By Cauchy inequality and by (4.52), we have

2
aj aj aj a aj

< . < . . 4.60

<Z <Zo+di)2> b (zo+d;)? L zo+d; ~ (20+do)? )y zo+d; @50

€S i€5 €S €S

We multiply the left-hand side and the right-hand side of (4.60) by }_;cs, 4;, and we get

2
ai ag a;
<ZW> 'Zaig <Zo+do)3..z zo+d.'zai' (461)

i€5 i€5

Note that by Cauchy inequality, we have

2 2
Lot (Eete) <(Eatem) Be e

€S €S i€5;
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By (4.56), we have Yies, i < dp. So,

2
ap a;
. < . 4.63
(Zo+do)3 Z Zo—|—d Z ai S Z —|—do) Z z0+d; ( )

i€Sy L ie$ i€Sy

Thus, by (4.61)-(4.63), we have

2
2
a; a; 610 a;
. < : :
Z (zo+d;)? (Z Zo—|—di> (zo+dp)? Z zo+d;

€5 €5 €S

Note that a;/ (zo+d;) >0 (i€ S1) for any zp € I. So, we have

2

a; a; ao
. < )
Z.GZS;I (zo+d;)? iezsll zo+d; ~ (zo+dp)?
Then, by (4.51), we have
a; ap
< . 4.64
Z zo+d; zo+dy ( )

€5

On the other hand, by (4.51) and (4.60), we have

2
2
ay a; ap a;
— g < < . .
(Zo+do)4 (Z (Zo—i—dl‘)2> (Zo+d0)3 Z zo+d;

i€5; €S

Note that by (4.53) and (4.54), we have zyp+dp >0 and agp > 0. So,
ap ai;
< ,
zo+dp zo+d;

(4.65)

€S

which is a contradiction to (4.64). So far, we have deduced the contradiction for the last
case, and we complete the proof. O

4.2 Proof of Theorem 3.1(b)

In this case, there are exactly three of the four sets 51,55, S3,S4 are non-empty. Below, we
successively prove Theorem 3.1(b)(1)-(4).

4.2.1 Proof of Theorem 3.1(b)(1)

Proof. According to the hypothesis of Theorem 3.1(b)(1), we assume that S1,S3 and Sy are
non-empty. By (4.11), we have

z)=Y_ ajln(z4+d;)+ Y _ ajln(—z+d;)— Y ailn(z+d;), (4.66)
€5 i€S3 i€s,
dg a; a; a;
dZ( )= Z z+d; Z —z+d; Z z+d;’ (4.67)

i€51 i€S3 i€Sy
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=) First, we prove the sufficiency. By [27, Theorem 3.4], if the network G admits
multistability, then cappos(G) > 3. By [26, Theorem 6.1(c)], if cap,,s(G) >3, then we have
ZieSl a; > mini€54 {a,-}.

<) Next, we prove the necessity. Assume that

Y a;>min{a;}. (4.68)
€Sy

€S

The goal is to prove that G admits multistability. Assume that a, = min;cs,{a;}, where
p € S4. First, we let d, =0. Then, for any i € S1, we let d; =d, and for any i € S3, we let
d;=1. For any S4\ {p}, we also make all d;’s the same, i.e. we letd;=e for any i€ S4\ {p}.
Notice that d and e are two positive parameters, and we will choose proper values for
them later. By (4.67), we have

d_g(z) _ Yies,% Yies,% p  Lies,\{p}%
dz z4+d —z4+1  z z4e

Note that the interval I defined in (4.12) is (0,1). By (4.66) and (4.67), we have

(4.69)

lipge) =t limgle)=—e MpTE)=e JmG @)=
By Lemmas 4.1 and 4.2(i), we only need to choose proper positive numbers d and e such
that there exists z € I satisfying ¢’'(Z) > 0. Below, we complete the proof by the following
two steps.

Step 1. Let
 Yies, i Lies,4i  dp
h(z):= o d ot 2 (4.70)
Notice that by (4.69),
_dg . Yies\{p)%i
h(Z)—E(Z)—F Z+e .

In this step, we show that we can choose d>0 such that there exists zZ€ I satisfying /(z) >0.
We solve d from h(z) >0 by (4.70), and we get

N(z)

d< D)’ 4.71)
where '
D(z):= Z_fii?%—az—p, N (z2) ::iGZS: a;— _ZZ+1 iGZS; a;—ap.
Notice that by (4.68), we have ) ;. 5, @i >y, and so,
limN (z) >0. (4.72)

z—0
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So, there exists z€ [ = (0,1) such that the A/(2) > 0. Notice that for any z€ I =(0,1), we
have D(z) > 0. Therefore, N'(2)/D(z) >0. Then, we can choose an appropriate positive
number d such that d <N (2)/D(z), i.e. h(z) >0.

