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Abstract. Families of slowly changing nonsingular large sparse linear systems arise
frequently in many simulation problems in science and engineering. We consider iter-
ative solution with recycling techniques for a general case where both left-hand sides
and right-hand sides of the systems change from one family to the next. We firstly
develop a generalized product-type method in the framework of recycling biconjugate
gradient method (RBiCG), referred to as RGPBiCG, which can also be considered as
a recycling variant of GPBiCG. However, as the same situation in RBiCG stabilized
method (RBiCGSTAB), the construction of recycling spaces in RGPBiCG requires ex-
pensive computational costs due to invoking other algorithms (like RBiCG) to com-
pute approximate eigenspaces. In order to further reduce such computational costs,
we alternatively form the recycling spaces in RGPBiCG with difference vectors of ap-
proximate solutions, as employed for loose GMRES (LGMRES), resulting in a more
promising algorithm termed as LR-GPBiCG. Numerical experiments on both a set of
academic problems and engineering simulation problems demonstrate the efficiency
of our proposed algorithms.

AMS subject classifications: 65F10, 65N22, 15A06
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1 Introduction

We consider solving a sequence of families of linear systems with both possibly slowly-
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changing left-hand sides and right-hand sides of the form

A(i)x(i)=b(i), i=1,2,.. . , (1.1)

where, associated with the i-th family, the left-hand side A(i) ∈ Cn×n is a large sparse
and nonsingular coefficient matrix, the right-hand vector b(i) ∈Cn is already given, and
x(i)∈Cn is the solution to be computed. Such systems arise in many scientific and indus-
trial simulation analyses, including modeling fatigue and fracture of engineering com-
ponents [20], computational fluid dynamics [14], radiative hydrodynamic problem [39],
multi-objective optimization [17], and parametric model order reduction [8, 42], etc.

Throughout the context, we consider the circumstance where both A(i) and b(i) change
slowly from one family to the next, and the families are not available simultaneously.
After solving the current family, one can retain partial spectral information or approxi-
mation search subspace to be re-used to speed up solutions of the subsequent families.
Such technique is called “subspace recycling” [22, 44]. By taking into account the matrix
properties and relevant application background, the choice of recycling spaces is diverse
and can be applied to various algorithms or preconditioning techniques [11, 24, 44].

In the past thirty years, recycling variants of state-of-the-art Krylov subspace meth-
ods, including full orthogonalization-based and short-term recurrence-based methods,
have been developed. To name a few, Morgan [28] proposes the GMRES with deflated
restarting (referred to as GMRES-DR), which overcomes the convergence-drag effect to
the restarted GMRES [41] caused by smallest eigenvalues in magnitude by using the thick
restarting technique given by Wu and Simon [48] for the Lanczos eigenvalue method. By
employing harmonic Ritz vectors at the beginning of each restart, GMRES-DR makes up
lost search space information accumulated during the previous cycle and improves the
convergence behaviour of the restarted GMRES to be more robust and faster. See [18] for
discussions on three different deflation strategies. Baker, Jessup and Manteuffel [7] pro-
pose LGMRES, which adds difference vectors of approximate solutions into the newly
formed Krylov subspace within each cycle of the restarted GMRES. This approach in-
creases the skip angle over that of restarted GMRES’s residuals, and effectively prevents
the alternating behavior that causes the algorithm to stagnate [6], thereby accelerating
convergence rates. Inspired by the recycling idea of GMRES-DR, Parks et al. [38] develop
the GCRO-DR algorithm under the framework of GCRO [13]. GCRO-DR additionally ex-
tends to recycle spectral information (approximate eigenvectors) between adjacent fam-
ilies of linear systems. Furthermore, Giraud, Jing and Xiang [19] combine IB-BGMRES-
DR [2] and GCRO-DR to obtain IB-GCRO-DR for solving sequences of linear systems,
where each family contains a fixing left-hand side and multiple right-hand sides.

Another promising camp involves short-term recursive algorithms. Wang, de Sturler
and Paulino [47] have applied the principles of GCRO-DR to obtain RMINRES , aim-
ing at solving a series of symmetric systems. RMINRES retains the short-term recur-
sive scheme while substantially reducing subspace selection costs through symmetry ex-
ploitation, thereby judiciously selecting a suitable subspace for recycling. Ahuja et al. [1,4]
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modify the BiCG [15] algorithm to obtain RBiCG, which is an attractive choice in solv-
ing the linear systems containing a pair of primary and dual systems, one with A(i)

and the other with A(i) transpose conjugate. Moreover, Ahuja et al. [1, 3] deduce RCGS
and RBiCGSTAB. These algorithms avoid the appearance of A(i) transpose conjugate in
RBiCG and obtain accelerating convergence effect. In addition, several short-recurrence
recycling algorithms [30–34] based on the theory of IDR(s) [43] have been developed
for solving families of linear systems with a fixed left-hand side. Compared to full
orthogonalization-based algorithms, short-term recursive algorithms require less stor-
age, making them memory-friendly for solving large sparse linear systems.

By defining a three-term recurrence relation based on the residual polynomial of
BiCG, Zhang [50] derives the generalized product-type variant of BiCG method (termed
as GPBiCG), which fits algorithms such as CGS, BiCGSTAB, and BiCGSTAB2 into a more
general framework. In comparison with BiCGSTAB, GPBiCG exhibits greater competi-
tiveness when solving nonsymmetric linear systems with complex spectrum. The contri-
bution of this paper has two folds. Firstly, a generalized product-type method (referred
to as RGPBiCG) based on RBiCG is developed with the residual-minimum technique
employed in GPBiCG. RGPBiCG can also be considered as a recycling variant of GP-
BiCG. In order to further reduce computational costs brought by the construction of re-
cycling spaces in RGPBiCG (as the same situation in RBiCGSTAB), which invokes other
algorithms (like RBiCG) to compute approximate eigenspaces, we alternatively form the
recycling spaces in RGPBiCG with difference vectors of approximate solutions, as em-
ployed for LGMRES [7]. As a result, a more promising algorithm termed as LR-GPBiCG
is developed.

The rest of the paper is organized as follows. The RBiCG algorithm is recalled in Sec-
tion 2 as the framework for the derivation of RGPBiCG, which is presented in Section 3.1
by expressing in polynomial form the residual and direction vectors generated in RBiCG.
The involved parameters are precisely given in Section 3.2. In Section 4 the construction
of recycling space is discussed, and a more economical alternative is offered for our al-
gorithm. Section 4.1 gives a brief introduction to the construction of a recycling space in
RBiCG. In Section 4.2, the recycling space consisting of the difference vectors of approx-
imate solutions is exploited to derive LR-GPBiCG. In Section 5, numerical experiments
are carried out to illustrate the effectiveness of our algorithms in the solution of families
of linear systems in comparison with the state-of-the-art methods as mentioned above.
Finally, concluding remarks are summarized in Section 6.

