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Abstract. In this paper, we propose an accelerated spectral Perry-type conjugate gra-
dient projection method for solving systems of unconstrained nonlinear equations.
The spectral parameter is generated using an accelerated gradient-descent method,
which ensures that the proposed search direction always satisfies the sufficient descent
condition. By incorporating a self-adaptive strategy into the optimal Perry conjugate
parameter, the proposed search direction possesses the trust region property indepen-
dent of any line search. Additionally, the proposed method incorporates an inertial
extrapolation step to enhance computational performance. The global convergence of
the proposed method is theoretically established without requiring monotonicity or
pseudo-monotonicity of the underlying mapping. Numerical experiments on systems
of unconstrained nonlinear equations and image de-blurring problems demonstrate
the effectiveness of the proposed method.
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1 Introduction

The system of nonlinear equations (SoNE) arises in many practical and scientific appli-
cations, including compressive sensing [54, 55, 57] and traffic assignment [29, 33]. Due to
its significance, the research on iterative methods for solving SoNEs has garnered exten-
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sive attention. In recent decades, numerous iterative methods for solving SoNEs have
been developed, predominantly falling into two categories: derivative-based projection
methods and derivative-free projection (DFP) methods. The former category comprises
Newton-type method [44, 64], quasi-Newton method [4, 66], Gauss-Newton method [11,
25], semi-smooth Newton method [53], Levenberg-Marquardt method [58], and others.
These methods usually exhibit rapid convergence, provided that the initial point is in
close proximity to the solution set. However, they require the computation and/or stor-
age of the Jacobian or its approximation at each iteration, making them less suitable for
solving large-scale SoNEs. In contrast, the derivative-free category is particularly suitable
for addressing large-scale SoNEs due to its derivative-free nature. Hence, in this paper,
we focus on the conjugate gradient (CG) projection method within the latter category.

Given the excellent performance of the conjugate gradient method in solving un-
constrained optimization problems, several researchers have combined it with the hy-
perplane projection method [44] to solve SoNEs. Cheng [5] expanded upon the clas-
sical Polak-Ribière-Polyak CG method [40, 41] to develop a derivative-free CG projec-
tion method for solving monotone SoNEs. Sun and Liu [47] generalized the hybrid CG
method proposed by Jian et al. [22], applied it to constrained monotone SoNEs, and es-
tablished the convergence of the algorithm without assuming Lipschitz continuity for
the underlying mapping. To expand the applicability and improve the effectiveness of
the Dai-Yuan CG method [8], Liu and Feng [26] proposed a spectral Dai-Yuan-type CG
projection method, in which the spectral parameter is carefully chosen to ensure that the
search direction satisfies the descent condition. Awwal et al. [2] introduced an extension
of the spectral Hestenes-Stiefel CG-type method for solving monotone SoNEs with con-
vex constraints. They also applied this method to signal recovery problems. By combin-
ing the Dai-Liao-based CG projection method [1] with an adapted version of the quasi-
Newton modified Stanimirović-Miladinović (MSM) scheme [21], Ivanov et al. [20] pro-
posed a modified CG projection method with an acceleration parameter to solve uncon-
strained monotone SoNEs. Clearly, most of these proposed methods are variants of well-
known CG methods. More related methods can be found in [9,15,27,28,35,51,56,57,67,68]
and the references therein.

With the rapid growth in the scale of SoNEs, it has become essential to design iterative
schemes with fast convergence. The inertial step was originally proposed in the heavy
ball method [39], which is based on the implicit discretization of a second-order differ-
ential equation. Indeed, the accelerated gradient method is analogous to the concept of
momentum in physics. It builds upon gradient descent and has emerged as a widely rec-
ognized and effective strategy for accelerating convergence. However, unlike the heavy
ball method, the accelerated gradient method first applies a momentum impulse to the
current point xk to generate an auxiliary point yk, and then performs a gradient descent
step at yk. A key feature of the inertial step is that it leverages information from the
two previous iterations to generate the next iterate. As noted by Zhu et al. [69], the mo-
mentum mechanism effectively reduces oscillations and facilitates faster convergence of
iterates toward the optimal solution. Given the promising performance of methods in-
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corporating inertial terms in other optimization problems, several researchers have ex-
tended DFP methods by integrating inertial steps for solving SoNEs. For example, by
integrating an inertial step into the DFP method, Ibrahim et al. [19] proposed an inertial
three-term DFP method for solving constrained monotone SoNEs, and applied it to sig-
nal recovery problems. Later, Ibrahim et al. [16] incorporated an inertial extrapolation
step into the three-term search direction [48], thereby introducing a new inertial three-
term DFP method for solving constrained monotone SoNEs. Building upon the inertial
acceleration technique, Jian et al. [23] proposed a family of inertial DFP methods to solve
constrained pseudo-monotone SoNEs, where the search direction was only required to
satisfy the sufficient descent condition. Recently, Wu et al. [52] extended the well-known
Dai-Kou CG method [7] for constrained monotone SoNEs by introducing an effective
spectral parameter via a quasi-Newton strategy. They also established the convergence
and convergence rate results of the method with inertial acceleration, under a suitable
restart condition. For more inertial methods for solving unconstrained or constrained
SoNEs, see [18, 24, 29, 31, 32, 34, 62].

Motivated by the above discussion, we extend the optimal Perry conjugate parame-
ter [42] by incorporating an adaptation of the quasi-Newton MSM scheme [21] and an in-
ertial acceleration strategy. As a result, we propose an accelerated spectral Perry-type CG
projection (ASPCGP) method for solving unconstrained SoNEs. In essence, the ASPCGP
method can be viewed as a natural extension of the Perry-type CG method. Moreover,
the incorporation of the following features further enhances the practical appeal of the
ASPCGP method.

• To overcome the theoretical limitations of the optimal Perry conjugate parame-
ter [42] and improve the algorithm’s numerical performance, we begin by modifying
it through the implementation of a self-adaptive strategy. Subsequently, the spectral pa-
rameter in the search direction is derived using the accelerated gradient-descent method,
specifically the MSM scheme.