Step 2. In this step, we prove that we can choose e >0 such that g'(Z) > 0. In fact, let

5 Licsi\{p} i
h(z)
Then,
g . Lies\{py® _, —  Lies\{p% _ .~ h(Z)
a4 O =@ -5 > - =h(E) = >0
The proof is complete. U

4.2.2 Proof of Theorem 3.1(b)(2)
Proof. According to the hypothesis of Theorem 3.1(b)(2), we assume that Sy, S3 and Sy are
non-empty. By (4.11), we have

—-X:aﬁn(—z+ﬂh)+»Z:aﬂn(—z%wh)—-X:adn(z+d0.

i€Sy 1€S3 1€Sy

Define

S(z)=—g(—z) =) ain(z+d;)— ) _ajln(z+d;)+ ) a;In(—z+d;).

i€Sy i€S3 €Sy

Notice that § '(z) = ¢'(—z). Let I*:={—z|z € I}. Then, there exist z1,z» € I such that
g(zi) =0, and g'(z;) < 0 (i=1,2) if and only if there exist z},z; € I* such that g(z]) =0,
and §'(z}) <0 (i=1,2). Note that by the proof of Theorem 3.1(b)(1), there exist z},z; € I'*
such that g(z;) =0, and g '(z) <0 (i=1,2) if and only if };c5,a; > min;cg,{a;}. So, by
Lemma 4.1, G admits multistability if and only if }";cs, 4; > min;cg, {a;}. O

4.2.3 Proof of Theorem 3.1(b)(3)

First, we present some useful lemmas (Lemmas 4.3-4.6). Since the proofs of these lemmas
are elementary, we put them in the supplementary materialsS.

Lemma 4.3. For any B1,B2,€1,€2,Xx1,%2,X3 € R satisfying

f1>0, p2>0, (4.73)
xite>0 (i=1,2,3,j=1,2), (4.74)
e1#£ e, (4.75)

Shttps://github.com/65536-1024/one~-dim
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where exist a,b,c € R such that

‘Bl ‘32 Cc .
=a =1,2,3), 4.76
xi—|—€1+xi—|—€2 +xi+b (i ) ( )
where
a>0, b>min{e;, e}, min{p1, B2} <c<Pi+po. 4.77)

Lemma4.4. Let G(z):=Y"1a;/(z+d;), where d; €R, and a; > 0. Let M:=min;c(y  ,1{d;}.
Then, for any three different numbers z1,22,23 satisfying zj > —M (j=1,2,3), there exist A,D,
0 € R such that

A .
G(Zj)—ﬁﬂL@ (j=1,2,3), (4.78)
where .
min {2} <A<) a,D>M, 6>0. (4.79)
ie{l,..n} =

Lemma 4.5. For any two sequences {a;}_,, {e;}}, satisfying
n
a;i>1 (i=1,...,n), e>1 (i=1,..,n), ap>) aj, e >0, (4.80)
i=1

the following inequalities can not hold simultaneously:

fo o i_f 1 (4.81)

e € ’ '

ap n a;

2 > Ze—z -1, (4.82)
0 i=1"i

ap " a;

—=<) -1 (4.83)

€ =16

Lemma 4.6. Define
E(xy,z):=(1-x)*(yz—x)(y—2)*+(1-y)*(xz2—y) (x~2)
+(1—2)*(xy—z) (x—y)>. (4.84)
Then, for any x,y,z € (0,1), we have E(x,y,z) <0.
Now, we are prepared to prove Theorem 3.1(b)(3).

Proof. According to the hypothesis of Theorem 3.1(b)(3), we assume that S1,S, and S3 are
non-empty. By (4.11), we have

g(z)=) ain(z+d;)— ) ajIn(—z+d;)+ Y a;In(—z+d;), (4.85)
icS, i€S, i€S;

dg ., \ _ a;i ai ai

dz (2)= 1 z+d; L —z+d; L —z+d; (4.86)

€Sy i€Sy i€S3
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Notice that by (4.86), we have

ng o aj; a; a;
A DY vy B e B e 8

i€51 i€Sy 1€S3

=) First, we prove the sufficiency. Assume that there exists a subset S} of Sy, such
that
Y a;> Y a;>min{a;}. (4.88)
ics;  ies; €53
The goal is to prove that G admits multistability. Assume that a, = min;cg, {a;}, where
p € S3. First, we let d, =1, and for any i € S1, we let d; =0. Then, for any i € 55, we let
di=w; and for any i€ 5,\S;, we let d;=w, for any i € S;\ S;. Similarly, for any i€ S3\{p},
we also make all d;’s the same, i.e. we let d;=w; for any i € S3\ {p}. Here, w; is a new real
parameter, and we assume that w; >1 (i=1,2,3). Then, by (4.86), we have

d_g(z) _ Lies, b N Yics; i +Ziesz\s;az‘ o Zi653\{p}ai'

dz z —z4+w; —z4wy, —z+1 —z4ws
Note that the interval I defined in (4.12) is now (0,1). By (4.85) and (4.86), we have
. - . _ . dg, . dg,
SpsE e ps@zoe IR BT Mpg T

So, by Lemmas 4.1 and 4.2(ii), we only need to choose proper values for w;,w,, and w3
such that there exist 21,2, € I (21 <2z») satisfying ¢’(z1) <0 and g¢’(z2) >0. Let
_ Lies, @i N Lies;%  ap 21653\{;)}“1"

z —z+w; —z+1 —z+ws

h(z):

We complete the proof by the following three steps.