Throughout the paper, the symbols ‖·‖ denotes the 2-norm of a vector, and (·,·) de-
notes the Euclidean inner product of two vectors in Cn. The superscript H denotes the
transpose conjugate, the overbar · indicates complex conjugation. Vectors are described
by lowercase letters, matrices are described by uppercase letters, and Greek letters indi-
cate parameters. In RBiCG (BiCG), all matrices and vectors with ·̃ are associated with
the dual system with AH. For simplicity and notational convenience, we drop in the rest
of this paper the superscript j in A(j) and b(j) when considering to solve the current j-th
family in the entire sequence of systems.
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2 A brief view on the augmented bi-Lanczos process and

recycling BiCG

In this section, we revisit the augmented bi-Lanczos process and the RBiCG algorithm
[1,4]. Consider a primary system Ax=b and its dual system AH x̃= b̃, where b̃ is a random
vector. Let x0 and x̃0 be respectively the initial guesses for the primary and dual linear
system, with the corresponding residuals r0=b−Ax0 and r̃0=b̃−AH x̃0, satisfying r̃H

0 r0 6=0.
In the classical BiCG algorithm, the bi-Lanczos process is applied to both the primary and
dual systems, resulting in the following bi-Lanczos relations

{

AVi=Vi+1Ti,

AHṼi= Ṽi+1T̃i,
(2.1)

where the columns of Vi =[v1, v2,. . ., vi] and Ṽi =[ṽ1, ṽ2,. . ., ṽi] are referred to as Lanczos
vectors, which are respectively the basis vectors of the Krylov subspaces

Ki(A, r0)≡span
{

r0, Ar0,. . ., Ai−1r0

}

,

K̃i

(

AH,r̃0

)

≡span
{

r̃0, AH r̃0,. . ., (AH)i−1r̃0

}

.

These Lanczos vectors satisfy the bi-orthogonal relation (vi, ṽj)=0 for i 6= j, which implies

that Vi ⊥b Ṽi, where ⊥b denotes bi-orthogonality. Specifically, ṼH
i Vi is an identity matrix.

The upper square part of Ti (and, T̃i)∈C(i+1)×i is a tridiagonal matrix, and its last row
is (0,.. .,0, ti+1,i(t̃i+1,i)). A pair of Lanczos vectors computed by the bi-Lanczos process
satisfies the following three-term recurrence:

‖̺i+1‖2vi+1=̺i+1=Avi−Viti ⊥b Ṽi,

‖ ˜̺i+1‖2ṽi+1= ˜̺i+1=AHṽi−Ṽi t̃i ⊥b Vi,
(2.2)

where, ti =(0,0,.. . , ti−1,i, tii)
⊤ and t̃i =(0,0,.. ., t̃i−1,i, t̃ii)

⊤ are determined by the bi-ortho-
gonality condition Vi⊥b Ṽi. It should be noted that the bi-Lanczos process may encounter
a situation where ṽH

i vi=0 with vi, ṽi 6=0 at any step i, which results in a breakdown of the
BiCG method. This issue can be effectively addressed by the look-ahead strategies [16].

For a sequence of a pair of primary and dual linear systems, RBiCG (as referred in
Algorithm 1) is derived as an augmented bi-Lanczos algorithm [4], by incorporating the
Krylov subspace recycling technology into the bi-Lanczos algorithm. To solve the j-th
pair of systems, let U ∈ Cn×k and Ũ ∈ Cn×k represent the matrices associated with the
recycling spaces for the primary and the dual systems, respectively, generated during
the solution process of the (j−1)-th pair of systems. Then calculate C= AU, C̃= AHŨ,
ensuring that C and C̃ satisfy the bi-orthogonality, and it is emphasized that C̃HC is a di-
agonal but not identity matrix (refer to [1, p. 35]). Utilizing these recycling spaces, the
bi-orthogonality condition Vi⊥b Ṽi in the bi-Lanczos process is modified as

[

C Vi

]

⊥b

[

C̃ Ṽi

]

. (2.3)
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Similar to (2.2), the (i+1)-th Lanczos vectors here are computed by

‖̺i+1‖2vi+1=̺i+1=Avi−Viyi−Cρi,

‖ ˜̺i+1‖2ṽi+1= ˜̺i+1=AH ṽi−Ṽiỹi−C̃ρ̃i,
(2.4)

where, yi, ỹi, ρi, and ρ̃i are determined by the bi-orthogonality condition (2.3) as follows:

{
[

C̃ Ṽi

]H
̺i+1=

[

C̃ Ṽi

]H
(Avi−Viyi−Cρi)=0,

[

C Vi

]H
˜̺i+1=

[

C Vi

]

(AHṽi−Ṽiỹi−C̃ρ̃i)=0
(2.5)

=⇒

{

yi = ṼH Avi

ρi =(C̃HC)−1C̃H Avi,

{

ỹi =VH AH ṽi,

ρ̃i =(CHC̃)−1CH AH ṽi.
(2.6)

Then combining (2.4) with (2.6), we have the following relations in matrix form:

{

(I−CĈH)AVi=Vi+1Yi,

(I−C̃ČH)AHṼi= Ṽi+1Ỹi

(2.7)

with

Ĉ=

[

c̃1

cH
1 c̃1

c̃2

cH
2 c̃2

. . .
c̃k

cH
k c̃k

]

, Č=

[

c1

c̃H
1 c1

c2

c̃H
2 c2

. . .
ck

c̃H
k ck

]

. (2.8)

Let A1=(I−CĈH)A and Ã1=(I−C̃ČH)AH. Although AH
1 6= Ã1, a weak condition is

provided to demonstrate that (2.7) still satisfies the three-term recurrence (refer to [4, The-
orem 3.2]). Consequently, the top square part of Yi (and Ỹi)∈C(i+1)×i is a tridiagonal ma-
trix, and its last row is (0,.. ., 0, yi+1,i (ỹi+1,i)). Eqs. (2.7) are referred to as the augmented
bi-Lanczos relations, which correspond to a bi-Lanczos recurrence with the operators A1

and Ã1.

3 A generalized product-type variant of RBiCG

The generalized product-type variant of BiCG (GPBiCG) is a transpose-free and smoother
variant of BiCG, which is suitable for solving problems involving only the primary sys-
tem. For solving the families of linear systems given in (1.1), based on RBiCG, we present
the generalized product-type method RGPBiCG, which can also be considered as a recy-
cling variant of GPBiCG.

3.1 Polynomial recurrences with a recycling space

As for RBiCG, we give the polynomial representations of the residual vector and di-
rection vector associated with the primary system as

rRBiCG
n =Rn(A1)r0, pRBiCG

n =Pn(A1)r0,
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where, A1 =(I−CĈH)A, Rn and Pn denote the polynomials of degree n respectively as-
sociated with the residual rn and the direction pn. According to Algorithm 1, we have

Rn+1(λ)=Rn(λ)−αnλPn(λ),

Pn+1(λ)=Rn+1(λ)+βnPn(λ), n=0,1,2,.. . .

Substituting the expression of Pn in Rn+1, we can obtain the three-term recurrence rela-
tions for Rn+1 as follows:

Rn+1(λ)=

(

1+
βn−1

αn−1
αn−αnλ

)

Rn(λ)−
βn−1

αn−1
αnRn−1(λ), n=1,2,.. . ,

where R0(λ)=1, R1(λ)=(1−α0λ)R0(λ).
Borrowing the construction idea of GPBiCG, the residual vector of RGPBiCG is ex-

pressed as rn = Hn(A1)r
RBiCG
n by combining rRBiCG

n with an auxiliary polynomial Hn(λ)
of degree n. It is remarked that Hn(λ) plays the role of an accelerating polynomial, shar-
ing a form similar to that of Rn(λ) as follows:

Hn+1(λ)=(1+ηn−ζnλ)Hn(λ)−ηn Hn−1(λ), ζn 6=0, n=1,2,.. . , (3.1)

Algorithm 1. RBiCG.

