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Abstract. In this paper, we introduce a neural network-based method to address the
high-dimensional dynamic unbalanced optimal transport (UOT) problem. Dynamic
UOT focuses on the optimal transportation between two densities with unequal total
mass, however, it introduces additional complexities compared to the traditional dy-
namic optimal transport problem. To efficiently solve the dynamic UOT problem in
high-dimensional space, we first relax the original problem by using the generalized
Kullback-Leibler divergence to constrain the terminal density. Next, we adopt the La-
grangian discretization to address the unbalanced continuity equation and apply the
Monte Carlo method to approximate the high-dimensional spatial integrals. More-
over, a carefully designed neural network is introduced for modeling the velocity field
and source function. Numerous experiments demonstrate that the proposed frame-
work performs excellently in high-dimensional cases. Additionally, this method can
be easily extended to more general applications, such as crowd motion problem.
AMS subject classifications: 65K10, 68T05

Key words: Unbalanced optimal transport, neural network, Lagrangian discretization, crowd
motion.

1 Introduction

Optimal transport (OT) [25, 33] is a significant research field, widely applied to various
practical problems in machine learning [32], including domain adaptation [26], trans-
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fer learning [6, 23], generative models [1, 15,24], image processing [17, 20], and natural
language processing [12]. Despite its success across various domains, the numerical res-
olution of the optimal transport problem still presents several challenges. The Eulerian
discretization-based method suffers from the curse of dimensionality, which means that
the computational complexity grows exponentially with spatial dimension. Furthermore,
OT typically assumes that densities have the same total mass. However, in real-world
applications, a more common scenario arises where the total mass of each density is not
equal, which corresponds to so-called unbalanced optimal transport problems. In this
paper, we propose an extension of our previous deep learning method designed to solve
the high-dimensional OT problem to address the high-dimensional UOT problem.

The OT problem originated from the “sand moving problem” proposed by Monge
[19], which studied the minimization of the total cost of material transportation. The so-
lution to the Monge problem is called the optimal transport mapping. However, directly
solving the Monge problem is extremely difficult, due to its highly non-convex nature,
and the existence of its solution is not guaranteed. The Kantorovich problem [10] relaxes
the transport mapping into transport plans, represented by joint probability distribu-
tions. In the discrete case, the OT problem can be relaxed into a standard linear program-
ming problem. The Sinkhorn method [7] introduces an entropy regularization term to the
original linear programming problem, which can be efficiently solved using the Sinkhorn
algorithm [29], significantly accelerating the computation of the OT problem. However,
as the dimensionality increases, maintaining accuracy requires an exponentially growing
number of grid points, leading to higher computational costs and memory demands. An
alternative formulation of the OT problem from the fluid mechanics perspective was first
introduced by Benamou and Brenier [2]. Its computation requires solving a partial differ-
ential equation (PDE)-constrained optimization problem. Unlike the previous two static
formulations, the dynamic OT problem can dynamically describe changes in density by
involving a time variable.

The dynamic OT problem can be formulated as follows: Given two probability den-
sities pg and p; on QA C RY, we want to find a time-dependent density p: Q) x [0,1] =R and
a time-dependent velocity field v: Q) x [0,1] — R¥ that transport the mass of p to the mass
of p; at minimal transport cost £(p,v), i.e.

1 p
min o(x,t)|?0(x,t)dxdt =:E(o,v), 1.1
somin L (e ot (p.0) (B

where (p,v) €C(po,p1) satisfies the dynamical constraint, i.e. the continuity equation, the
initial and terminal densities are given by pg and p;, respectively,

C(po,01):={(0,0) : 0rp(x,t) + V- (p(x,t)v(x,t)) =0,0(-,0) =po, 0( 1) =p1},  (1.2)

where £(p,v) denotes the generalized kinetic energy and the optimal £(p,v) gives the
square of the L? Wasserstein distance. This fluid mechanics formulation provides a natu-
ral time interpolation, which is highly beneficial for a wide range of applications, includ-



W. Wan et al. / CSIAM Trans. Appl. Math., x (2025), pp. 1-22 3

ing continuous normalizing flow [30] and mean field games [13], therefore making the
numerical solution for dynamic OT more attractive.