• Regarding the obtained search direction, not only is the sufficient descent condi-
tion always satisfied, but the trust region property is also guaranteed through the use of
a valid judgment condition and the reinitialization of the parameter, without the need for
any line search. Moreover, it is demonstrated that the global convergence of the ASPCGP
method is guaranteed, even in the absence of monotonicity or pseudo-monotonicity in
the underlying mapping.

• Numerical experiments are conducted to solve large-scale unconstrained SoNEs
and restore blurred images. The results demonstrate the excellent performance and po-
tential applicability of the ASPCGP method.

The remainder of this paper is organized as follows. Section 2 presents the proposed
method. Section 3 provides the global convergence analysis. In Section 4, we report nu-
merical results on unconstrained SoNEs and practical applications in image restoration.
Finally, conclusions are drawn in Section 5.
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2 Motivation and algorithm

In this section, we introduce a spectral Perry-type CG projection method for solving un-
constrained SoNEs. The problem to be solved is formulated as

E(x)=0, (2.1)

where the mapping E : R
n →R

n is L-Lipschitz continuous. The mapping E is said to be
L-Lipschitz continuous if there exists a constant L>0 such that ‖E(x)−E(y)‖≤ L‖x−y‖
for any x, y∈R

n. Here, ‖·‖ denotes the Euclidean norm in R
n.

We begin by briefly reviewing Perry CG method. In 1978, Perry [38] proposed a mod-
ified CG method based on the ideas of the quasi-Newton method and the Fletcher-Reeves
CG method [13], for solving an unconstrained optimization problem of the form
min{ f (x)|x∈R

n}. The corresponding search direction and conjugate parameter are de-
fined as

dk =

{

−∇ f (xk), if k=0,

−∇ f (xk)+βP
k sk−1, if k≥1,

(2.2)

βP
k =

∇ f (xk)
⊤( p̂k−1−sk−1)

s⊤k−1 p̂k−1

, (2.3)

where sk−1=xk−xk−1 and p̂k−1=∇ f (xk)−∇ f (xk−1). The Perry CG method has attracted
considerable attention in the literature due to its efficiency and robust numerical perfor-
mance. Furthermore, various researchers have enhanced and extended it to solve both
unconstrained and constrained SoNEs. For example, Waziri et al. [50] extended a modi-
fied version of the Perry CG method to solve unconstrained SoNEs. Subsequently, Awwal
et al. [3] proposed a Perry-type DFP method for solving constrained SoNEs, which was
based on the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method and in-
corporated a modified Perry-type parameter. Preliminary numerical results have demon-
strated the superiority of this method. Recently, Sabi’u et al. [42] derived an optimal pa-
rameter for the scaled Perry-type CG projection method by minimizing the gap between
the maximum and minimum eigenvalues of the search direction matrix. Notably, their
proposed method does not rely on any predefined fixed parameters.

In 2021, the MSM system [21] was utilized as an acceleration technique in the solution
of the unconstrained monotone SoNE by Ivanov et al. [20], resulting in the development
of an efficient algorithm. The adaptation of the MSM method to address the problem
(2.1) can be expressed as

xk+1= xk−
(

τk+τ2
k −τ3

k

)(

ΓMSM
k

)−1
E(xk), (2.4)

where the scalar ΓMSM
k ∈ R denotes the acceleration parameter and is strictly positive.

The value τk∈(0,1] is selected according to the step-length obtained from the line search.
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Define ζk = 1+τk−τ2
k , which implies that ζk ∈ [1,5/4]. This parameter is introduced to

provide additional acceleration. Then, the search direction in (2.4) is defined as

dMSM
k =−ζk

(

ΓMSM
k

)−1
E(xk). (2.5)

Here, under the assumption that E(x) is differentiable, we employ the first-order Taylor
expansion to approximate E(xk+1) and derive ΓMSM

k+1 , i.e.,

E(xk+1)≈E(xk)+∇E(ξ)(xk+1−xk)

≈E(xk)+∇E(ξ)τkdMSM
k

≈E(xk)−∇E(ξ)τkζk

(

ΓMSM
k

)−1
E(xk), ξ∈ [xk ,xk+1]. (2.6)

As proposed by Ivanov et al. [21], ∇E(ξ) is approximated by ΓMSM
k+1 I. Based on (2.6), this

leads to
E(xk+1)−E(xk)≈−ΓMSM

k+1 τkζk

(

ΓMSM
k

)−1
E(xk). (2.7)

Given the aforementioned relation and pk =E(xk+1)−E(xk), we conclude that

pk =−ΓMSM
k+1 τkζk

(

ΓMSM
k

)−1
E(xk). (2.8)

After multiplying both sides of (2.8) by p⊤k and simplifying, we have

ΓMSM
k+1 =−

ΓMSM
k ‖pk‖

2

τkζk p⊤k E(xk)
. (2.9)

To satisfy the second-order necessary/sufficient condition, any inappropriate values of
ΓMSM

k+1 ≤0 will be substituted with ΓMSM
k+1 =1 (as mentioned in [20, 21, 31, 46]). However, as

described in [24], this may not fully ensure that the search direction satisfies the sufficient
descent condition and the trust region property, both of which are crucial for theoretical
analysis. Similar to the approach in [24], in this work, we further refine the parameter
ΓMSM

k+1 to ensure its boundedness. Specifically, we set ΓMSM
k+1 =1 if ΓMSM

k+1 ≤ΓMSM
min , and ΓMSM

k+1 =

ΓMSM
max if ΓMSM

k+1 ≥ΓMSM
max , where ΓMSM

min and ΓMSM
max are constants satisfying 0<ΓMSM

min ≤1≤ΓMSM
max .

