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Abstract. The convective Allen-Cahn equation generalizes the classical Allen-Cahn
equation by introducing an additional convective term associated with a solenoidal
velocity field while maintaining the maximum bound principle (MBP). However, de-
veloping high-order numerical schemes that are accurate in both time and space and
preserve the MBP unconditionally has remained a significant challenge. In this paper,
we address this by first defining new auxiliary variables to reformulate the interaction
of the velocity field with the phase field. We then transform the convective Allen-
Cahn equation into a generalized Fokker-Planck form using an exponential transfor-
mation, enabling the development of MBP-preserving linear numerical schemes. Sub-
sequently, we propose first- and second-order in time numerical schemes for the refor-
mulated equations with a second-order quasi-symmetric finite difference discretiza-
tion in space. In this approach, the auxiliary variables are replaced with known func-
tions related to the velocity field, simplifying the numerical implementation. For the
first-order in time scheme, we derive its optimal error estimate and prove its uncon-
ditional MBP-preservation. For the second-order in time scheme, we show its MBP-
preservation under mild constraints on the mesh and time step sizes. Some numerical
experiments in two and three dimensions are also presented to validate the theoretical
findings and illustrate the accuracy and efficiency of our proposed schemes.
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1 Introduction

In this paper, we consider the convective Allen-Cahn equation in the following form:

ut—f—v-Vu:Au—i—%, te(0,T], x€Q,

where Q) C R? (d=2,3) is a connected, open, and bounded domain. Here, T >0 is the
terminal time, u(x,t) €R is the phase variable, and v(x,t) = (v1 (x,t),v2(x,t),...,v4(x,t)) " €
R is the fluid velocity, satisfying the divergence-free condition V-v=0 for t € (0,T] and
x€ (). The interface parameter € determines the thickness of the transition layers, and the
reaction term f = —F’, where F(u) represents the bulk potential function. If the velocity
field v vanishes, the convective Allen-Cahn equation reduces to the classical Allen-Cahn
equation (see, e.g. [1,2,27,47])
f(u)

e’

which is widely used to model phenomena such as mean curvature flow [16] and image
segmentation [17]. The classic Allen-Cahn equation can also be viewed as the gradient
flow corresponding to the free energy functional

Mt:AM+

E(u):/Q%Nu]Z%—%dx. (1.1)
Under periodic or homogeneous Neumann boundary conditions, it is straightforward
to verify that the classical Allen-Cahn equation dissipates the energy E(u), satisfying
dE(u)/dt=— [ |u:|*dx<0. In contrast, the convective Allen-Cahn equation is more com-
plex due to the convective term involving the velocity field. While the energy dissipa-
tion law is generally not preserved, even with a divergence-free velocity, the convective
Allen-Cahn equation retains the maximum bound principle. This implies that the solu-
tion to the time-dependent equation remains bounded by a specific constant in the abso-
lute norm for all times [13].

The MBP is a critical physical property of the phase field, playing a central role in
numerical simulations. Considerable efforts have been made to design MBP-preserving
numerical methods. For the classical Allen-Cahn equation, these include mass-lumping
finite element methods [50,51], finite difference methods [4,49], and finite volume meth-
ods [42] for spatial discretization. Time integration techniques include first-order stabi-
lized linear semi-implicit schemes and higher-order schemes [25, 30, 33, 48, 53, 54]. For
the time-fractional Allen-Cahn equation, MBP-preserving schemes include linear and
nonlinear Crank-Nicolson methods [21,22] and second-order backward differentiation
formula (BDF) methods with variable time steps [8, 34-36]. Moreover, MBP-preserving
schemes have been developed for other Allen-Cahn-type equations, such as stabilized
exponential time differencing schemes for the nonlocal Allen-Cahn equation [12] and the
conservative Allen-Cahn equation [24,32].