The UOT problem describes the optimal transportation between two densities with
different total masses. Various versions of UOT have been developed based on different
formulations of OT [27]. This work mainly focuses on solving the dynamic formulation
of the UOT problem, a generalization of the dynamic OT problem proposed by Benamou
and Brenier, which introduces a source function to control the creation or destruction
of mass during transportation. Several dynamic UOT models have been proposed to ac-
count for mass change by introducing different source functions f into the cost functional
and the continuity equation. Given two densities pgp and p;, the general dynamic UOT
problem can be formulated as

min / / |o(x,t)||>0(x,t)dxdt+aR (p, f). (1.3)
(p0.f)€C(po,p1)

Here, « is a positive constant, and (p,v,f) € C(po,p1) satisfies the unbalanced continuity
equation with initial and terminal densities pg and p;, respectively,

Clpo,p1):=1{(p,0,f) : 0up(x,t) + V- (p(x,t)0(x,t)) =S (0,f), p(-,0)=po, (-, 1) =p1}. (1.4)

When f =0, the dynamic UOT problem simplifies to the dynamic OT problem. Several
authors have considered density-independent source terms [8,14,21,22]. Gangbo et al. [8]
consider R(f) to be density-independent and the source function f(t) to be space-inde-
pendent

= [lfwPaciol, s()=f0).

They derive the corresponding unnormalized Monge problem, Monge-Ampére equation,
and Kantorovich formulation, and introduce a primal-dual algorithm for the numerical
solution of this dynamic UOT problem. Lee et al. [14] extend this UOT model in [8] by
using a spatially dependent source function f(x,f)

1,
= [ [lfGenirxdr, S(H)=f(xb).

They design fast algorithms for L! and L? generalized unnormalized optimal transport
using a primal-dual algorithm and a Nesterov accelerated gradient descent method, re-
spectively. In this work, we mainly study the dynamic UOT problem as introduced
by Chizat et al. [4,5]. In this model, R(p,f) is density-dependent and f(x,t) is space-
dependent

Rio.f)= [ [ fletPotendads, S(o.f)=f(ep(x).

This UOT model is defined on the Wasserstein-Fisher-Rao metric, also known as Hellin-
ger-Kantorovich, initially and independently proposed by [4,11], providing an interpola-
tion between the Wasserstein distance and the Fisher-Rao metric for measuring unequal
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masses. Chizat et al. [4], theoretically establish the existence of solutions to this vari-
ational problem. They employ staggered grid discretization techniques and solve this
problem using the first-order proximal splitting method, demonstrating its application
to image interpolation. In [5], the authors further generalize this model and propose
a family of dynamic UOT problems. In addition, they formulate a corresponding static
Kantorovich formulation and establish the equivalence between dynamic and static for-
mulations. Building on this UOT model, Chen et al. [3] propose the addition of a dif-
fusion term, cAp, into the source term S(p,f). This incorporates both advection and
diffusion into the transport process. In their model, f(x,t) is a relative source function
with a specified indicator function. They have developed a detailed numerical algorithm
to implement this model and applied it to modeling the fluid flow in the brain. Lom-
bardi et al. [16] propose a genetic source term and consider three distinct types of source
terms specifically designed for interpolating growing tumor images. Additionally, they
further prove the existence and uniqueness of solutions for two of these terms, providing
numerical evidence of their convergence and ability to handle mass growth in various
test cases. The Eulerian discretization-based methods mentioned above are effective in
low-dimensional cases but cannot be readily extended to high dimensions due to the ex-
ponential growth in the number of samples required to achieve a given tolerance as the
dimensionality increases.