Step 1. In this step, we prove that there exist w3 >1 and z; € I such that for any w; >1,
we have h(z7) <0. In fact, for any w; >1, we have

_ Yies, @i | Lics;%i—p  Lies,\{p}%i

hz) z —z+1 —z+ws (489)
Let the right-hand side of (4.89) be H(z). We solve d from H(z) <0, and we get
N(z)

where

N@E)= Y a+Ya+ (Zaf—“v> —

ieS;\{p}  i€S icS;

D(z):= Zaé—i— (Zai—ap> %%—1

€5y i€S5
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Note that
N@z)-D(z)=) ai— Y ai+)_a (1—1> :
i€Sy  iesy i€ z

By (4.88), we have lim._,1 (N (z) =D(2)) = Ljes, 4 — Lies; 4 > 0. So, there exists 21 € (0, 1)
such that NV (z;) —D(z7) > 0. Note also by (4.88), we have for any z € (0,1), V'(z) >0 and
D(z) >0. Hence,

N(z)

D(z1)
By (4.90), there exists w3 >1 such that H(z;) <0. Recall that for any w; >1, we have (4.89),
i.e. h(z) < H(z). So, for any w; >1, we have h(z;) <O0.

>1.

Step 2. In this step, we prove that there exist w; >1 and z; € (z1, 1) such that h(z3) >0. In
fact, we can solve w; from h(z) >0, and we get

w < V&) (4.91)
D(z)
where
~ 1 a 1
D(z):=—Y aj-+—= +< ) ai> ,
e, 2 7L oy ) TETWs
— z z
N(z)::Zai—Zaﬁapi%—( ) az-) .
ics;  ies —zH+1l \jesngpy /) —2Hws
Since N .
lim D(z) =400, lim N(z)=4o0, (4.92)
z—1~ z—1-

there exists z* € (0,1) such that for any z € (z*,1),

D(z)>0, N(z)>0. (4.93)
Note that

ﬁ(z)—ﬁ(z):Zai—ap+zgi<%_1>+< y ﬂi) z—1

ics; ics, iess\qpy ) TFTWs

Since w3 >1, we have . N
lim (N (z)—=D(z)) = )_ aj—a,.
21 i€s;
By (4.88), the above limit is positive. Therefore, we can choose z; € (max{z3,z*},1) such
that .
NNLAZ?) >1.
D(z)

So, by (4.91), we can choose appropriate w; > 1 such that h(z,) > 0.
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Step 3. In this step, we prove that there exists wy > 1 such that ¢'(z1) <0 and ¢'(z2) > 0.
In fact, we can choose
2)ies)\s;% 2}

wzzmax{ “hz) +2z1,

Therefore, we have

Yies,\s3 i - h(zy)

d—g@l):h(El)JF

dz —Z1t+w, T 2 <0,
dg o Lies\s;H
E<ZZ)_h(ZZ)+ T tws >h<22)>0.

<) Next, we prove the necessity. Our goal is to prove that if G admits multistability,
then there exists a subset S; of S, such that

Y ai>) ai> rirelislgl{ai}. (4.94)

i€S;  i€Sy

Assume that |S;| =s; (i=1,2,3), and assume that S; ={1,...,s51}, So={s1+1,...,s1+52},
and Sz = {s;+s2+1,...,51+s2+s3}. Below, we prove the conclusion by deducing a con-
tradiction. Note that if there does not exist a subset 5; of S such that } e g, a; >3 jes;ai >
min;es,{a;}, then we have the following three cases.

Case 1. s3=1.
Case 2. s3>2 and for any i € Sy, we have } ;g a; <a;.
Case 3. Assume that ag, 1 <ay, 7 <--- <as 4,. There exists k€ {1, ...,s,} such that

s1+k
Z aigmisn{ai}< Zai§a51+k+l§”'§a51+52'
i=s1+1 1€53 i€S;

Below, we will prove the conclusion by discussing the three cases. By Lemma 4.1, if G
admits multistability, then there exist {d;}5_; CR and K€R such that the equation g(z)=K
has at least 2 solutions z; and z; in the interval [ = (£, R) defined in (4.12) satisfying
<'(z1) <0and g'(z2) <0, where these d;’s are distinct from each other.