The convective term poses additional challenges in designing MBP-preserving sche-
mes for the convective Allen-Cahn equation. Among various approaches, the upwinding
scheme is popular due to its ability to form an M-matrix, which aids in MBP preserva-
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tion. For example, Shen et al. [44] proposed a stabilized semi-implicit scheme, while Cai
et al. [4] employed the exponential time differencing scheme. Then Du and Hou [14]
presented a stabilized Crank-Nicolson scheme. Though these schemes unconditionally
preserve the MBP, they are only first-order accurate in space, as higher-order schemes
typically fail to form an M-matrix. High-order spatial accuracy is often essential for cap-
turing interface dynamics in scenarios where convection dominates, especially when the
interface width is small. To address this, operator splitting methods have gained trac-
tion, achieving higher-order spatial accuracy while preserving the MBP. Examples in-
clude the weighted essentially non-oscillatory (WENO) scheme with an MBP-preserving
limiter [29] and the semi-Lagrangian scheme with cut-off post-processing [31]. Other
MBP-preserving techniques have been explored as well, e.g. [46], though these higher-
order methods often impose strict Courant-Friedrichs-Lewy (CFL) stability conditions.

In this work, we first introduce new auxiliary variables to reformulate the convective
Allen-Cahn equation, which unifies the diffusion and convection terms into a single term
involving a self-adjoint elliptic operator via an exponential transformation. Together with
a second-order quasi-symmetric finite difference discretization in space, we propose first-
and second-order in time linear numerical schemes for full discretization of the reformu-
lated equation (i.e. a generalized Fokker-Planck form). The exponential factor is replaced
with known functions related to the velocity field, simplifying the numerical implemen-
tation. We show that the proposed schemes guarantee MBP preservation under mild
constraints on the mesh and time step sizes. Moreover, they achieve second-order spatial
accuracy while only solving linear equations at each time step. The primary contributions
of this paper are as follows: 1) We reformulate the diffusion and convection terms into
a single term involving a self-adjoint elliptic operator via an exponential transformation,
enabling the construction of MBP-preserving schemes with second-order spatial accu-
racy; 2) By replacing the auxiliary variables with known functions related to the velocity
field, we simplify the computational implementation; 3) We provide a detailed analysis
of the discrete MBP stability and convergence properties of the proposed schemes.

The rest of the paper is organized as follows. Section 2 briefly reviews the MBP and
derives the equivalent form of the convective Allen-Cahn equation. Section 3 presents
the first-order in time scheme and corresponding MBP and fully discrete error analysis.
Section 4 gives the second-order in time scheme and corresponding MBP analysis. In
Section 5, through numerical experiments we validate the theoretical results and demon-
strate the performance of the proposed schemes. Finally, some remarks are concluded in
Section 6.

2 Maximum bound principle, equivalent form and discrete
differential operators

In this section, we first recall the MBP of the convective Allen-Cahn equation, then de-
duce an equivalent form of the equation via an exponential transformation, which is
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a generalized Fokker-Planck equation and plays an essential role in constructing the
MBP-preserving numerical schemes. In addition, some discrete differential operators
by finite difference in space are reviewed.

2.1 Maximum bound principle

In this subsection, we briefly review the conditions for the MBP in the context of the con-
vective Allen-Cahn equation. We start by considering the convective Allen-Cahn equa-
tion

ur=Au—v-Vu+£*(u), t€(0,T], xeQ, (2.1)
where V-v=0, f¢(u) = f(u)/€?, and the initial value is given by
u(x,0)=up(x), xe€Q. (2.2)

Here, f(u) is assumed to be continuously differentiable with respect to 1. For simplicity,
we impose periodic boundary conditions (for a rectangular domain Q=I1%, (a;,;)). The
extension to homogeneous Neumann boundary conditions is straightforward. To estab-
lish the MBP property for the convective Allen-Cahn equation, the following assumption
on the nonlinear function f(u) is required.

Assumption 2.1 ([13,33]). There exists a constant > 0 such that

f(B) <0< f(=B).

Two widely-used potential functions that satisfy Assumption 2.1 are of particular in-
terest in the phase-field model. The first is the double-well potential, given by
_1
4

with the bounding constant B € [1,4+o0]. The second is the Flory-Huggins potential,
given by

Flu)=-(1-u*?, f(u)=—F(u)=u—u’ (2.3)

E(u) :g[(1—|—u)ln(1—|—u)+(1—u)1n(1—u)] - %uz,
) 1 (2.4)
f(u)=—F'(u)= ElnH——u+9Cu'

where 6. > 6 > 0, and the bounding constant € [1,1) with 1 being the positive root of

f(n)=0. B

Using the supremum norm |- |« on C((}), one can show that the convective Allen-
Cahn equation (2.1) with the initial value (2.2) and either potential function (2.3) or (2.4)
admits a unique MBP solution. This leads to the following theorem.