In recent years, deep learning has demonstrated remarkable success on a variety of
computational problems. Jing et al. [9] develop a deep learning framework to compute
the geodesics under the spherical Wasserstein-Fisher-Rao metric, where f is restricted
to the family of zero mean functions. The learned geodesics can be adopted to gener-
ate weighted samples from some target distribution. Recently, TrajectoryNet [31] was
proposed for learning cellular dynamics. Its loss function is carefully designed by incor-
porating multiple biological priors to perform an unbalanced optimal transport. Using a
neural network model, TrajectoryNet captures continuous changes in cellular states over
time and simulates cell proliferation and death processes through unbalanced optimal
transport. Sha et al. [28] introduce TIGON, a novel dynamic unbalanced optimal trans-
port algorithm that integrates deep learning with the Wasserstein-Fisher-Rao metric. This
method simultaneously reconstructs cellular dynamic trajectories, models population
growth, and infers the underlying gene regulatory network from time-series single-cell
RNA sequencing snapshots. These approaches offer new insights into the understanding
of cellular differentiation and development. In [34], we propose a novel deep learning
approach for addressing the high-dimensional dynamic OT problem. We adopt the La-
grangian discretization to solve the continuity equation and use Monte Carlo sampling
to approximate the high-dimensional integrals rather than Eulerian discretization-based
methods. Moreover, we carefully design neural networks to parametrize the velocity
field, achieving more accurate results in high-dimensional cases with excellent scalabil-
ity.

In this paper, our first contribution is the introduction of a novel neural network ap-
proach to address the high-dimensional dynamic UOT problem used with the Wasser-



W. Wan et al. / CSIAM Trans. Appl. Math., x (2025), pp. 1-22 5

stein-Fisher-Rao metric. In contrast to our previous method [34], which was designed for
high-dimensional dynamic OT problems, the UOT problem introduces additional com-
plexities by incorporating a source term into both the objective function and the continu-
ity equation. There are three main differences compared to the OT problem:

(i) To alleviate the dynamic formulation, we employ the generalized Kullback-Leibler
(GKL) divergence to constrain the terminal density, rather than the standard Kul-
Iback-Leibler (KL) divergence, which is ineffective for the UOT problem.

(ii) To overcome the curse of dimensionality, we utilize Lagrangian discretization to
solve the unbalanced PDE constraint and employ Monte Carlo sampling to approx-
imate the high-dimensional integral. However, this introduces the need to solve an
additional ordinary differential equation (ODE) compared to the OT problem.

(iii) In addition to parameterizing the velocity field, the source function also requires
parameterization which increase the number of parameters.

Our second contribution is the good scalability of our proposed framework in high di-
mensions with constant number of samples. Furthermore, it can be easily extended to
more general applications, such as Gaussian mixtures and crowd motion problems with
different total masses.

The structure of this paper is as follows. In Section 2, we introduce the dynamic
UOT problem and the GKL divergence. Section 3 presents the Lagrangian discretization
approach. The neural network architecture is described in Section 4. Section 5 provides
the experimental results along with implementation details. Finally, we conclude this
work in Section 6.

2 Dynamic UOT and generalized Killback-Leibler divergence

In this work, we mainly study the dynamic UOT problem as introduced by Chizat et al.
[4,5]. Given two densities pg and p;, the fundamental problem can be formulated as
minimizing the Wasserstein-Fisher-Rao metric

min / / o (x,t)]|%0(x,t dxdt—f—oc/ /f x,t) t)dxdt
(p0.f)€C(po,p1)
—&(p,0) +aR(p,f), 1)

where p:()x [0,1] =R is a time-dependent density, v:() x [0,1] —R? is a velocity field that
describes the movement of mass and f:Q)x [0,1] — R represents a spatially dependent
source function that captures local growth and destruction of mass. In addition, « is
a positive constant, and (p,v,f) € C(po,p1) satisfies the unbalanced continuity equation
with the initial and terminal densities denoted as pg and p;, respectively,

Clpo,p1):={(0,v.f) :0p(x,t) + V- (p(x,t)v(x,t)) = f(x,t)p(x,t),
p(+,0)=po,p(-1)=p1}. (22)
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In particular, when f(x,t) =0, the dynamic UOT problem reduces to the dynamic OT
problem.