Case 1. Assume thats3=1. Then, S3={s1+s,+1}. Suppose di <d> <---<ds,, and ds ;1<
d51+2 << d51+52'

Case 1.1. If dg, 45,11 <ds,+1, then the interval I defined in (4.12) is (—d1,ds, +s,+1). No-
tice that by (4.86), for any i € {s;+1,...,s9+sp,—1}, lim_ ;+¢'(z) = —c0 and

lim__ ;- ¢'(z) = +oco. Note also that ¢'(z) is continuous in (d;,d;+1). So, there ex-

o
ists z; € (d;, di41) such that ¢’(z;) =0. Hence, g'(z) =0 has at least s;—1 solutions in
(ds,+1,+00). Similarly, notice that by (4.86), for any i € {1,...,51—1}, lim__,_,-¢'(z)=

—o0 and limzﬁ_dtlg’(z) = +4o00. So, there exists z; € (—d, 1, —d;) such that ¢’(z;) =0.
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Hence, §’(z) =0 has at least s; —1 solutions in (—oo, —d; ). Since the numerator of g’(z)
is a polynomial with degree s1+s2, §'(z) =0 has no more than s; +s; real solutions in
(—o0, +0). Hence, there are no more than 2 solutions in I = (—dy,ds,1s5,+1). On the
other hand, by (4.85) and (4.86), notice that

Iim ¢(z)=—o0, lim z)=—00, lim -2(z)=-+o0, Im —2(z)=—oc0.
z—>—d1+g< ) z—d g( ) z——d dZ( ) z—d_ dZ( )

s1+sp+1
By Lemmas 4.1 and 4.2(ii), if G admits multistability, then there exist 21,2, €I (21 <Z3)
such that

dg dg
d—§<zl)<o, —§<ZZ>>0.

Since lim__, ;+¢'(z)=+0c0and lim__, g'(z)=—00, ¢'(z) =0 has at least 3 solutions

S_1+s2+1
in I, which is a contradiction.

Case 1.2. If d, 45,11 > ds, +1, then the interval I defined in (4.12) is (—dq,ds,41). No-
tice that by (4.86), for any i € {s1+1,...,51+s2—1}, we have limzéd?g’(z) = —o0 and
limzﬁdalg’(z) =+o00. So, for any i € {s;+1,...,51+s, — 1} satisfying dg, 45,1 € (di, di1),
there exists z; € (d;,d;11) such that ¢’(z;) =0. Note that dg, 4,11 is located in at most
one of the s, —1 intervals (d;,dj+1)(i € {s1+1,...,s1+s2—1}). Hence, g'(z) =0 has
at least s, —2 real solutions in (d, 11, +00). Similarly, notice that by (4.86), for any
ie{l,..,s1—1}, lim_,_, g'(z) = —cc and hmZ”*dﬁlg/(Z) = +00. So, there exists z; €
(—di+1, —d;) such that ¢’(z;) =0. Hence, ¢’(z) =0 has at least s; —1 real solutions in
(—o0, —dy ). Since the numerator of ¢’(z) is a polynomial with degree s1+s3, §'(z) =0
has no more than s;+s; real solutions in (—oco, +o0). Hence, ¢’(z) =0 has no more
than 3 real solutions in I. On the other hand, by (4.85) and (4.86), notice that

lim g(z)=—oc0, lim g(z)=+o00, lim —S(z)=4o00, lim —=(z)=+oco.

z——df z=dg z——df dz z—dy dz

By Lemmas 4.1 and 4.2(iii), if G admits multistability, then there exist z1,2,,Zz €I (21 <
2z <z3) such that

g g ag .
E(Zl)<0/ E(ZZ)>O’ 5(23)<0‘

Since lim__, 4+ ¢'(z) =400 and lim,__ ;- +1g’(z) =+00, ¢’(z) =0 has at least 4 solutions
51

in I, which is a contradiction.

Case 2. Recall that the hypothesis of this case is that s3 >2 and for any i € S, we have
Yics,ai <a;. Notice that the interval I defined in (4.12) is

I=(L,R), (4.95)
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where
L=—min{d,}, (4.96)
i€5;
R:min{di}i€52U53. (497)

Step 1. First, we prove that if G admits multistability, then there exist z, 2, z3 € I
(z1 <Z» <Zz3), such that

dg()<& E15(2’2)>0,§§<)<0. (4.98)

If min;es, {d; } <min;es,{d;}, we have I = (—min;cg, {d;}, min;cs,{d;}). By (4.85) and
(4.86), we have

lim g(z)=—co, lim g(z)=+o00, lim d—g(z):—i—oo, lim d—g(z):—i—oo.

z— LT z— R~ z L+ dz

By Lemma 4.2(iii), there exist z1,2>,23 € I (Z; <2 <Zz3) such that

92 zy<0, B(z) >0, Zf( 3) <0 (4.99)

If min;eg, {d; } <min,es,{d;}, we have I = (—min;cg, {d;}, min;cs,{d;}). By (4.85) and
(4.86), we have

. B . B .odg . . odg,
Aps@)=re Bpsl@) = Mpg @t M@
By Lemma 4.2(ii), there exist 21,z € I (Z1 <Z) such that
dg ag .
= (z1) <0, E<ZZ) > 0. (4.100)
Since lim, ,z- §'(z) = —oo, there exists Z3 € (22, R) such that ¢’(2z3) <0. So, the conclu-

sion holds.