Herein, following Perry’s perspective [38], we adopt the search direction derived
from (2.2) and (2.3), along with the insights from Sabi’u et al. [42], to obtain the optimal
Perry conjugate parameter, defined as

βOP
k =

∇ f (xk)
⊤(η̂k−1−Λ̄∗

k sk−1)

s⊤k−1η̂k−1

,

where

Λ̄∗
k =

s⊤k−1η̂k−1

‖sk−1‖2
, η̂k−1= p̂k−1+rsk−1

with r>0. Considering the spectral CG projection method, we extend the optimal Perry-
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type conjugate parameter βOP
k for solving the unconstrained SoNE (2.1). The correspond-

ing search direction is given by

dk =







−E(xk), if k=0,

−θEOP
k E(xk)+βEOP

k sk−1, if k≥1,
(2.10)

where the improved Perry-type conjugate parameter βEOP
k with the following form:

βEOP
k =



















E(xk)
⊤(ηk−1−Λ∗

k sk−1)

s⊤k−1ηk−1

, if s⊤k−1 pk−1≥0,

̺·
‖E(xk)‖

‖sk−1‖
, otherwise,

(2.11)

where

Λ∗
k =

s⊤k−1ηk−1

‖sk−1‖2
, ηk−1= pk−1+rsk−1

with r>0, and ̺≥0. Unlike the observation in [42], when the mapping E does not exhibit
the desired monotonicity property, we employ the criterion s⊤k−1 pk−1 ≥ 0 to ensure Λ∗

k is
non-negative. Notably, to avoid the under-performing effect of using the negative gra-
dient as the resulting self-adaptive direction, we do not abruptly set βEOP

k to 0 when
s⊤k−1 pk−1 < 0. In the search direction given by (2.10), θEOP

k is a spectral coefficient that
needs to be determined. Next, there is a straightforward way to obtain it. Specifically,
denoting the one-dimensional manifold by

Sk =
{

−θEOP
k E(xk)+βEOP

k sk−1 : θEOP
k ∈R

}

,

we select the vector in Sk that is closest to dMSM
k in (2.5) as the current search direction.

Then, we obtain the coefficient θEOP
k by solving the following minimization problem:

θEOP
k =argmin

{

∥

∥dMSM
k −dk

∥

∥

2
: dk ∈Sk

}

,

i.e.
θEOP

k =argmin
{

∥

∥ζk

(

ΓMSM
k

)−1
E(xk)−θEOP

k E(xk)+βEOP
k sk−1

∥

∥

2
: θEOP

k ∈R

}

.

Furthermore, we deduce that

θEOP
k = ζk

(

ΓMSM
k

)−1
+βEOP

k

E(xk)
⊤sk−1

‖E(xk)‖2
. (2.12)

Subsequently, based on the search direction defined by (2.9)-(2.12), and combining the
inertial extrapolation step-length with the hyperplane projection technique, we describe
the ASPCGP method for solving the unconstrained SoNE (2.1). Below, we provide the
detailed steps involved in the ASPCGP method (Algorithm 1).
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Algorithm 1. ASPCGP Method.

Step 0. Given two initial points, x0 = y0 ∈ R
n, we define the following parameters:

ε > 0,r > 0,̺ ≥ 0,ΓMSM
0 = 1,ς ∈ (0,1],ρ ∈ (0,1),σ > 0,µ > 0,ν > 0,γ ∈ (0,2),φ ∈ [0,1), and

0< ΓMSM
min ≤ 1≤ ΓMSM

max . Additionally, let {ǫk} be a control parameter sequence such that
ǫk ∈ [0,1) and ∑

+∞
k=1 ǫk <+∞.

Step 1. If ‖E(x0)‖(=‖E(y0)‖)≤ ε, then stop. Otherwise, set k :=0, and go to next step.

Step 2. Calculate the search direction dk of the following form:

dk =







−E(yk), if k=0,

−θEOP
k E(yk)+βEOP

k sk−1, if k≥1,
(2.13)

where

βEOP
k =



















E(yk)
⊤(ηk−1−Λ∗

k sk−1)

s⊤k−1ηk−1

, if s⊤k−1pk−1 ≥0,

̺·
‖E(yk)‖

‖sk−1‖
, otherwise,

Λ∗
k =

s⊤k−1ηk−1

‖sk−1‖2
, (2.14)

θEOP
k = ζk

(

ΓMSM
k

)−1
+βEOP

k

E(yk)
⊤sk−1

‖E(yk)‖2
. (2.15)

Stop if dk =0.

Step 3. Take zk =yk+tkdk, where tk = ςρik with ik being the smallest nonnegative integer
such that

−E(yk+tkdk)
⊤dk ≥σtk‖dk‖

2min{µ,ν‖E(yk+tkdk)‖}, (2.16)

and let τk = tk. If ‖E(zk)‖≤ ε, then stop.

Step 4. Compute

xk+1=yk−γξkE(zk), (2.17)

where

ξk =
E(zk)

⊤(yk−zk)

‖E(zk)‖2
. (2.18)

If ‖E(xk+1)‖≤ ε, then stop.

Step 5. Compute the inertial step-length φk+1,

φk+1=







min

{

φ,
ǫk+1

‖xk+1−xk‖2

}

, if xk+1 6= xk,

0, otherwise.
(2.19)
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Step 6. Let the inertial extrapolation point as yk+1=xk+1+φk+1(xk+1−xk). If ‖E(yk+1)‖≤ε,
then stop.

Step 7. Compute sk=yk+1−yk and pk=E(yk+1)−E(yk) and put ζk=1+τk−τ2
k . Determine

ΓMSM
k+1 using

ΓMSM
k+1 =−

ΓMSM
k ‖pk‖

2

τkζk p⊤k E(yk)
.

We set ΓMSM
k+1 =1 if ΓMSM

k+1 ≤ΓMSM
min , and ΓMSM

k+1 =ΓMSM
max if ΓMSM

k+1 ≥ΓMSM
max .

Step 8. Compute ηk = pk+rsk. Set k := k+1, and return to Step 2.

Remark 2.1.

(i) In the improved parameter βEOP
k , the choice of ̺ is an important consideration.

It can either be a fixed value or dynamically updated based on the available iteration
information.