To efficiently solve the dynamic UOT problem, we first relax the constraint on the
terminal density p(-,1) =p; by transforming it into an implicit condition. Unlike the stan-
dard OT problem, where the total mass is conserved and p(-,1) represents a normalized
probability distribution, the UOT problem allows for the creation or destruction of mass.
This means that during the transportation process, the total mass can change, leading
to a terminal density p(-,1) that may not by a normalized probability distribution. To
address this issue, instead of using the original KL divergence to enforce the terminal
density constraint in the OT problem, we apply the generalized Kullback-Leibler (GKL)
divergence for the dynamic UOT problem.

Let p(x) and g(x) be unnormalized probability distributions. The GKL divergence
[18] between p(x) and g(x) is defined by

GKL(p()llg()i= [ o2 ) pl)dn, p(r)i=togr-+7-1.

p(x)

The key properties of the GKL divergence are as follows: (a) Gibbs” inequality holds:
GKL(p(x)||g(x)) >0, and (b) GKL(p(x)||g(x))=0if and only if p(x) =¢(x) holds almost
everywhere for all x. The GKL divergence is general because for normalized probability
distributions p(x) and ¢q(x), it reduces to the original KL divergence

_ px) 4.
GKL(p()lla(x)) = [ plx)logh S dv=KL(p(x)lla(x)).

Therefore, by relaxing the terminal density constraint p(-,1) =p; as an implicit condi-
tion through the introduction of the GKL divergence term

Plp) = GKL(p(x,llps () = | (1) 1og BT —p(x,1)-+1(x)d,

we obtain the following optimal control formulation:

min  F(o,v,f)=E(p,v)+aR (o, f)+AP(p), (2.3)
(0,0,f)€C (po)

where

C(po):={(0,v,f) : dp(x,t) + V- (p(x,t)v(x,t)) = f(x,t)p(x,t),0(-,0) =po }

Additionally, A serves as the penalty parameter.

3 Lagrangian formulation

To solve UOT in high-dimensional space, we solve the transport equation

Ip(x,t)+ V- (p(x,t)o(x,t)) = f(x,t)p(x,t)
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along the characteristics. The characteristics can be obtained by solving an ODE system

%z(x,t):v(z(x,t),t), z(x,0)=x. (3.1)

Then the original PDE can be transformed to an ODE system along the characteristics

L o(z(x),1) = —p(zlxt),1) Vo (2l 1),1) + £ (2(x,), Dp(z(x.),0),

(3.2)
0(z(x,0),0) =po(x).
Diving p on both sides, above ODE can be simplified further
d
—Inp(z(x,t),t) ==V -v(z(x,t),t) + f (z(x,1),t), (3.3)

dt
Inp(z(x,0),0) =Inpy(x).
Note that (3.2) and (3.3) are equivalent, however (3.3) offers some advantages in numer-
ical computation. In high-dimensional cases, since py is a positive number very close to
zero, solving Eq. (3.2) can lead to numerical overflow issues. Therefore, in practice, we
solve Eq. (3.3) instead.
In addition, we define an auxiliary variable y(x,t) which satisfies following PDE:

Orp(x,t)+ V- (u(x,t)o(xt)) =0, pu(x,0)=po(x).

Mo is a given density. Then u preserves to be density for ¢t > 0. Similarly to p,u can be
solved along characteristic also.
d
alny (z(x,t),t) ==V v(z(xt),t), Inp(z(x,0),0)=Inpo(x). (34)
Here, z(x,t) represents the characteristics solved in (3.1).
From (3.1) and (3.4), it is well known that
u(z(x,t),t)det(Vz(x,t)) =po(x), Vtel0,1]. (3.5)

Now, we can rewrite the objective function in Lagrangian form. First,
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Similarly, we can rewrite other two terms in the objective function

1 p
Rip.f)= ; /Qf(X,t)Zp(x,t)dxdt

= ! .f(x,t)zp(x't) (x,t)dxdt

0Ja P’(xft)y
— 0.1 Qf(z(x,t),t)zfttiigzgP‘( (x,t),t) det (Va(x,))dxdt
o 2p(z(x1),t)
= | fExn0 W (20),1) po(x)dxdt

1 20(z(xt),t)

1) e D) plxl) | (%)
o [nGeD) 0G0 D) ) _
0 z(x,l),l)1 o(z(x1),1) p(z(x,1),1) . p1(z(x,1))

}y(x,l)dx

(ax01) (
o|pu(z(x1)1) 8 p1(z(x1))  wu(z(x1)1) p(z(x1)1)
xu(z(x,1),1)det(Vz(x,1))dx

B p(z(xl)l) P pe)) o) ]
= o e ) REeD ) i)
) (< D), plae1)1) plan)1) (z(x,m
o o1 1) B oy (D)) (o)1) T (e T)

With the help of Lagrangian formulation, we write the objective function in the form
of expectation. This is important to calculate the objective function especially in high-
dimensional space, since Monte-Carlo method is almost the only effective method to
calculate high-dimensional integrals.