Step 2. Below, we deduce a contradiction by (4.98). Note that ¢’(z) is a rational func-
tion. So, by (4.98), there exists zg € (21,22) such that

d—g<Z()> :0, T(ZO) ZO (4101)
By (4.86), (4.87) and (4.101), we have

Yoyt o, (4.102)

i€s, 20+di ics, —2o+di o5 —z0+d
a; a;
- —_— ——>0. (4.103)
ZEZS Zo—|—d ) 16252 (—Zo +di)2 ieZS:3 (—Zo+d1‘)2
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Recall that a; >0 and zo+d; >0 (i € S1). Then, we have

a; a;
Y <), , (4.104)
ics, —zo+d; ics, —z0+d;
aj aj
> . 4.105
igzslz (—zo+d;)? j6253 (_ZO+di)2 ( )

Recall that the hypothesis of this case is that s3 > 2 and for any j € S, we have a; >
Yies,4i- Then, by (4.104)-(4.105) and by Cauchy’s inequality, we have

2
a;
Yy — >y ——= Y 4> Z 5 ) a (4.106)
ics, (—zo+d;)? ics, (— z0+d ics, 1653 Zo+d ics,
2 2
S e ) (4.107)
ic3s —z0+d; ico —zo+d;

which is a contradiction.

Case 3. Recall that the hypothesis of this case is that there exists k€ {1, ..., s> } such that

Sl+k
Z a; < mln{a < Z 1 <dg, 1 j11 < <ds 4, (4.108)
i=s1+1 €53 i€S3

where ag, 11 <as, 42 <--- <ag, 1,. Similar to the proof of Case 2, we have (4.98).

Step 1. In this step, for the z1, 22, z3 in (4.98), we prove that there exists

~ Al A2 A a;
G(z):= + + +6— 4.109
() z+Dy —z+D; —z+Dj Zé —z+d; ( )
such that N N N
G(z1)<0, G(z2)>0, G(z3)<0, (4.110)
where
A1>0, O<A2<m1n{a b, Az> Zal, (4.111)
i€S3
Zi+D1>0, —Z;+Dy>0, —z;+D3>0 (i=1,2,3), (4.112)
0>0. (4.113)

Recall that by (3.3), for any i € S;, we have a; >0. Since z; € I (i=1, 2, 3), by (4.96), we
have z; > —min;eg, {d;} (i=1,2,3). Then, by Lemma 4.4, there exist A;, D1, 6; € R such
that

a; Aq .
— == +0 =1,2,3), 4114
ig Z+d; Z+Di U ) @11
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where

min{a;} <A1 <) _a;, Di;>min{d;}, 6;>0. (4.115)
i€5; = €S
So, we have Ay >0in (4.111) and Z;+D; >0(i=1,2,3) in (4.112). By (4.108), let S{") =

{s141,...,51+k} and S = {51 +k+1,...,51+52}. So, S, =S USI? and by (4.108), we
have

Y a;<min{a;}, (4.116)
o) i€S3
i€S,

Y a;<min{a;}. (4.117)
i€S; ies?

Recall that by (3.3), for any i € Sy, a; > 0. Since z; € I (i =1,2,3), by (4.97), we have
—Z;i>—R> —minies(l) {d;} (j=1,2,3). Similarly, by Lemma 4.4, there exist A, D»,6,€R
2

such that

a; Az .
Y ——=— +6, (j=1,2,3), (4.118)
jesy) T EtDh
where
min{ai} §A2§ Z a, DzZ min{di}, 9220. (4119)
ies{V o) ies{V
2 i€S, 2

Then, by (4.116), we have 0 < Ay <minjes,{a;} in (4.111) and —z;+D, >0(i=1,2,3)

in (4.112). Recall that by (3.3), for any i € S», 4; > 0. Since z; € I (i=1,2,3), by (4.97),

we have —z; > -R > —milnz.e S(z){di} (j=1,2,3). Similarly, by Lemma 4.4, there exist
2

Az, D3,03 € R such that

a; A3 .
= +60; (j=1,2,3), (4.120)
esp) At 5D
where
min{a;} <A3< Y a;, D3z>min{d;}, 63>0. (4.121)
ies? ies? ies?