(ii) Assuming that the search direction obtained from (2.13)-(2.15) satisfies the descent
condition, the adaptive line search (2.16) is well-defined. A detailed proof of this result
can be found in [30, Lemma 2].

(iii) From (2.19), we have 0≤φk ≤φ<1, and

φk‖xk−xk−1‖
2≤ǫk, ∀k≥1, (2.20)

which further implies
+∞

∑
k=1

φk‖xk−xk−1‖
2≤

+∞

∑
k=1

ǫk <+∞. (2.21)

The following lemma demonstrates that the search direction dk, obtained from (2.13)-
(2.15), satisfies the desirable sufficient descent condition, independent of any specific line
search.

Lemma 2.1. For all k≥0, dk satisfies the sufficient descent condition, i.e.,

E(yk)
⊤dk ≤−

(

ΓMSM
max

)−1
‖E(yk)‖

2. (2.22)

Proof. Since d0=−E(y0), we have

E(y0)
⊤d0 =−‖E(y0)‖

2 ≤−
(

ΓMSM
max

)−1
‖E(y0)‖

2,

which satisfies (2.22) for k=0. From the definition of dk, (2.13), and (2.15), we declare that

E(yk)
⊤dk =−θEOP

k ‖E(yk)‖
2+βEOP

k E(yk)
⊤sk−1

=−

(

ζk

(

ΓMSM
k

)−1
+βEOP

k

E(yk)
⊤sk−1

‖E(yk)‖2

)

‖E(yk)‖
2+βEOP

k E(yk)
⊤sk−1

=−ζk

(

ΓMSM
k

)−1
‖E(yk)‖

2≤−
(

ΓMSM
max

)−1
‖E(yk)‖

2.

The final inequality holds because ζk = 1+τk−τ2
k ∈ [1,5/4], since τk = tk ∈ (0,1], and

ΓMSM
k ≤ΓMSM

max . Therefore, (2.22) is satisfied.



P. Liu et al. / CSIAM Trans. Appl. Math., x (2025), pp. 1-25 9

3 Convergence analysis

In this section, we establish the global convergence of the ASPCGP method. Throughout
the analysis, we assume that the sequences {xk}, {yk}, and {zk} are generated by the
ASPCGP method, and that the following assumptions hold.

Assumption 3.1.

(i) The solution set SolE of unconstrained SoNE (2.1) is nonempty.

(ii) For any x∗∈SolE and x∈R
n, it holds that E(x)⊤(x−x∗)≥0.

Remark 3.1. Assumption 3.1(ii) was originally introduced by Solodov and Svaiter [45] to
establish the global convergence of the projection method for the variational inequality
problem. Subsequently, this assumption was adopted in [17, 36, 63] to demonstrate the
global convergence of projection methods for unconstrained SoNEs. It is worth noting
that Assumption 3.1(ii) holds if the mapping E is monotone,

[E(x)−E(y)]⊤(x−y)≥0, ∀x,y∈R
n,

or pseudo-monotone,

E(y)⊤(x−y)≥0 ⇒ E(x)⊤(x−y)≥0, ∀x,y∈R
n,

but the converse does not necessarily hold. Therefore, Assumption 3.1(ii) is consid-
ered less restrictive than requiring the monotonicity or pseudo-monotonicity of the map-
ping E, as is commonly assumed in most existing DFP methods for solving the SoNE (2.1).

Assumption 3.2. The mapping E is L-Lipschitz continuous.

For convenience, we introduce the following notations:

wk :=‖xk−x∗‖2, δk :=2φk‖xk−xk−1‖
2, (3.1)

where x∗∈SolE. In addition, we provide the following identity for use in the subsequent
convergence analysis:

2(a−b)⊤(c−d)=(‖a−d‖2−‖a−c‖2)+(‖b−c‖2−‖b−d‖2) (3.2)

for all a,b, c,d∈R
n.

Lemma 3.1. Suppose that Assumption 3.1 holds and take x−1 = x0. Then, for any x∗∈SolE, it
holds that w−1=w0, and

wk+1−wk≤φk(wk−wk−1)+δk−γ(2−γ)σ2 ‖zk−yk‖
4[min{µ, ν‖E(zk)‖}]

2

‖E(zk)‖2
. (3.3)

Proof. From the definition of wk in (3.1) and the choice x−1= x0, it follows that w−1=w0.
Next, we proceed to show that (3.3) holds. By taking Assumption 3.1(ii), x∗ ∈ SolE,



10 P. Liu et al. / CSIAM Trans. Appl. Math., x (2025), pp. 1-25

zk =yk+tkdk, and the adaptive line search (2.16) into account, we have

E(zk)
⊤(yk−x∗)=E(zk)

⊤(yk−zk)+E(zk)
⊤(zk−x∗)

≥E(zk)
⊤(yk−zk)

≥σt2
k‖dk‖

2min{µ,ν‖E(zk)‖}

=σ‖yk−zk‖
2min{µ,ν‖E(zk)‖}>0.

Combining this with the definition of xk+1 in (2.17) and (2.18), we obtain

‖xk+1−x∗‖2=‖yk−γξkE(zk)−x∗‖2

=‖yk−x∗‖2−2γξkE(zk)
⊤(yk−x∗)+γ2ξ2

k‖E(zk)‖
2

≤‖yk−x∗‖2−2γξkE(zk)
⊤(yk−zk)+γ2ξ2

k‖E(zk)‖
2

=‖yk−x∗‖2−γ(2−γ)
[E(zk)

⊤(yk−zk)]
2

‖E(zk)‖2

≤‖yk−x∗‖2−γ(2−γ)
σ2‖yk−zk‖

4[min{µ,ν‖E(zk)‖}]
2

‖E(zk)‖2
. (3.4)

It follows from yk = xk+φk(xk−xk−1) that

‖yk−x∗‖2=‖xk+φk(xk−xk−1)−x∗‖2

=‖xk−x∗‖2+φ2
k‖xk−xk−1‖

2+2φk(xk−x∗)⊤(xk−xk−1)

=‖xk−x∗‖2+φk

(

‖xk−x∗‖2−‖xk−1−x∗‖2
)

+
(

φ2
k+φk

)

‖xk−xk−1‖
2

≤‖xk−x∗‖2+φk

(

‖xk−x∗‖2−‖xk−1−x∗‖2
)

+2φk‖xk−xk−1‖
2,

where the third equality follows from (3.2), and the last inequality holds due to 0≤φk ≤
φ< 1. By inserting the above inequality into (3.4) and using the definitions of wk and δk

in (3.1), it follows that (3.3) holds. This completes the proof.