Using Monte-Carlo method, we get the following semi-discretized version of the dy-
namic UOT problem:

rg,gijfnf(p,v,f ):=E(p,v)+aR(p,f)+AP(p), (3.6)

where £(p,v),P(p) and R(p,f) denote the discretized versions of £(p,v),P(p) and
R(p, f) in the spatial direction, respectively, i.e.

o= [ otetunn L @7
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dt, (3.8)

— + , (3.9)
u(z(x;,1),1) 7 p1(z(x,1))  p(z(x,1),1)  p(z(x:,1),1)
where x1,x7,...,x, € R? are random samples independently drawn from p. p(z(x;,t),t)
and pu(z(x;,t),t) can be obtained from the solution of (3.3) and (3.4) along the character-
istics z(x;,t). Then, (3.1), (3.3) and (3.4) can be reformulated as the following constraints:

5@)::21 [P(z(xi,l),l) log” z(x;,1),1)  po(z(x;,1),1)  p1(z(x;1))

%z(xi,t):v(z(xi,t),t), z(x;,0)=x;, xi~po(x), (3.10)
d lnp( (xi,t),t) ==V v(z(x;,t),t) + f(z(xi,t),t), Inp(z(x;0),0) =Inpo(x;), (3.11)

jtlny( (xi,t),t) ==V -v(z(x;,t),t), Inp(z(x;,0),0)=Inpo(x;). (3.12)

In our numerical implementation, we simply set yg = pg. To get the fully discretized
model, we need to solve ODEs along time and compute integrals in time. The above
three ODE constraints, (3.10)-(3.12), are solved using the classical fourth-order explicit
Runge-Kutta scheme (RK4). The time integral in (3.6) is computed using the standard
composite Simpson’s formula.

4 Neural network architectures for the velocity field and source
function

To address high-dimensional UOT problems, we parameterize both the velocity field v
and the source function f using neural networks, leveraging the ability of neural net-
works to approximate high dimensional functions.

The representation is split into spatial and temporal components. For the temporal
component, we use simple linear finite element basis functions, while for the spatial com-
ponent, we employ a standard multi-layer perceptron (MLP) network. More specifically,
for the velocity field v, our model architecture is as follows:

v(x,1;0) Zle(? $i(t), 4.1)

where (x,t) € R**! represents the input feature, and the basis functions ¢;(t) are defined
as

0, E<ti 1,
t—t;_
ELoM(t—ti1), tia<t<t,
gi(n)=4 Lt
' tip1—t
=M(ti1—t), t;<t<ti,
tiv1—ti

0, t>1.
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Here, the number of the basis functions is M+1. Once M is determined, we can set the
number of time steps N to kM, such as k=2, ensuring that the forward ODEs (3.1), (3.3)
and (3.4) can be solved stably and accurately.

Additionally, v;(x;0) is the sum of some two-layer MLP networks, defined by

Lo e Oy ()
0i(x;0) =) [Wy o (Wy; x+by/) +by,].
=1

Here, the network parameters are denoted by 6={ Wl(zl ), Wz(lZ ),bgli) ,bélz-) }, where Wl(zl ) eRHxd,

Wz(lZ ) € IRdXH,bg? ceRY, bg-) eR? H represents the number of hidden units, L denotes the
width of the network, and ¢(x) =tanh(x) serves as the activation function.

The advantage of the proposed architecture is that it enhances representation ability
and reduces oscillations in the time direction by utilizing piecewise linear function as the
basis functions. A detailed analysis of this effect can be found in our previous work [34].