Then, by (4.117), we have A3>}) ;cs.{a;} in (4.111) and —Z;4+D3>0(i=1,2,3) in (4.112).
Let 0:= 614 60,+65. Notice that in (4.115), (4.119), and (4.121), we have 6; > 0. So, we
have (4.113). By (4.114), (4.118), and (4.120), we have G(2;) =¢'(Z;) (i=1,2,3). Then,
by (4.98), we have (4.110).

Step 2. Below we will deduce a contradiction from (4.110) by discussing two cases.

Case 3.1. Assume that
mlsn{dl} < Dz. (4.122)
1€53
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Step 1. In this step, we prove that there exists z* € (z3,22) such that

A2 A3 a;
+ - <0, 4.123
—Z*+D2 —Z*+D3 ieZS:3 —Z*—f—dl’ ( )
Az A3 a;
+ -) —FF>0. 4.124
(oD (1D &7 iap (4.124)

Note that by (4.110), we have G(Z;) <0, and G(23) > 0. Note that G(z) is a ra-
tional function. So, there exists z* € (21, 23) such that

G(z")=0, (4.125)
G,
- (2")=0. (4.126)

Since z* € (21, 22), by (4.112), we have z* +D; > 0. Note that by (4.111), we have
A1>0. By (4.109) and (4.125), we have (4.123). Notice that by (4.109), we have

dG A Ay As

& G D)? (CaaDa)? T (CzaDe?

a.
L. (4.127)
iezs:3 (_Z+di)2

So, by (4.126) and (4.127), we have (4.124).
Step 2. Letd,:=min;cs, {d;}, where g€ S3. Let S5:=53\ {q}. Let

L. TE @) 24y 2t
27—z 4Dy 7T —zr+Dy’ T —zt

for any i € S5. In this step, we prove that

2
Y ai < Y aief+a,—As (6:5_1))2> - ( Y aiei+aq—Aze§”> <0.  (4.128)

icS;  \i€sy i€Ss

In fact, we multiply (4.123) by —z+d,;, and we can get

A3€§2) < Z aiej+a;— Azeél). (4.129)
ies;
By (4.111), we have
A3 > Z ai. (4130)
1€S3

By (4.129) and (4.130), we have

1
Zz‘esﬂi'

2
1
A3(e§2))2 = Aj? (egz))ZA_S < < Z aiej+ag— Aze£1)> (4.131)

icsy
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We multiply (4.124) by (—z+d,)? and we can get

Az (eéz))2 > Y aier+a,—As (eél))z. (4.132)

i€s;

Then, by (4.131) and (4.132), we have

2
1
Zaief+aq—A2(e§l))2< <Zaiei+aq—Azeg_l)> -,
i€S; i€s; Yics, i
which is equivalent to (4.128).
Step 3. Define

2
= ( Zai—l—y) <Zaie§+y—A2(e§1))2> — ( Z aiei—l—y—Azeg_l)> .

i€s; i€s; i€sy

Note that F(a;) <0 is equivalent to (4.128). In order to deduce a contradiction,
the goal of this step is to prove F(a,)>0. Notice that by (4.111), we have a,> A;.
So, we only need to show that dF /dy >0 for any y € R and F(Az) > 0. Note
that

y Zsla ei—1) +Aze§)—|—Aze§)( eél)),
€53

and note that by (4.122), we have 0 < egl) <1. Note also that by (4.111), A, > 0.
So,
> Z a;
]/ €S53

Below, we prove that F(A;) >0. Define

2
g(x) = < Z Elrl—Az) < Z Ell‘elz—i-Az—AzxZ) - < Z aiei+A2—A2x> . (4.133)

i€s; i€s; i€s;

Notice that Q(l/eél)) = F(A2). So, we only need to prove that g(l/eél)) > 0.
Notice that G(x) is a quadratic function in x, and its coefficient of x? is negative.
So the minimum of G over (0, 1) is greater than G(0) and G(1). By Cauchy’s
inequality, we have

= < Zai—i—/h) ( Zaie%+A2> - ( Zaiei+A2>zzo.

icsy i€s; icsy
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Also,
2 2
g(l) = < Z ai+A2> Z aie;?"— ( Z a,-ez-> > Z a; Z az-e?'— < Z al-ez-> 20
€S53 €S53 €S53 i€S;  ie€S; €S53

So, for any x € (0, 1], G(x) > 0. Notice that 1/egl) € (0, 1]. Then, we have
G(1/eM)>0.
Case 3.2. Assume that

min{di} > D». (4.134)
1€S3
Define N
P(z):=G(z)—6. (4.135)
Note that (4.110) is equivalent to
P(z1)<—0, P(z)>—-0, P(z3)<-6, (4.136)

where z; <z, <Zz3. Below, we deduce a contradiction from (4.136) by discussing
two cases.