1: Given U(C) and Ũ(C̃), compute Č and Ĉ using (2.8). If U and Ũ are not available,
then initialize U,Ũ,Č and Ĉ to be empty matrices.

2: The convergence tolerance and maximum iterations are respectively prescribed as tol
and max it.

3: x−1 and x̃−1 are initial guesses, r−1=b−Ax−1 and r̃−1= b̃−AH x̃−1.

4: x0= x−1+UĈHr−1, x̃0= x̃−1+ŨČH r̃−1.

5: r0=(I−CĈH)r−1, r̃0=(I−C̃ČH)r̃−1.

6: if (r0,r̃0)=0, then re-initialize x̃−1 to be a random vector.

7: Set β−1=0, β̃−1=0, p−1=0, and p̃−1=0.

8: for n=0,1,.. . ,max it

9: pn = rn+βn−1pn−1, p̃n = r̃n+ β̃n−1 p̃n−1.

10: qn =(I−CĈH)Apn, q̃n =(I−C̃ČH)AH p̃n.

11: αn =
(r̃n, rn)

( p̃n, qn)
, α̃n = ᾱn.

12: xn+1= xn+αn(I−UĈH A)pn, x̃n+1= x̃n+ α̃n(I−ŨČH AH) p̃n.

13: rn+1= rn−αnqn, r̃n+1= r̃n− α̃nq̃n.

14: if ‖rn+1‖/‖r0‖< tol and ‖r̃n+1‖/‖r̃0‖< tol, then break.

15: βn =
(r̃n+1, rn+1)

(r̃n, rn)
, β̃n = β̄n.

16: end
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where, H0(λ)=1, H1(λ)= (1−ζ0λ)H0(λ),ζn and ηn are parameters to be given in Theo-
rem 3.1. To facilitate derivation, another auxiliary polynomial

Gn(λ) :=
[Hn(λ)−Hn+1(λ)]

ζn
λ

is introduced analogously to that in [50, p. 542], and the recurrence relations of Hn in (3.1)
are equal to

Hn(λ)−Hn+1(λ)= ζnλHn(λ)+ηn

(

Hn−1(λ)−Hn(λ)
)

,

⇒ ζnλGn(λ)= ζnλHn(λ)+ηnζn−1λGn−1(λ).

Hence, the following recursion relations for Hn(λ) and Gn(λ) can be constructed as

Hn+1(λ)=Hn(λ)−ζnλGn(λ),

Gn+1(λ)=Hn+1(λ)+ζn
ηn+1

ζn+1
Gn(λ), n=0,1,2,.. . ,

where H0(λ)=1, G0(λ)=1.
We follow the derivation technique in GPBiCG to obtain the following recursion rela-

tions:
Hn+1Rn+1=HnRn+1−ηnζn−1λGn−1Rn+1−ζnλHnRn+1

=HnRn−αnλHnPn−ζnλGnRn+1,

ζn−1λGn−1Rn+1=Hn−1Rn−HnRn−αnλHn−1Pn+αnλHnPn,

HnRn+1=HnRn−αnλHnPn,

Hn+1Pn+1=Hn+1Rn+1+βn HnPn−βnζnλGnPn,

ζnλGnPn= ζnλHnPn+ηn(Hn−1Rn−HnRn+βn−1ζn−1λGn−1Pn−1),

ζnGnRn+1= ζnHnRn+ηnζn−1Gn−1Rn−αnζnλGnPn,

λHnPn+1=λHnRn+1+βnλHnPn.

(3.2)

Then one define six auxiliary iteration vectors

tn =Hn(A1)r
RBiCG
n+1 , yn =

(

Hn−1(A1)−Hn(A1)
)

rRBiCG
n+1 ,

pn =Hn(A1)pRBiCG
n , zn = ζnGn(A1)r

RBiCG
n+1 ,

wn=A1Hn(A1)pRBiCG
n+1 , un = ζn A1Gn(A1)pRBiCG

n .

(3.3)

According to (3.2), (3.3) and rn=Hn(A1)r
RBiCG
n =Hn(A1)Rn(A1)r

RBiCG
0 , we can obtain

the recursion relations of RGPBiCG as follows:

rn+1= tn−ηnyn−ζn A1tn (3.4)

= rn−αn A1pn−A1zn, (3.5)
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yn+1= tn−rn+1−αn+1wn+αn+1A1pn+1, (3.6)

tn = rn−αn A1pn, (3.7)

pn+1= rn+1+βn(pn−un), (3.8)

un = ζn A1pn+ηn(tn−1−rn+βn−1un−1), (3.9)

zn = ζnrn+ηnzn−1−αnun, (3.10)

wn=A1tn+βn A1pn. (3.11)

Next, to derive the recurrence for the approximate solution update, we use the relation
A−1(I−CCH)A= I−UCHA. That is,

rn+1=b−Axn+1= rn−αn A1pn−A1zn

⇒ Axn+1=Axn+αn A1pn+A1zn

⇒ xn+1= xn+αn(I−UĈH A)pn+(I−UĈH A)zn.

3.2 Computation for iterative parameters

It is noticed that in the RBiCG, the residual vector r̃RBiCG
n and the direction vector p̃RBiCG

n

in the dual system can be written as






















r̃RBiCG
n = R̃n

(

AH
1

)

r̃0=

(

(−1)n
n−1

∏
i=0

α̃i

)

(

AH
1

)n
r̃0+ϑ1,

p̃RBiCG
n = P̃n

(

AH
1

)

r̃0=

(

(−1)n
n−1

∏
i=0

α̃i

)

(

AH
1

)n
r̃0+ϑ2,

where, ϑ1,ϑ2 ∈ K̃n(AH
1 ,r̃0). According to the orthogonalities of RBiCG, i.e. rRBiCG

n ⊥
K̃n(AH

1 ,r̃0) and A1pRBiCG
n ⊥ K̃n(AH

1 ,r̃0). Then the auxiliary formulae for computing αn

in step 11 and βn in step 15 in Algorithm 1 can be presented as

αn =

(

r̃RBiCG
n ,rRBiCG

n

)

(

p̃RBiCG
n , A1pRBiCG

n

) =

((

AH
1

)n
r̃0,rRBiCG

n

)

((

AH
1

)n
r̃0, A1pRBiCG

n

) ,

βn =

(

r̃RBiCG
n+1 ,rRBiCG

n+1

)

(

r̃RBiCG
n , rRBiCG

n

) =−αn

((

AH
1

)n+1
r̃0,rRBiCG

n+1

)

((

AH
1

)n
r̃0, rRBiCG

n

) .