Unlike the standard OT problem, in the dynamic UOT problem, the additional source
function f(x,t;0) is also parameterized using basis functions as follows:

f(x,t;0) :wTu(x,t;é) +b,

where u(x,t;é) follows the same architecture as v in (4.1). The parameters of the net-
work f are given by §= {@,w,b}, withweR?, beR, and = {W(f),wz(f),f)ﬁ),f)g)}.

As a result, the original optimization problem (3.6) concerning the velocity field v and
the source function f can be reformulated into an optimization problem focused on the
network parameters. To compute the gradient of the objective function with respect to
the parameters § and 8, we employ the standard back propagation method enabled by
automatic differentiation. Consequently, the parameters can be optimized using gradient
descent and its variant. We summarize the proposed UOT algorithm in Algorithm 1.

5 Numerical experiments

In this section, we illustrate the effectiveness of the proposed method. The numerical
examples include Gaussian examples, Gaussian mixture examples and crowd motion
examples. Note that when the means of the densities pg and p; are not identical, we
first set the source function f =0 and employ the KL divergence to find the target mean,
a process referred to as initialization.

In our experiments, unless otherwise stated, we adopt the following default settings:
the time steps N =10, the GKL penalty parameter A =10000, and the unbalanced coeffi-
cient « =100. The parameters of the network structure are as follows: the number of the
basis M =5, the width of neural network L =2, and the number of hidden units H = 10.
All models are trained for 1000 epochs (training iterations) using the Adam optimizer
and a consistent batch size of 1024 training samples for all high-dimensional cases. The
initial learning rate is set to 0.01, with a decay factor of 0.98 applied every 10 epochs. All
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Algorithm 1. UOT Algorithm.

Input: Initial density pg, terminal density p;, time steps N, network structure parame-
ters L,M,H, hyperparameters A and a.
Initialize: Parameters 0 of the velocity field v and 0 of the source function f.
for epoch=1,2,...,1000 do
Randomly draw samples x1,x2,...,x, from .
Set t]' :] / N.
for j=0to N do
Solve z(x;,t;) using RK4 by Eq. (3.10).
Solve p(z(x;,t;),t;) using RK4 by Eq. (3.11).
Solve y(z(x;,tj),t;) using RK4 by Eq. (3.12).
end for
Compute €(p,v), R(p,f) and P(p) using standard composite Simpson formula by
Egs. (3.7), (3.8), and (3.9), respectively.
Compute gradient of the objective function F(p,v,f) with respect to parameters 6
and 6 using automatic differentiation.
Update 0 and 8 by using the gradient descent method.
end for
Output: Optimized parameters 6 and 6.

the experiments are conducted in PyTorch on an NVIDIA H800 PCle GPU with 80 GB
memory.

5.1 Examples of UOT with different weight

In this section, we discuss the coefficient « governing the source term in the dynamic
UOT problem (2.1). This coefficient parameter regulates the creation and destruction of
mass during transportation. When «a approaches infinity, the UOT solution converges
towards the classical OT solution in (1.1).

Figs. 1-3 numerically illustrate the density evolution using the proposed method,
moving from the initial density (shown in blue in (a)) to the target density (shown in
red in (e)) at one dimension (d =1). The first row illustrates the transportation process
for UOT with a =100, while the second row shows the process for UOT with a = 10°.
Lastly, the third row presents the transportation process for OT. We can clearly see that
when the unbalanced coefficient « is sufficiently large, UOT performs similarly to OT,
indicating a preference for transporting with equal mass.

5.2 Gaussian examples

In this section, we consider the UOT problem on several typical Gaussian examples with
different means and covariance matrices. Here, p; (-, m,X) represents the probability den-
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with =100, bottom: OT.

sity function of a d-dimensional Gaussian distribution with a mean vector m € R? and
covariance matrix £ € R4 j.e.

1
o) = g

2

S rm) = ).