Case 3.2.1. We assume that for any z € (21, 23), we have P(z) <0. Note that P(z)
is a rational function. So, if (4.136) holds, then there exists zy € (21,23 ), such that

apP
o (z0)=0, (4.137)
d’p

Since z € (21,23), we have P(zg) <0. Then, by (4.109) and (4.135), we have
A1 Az As a;

< . 4.139
ZQ+D1+—Zo+D2+—ZQ+D3_i;i—ZQ—Fdi ( )
Note that by (4.111) and (4.112), we have A1/ (zo+D;) >0. Then, by (4.139), we
have A A
2 3 ai
+ < _ 4.140
—zo+Dy  —zo+Dj3 _iGZS:3 —z0+d; ( )
Note that dP/dz=dG /dz. So, by (4.127) and (4.137), we have
Z a; _ A1 + Az + A3
e (mz0+di)*  (zo+D1)?  (—z0+D2)*  (—z0+D3)?
A2 A3 (4.141)

< + .
- (—Zo+D2)2 (—Zo+D3)2
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By (4.138), we have
2P 24, 24, 2A3 2a;
RS Z = - <O'
dz2 ( O) <ZO+D1)3 <—Zo—|—D2)3 <—Z()+D3)3 iGZS;3 <_20+di)3 N
So, we have
A2 A3 a;
+ < . 4.142
(—z0+D2)%  (—z0+D3)3 Z-EZSZS (—zo+d;)? ( )

Below, we show that (4.140)-(4.142) can not hold concurrently. Let

As . —z0+Ds
Ay —zo+Dy’

and for any i € S3, let

4 . —Zo+d;

vii= A ;= ——s

By (4.111), we have ;>1 (i€S3) and 7 >);cs, 7i- By (4.112) and (4.134), we have

e;>1(i€S3) and e>0. Then, we divide the both sides of (4.140) by A»/(—z9+Dz),
and we get
1+X<y 2 (4.143)
€ s ¢

Similarly, by (4.141) and (4.142), we have

Y Vi
1+€_2 > Z e_zl' (4.144)

i€S3 i

i Vi
1+e—3§ ‘Z e—; (4.145)

i€S3 i

By Lemma 4.5, (4.143)-(4.145) lead to a contradiction.
Case 3.2.2. We assume that there exists zg € (21, z3) such that P(z) >0. Let

¥(z):=(z+D1)P(2) (4.146)

Az A3 a;
=A D — . 4.147
1+ (z+ 1)<—Z—|—D2+—z—i—D3 Z—z—f—di) ( )

i€S3

Note that P(zg) > 0. Recall that by (4.112), we have 6 > 0. So, by (4.136), we have
P(z1) <0 and P(z3) <0. Then by (4.146), we have

P(z1) <0, ¢(z0)>0, (z3)<0. (4.148)
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Note that 1(z) is a rational function. So, by (4.148), there exists zj € (z1,23), such
that

¥(z) >0, (4.149)
ap .

W (=0, (4.150)
dZ

d—Z‘f (z5) <. (4.151)

Step 1. In this step, we prove that by (4.148) and (4.149), we have

P(z5) SA1—Ar—As+ Y as (4.152)

i€S3
We will prove the conclusion by deducing a contradiction. Let

wi=A1—Ar—Asz+ ) a;. (4.153)

i€S3

Assume that
P(zp) >w. (4.154)

We first prove that for any u € R, (z) = u has at most 4 real solutions in
(—o0,D5). Notice that S3={s;+s2+1,...,51+s2+s3}. Note that by (4.1), d,’s are
distinct from each other. Assume that ds s, 11 <ds, 15,42 <"+ <ds, 5,45, Recall
that by (4.134), we have D, <dj, 1s,+1. Notice that by (4.147), for any i € S3, we
have lim__, ;. P(z) = —o0 and lim, ;- P(z) =+00. So, for any i € Sz satisfying
D3 ¢ (d;, diy1), there exists z; € (d;, d;11) such that ¥(z;) =u. Note that D3 is
located in at most one of the s3—1 intervals (d;,d; 1) (i€{s1+s2+1,...,51+s2+
s3—1}). Hence, ¢(z) = u has at least s3—2 real solutions in (D,, +o0). Since
the numerator of ¥(z) —u is a polynomial with degree s3+2, (z) = u has at
most s3+2 solutions in (—oco, +00). Hence, 1(z) =u has at most 4 solutions in
(—OO, Dz) Let

_max{w, p(5), P(E)} +min{ Ay, p(z)}

5 (4.155)

Below, we prove that if (4.154) holds, then (z) = u has at least 5 solutions in
(—o0, D), which will be a contradiction. We first prove that

u>max{w, P(z1),P(z3)}, u<min{Ai, P(z;5)} (4.156)

In fact, by (4.155), we only need to prove

min{ Ay, (z9) } >max{w, p(z1), ¥(23)}-
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By (4.148) and (4.149), we have (z) > max{y(z1), (z3) }. Then, by (4.154),
we have

P(zp) >max{w, P(z1), P(z3) }. (4.157)

Notice that by (4.111), we have A; > 0. Then by (4.148), we have A; >
max{y(z1),¥(z3) }. By (4.153), we have