Theorem 3.1. Suppose that Assumption 3.1 holds, and let x−1=x0. Then, for any x∗∈SolE, the
following three results hold:

(i) The limit limk→+∞‖xk−x∗‖ exists.

(ii) ∑
+∞
k=0Γ2

k <+∞, where

Γk =
‖zk−yk‖

2min{µ,ν‖E(zk)‖}

‖E(zk)‖
.

Furthermore, limk→+∞ Γk =0.

(iii) The sequences {xk} and {yk} are both bounded.

Proof. (i) It holds from (3.3) and γ∈ (0,2) that

wk+1−wk≤φk(wk−wk−1)+δk.



P. Liu et al. / CSIAM Trans. Appl. Math., x (2025), pp. 1-25 11

Let
Wk :=wk−wk−1, [Ξ]+ :=max{Ξ, 0}, (3.5)

then W0=δ0=0 due to x−1= x0. Furthermore,

Wk+1≤φkWk+δk≤φk[Wk]++δk.

Together with the fact that 0≤φk ≤φ<1, we deduce that

[Wk+1]+≤φ[Wk]++δk≤φk+1[W0]++
k

∑
j=0

φjδk−j =
k

∑
j=0

φjδk−j.

Then, from δ0=0,φ∈ [0,1), and (2.21), we have

+∞

∑
k=0

[Wk+1]+≤
+∞

∑
k=0

(

k

∑
j=0

φjδk−j

)

≤

(

+∞

∑
j=0

φj

)

·

(

+∞

∑
k=0

δk

)

=
1

1−φ

+∞

∑
k=0

δk<+∞. (3.6)

Denote ̟k :=wk−Σk
j=1[Wj]+. From (3.6), it follows that {Σk

j=1[Wj]+} is bounded above.

Combining this with wk≥0, we conclude that {̟k} is bounded below. On the other hand,
by referencing (3.5), we have

̟k+1=wk+1−[Wk+1]+−
k

∑
j=1

[Wj]+

=wk+1−max{Wk+1,0}−
k

∑
j=1

[Wj]+

≤wk+1−Wk+1−
k

∑
j=1

[Wj]+

=wk+1−(wk+1−wk)−
k

∑
j=1

[Wj]+=: ̟k.

This implies that {̟k} is non-increasing. So, the limit limk→+∞ ̟k exists. Combining this
with (3.6), one has

lim
k→+∞

wk = lim
k→+∞

(

̟k+
k

∑
j=1

[Wj]+

)

= lim
k→+∞

̟k+
+∞

∑
j=1

[Wj]+<+∞,

i.e. limk→+∞‖xk−x∗‖ exists.
(ii) From the definition of Γk, (3.3), (3.5), and 0≤φk ≤φ<1, it holds that

γ(2−γ)σ2Γ2
k ≤wk−wk+1+φk(wk−wk−1)+δk

≤wk−wk+1+φ[Wk]++δk.

By summing the above relation from k = 0 to +∞ and utilizing (2.21), (3.1), (3.6), and
δ0=W0=0, we deduce that
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γ(2−γ)σ2
+∞

∑
k=0

Γ2
k ≤w0+φ

+∞

∑
k=0

[Wk]++
+∞

∑
k=0

δk

=w0+φ
+∞

∑
k=1

[Wk]++2
+∞

∑
k=1

φk‖xk−xk−1‖
2
<+∞,

which completes the proof due to γ∈ (0,2) and σ>0.
(iii) Take x∗ ∈ SolE. By invoking Theorem 3.1(i), we obtain the existence of

limk→+∞‖xk−x∗‖. Consequently, it can be deduced that {xk} is bounded. Moreover,
by referring to (2.21), we infer that

lim
k→+∞

φk‖xk−xk−1‖
2=0,

which, along with the inertial step yk =xk+φk(xk−xk−1) and 0≤φk ≤φ<1, suggests that

‖yk−xk‖
2=φ2

k‖xk−xk−1‖
2≤φk‖xk−xk−1‖

2→0 as k→+∞.

Thus, we have
lim

k→+∞
‖yk−xk‖=0. (3.7)

Hence, we have demonstrated that {yk} is also bounded.

Lemma 3.2. Suppose that Assumption 3.2 holds. For all k≥0, dk satisfies the following inequal-
ity:

(

ΓMSM
max

)−1
‖E(yk)‖≤‖dk‖≤

(

5

4ΓMSM
min

+2max

{

2(L+r)

r
, ̺

})

‖E(yk)‖. (3.8)

Proof. From d0 =−E(y0), we obtain ‖d0‖= ‖E(y0)‖, further implies (3.8) holds for k=0.
Using (2.22) and the Cauchy-Schwarz inequality, we obtain the first inequality in (3.8)
holds. Next, we verify that the second inequality in (3.8) is true for k≥ 1. Consider two
cases to prove that the following inequality holds:

∣

∣βEOP
k

∣

∣≤max

{

2(L+r)

r
,̺

}

‖E(yk)‖

‖sk−1‖
. (3.9)

(A) Given the condition s⊤k−1pk−1 ≥ 0, by combining this with the definition of ηk−1,
we obtain

s⊤k−1ηk−1= s⊤k−1 pk−1+r‖sk−1‖
2≥ r‖sk−1‖

2.