(3.12)

Hence, the computation of these parameters does not depend on r̃RBiCG
n and p̃RBiCG

n

in the iterative process. Since the coefficient of the highest-order term of Hn(λ) is
(−1)n ∏

n−1
i=0 ζi from (3.1), we have

(r̃0,rn)=
(

r̃0,Hn(A1)r
RBiCG
n

)

=

(

(−1)n
n−1

∏
i=0

ζi

)

((

AH
1

)n
r̃0,rRBiCG

n

)

,

(r̃0,A1pn)=
(

r̃0,Hn(A1)A1pRBiCG
n

)

=

(

(−1)n
n−1

∏
i=0

ζi

)

((

AH
1

)n
r̃0, A1pRBiCG

n

)

.
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Then from (3.12), αn and βn can be expressed by rn+1,rn, and pn as follows:

αn =
(r̃0, rn)

(r̃0, A1pn)
, βn =

αn

ζn

(r̃0, rn+1)

(r̃0, rn)
.

Theorem 3.1. To satisfy the local minimum condition of the residual vectors at each iteration, the
parameters ζn and ηn are computed by the following recursion relations:







ηn =0,

ζn =
(A1tn, tn)

(A1tn, A1tn)
,

n=0;















ηn =
(A1tn, A1tn)(yn, tn)−(yn, A1tn)(A1tn, tn)

(A1tn, A1tn)(yn,yn)−(yn, A1tn)(A1tn,yn)
,

ζn =
(yn,yn)(A1tn, tn)−(yn, tn)(A1tn, yn)

(A1tn, A1tn)(yn,yn)−(yn, A1tn)(A1tn,yn)
,

n=1,2,.. . .

Proof. In order to minimize the residual 2-norm, which is the function of ζn and ηn as
shown in (3.4), we solve the least-squares problem

min‖rn+1‖=min f (ζn ,ηn)= min
ηn, ζn∈C

‖tn−ηnyn−ζn A1tn‖. (3.13)

For n=0, setting β−1=0, t−1=w−1=u−1= z−1=0, from (3.6)-(3.11) we have

p0 = r0,

y0 =−r0+α0A1p0,

t0= r0−α0A1p0,

u0= ζ0 A1p0−η0r0,

z0 = ζ0r0−α0u0.

From the formulas (3.5) and (3.7), we have

t0−η0y0−ζ0 A1t0= r0−α0A1p0−A1z0

⇒ η0y0+ζ0 A1t0=A1z0

⇒ −η0r0+η0α0 A1p0+ζ0 A1r0−ζ0α0A1A1p0= ζ0 A1r0−α0 A1u0

⇒ −η0r0+η0α0 A1p0−ζ0α0A1A1p0=−ζ0α0 A1A1p0+η0α0A1r0

⇒ −η0r0=0.

Since r0 6=0,η0 =0, therefore (3.13) becomes

min
ζ0∈C

‖t0−ζ0 A1t0‖,
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which is solved equivalently by the orthogonal condition that t0−ζ0 A1t0 be orthogonal
to the subspace spanned by A1t0, that is (A1t0)H A1t0ζ0=(A1t0)Ht0, yielding

ζ0 =
(A1t0, t0)

(A1t0, A1t0)
.

For solving (3.13) with n= 1,2,.. ., analogously, based on orthogonal conditions that
(tn−ζn A1tn)−ηnyn and (tn−ηnyn)−ζn A1tn be respectively orthogonal to the subspaces
spanned by yn and A1tn, we have

{

(yn)Hynηn =(yn)H(tn−ζn A1tn),

(A1tn)H A1tnζn =(A1tn)H(tn−ηnyn),

⇒















ηn =
(A1tn, A1tn)(yn, tn)−(yn, A1tn)(A1tn, tn)

(A1tn, A1tn)(yn,yn)−(yn, A1tn)(A1tn,yn)
,

ζn =
(yn,yn)(A1tn, tn)−(yn, tn)(A1tn, yn)

(A1tn, A1tn)(yn, yn)−(yn, A1tn)(A1tn,yn)
.

The proof is complete.

The pseudocode for RGPBiCG is summarized in Algorithm 2. It should be empha-
sized that RGPBiCG, RCGS, and RBiCGSTAB are transpose-free variants derived form
RBiCG, which belong to a unified framework. Setting ζn =αn,ηn =(βn−1/αn−1)αn leads
to Hn =Rn, where rn =Hn(A1)r

RBiCG
n =R2

n(A1)r0, which precisely represents the residual
when deriving RCGS from RBiCG. On the other hand, setting ηn =0 results in the resid-
ual rn = Hn(A1)r

RBiCG
n = Hn(A1)Rn(A1)r0 with Hn+1(λ)= (1−ζnλ)Hn(λ), H0 = 1,ζn 6= 0,

n=1,2,.. ., which is the residual representation during the derivation of RBiCGSTAB from
RBiCG. For detailed derivations of RCGS and RBiCGSTAB, refer to [1]. Furthermore, the
selection of the recycling spaces is flexible and variable in algorithms of such kind, as will
be discussed in detail in Section 4.

4 On the recycling spaces

In this section, we discuss the recycling spaces for the transpose-free variant of RBiCG.
We take RGPBiCG as an example, i.e. how to construct U(C) and Ũ(C̃) as outlined in
Algorithm 2. We first analyze the construction of the recycling spaces in RBiCG in Sec-
tion 4.1, which is closely related to our algorithm. Subsequently, in Section 4.2, we pro-
pose a more cost-effective approach for obtaining the recycling spaces.

4.1 Analysis of the recycling space used in RBiCG

In certain problems, the presence of small eigenvalues in magnitude hampers challenge
for convergence of classical Krylov subspace methods. GMRES-DR [28] recycles the har-
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Algorithm 2. RGPBiCG.

1: Given U(C) and Ũ(C̃), compute Ĉ using (2.8).
2: The convergence tolerance and maximum iterations are respectively prescribed as tol

and max it.
3: x−1 is an initial guess, r−1=b−Ax−1.
4: x0= x−1+UĈHr−1, r0=(I−CĈH)r−1.
5: r̃0 is an arbitrary vector, such that (r0,r̃0) 6=0.
6: Set β−1=0, t−1=0, w−1=0, p−1=0, z−1=0, and u−1=0.
7: for n=0,1,.. .,max it
8: pn = rn+βn−1(pn−1−un−1).
9: qn =(I−CĈH)Apn.

10: αn =
(r̃0, rn)

(r̃0, qn)
.

11: yn = tn−1−rn−αnwn−1+αnqn.
12: tn = rn−αnqn.

13: atn =(I−CĈH)Atn.

14: ζn =
(yn,yn)(atn, tn)−(yn, tn)(atn,yn)

(atn, atn)(yn,yn)−(yn, atn)(atn,yn)
.

15: ηn =
(atn, atn)(yn, tn)−(yn, atn)(atn, tn)

(atn, atn)(yn,yn)−(yn, atn)(atn,yn)
.

16: (if n=0, then ζn =(atn, tn)/(atn , atn), ηn =0).

17: un = ζnqn+ηn(tn−1−rn+βn−1un−1).

18: zn = ζnrn+ηnzn−1−αnun.

19: xn+1= xn+αn(I−UĈH A)pn+(I−UĈH A)zn.

20: rn+1= tn−ηnyn−ζnatn .

21: if ‖rn+1‖/‖r0‖< tol, then break.

22: βn =
αn

ζn

(r̃0,rn+1)

(r̃0, rn)
.

23: wn = atn+βnqn.