A—w=Ay+A3— ) _a. (4.158)
i€S3
By (4.111), we have Ay+A3— ) a;,>0. So, we have A; >w. Then, we have
i€S3
Ay >max{w, ¥(z1),P(z3) }. (4.159)

Hence, by (4.157) and (4.159), we have
min{ Ay, (zp) } >max{w, p(z1), ¥(23)}.
Then, (4.156) holds. Note that by (4.156), we have
u>p(z1), u<yp(zy), u>p(zs). (4.160)
Note that by (4.146) and (4.153), we have lim,_, _{(z) =w, {(—D1)=A;, and
lim,_,min{p,, D,}- ¥(2) = +o0. Then, by (4.156), we have
u> ZEIP@¢(Z)’ u<yp(—Dy).

By (4.112), we have —oo < —D; <Z; <z} <z3 <min{D,, D3}. Then, we have
{(z) =u has at least 5 solutions in (—oo, min{D,, D3}) C (—oc0, D,), which is
a contradiction. So, we must have that the inequality (4.152) holds.

Step 2. Let

~ Ap As a;
z):= + — . 4.161
ll)( ) —z4+Dy —z+Ds ieZS:3 —z+d; ( )

In this step, we show that the inequality (4.152) implies

Ay L As
—zy+Dy  —z5+Ds

aj
Y ———<O0. (4.162)
ieS3_Zo+di

P(z)=

In fact, by (4.147), it is straightforward to check that

(z)=A1+(z+D1)¢(2). (4.163)

So, by (4.152) and (4.163), we have
Ay+As— Y ai+(z5+D1)(z5) <0. (4.164)

1€S3

Since z§ €(z1,23), by (4.112), we have z{+D; >0. By (4.111), we have A+ A3z —
Yics,ai >0. Then, by (4.164), we have (4.162).
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Step 3. In this step, we show that by (4.150), (4.151), and (4.162), we have

dl[) As Asz a;

+ = >0, 4.165
dz < ) (— ZO+D2) (—28+D3)2 ics, (—Zs—f—dl’)z ( )
dzi;ljv 2A2 2A3 2611'

Z ()= — <0. 4.166
iz %) (—z5+D2)® ' (—z+D;3)? EZS (—z5+d;)? (160

In fact, by (4.147), (4.161) and the chain rule, we have

ZZ’( )=z )+<z+D1) < 2), (4.167)
2
%@):fi—f(z)ﬂzwl)d—;f(z). (4.168)

So, by (4.150) and (4.151), we have
dyp

$(25)+ (25+D1) -~ (25) =0, (4.169)
dy 29
d_ZJ(Zé)—i_(ZS‘i‘Dl)%(ZS) <0. (4.170)

Recall that zj+D1>0. So, by (4.162) and (4.169), we have (4.165), and by (4.165)
and (4.170), we have (4.166).

Step 4. In this step, we prove that (4.162), (4.165), and (4.166) can not hold
concurrently. Let
é - —ZS + D3
Ay —z3+Dy
and for any i € S3, let
az —Zé +di
T, T D,
2 0 2
By (4.111), we have 7;>1and 7y >} ics, 7i- By (4.112) and (4.134), we have ¢;>1
and e>0. Then, we divide the both sides of (4.162) by A,/ (—z;+D>), and we
get

1+ < Z Vi (4.171)
€ l€53

Similarly, by (4.165) and (4.166), we have

1+Z7_ >y (4.172)
i€S3 i
vi

63 < Z (4.173)
i€S3 l

By Lemma 4.5, (4.171)-(4.173) lead to a contradiction. O
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4.2.4 Proof of Theorem 3.1(b)(4)

According to the hypothesis of Theorem 3.1(b)(4), we assume that S1,S> and Sy are non-
empty. By (4.11), we have

g(z)=) ain(z+d;)— ) ajIn(—z+d;)— ) _ a;In(z+d;).

i€S5y i€S; i€Sy

Define

§(z):i=—g(—2z)=—) aldn(—z+d;)+ ) _ajln(z+d;)+ Y _ a;In(—z+d;).

€S i€Sy i€Sy

Then, the argument is similar to the proof of Theorem 3.1(b)(2). By the proof of Theo-
rem 3.1(b)(3) and Lemma 4.1, G admits multistability if and only if there exists a subset S}

of 51, 2i€54{ai} >2i€51*ai >mini€54{ai}.

4.3 Proof of Theorem 3.1(c)

The proof is similar to (and simpler than) the proof of Theorem 3.1(b). So, we put the
details in the supplementary materialsi.

4.4 Proof of Theorem 3.1(d)

In this case, only one of the four sets Si, 5, S3, S4 is non-empty. So, g(z) is monotone, and
hence, g(z) =0 has at most one real solution. By Lemma 4.1, G admits no multistability.
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