Applying the L-Lipschitz continuity property of the mapping E, we have

s⊤k−1ηk−1= s⊤k−1 pk−1+r‖sk−1‖
2≤ (L+r)‖sk−1‖

2,

which further implies

r≤Λ∗
k =

s⊤k−1ηk−1

‖sk−1‖2
≤ L+r.
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According to the definition of βEOP
k , we have

∣

∣βEOP
k

∣

∣=

∣

∣

∣

∣

E(yk)
⊤(ηk−1−Λ∗

k sk−1)

s⊤k−1ηk−1

∣

∣

∣

∣

≤
‖E(yk)‖‖ηk−1‖+Λ∗

k‖E(yk)‖‖sk−1‖

s⊤k−1ηk−1

≤
‖E(yk)‖‖ηk−1‖+(L+r)‖E(yk)‖‖sk−1‖

r‖sk−1‖2

≤
‖E(yk)‖(L+r)‖sk−1‖+(L+r)‖E(yk)‖‖sk−1‖

r‖sk−1‖2

≤
2(L+r)‖E(yk)‖

r‖sk−1‖
. (3.10)

(B) Let s⊤k−1 pk−1<0. The definition of βEOP
k leads to

βEOP
k =̺·

‖E(yk)‖

‖sk−1‖
. (3.11)

By combining (3.10) and (3.11), we obtain (3.9). It then follows from (2.13)-(2.15), (3.9),
and ζk ∈ [1,5/4] that

‖dk‖=
∥

∥−θEOP
k E(yk)+βEOP

k sk−1

∥

∥

=

∥

∥

∥

∥

−

(

ζk

(

ΓMSM
k

)−1
+βEOP

k

E(yk)
⊤sk−1

‖E(yk)‖2

)

E(yk)+βEOP
k sk−1

∥

∥

∥

∥

≤ ζk

(

ΓMSM
k

)−1
‖E(yk)‖+

∣

∣βEOP
k

∣

∣

‖E(yk)‖‖sk−1‖

‖E(yk)‖2
‖E(yk)‖+

∣

∣βEOP
k

∣

∣‖sk−1‖

= ζk

(

ΓMSM
k

)−1
‖E(yk)‖+2

∣

∣βEOP
k

∣

∣‖sk−1‖

≤ ζk

(

ΓMSM
k

)−1
‖E(yk)‖+2max

{

2(L+r)

r
,̺

}

‖E(yk)‖

‖sk−1‖
‖sk−1‖

=

(

5

4ΓMSM
min

+2max

{

2(L+r)

r
,̺

})

‖E(yk)‖,

and the proof is completed.

Theorem 3.2. Suppose that Assumptions 3.1 and 3.2 hold. Then {xk},{yk} and {zk} all con-
verge to a solution of unconstrained SoNE (2.1).

Proof. We prove this claim by the following three parts.

Part I. We show that limk→+∞‖zk−yk‖= limk→+∞ tk‖dk‖=0. Recall that, according to
Theorem 3.1(iii), {yk} is bounded. Additionally, due to the continuity of the mapping E,
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there exists a positive constant N1 such that

‖yk‖≤N1, ‖E(yk)‖≤N1, ∀k≥0. (3.12)

Combining this with (3.8), we obtain

‖dk‖≤

(

5

4ΓMSM
min

+2max

{

2(L+r)

r
,̺

})

‖E(yk)‖

≤

(

5

4ΓMSM
min

+2max

{

2(L+r)

r
,̺

})

N1,

which implies that {dk} is bounded. From the definition of zk and tk ∈ (0, ς], it follows
that {zk} is also bounded. Again, by the continuity of the mapping E, there exists a con-
stant N̂1>0 such that

‖E(zk)‖≤ N̂1, ∀k≥0.

If min{µ,ν‖E(zk)‖}=µ, then

min{µ,ν‖E(zk)‖}

‖E(zk)‖
≥

µ

N̂1

.

Otherwise, min{µ,ν‖E(zk)‖}/‖E(zk)‖=ν. Define

Φ :=min

{

µ

N̂1

,ν

}

≤
min{µ, ν‖E(zk)‖}

‖E(zk)‖
.

Combining this with Theorem 3.1(ii), we conclude that

‖zk−yk‖
2 ·Φ≤

‖zk−yk‖
2min{µ,ν‖E(zk)‖}

‖E(zk)‖
→ 0 as k → +∞.

By the definition of zk, it follows that

lim
k→+∞

‖zk−yk‖= lim
k→+∞

tk‖dk‖=0. (3.13)

Part II. We prove that liminfk→+∞‖E(yk)‖ = 0. Assume, by contradiction, that
liminfk→+∞ ‖E(yk)‖ 6=0. This implies the existence of a constant N2>0 such that

‖E(yk)‖≥N2, ∀k≥0. (3.14)

This, together with (3.8), yields

0<
(

ΓMSM
max

)−1
N2 ≤‖dk‖, ∀k≥0. (3.15)

Using (3.15) together with the fact that limk→+∞tk‖dk‖=0, we conclude that limk→+∞tk=0.
By considering the boundedness of {dk} and {yk}, without loss of generality, we assume

lim
i→+∞

yki
=y, lim

i→+∞
dki

=d. (3.16)
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Substituting k := ki into (2.22), taking the limit of both sides, and using (3.14), (3.16), and
the continuity of the mapping E, we have

E(y)⊤d≤−
(

ΓMSM
max

)−1
‖E(y)‖2≤−

(

ΓMSM
max

)−1
N2

2 <0. (3.17)

Next, by applying the adaptive line search (2.16) in the ASPCGP method, we have

−E
(

yk+ρ−1tkdk

)⊤
dk <σρ−1tk‖dk‖

2 ·min
{

µ,ν‖E
(

yk+ρ−1tkdk

)

‖
}

≤σρ−1tk‖dk‖
2 ·µ.