24: end

monic Ritz vectors to deflate the eigenvalues of smallest magnitude, markedly enhanc-
ing both convergence and stability, and is well-known as a deflation-based method. Al-
though GMRES-DR is designed to solve a single linear system, Parks et al. [38] extend
GMRES-DR into GCRO-DR under the framework of GCRO, making it an effective al-
gorithm for solving sequences of linear systems. Similarly, it has been shown in GCRO-
DR [38] that constructing a recycling space from an approximate invariant subspace of A,
which consists of harmonic Ritz vectors, is an effective strategy. Additionally, a class of
deflation strategies based on singular value decomposition (SVD) has been employed to
construct recycling spaces [12, 45].
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RBiCG [1] also generates the recycling spaces with harmonic Ritz vectors to approx-
imate invariant subspaces corresponding to small eigenvalues in magnitude. However,
compared with GCRO-DR, the implementation of RBiCG has the following differences:

• RBiCG involves the simultaneous solution of a primary system and its dual system.
Consequently, the recycling spaces are introduced in pairs (as shown in Section 2).
This necessitates the computation of the approximate eigenvectors of A and AH

(left and right approximate eigenvectors of A).

• As a short-term recursive algorithm, restart mechanism is not suited for RBiCG. The
harmonic Ritz vectors must be computed from Yi and Ỹi in (2.7), which requires to
explicitly store all Lanczos vectors for the calculation of the harmonic Ritz vectors.

To avoid such storage issues, RBiCG organizes the algorithm’s execution into cycles,
where each cycle consists of s iteration steps, indexed by ǫ = 1,2,.. . . The matrices as-
sociated with recycling spaces are updated at the end of each cycle and denoted as Uǫ

and Ũǫ. It is important to note that the recycling matrices U and Ũ used in RBiCG are de-
rived from the solution process of the previous pair of systems. The updated Uǫ and Ũǫ

during the iteration are not directly applied to the current pair of systems. The last up-
date of Uǫ and Ũǫ will be used as the recycling matrices U and Ũ for the next pair of
systems. Suppose that the bi-orthogonal bases matrices Vm

s =[v(m−1)s+1,v(m−1)s+2,. . .,vms]

and Ṽm
s =[ṽ(m−1)s+1, ṽ(m−1)s+2,. . ., ṽms] are generated at the m-th cycle. Then Um and Ũm

are obtained from Vm
s (Ṽm

s ), Um−1 (Ũm−1), and U (Ũ), according to the definition of the
harmonic Ritz pair [37]. The columns of the recycling matrices Um and Ũm in RBiCG
satisfy the condition

{

(Aum−λum)⊥ range
(

AH
[

Ũm−1, Ṽm
s

])

,

(AHũm−µũm)⊥ range
(

A
[

Um−1,Vm
s

])

,
(4.1)

where, um ∈ span{Um−1,Vm
s }, ũm ∈ span{Ũm−1, Ṽm

s }. For more detailed derivation pro-
cess, refer to [1, Chapter 3]. In the derivation of transpose-free variants of RBiCG, the
recycling spaces remain unchanged. In fact, RCGS, RBiCGSTAB, and RGPBiCG still uti-
lize the approximate eigensubspace of the coefficient matrix to construct the recycling
spaces, which cannot be directly obtained from their own iterations. However, this prob-
lem can be addressed by incorporating other algorithms. Ahuja adopts a strategy that
the recycling space used in RBiCGSTAB is generated by RBiCG. When the coefficient ma-
trix A changes, RBiCG is invoked again to update the recycling space. Additionally, Am-
ritkar et al. [5] employs RGCROT to generate only one recycling space for RBiCGSTAB,
which shows that RBiCGSTAB does not necessarily require to recycle two spaces.

Repeatedly invoking other algorithms to obtain approximate eigenvectors naturally
incurs additional computational cost and storage. Alternatively, we use information from
approximate solutions to construct the recycling spaces. This idea has been utilized in
LGMRES [7], which at each restart adds difference vectors of approximate solutions,
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thereby preventing stagnation and accelerating convergence. Moreover, Kilmer et al. [24]
use the GCRO algorithm to explore and analyze two subspace recycling strategies: One
based on recycling approximate invariant subspaces, and another on recycling subspaces
from previous solutions. For more related work on recycling information from approxi-
mate solutions, please refer to [23, 30, 36, 44, 49].

Furthermore, as a short-term recursive algorithm, the transpose-free variants of BiCG
can explicitly generate approximate solutions, residuals, and direction vectors at each
iteration. This allows us to obtain the approximate solutions without much effort. In the
next section, we describe how to construct recycling spaces from approximate solutions.

4.2 An alternative construction of the recycling space

In GPBiCG [50], the approximate solution is updated as in the form of xn+1 = xn+△xn

at each iteration. Assuming that GPBiCG converges after n f inal iterations, we have X=
[x0,x1,x2,. . .,xn f inal

]. We denote the difference vector of the approximate solutions at inter-

val δ1 as µδ1
l , that is

µδ1
l = xlδ2

−xlδ2−δ1
, lδ2≤n f inal. (4.2)

Next, by storing a µδ1
l after every δ2 iterations, we construct a k-column matrix as follows:

U=
[

µδ1
1 ,µδ1

2 ,. . .,µδ1

k

]

=[u1,u2, . . .,uk],

ui=µδ1
i = xiδ2

−xiδ2−δ1
, i=1,2,.. . ,k,

(4.3)

where δ1≤δ2, kδ2≤n f inal. Here, we can control the column number k of U by changing δ2.
In the numerical experiments, we do not need to explicitly store each approximate solu-
tion; it is sufficient to store the corresponding difference vectors at the preset intervals.
Moreover, δ1 and δ2 are empirical parameters. In this paper, unless otherwise specified,
we set δ1=1. It is worth noting that if the algorithm converges as the iterations proceed,

the approximate solution gradually approaches the true solution, causing µδ1
l to possibly

approach the zero vector. One can increase δ1 to avoid singularities. The choice of δ2 will
be discussed in Case 2 of Example 3 of Section 5. Therefore, we can achieve subspace
recycling by carrying over U from the j-th system to the (j+1)-th system. To satisfy the
relations

AU=C, CHC= I,

we implement

[Q, R]=A(j+1)
U by reduced QR-factorization,

C=Q,

U=UR−1,

(4.4)

where Q ∈Cn×k and R∈ Ck×k. It is noticed that the collected U may become singular,
leading to the matrices U and C in (4.4) not to satisfy AU = C. To address this issue,
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we could employ QR-decomposition to extract the linearly independent columns of U

before computing U and C. Here we associate the underlying Krylov subspace methods
with the prefix “LR” to indicate that the resulting variant employs the recycling technique
with the corresponding U as described herein. And the prefix “R” indicates that the recy-
cling space [1,3] is calculated by RBiCG [3], which is related to approximate eigenvectors
corresponding to small eigenvalues in magnitude.