Below, we first provide specific settings for four unbalanced synthetic tests in d =1.

e Test1: po(x)=pc(x,0,1), p1(x)=2p5(x,0,1).
1

e Test2: po(x)=pc(x,0,1), p1(x)= Epc(x,O,l).
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Figure 3: Top: UOT with =100, middle: UOT with a =10°, bottom: OT.

e Test3: po(x)=pc(x,0,1), p1(x) =205(x,4,1).
1
e Test4: po(x)=pc(x,0,1), p1(x) = EPG(XA’U'

In Fig. 4, we illustrate the evolution of the density transition from the initial density po
in (a) to the target density p; in (e). We observe that the unbalanced movement is rea-
sonable, and the target density estimated by our trained network (depicted in blue in (e))
closely matches the true target density p; (shown in red in (e)). This result demonstrates
the effectiveness of our training procedure.

Secondly, we consider the UOT problem on four typical Gaussian examples in d > 2
as listed below.

1
e Test5: pg(x) =pg(x,0,I), p1(x)= PG (x,—4-eq,I).
e Test6: po(x) =pc(x,0,I), p1(x) =20c(x,4-e1,1).
e Test7: po(x) =pc(x,0,0.3-1), p1(x) =205(x,4-€1,0.3-1).
1
e Test8: pp(x) =pc(x,—4-e1—4-e,1), p1(x)= PG (x,4-e1+4-e,1).

In Fig. 5, we present the transmission process in the two-dimensional case (d=2). The
first column (a) and the last column (f) show the initial density and the target density,
respectively. The other columns correspond to the push-forward of the initial density at
intermediate times t=0.25,0.5,0.75, and 1.0, respectively. We can clearly observe that the
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Figure 4: lllustration of these four Gaussian problems at d=1.

target density estimated by our trained network in (e) is very similar to the true target
density in (f). Additionally, the changes in mass during the transmission process can be
observed through the maximum density values of the samples at the top-right corner
across different time points. Specifically, in Test 5 and Test 8, the maximum density value
of the samples at t =1 is approximately half of that at t =0. In contrast, for Test 6 and
Test 7, the maximum density value at t =1 is nearly double that at t =0. These observed
unbalanced movements are both expected and reasonable.

Similar results can be observed across high-dimensional cases, as shown in Fig. 6
for d =100. Furthermore, we present the running time per epoch and memory usage
for dimensions ranging from 2 to 100 in Fig. 7. As shown in the figure, memory usage
increases linearly with dimensionality.

Moreover, we conduct experiments in higher dimensions with d =300 and d = 400.
For these cases, we find that increasing the batch size is necessary, as a batch size of
1024 samples is insufficient for higher dimensions. However, this results in memory
constraints. Therefore, we set L =1 and use 2048 samples for d =300 and 3096 samples
for d =400, respectively. The corresponding results are presented in Figs. 8 and 9.

For better illustration, we report the GKL divergence values across dimensions rang-
ing from 2 to 400 in Table 1. It is evident that the proposed method consistently yields
promising quantitative results, even as dimensionality increases significantly.
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Figure 5: lllustration of these Gaussian problems at d=2.

Table 1: Results of the GKL divergence term for each dimension.

d | Samples | Test5 Test 6 Test 7 Test 8 | Time (s)

2 1024 1.79e-04 | 3.59e-04 | 6.61e-04 | 3.48¢-03 | 1.1598
100 1024 1.30e-03 | 3.19e-03 | 2.77e-03 | 2.23e-03 | 1.4172
300 2048 1.49e-03 | 3.80e-03 | 3.83e-03 | 5.22e-03 | 1.6513
400 3096 2.36e-03 | 5.66e-03 | 3.43e-03 | 3.47e-03 | 2.4753

5.3 Gaussian mixtures

In this section, we consider UOT problem on two Gaussian mixtures examples as listed
below.

e Test9: po(x) =pc(x,0,1), p1(x)=pc(x,—2-e1,I)+pc(x,2-e1,I).
e Test 10: po(x) =pg(x,—2-e1,1)+pc(x,2-e1,1), p1(x) =pc(x,0,1).