Taking the limit as k→+∞ in the above inequality (with k:=ki), and using limk→+∞ tk=0,
together with (3.16) and the continuity of the mapping E, we obtain

−E(y)⊤d≤0,

and this contradicts (3.17). Therefore, we conclude that

liminf
k→+∞

‖E(yk)‖=0. (3.18)

Part III. We prove that {xk},{yk}, and {zk} all converge to a solution of the uncon-
strained SoNE (2.1). Starting from (3.12), (3.18), and using the continuity of the map-
ping E, we assume, without loss of generality, that

lim
i→+∞

yki
=y, lim

i→+∞
‖E(yki

)‖=‖E(ȳ)‖=0. (3.19)

From (3.7), it is easy to see that xki
→ y as i →+∞. Moreover, the second relation in

(3.19) implies that y ∈ SolE. By setting x∗ := y in Theorem 3.1(i), and using the fact that
limi→+∞ xki

=y, we obtain

lim
k→+∞

‖xk−y‖= lim
i→+∞

‖xki
−y‖=0,

which implies that the entire sequence {xk} converges to y∈SolE. Combining this with
(3.7) and (3.13), we conclude that both {yk} and {zk} also converge to y, which completes
the proof.

4 Numerical experiments

In this section, we demonstrate the numerical effectiveness of the ASPCGP method. All
code was written in MATLAB R2021b (64-bit) and ran on a Lenovo PC equipped with
an Intel(R) Core(TM) i5-1155G7 CPU @ 2.5 GHz, 16 GB of RAM, and the Windows 11
operating system.
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4.1 Experiment I: Testing unconstrained SoNEs

In this part, we evaluate the numerical performance of the ASPCGP method on uncon-
strained SoNEs. The problem dimensions for each problem are 104, 5×104 and 105, re-
spectively.

All test problems were evaluated using seven initial points:

x1=(1,1,.. . ,1)⊤, x2=

(

1

3
,

1

32
,. . .,

1

3n

)⊤

, x3=

(

1

2
,

1

22
,. . .,

1

2n

)⊤

,

x4=

(

0,
1

n
,. . .,

n−1

n

)⊤

, x5=

(

1,
1

2
,.. .,

1

n

)⊤

, x6=

(

1

n
,
2

n
,. . .,1

)⊤

,

x7=

(

1−
1

n
,1−

2

n
,. . .,0

)⊤

.

Let E(x)=(e1(x),e2(x),. . .,en(x))⊤ be defined, and six problems are described below.

Problem 1. [55] Set ei(x)= xi−sin(|xi|−1) for i=1,2,.. . ,n.

Problem 2. [52] Set ei(x)=exp(xi)−1 for i=1,2,.. . ,n.

Problem 3. [43] Set

ei(x)=4xi+(xi+1−2xi)−
x2

i+1

3
, i=1,2,.. . ,n−1,

en(x)=4xn+(xn−1−2xn)−
x2

n−1

3
.

Problem 4. [52] Set

e1(x)= x1−exp

(

cos

(

x1+x2

2

))

,

ei(x)= xi−exp

(

cos

(

xi−1+xi+xi+1

i

))

, i=2,3,.. . ,n−1,

en(x)= xn−exp

(

cos

(

xn−1+xn

n

))

.

Problem 5. [61] Set

e1(x)=2x1+0.5h2(x1+h)3−x2,

ei(x)=2xi+0.5h2(xi+ih)3−xi−1+xi+1, i=2,3,.. . ,n−1,

en(x)=2xn+0.5h2(xn+nh)3−xn−1,

where h=1/(n+1).

Problem 6. [65] Set ei(x)=2xi−sin(xi), for i=1,2,.. . ,n.
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We compare the proposed ASPCGP method with three recent methods, namely
IHCGPM [23], MOPCG [42], and IM3TFR1 [18]. For the ASPCGP method, we select the
following parameter values: µ = 0.1,ν = 0.3,̺ = 0.001,r = 2,γ = 1.4,σ = 1,ς = 1,ρ = 0.5,
φ = 0.001,ΓMSM

min = 10−3,ΓMSM
max = 103, and ǫk+1 = 1/(k+1)2. For the comparison meth-

ods, we adopt the parameter settings as specified in their respective original publica-
tions. All methods stop the computation when one of the following two criteria is met:
(i) ‖Ek‖≤10−6, and (ii) ‖dk‖≤10−7, where Ek denotes E(xk), E(yk), or E(zk). The compar-
ison results are listed at https://www.cnblogs.com/888-8/p/17601054.html, in which
“Init” denotes the initial point, “n” is the dimension of the problem, “Itr” is the number
of iterations, “NF” represents the number of function evaluations, “Time” refers to the
computation time in seconds, and ‖E∗‖ is the final norm of ‖Ek‖ at termination.

To visually illustrate the differences in computation, we utilize performance pro-
files given by Dolan and Moré [10] to show the “computation time (Time)”, “number
of function evaluations (NF)” and “number of iterations (Itr)” of the comparison re-
sults. The operation mechanism of the performance profile is introduced below, using
the “Time” as an example. Let P={p|p is a test problem}, where each test problem cor-
responds to a unique combination of the equations E(x) = 0 and its dimension. Define
S= {s|s is an algorithm used to solve test problem}. Denote Tp,s as the “Time” required
by algorithm s∈S to solve test problem p∈P until termination. The performance ratio is
defined as rp,s=Tp,s/mins∈S Tp,s. If the method fails to successfully solve the test problem,
it is considered that rp,s=2max{rp,s |p∈P, s∈S}. The performance profile of each method
s∈S is defined as

ρs(τ)=
1

np
size{p∈P : log2rp,s ≤τ},

where size(A) represents the number of elements in the set A, and np denotes the total
number of test problems. Generally, a higher curve in the figures indicates better nu-
merical performance. Upon analyzing Figs. 1-3, it becomes apparent that the ASPCGP
method shows effective and competitive numerical outcomes. Furthermore, it is worth
noting that the IHCGPM method exhibits significant potential in terms of NF.

Figure 1: Performance profiles on time. Figure 2: Performance profiles on NF.
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Figure 3: Performance profiles on Itr.