For ui, we have

ui= xiδ2
−xiδ2−1,

Aui= riδ2−1−riδ2
=(Hiδ2−1Riδ2−1−Hiδ2

Riδ2
)(A)r0=U2iδ2

(A)r0, i=1,2,.. . ,k,

where U2iδ2
(A) denotes a polynomial of degree 2iδ2 for the operator A. Therefore, the

matrix U associated with recycling space LR contains partial information of the approx-
imation search subspace generated during the solution process of the current system.
When the coefficient matrix A and the right-hand side b change slowly, the generated
Krylov subspace also changes slowly. Thus, maintaining orthogonality within U during
subsequent iterations for solving the next system can accelerate the convergence rate.
The pseudocode of the LR-GPBiCG is summarized as in Algorithm 3. Furthermore, as
the first update of the residual in each iteration (in Algorithms 2 and 3), tn can serve
as a basis for convergence judgment [46], which can save one matrix-vector multiplica-
tion. However, our numerical experiments employ a full update of the residuals at each

iteration to stabilize the convergence and obtain the complete µδ1
l .

Similar to the presentation of LR-GPBiCG in Algorithm 3, the recycling space intro-
duced in this section can also be applied to RBiCGSTAB to obtain another variant referred
to as LR-BiCGSTAB. We will omit the detailed presentation of LR-BiCGSTAB here, but
will use it directly in the numerical experiments in the next section.

5 Numerical experiments

In this section, we numerically investigate the algorithmic performance on both academic
and engineering simulation problems. The first three examples fix a single linear system
as the ideal case for verifying subspace recycling techniques. We adopt the strategy in
GCRO-DR [38] to solve the same system twice and obtain the recycling space in the pro-
cess of the first solution. The last three examples are from engineering simulation to
illustrate the effectiveness of our methods. Example 4 is on a linear system with multiple
right-hand sides discretized by the time-harmonic electromagnetic scattering problem,
and the last two are respectively from the lattice quantum chromodynamics (QCD) prob-
lem and the fatigue and fracture of engineering components (FFEC) model problem. In
the following examples, for GCRO-DR(m,k), m is the restart parameter, and k is the di-
mension of the recycling space. And for RBiCGSTAB(k), RGPBiCG(k), LR-BiCGSTAB(k)
and LR-GPBiCG(k), k is the dimension of the recycling space.
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Algorithm 3. LR-GPBiCG.

1: Given U, if U is not available, then turn to use GPBiCG to solve the current system
and calculate U.

2: Let [Q, R] be obtained by the reduced QR-factorization of AU.

3: The convergence tolerance and maximum iterations are respectively prescribed as tol
and max it.

4: C=Q.

5: U=UR−1.

6: x−1 is an initial guess, r−1=b−Ax−1.

7: x0= x−1+UCHr−1.

8: r0= r−1−CCHr−1.

9: r̃0 is an arbitrary vector such that (r̃0, r0) 6=0, e.g. r̃0= r0.

10: Set β−1=0, t−1=0, w−1=0, p−1=0, z−1=0, and u−1=0.

11: rho=(r̃0, r0), χ=0.

12: for n=0,1,.. .,max it

13: pn = rn+βn−1(pn−1−un−1).

14: qn =(I−CCH)Apn.

15: αn =
rho

(r̃0, qn)
.

16: yn = tn−1−rn−αnwn−1+αnqn.

17: tn = rn−αnqn.

18: atn =(I−CCH)Atn.

19: ζn =
(yn, yn)(atn, tn)−(yn, tn)(atn , yn)

(atn, atn)(yn, yn)−(yn, atn)(atn , yn)
.

20: ηn =
(atn, atn)(yn, tn)−(yn, atn)(atn, tn)

(atn , atn)(yn, yn)−(yn, atn)(atn, yn)
.

21: (if n=0, then ζn =(atn, tn)/(atn, atn), ηn =0).

22: un = ζnqn+ηn(tn−1−rn+βn−1un−1).

23: zn = ζnrn+ηnzn−1−αnun.

24: χ=χ+αn pn+zn.

25: rn+1= tn−ηnyn−ζnatn.

26: if ‖rn+1‖/‖r0‖< tol, then break.

27: βn =
αn

ζn

(r̃0, rn+1)

rho
.

28: rho=(r̃0 , rn+1).

29: wn= atn+βnqn.

30: end

31: xn+1= x0+(I−UCH A)χ.
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All the numerical experiments are performed in double precision floating point arith-
metic in MATLAB of version 2019A on a personal computer with an Intel(R) Core(TM)
i7-10700 CPU 2.90GHz, 16.0GB of RAM. The stopping criterion is that the relative resid-
ual norm is smaller than a prescribed convergence tolerance (i.e. ‖rn‖/‖r0‖< tol ), or the
iterations exceed a prescribed maximum number (max it). In our experiments, all solvers
take a zero vector as the initial guess, except for Case 1 in Example 3 with a vector of all
ones; the default settings are tol = 10−6 and max it = 2000 for all examples, except for
Example 2 with tol=10−8 and Example 5 with tol=10−10; no preconditioner is used ex-
cept for Case 2 in Example 3, and Examples 4 and 5. Numerical results are reported in
terms of iterations (referred to as “iters”) and CPU computing time in seconds (referred
to as CPU). It is remarked that, at each iteration, two matrix-vector products (mvps) are
eamied out in all solvers except for GCRO-DR with one mvps at each iteration.

5.1 Example 1 with bidiagonal matrices

The coefficient matrices in this example are bidiagonal matrices, and all entries of the
right-hand side are set to be one. We consider two academic cases.

5.1.1 Case 1

We choose a bidiagonal matrix of order 4000 [27]. The elements on each secondary di-
agonal are 0.1, and the elements on the main diagonal are 1,2,.. . ,3999,4000. The first
experiment is to compare the effect of the recycling spaces associated with R and LR
variants as stated in Section 4.2. It is remarked that the construction of the recycling
space with LR is directly from the difference vectors of approximate solutions generated
during GPBiCG (no additional calculation is required) while that with R is calculated by
RBiCG. The second experiment is to compare LR-GPBiCG and LR-BiCGSTAB. We set the
dimension of the recycling space in R and LR both as k=20.

The convergence histories are displayed in Fig. 1 and the numerical results are presen-
ted in Table 1. It is observed that the LR recycling technique accelerates both BiCGSTAB
and GPBiCG, and LR accelerates better than R in this example. LR-GPBiCG(20) con-
verges slightly faster than LR-BiCGSTAB(20) in terms of iterations.

Table 1: Numerical results of recycling GPBiCG and BiCGSTAB associated with LR and R for Case 1 in
Example 1.

Algorithm Iters Acceleration ratio

BiCGSTAB 197

RBiCGSTAB(20) 119 39.59%

LR-BiCGSTAB(20) 72 63.45%

GPBiCG 189

RGPBiCG(20) 110 41.80%

LR-GPBiCG(20) 55 70.90%
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(a) (b)

Figure 1: (a): Convergence curves of BiCGSTAB, RBiCGSTAB(20), and LR-BiCGSTAB(20); (b): Convergence
curves of GPBiCG, RGPBiCG(20), and LR-GPBiCG(20) for Case 1 of Example 1.