In Figs. 10 and 11, we demonstrate that the proposed method effectively achieves the
splitting from one to two (Test 9) and the merging from two to one (Test 10), along with
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Figure 6: lllustration of these Gaussian problems at d =100.
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Figure 7: Memory usage across dimensions (2-100) with 1024 samples.

the creation and destruction in mass. Furthermore, we can clearly observe that the target
density estimated by our trained network in (e) closely resembles the target density pq
in (f), even in high-dimensional instances.
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Figure 8: lllustration of these Gaussian problems at d=300.

5.4 Generalization on crowd motion

The proposed method of UOT can be easily extended to address crowd motion problems
with different total mass. For example, in the application of traffic flow, some vehicles
enter and exit the flow while traveling from one location to another, resulting in different
initial and terminal vehicle counts. Similarly, in the population migration of animals,
there are births of new life and deaths of weaker individuals, resulting in differences
between the initial and final population counts.

In contrast to the optimal transport problems, the crowd motion problem involves not
only approximating the transition from the initial density pg to the target density p; but
also ensuring that obstacles are avoided during dynamic movement. These obstacles can
be incorporated into the objective function by introducing an additional term, referred to
as the preference term

Q)= [ [ Qplxidxdt, 1)

where Q: () — R models the spatial preferences of agents. A higher value of Q(x) indi-
cates a position closer to obstacles.
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(a) po(x0) (b) Po.25(%0.25) (¢) Pos(%05) (d) po.75 (¥0.75) (e) pr(%1) (f) p1(x1)

Figure 9: lllustration of these Gaussian problems at d =400.

() po(x0) (b) Po.25(¥0.5) (c) fos(%o5) (d) foz5 (%075) (e) p1(%1) (f) p1(x1)

Figure 10: lllustration of these Gaussian mixtures problems at d=2.
The optimization problem can then be formulated as

1
min  £(p,0)+-R(p.f)+AprQp),
(0,0.f)€C(00,01) (p,0) 2 (0,f)+ApQ(p)
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Figure 11: lllustration of these Gaussian mixtures problems at d =10.

where Ap is a penalty parameter, and £(p,v),R(p,f) and C(po,p1) are defined in (2.1) and
(2.2). The proposed method can naturally be applied to solve the crowd motion problem.
The semi-discrete version of Q(p) in the spatial direction is expressed as

_ 171 p(z(x;t),t)
Q ::/ —Q(z(x;t)) —————=dt
0= v Q) a1
Our crowd motion experiment involves two maze examples, where the initial den-
sity po and target density p; have different total masses.

1
e Test11: po(x) =pg(x,8-e1+4-e2,1), p1(x) = 5PG (x,8-e1+12-€,,0.3-1).

1
e Test 12: po(x) =pg(x,—4-e1—4-e2,1), p1(x)= Epc(x,él-el +4-e,,0.3-1).

The obstacles in the mazes are represented by an indicator function, with the re-
gions defined as regular rectangles. To ensure that obstacles are successfully avoided,
we initially apply a method similar to a Gaussian function to blur the rectangular ob-
stacles, as illustrated in the last column (g) of Fig. 12. The density evolution at times
t=0,0.25,0.5,0.75 and 1 is shown in (a)-(e). Furthermore, the red lines in (g) represent the
characteristics (i.e. the learned trajectories) starting from randomly sampled points based
on the initial density po. Besides, the push-forward of py in (e) closely resembles the tar-
get density p; in (f), both in terms of position and colorbar values. These results show
that the mass can effectively avoid the obstacles, which demonstrates the effectiveness of
our UOT algorithm in handing the crowd motion problem with varying total masses.

6 Conclusion

In this paper, we propose a novel neural network-based method for solving high-dimen-
sional dynamic UOT problems. To tackle the curse of dimensionality inherent in the
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Figure 12: lllustration of crowd motion problems at d=2.

traditional mesh-based discretization methods, we employ Lagrangian discretization to
solve the continuity equation with the source term along the characteristics, while utiliz-
ing the Monte Carlo method to approximate the high-dimensional integrals. Addition-
ally, we carefully designed neural networks to parametrize both the velocity field and the
source function. Our method is easy to implement through back-propagation and yields
highly accurate results with a constant number of samples in the numerical experiments.
In the future, we aim to explore the applications of the proposed framework in inverse
problems and machine learning.
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