4.2 Experiment II: Application to image de-blurring problems

In this subsection, our objective is to recover the original image from a blurred one us-
ing the proposed method. We formulate the problem with the following mathematical
model:

min
x∈Rn

f (x)= θ‖x‖1+
1

2
‖Ax−b‖2, (4.1)

where A ∈R
m×n is a linear operator, b ∈R

m represents the observed data, and θ > 0 is
a regularization parameter that balances sparsity and fidelity.

To further address the model (4.1), Figueiredo et al. [12] considered a reformulation
that transforms it into a bound-constrained quadratic program. This reformulation intro-
duces two auxiliary vectors, u∈R

n and v∈R
n, which decompose the vector x into two

components, i.e., x=u−v, where ui=max{xi,0} and vi =max{−xi,0} for all i=1,2,.. . ,n.
This decomposition allows us to express ‖x‖1 = κ⊤n u+κ⊤n v, where κ⊤n = (1,1,.. .,1)∈R

n.
By applying the algebraic theory from [12] and using the first-order optimality condition,
we arrive at the following optimization problem:

E(Q)=min{Q,HQ+C}=0, (4.2)

where

Q=

[

u
v

]

, H=

[

A⊤A −A⊤A

−A⊤A A⊤A

]

, C=

[

θκn−A⊤b

θκn+A⊤b

]

,

and H is a semipositive definite matrix. Furthermore, according to [37, Lemma 3] and
[54, Lemma 2.2], it is established that the mapping E :R2n→R

2n is both Lipschitz contin-
uous and monotone. Expanding upon this framework, we utilize a CG projection-based
method to solve problem (4.2), enabling us to effectively address the image de-blurring
problem.

During the numerical experiments, we evaluated the performance of our method on
a set of tested images, including bridge.bmp (512×512), barbara.png (512×512), fruits.png
(512×512), cameraman.png (1024×1024), and hill.png (1024×1024). We refer to [14] for
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the background on the digital image restoration problem. In the literature, the quality of
restoration is typically measured by the peak signal-to-noise ratio (PSNR)

PSNR=10×log10

V2

MSE
, MSE=

1

MN

M

∑
i=1

N

∑
j=1

|xi,j−x∗i,j|
2,

where V is the maximum absolute value of the reconstruction, x is the ground truth, x∗

is the recovered image, M and N indicate the indicate the image sizes. In addition, we
also use the structure similarity index measure (SSIM) [49] as another metric to evaluate
image quality, which is given by

SSIM=
(2µuµũ+C1)(2σuũ+C2)

(

µ2
u+µ2

ũ+C1

)(

σ2
u+σ2

ũ+C2

) ,

where µu and µũ represent the averages of u and ũ, respectively, σ2
u and σ2

ũ are the cor-
responding variances, σuũ represents the corresponding covariance, and C1 and C2 are
two fixed variables. For a given test image, higher PSNR and SSIM values indicate better
performance of the corresponding method. For parameters to ASPCGP method, we se-
lect µ=0.1,ν=0.2,̺=0.0001,r=0.2,γ=1.9,σ=0.001,ς=1,ρ=0.6,φ=0.001,ΓMSM

min =10−3,
ΓMSM

max = 103, and ǫk+1 = 1/(k+1)2. Additionally, to provide a comprehensive compar-
ison, we performed experiments utilizing the MITTCGP [34] and MOPCG [42], while
keeping the parameter configurations consistent with their respective original literature.
The initialization and stopping criterion of all three methods are exactly the same as the
MITTCGP [34]. For a given image x, we generate the data randomly as in [12, 56]. The
following MATLAB code illustrates the process:

[m, n] = size(x); middle = n / 2 + 1; h = zeros(size(x));

for i = -4 : 4

for j = -4 : 4

h(i + middle, j + middle) = 1/(1+i^2 + j^2);

end

end

h = fftshift(h);

h = h / sum(h(:)); R = @(x) real(ifft2(fft2(h) .* fft2(x)));

b = R(x) + sqrt(6)*randn(size(x)); % Generate noisy blurred observations

Table 1 displays the corresponding calculation results of the three methods, while
Fig. 4 showcases the blurred images and the restoration results obtained using each of the
three methods. For the results presented in Table 1, the bold text indicates the best value
achieved in solving the corresponding image de-blurring problem. It is evident that the
ASPCGP method demonstrates high efficiency and superior restoration quality. Notably,
the ASPCGP method outperforms the other two compared methods in terms of PSNR
and SSIM for the tested images. These numerical findings demonstrate the application
potential of the ASPCGP method in addressing the image de-blurring problem.
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Figure 4: The blurred images (first column), the restored images via ASPCGP (second column), MITTCGP
(third column) and MOPCG (fourth column), respectively.
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Table 1: Numerical results on image restoration.

Image
ASPCGP MITTCGP MOPCG

Itr/Tcpu/PSNR/SSIM Itr/Tcpu/PSNR/SSIM Itr/Tcpu/PSNR/SSIM

bridge 15/0.92/25.22/0.9121 52/3.05/24.81/0.8942 14/0.61/24.71/0.8895

barbara 12/0.56/24.75/0.8734 34/1.64/24.29/0.8542 17/0.73/24.52/0.8647

fruits 19/1.11/31.48/0.9379 34/2.20/30.16/0.9285 17/0.92/31.29/0.9368

cameraman 9/2.86/39.69/0.9943 16/4.52/37.32/0.9917 10/2.70/39.58/0.9942

hill 12/3.88/34.55/0.9904 29/8.42/33.49/0.9855 16/4.00/34.30/0.9894

5 Conclusions

In this paper, we present an accelerated spectral Perry-type CG projection (ASPCGP)
method for solving unconstrained SoNEs, with applications in image restoration prob-
lems. The ASPCGP method defined in this work is an effective extension of the optimal
Perry CG-based method. It combines the hyperplane projection method with an acceler-
ation parameter that approximates the Hessian matrix. We prove the global convergence
of the proposed method under certain fundamental conditions. Several preliminary nu-
merical experiments and applications demonstrate that the proposed method is practical
and promising.
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