5.1.2 Case 2

We consider a matrix with smaller eigenvalues. The matrix is still bidiagonal but with
entries 0.01,0.02,0.1,0.2,1,2,.. . ,1995,1996 on the main diagonal and 1’s on the superdiag-
onal [28]. In this case, we test basic algorithms BiCGSTAB, GPBiCG and their recycling
variants RBiCGSTAB, RGPBiCG, LR-BiCGSTAB, LR-GPBiCG. The size of recycling space
(LR or R) is set to be k=4. The convergence curves are shown in Fig. 2. In cases where the
system has small eigenvalues in magnitude, the recycling space R offers substantial bene-
fits, not only by effectively accelerating convergence but also by enhancing the stability of
GPBiCG and BiCGSTAB, as evidenced by the performance curves of RBiCGSTAB(4) and
RGPBiCG(4). While our recycling space LR also contributes to convergence acceleration,
it is less competitive compared to recycling space R in such cases.

Figure 2: Convergence curves for Case 2 of Example 1.
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5.2 Example 2 with a Toeplitz matrix

We consider a complex Toeplitz matrix as used in [50] of order 200 with a parameter γ

A=

























4 0 1 0.7
γi 4 0 1 0.7

γi 4 0 1
. . .

γi 4 0
. . .

γi 4
. . .

. . .
. . .

























.

The parameter γ is set to be γ= 3.79, and the right-hand side has all entries 1i. The
dimension of the recycling space with LR is set to be k= 20. It is observed from Fig. 3
that GPBiCG converges faster than BiCGSTAB for this nonsymmetric linear system with
complex spectrum, and so does LR-GPBiCG in comparison with LR-BiCGSTAB.

(a) (b)

Figure 3: (a): Comparison of convergence curves for BiCGSTAB and GPBiCG; (b): Comparison of convergence
curves for LR-BiCGSTAB(20) and LR-GPBiCG(20) in Example 2.

5.3 Example 3 with a matrix from a convection-diffusion problem

In this example, we solve two linear systems derived from the discretization of convec-
tion-diffusion problems.

5.3.1 Case 1

We consider the vertex centered finite volume discretization of the partial differential
equation (PDE) [3] as

−(ux)x−(uy)y+10ux−10uy =0.
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Using the boundary conditions

usouth=uwest=1,

unorth=ueast=0,

we solve the problem on a 82×82 grid unit square, resulting in a 6400×6400 linear sys-
tem. We compare BiCGSTAB, GPBiCG, RBiCGSTAB, RGPBiCG, LR-BiCGSTAB, and LR-
GPBiCG. By invoking RBiCG, we generate ten approximate left eigenvectors and ten
approximate right eigenvectors of the coefficient matrix, which are used to construct the
recycling space R for RBiCGSTAB and RGPBiCG. For LR-GPBiCG and LRBiCGSTAB, we
set up a recycling space LR of dimension 20. Table 2 presents the number of matrix-vector
products required by each algorithm, and the convergence curves are shown in Fig. 4.

From Fig. 4, it is observed that both of the recycling spaces R and LR significantly
help to improve the convergence behaviour of BiCGSTAB and GPBiCG, and the recy-
cling space LR leads to a relatively smoother convergence compared to R. Moreover,
LR-BiCGSTAB and LR-GPBiCG converge faster than RBiCGSTAB and RGPBiCG respec-
tively, and LR-GPBiCG performs the best to converge after 50 iterations. This indi-
cates that the recycling space LR offers greater advantages in accelerating the solution
of convection-diffusion problems.

Table 2: The number of matrix-vector products required by each algorithm for Case 1 in Example 3.

Algorithm Matrix-vector products
BiCGSTAB 286
RBiCGSTAB(20) 174
LR-BiCGSTAB(20) 126
GPBiCG 274
RGPBiCG(20) 178
LR-GPBiCG(20) 100

5.3.2 Case 2

Here we consider the finite difference discretization of the PDE [46] as

−(aux)x−(auy)y+c(x,y)ux =F

on a square [0,1]×[0,1] with Dirichlet boundary conditions

u(x,0)=u(0,y)=u(1,y)=1,

u(x,1)=0,

where c(x,y) = 2e2(x2+y2). The function a is defined as in Fig. 5, and F = 0 everywhere,
except for the small subsquare with a side length 16/128 (from 56/128 to 72/128) in the
centre, F=100. We generate a 1272×1272 matrix using the central difference scheme with
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(a) (b)

Figure 4: (a): Convergence curves of BiCGSTAB, RBiCGSTAB(10) and LR-BiCGSTAB(10); (b): Convergence
curves of GPBiCG, RGPBiCG(10) and LR-GPBiCG(10) for Case 1 in Example 3.

the grid width being h=1/128 in two directions. We choose ILU-factorization [40] as the
right preconditioner with a drop tolerance being 0.1.

The convergence curves are shown in Fig. 6. The standard GPBiCG method, which
does not utilize recycling spaces, required 347 iterations and 45.87 seconds of CPU time
to converge. In contrast, the LR-GPBiCG method, with recycling space dimensions of
5,10,20,30, and 40, demonstrated significant improvements in both convergence rate and
computational efficiency. Specifically, as the dimension of the recycling space increased
from 5 to 40, the number of iterations decreased from 194 to 79, and the corresponding
CPU time reduced from 25.63 seconds to 10.44 seconds. Moreover, when the dimension
of the recycling space exceeds 10, there is indeed a slight reduction in both the iters count
and CPU, but the improvement is not as significant as the reduction observed when in-
creasing the dimension from 5 to 10. This indicates that, although a larger recycling space
can improve performance, the benefit may weaken after exceeding a certain threshold.
Moreover, a larger recycling space occupies more memory, hence in this situation, the
results of LRGPBiCG(10) are more advantageous. The choice of the dimension of the
recycling space is problem-dependent and deserves to be studied further.

Additionally, in all the experiments conducted in this paper, the LR-type recycling
spaces used are obtained from the entire approximate solution space (i.e. derived from
X = [x0,x1,x2,. . .,xn f inal

]). Here, we fix the dimension of the recycling space at 10 and
reduce the extracted range as X = [x0,x1,x2,. . .,xn f inal/2]. The corresponding results are
presented as LR-GPBiCG*(10), as shown in Fig. 7. Clearly, since LR-GPBiCG(10) covers
a broader region of approximate solution information, it converges faster. However, LR-
GPBiCG*(10) also exhibits favorable convergence behavior, which provides an insight:
We can construct the recycling space within a smaller approximate solution space rather
than requiring the previous system to converge completely. Although this sacrifices some
of the additional accelerated convergence, it requires less storage and computational ef-
fort. The numerical results are shown in Table 3.
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Figure 5: Coefficients of the PDE for Case 2 in Example 3.

Figure 6: Convergence curves of LR-GPBiCG with recycling spaces of varying dimensions for Case 2 in Example 3.

Figure 7: Convergence curves of LR-GPBiCG(10) and LR-GPBiCG*(10) for Case 2 in Example 3.
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Table 3: Numerical results on LR-GPBiCG with recycling spaces of different dimensions for Case 2 in Example 3.

Algorithm Dimension (LR) Iters CPU(s)

GPBiCG 347 45.87

5 194 25.63
10 123 16.29

LR-GPBiCG 20 107 14.06
30 101 13.37
40 79 10.44

LR-GPBiCG* 10 143 18.79

5.4 Example 4 from time-harmonic electromagnetic scattering simulation

In this section, we consider the solution of a sequence of linear systems arising from
radar cross section (RCS) calculations [35] in time-harmonic electromagnetic scattering
problems [25] by handling the weak form [51] of electromagnetic field vector wave equa-
tion with the finite element method. For monostatic RCS, the radar transmitter and re-
ceiver are at the same location. In order to compute the monostatic RCS from different
directions, a series of incident plane wave excitations different from the monostatic RCS
directions should be set up, so that there are a number of right-hand sides associated with
the linear system. Individually solving such linear systems would result in inefficiency.
We investigate our LR-GPBiCG in comparison with relevant single solvers to address
such linear systems with multiple right-hand sides available in sequence as in (1.1). Re-
fer to [2, 10, 19, 21, 29] and the references therein on block Krylov subspace methods for
simultaneously solving these systems if all the right-hand sides are available at the same
time.

We consider the electromagnetic scattering analysis of X-51 hypersonic aircraft [25]
taking the frequency of the plane wave excitations as 0.2GHz, whose model is shown in
Fig. 8. The directions of the plane wave are 0 degree in the φ direction and 0∼360 de-
grees in the θ direction with an 3 degree interval. The polarization direction of the plane
wave electric field is φ direction and has a magnitude of 1. This leads to a sequence of
linear systems of order 120450 with slowly changing right-hand sides. Six linear systems
corresponding to 0 degree to 15 degree with a 3 degree interval are chosen for numerical
verification.

We apply ILU-factorization with a drop tolerance 3×10−4 for right preconditioning
after matrix reordering (symmetric approximate minimum degree permutation). After
solving the first system with GPBiCG, we obtain a recycling space U of dimension k=14
(the dimension can be flexibly tuned by the difference vectors of the approximate so-
lutions), then LR-GPBiCG(14) is used to solve the remaining five systems. Numerical
results with counterpart solvers are reported in Table 4. It is observed that for solving
the subsequent five systems with LR-GPBiCG(14), the introduction of the recycling space
achieves about 52.64% reduction of matrix-vector products and about 69.06% reduction
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Table 4: Numerical results on LR-GPBiCG with recycling spaces of different dimensions for Case 2 in Example 3.

Method
System

1 2 3 4 5 6

GPBiCG
Iters 435 470 483 512 524 490

CPU 204.31 217.35 224.79 238.55 243.56 226.97

LR-GPBiCG(14)
Iters 435 237 256 233 221 227

CPU 204.31 71.86 77.86 70.59 67.16 68.69

GCRO-DR(40,14)
Iters 1097 1403 1237 987 1586 1205

CPU 207.98 264.58 234.16 187.67 300.11 228.03

RBiCG & RBiCGSTAB(14)
Iters 255 – – – – –

CPU 152.88

Figure 8: The model of X-51 class hypersonic vehicle.

of CPU computing time, as compared with GPBiCG for solving each system separately.
“RBiCG & RBiCGSTAB(14)” indicates that RBiCG is used to solve the first system, and
then RBiCGSTAB(14) is performed to solve subsequent systems. The size of recycling
spaces in all algorithms are set as k=14. RBiCGSTAB(14) did not converge to the targeted
accuracy within 2000 iterations for the rest systems, as indicated by the symbol “–”. In
this example, LR-GPBiCG outperforms both RBiCGSTAB [3] and GCRO-DR [38] in both
terms of CPU and mvps.

5.5 Example with matrices from QCD

This example tests a sequence of linear systems from quantum chromodynamics problem
in physics. For this model problem, we borrow the matrix conf5.0 00l4x4.1000.mtx of size
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3072×3072 as D from the Matrix Market website at NIST [9], which was submitted by Me-
deke [26]. The families of linear systems are constructed as (I−κD)x= b with 0≤κ<κc.
We set κ = 0.202, κc = 0.205 and use the MATLAB function linspace(0.202,0.205,10) to
generate the parameters κ(i) (i= 1,2,.. . ,10) for a sequence of matrices. It is noticed that
those matrices have the same eigenvectors associated with shifted eigenvalues. We set 10
consecutive right-hand sides as the first 10 Cartesian basis vectors. We employ GP-
BiCG to solve the first linear system and obtain a recycling space U with dimension
k=20, and then use LR-GPBiCG(20) to solve the rest nine linear systems. We apply ILU-
factorization with a drop tolerance 0.08 for right preconditioning. Accelerating effect of
LR-GPBiCG(20) in comparison with GPBiCG can be again observed from Fig. 9.

Figure 9: Convergence curves for 10 consecutive left-hand sides and right-hand sides for a model quantum
chromodynamics problem with LR-GPBiCG(20).

5.6 Example with matrices from FFEC

In this section, we compare our LR-GPBiCG with GCRO-DR [38] for solving a sequence
of linear systems discretized from a finite element fracture mechanics problem in the
field of fatigue and fracture of engineering components (denoted as FFEC collection). In
the process of capturing the fracture progress, there are more than 2000 linear systems
of order 3988 to be solved, of which the 151 linear systems from 400 to 550 are typical
subsets of the fracture procession of many cohesive elements break. We borrow the first
ten linear systems numbered 400-409 for numerical experiments.

The first system is solved by GPBiCG (no recycling space is available), and the re-
cycling space generated is applied to accelerate the solution of the subsequent systems
through LR-GPBiCG. Convergence curves are shown in Fig. 10 to compare the number
of iterations required by LR-GPBiCG(25) and GCRO-DR(50,25) for solving all the ten sys-
tems.

With the slowly change of linear systems, the acceleration ratio of LR-GPBiCG(25) is
reduced from 59.08% to 58.53%, which is within an acceptable range. At each iteration,
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Figure 10: Comparison of convergence curves for LR-GPBICG(25) and GCRO-DR(50,25) for FFEC Problems,
where x-axis represents the number of iterations, and y-axis represents the relative residual norm.

GPBiCG requires two matrix-vector products, while GCRO-DR requires only one, so LR-
GPBiCG is more expensive than GCRO-DR in terms of matrix-vector products at each
iteration. However, in terms of CPU computing time, GCRO-DR(50,25) takes 4.87 sec-
onds, while LR-GPBiCG(25) only consumes 3.36 seconds. In addition, LR-GPBiCG has
lower storage requirements due to short-term recursion.

It is remarked that, as the coefficient matrices and the right-hand sides change accu-
mulately, the improvement of convergence efficiency will gradually become worse. In
practice, it is difficult to monitor the acceleration quality of the recycling space. If the
improvement effect of convergence is no longer obvious after solving a certain number
of systems with LR-GPBiCG, we would suggest to re-apply GPBiCG to solve the system
to update LR. By the way, adaptive updating of the recycling space needs to be studied.

6 Conclusions

LR-GPBiCG as a promising product-type variant of RBiCG, inherits the stable conver-
gence property of GPBiCG while efficiently recycles partial information of approxima-
tion search subspaces for solving subsequent systems of linear equations. That is, for
the solution of slowly changing sequential linear equations, it speeds up convergence
by keeping part of the subspace information from one family to the next. The recycling
space constructed by the difference vector of approximate solutions, which saves the cost
of storage and calculation, provides an economic way for producing product-type vari-
ants of RBiCG. Numerical experiments show that the solution process of the subsequent
systems can be accelerated obviously when the recycling space is selected with appro-
priate dimensions. Compared to GCRO-DR, LR-GPBiCG is competitive in both memory
and CPU computing time in our experiments.
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