Theorem 2.1 ([15,29]). Suppose Assumption 2.1 is satisfied, and
veC(0,T;CHQ)")NC(0,T;C(Q)%).

Assume ucC'(0,T;C?(Q))NC(0,T;C(Q)) is a solution to the problem (2.1)-(2.2). If the initial
value satisfies |ug|e < B, then |u(-,t)|c < B forall t€0,T].
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2.2 Equivalent form

Next, we derive an equivalent form of the convective Allen-Cahn equation (2.1), which
is essential for constructing an MBP-preserving scheme. Using the condition V-v =0,
Eq. (2.1) can be rewritten as

uy=AM—V-(vu)+f(u)=V-(Vu—vu)+f(u). (2.5)

For simplicity, here we consider the two dimensional problem for illustration, i.e. d=2
and x = (x,y). Note that all algorithms and analysis presented below can be naturally
extended to non-tensor domains and three dimensions. For any given point (x%,5°) € Q,
define the auxiliary variables

X y
w1 (x,y,t) :/0 v1(s,y,t)ds, wa(x,y,t) :/0 vp(x,7,t)dr.
X y
Then, the following transformations hold:
Uy — vy =1V (pmxyhyy oy y— 0ol :ewz(x,y,t)(e—wz(x,y,t)u)y, (2.6)

which, combined with (2.5), yields an equivalent form of the convection Allen-Cahn
equation (2.1)

>y = (ewl(X,]//t)<e_w1(x']/'t)u)x) + (ewz(x,y,t)(e—zUz(x,y,t)u)y)y+f€(u), (2.7)

X
subject to the initial condition (2.2).

Here, e~“1u and e~ ™2u are considered generalized Slotboom variables. The resulting
elliptic operator is of a generalized Fokker-Planck form and can be discretized with sym-
metrical fluxes, often yielding a mass-conservative and positivity-preserving scheme [26,
38,39]. Through (2.7), the diffusion and convection terms in (2.5) are reformulated into
a term involving a self-adjoint elliptic operator via the exponential transformation (2.6)
applied to the flux Vu—vu. In the following, we will take the equivalent form (2.7) to
develop MBP-preserving schemes for the convective Allen-Cahn equation (2.1).

2.3 Discrete differential operators in space

Assume the domain )= (0,L,) x (0,L, ), where for simplicity, we assume L, =L, =L. Let
h=L/N (N €Z") be the mesh size, the uniform partition (3, of the domain Q) is

Qh = {(xi,yj) ’ Xi= ih, ]/] :]]’l, 0 S i,j S N}
with the periodic grid function spaces

C={u|ujj=uiznjen, Vi,j=12,...,N}.
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The average and difference operators can be defined as

Uir1/2jtui1/0 S Uijr1/2FUij—1/2
2 7 y¥,) — 2 4
Uit1/2,j—Ui-1/2,f Uijt1/2—Uij-1/2

h h

axui,j =

dx”z‘,j = ’ dyui,j =

Then, for grid functions u,v € C, the discrete gradient and discrete divergence operators
can be denoted by

Vinthij= (dattiy 1 iyt 1), Vi (4,0)i5=dttij+dyoi,

and the discrete Laplacian Aj, can be given by
Ah“i,j =Vy- (vh“)i,j :dx(dx”)i,j+dy<dy“)i,j

1
=2 (Ui1,j+ st +ui i1 —4ug).

Moreover, if D is a scalar function defined at the central point, we have
Vi (DVyu)ij=dy(Ddxu);j+dy(Ddyu);;. (2.8)

Obviously, the above discrete operators are all second-order approximations of the cor-
responding differential operators.
We also recall the discrete L? inner product (u,v)), = hzzyjﬁui,jvil]- with the induced

norm ||u|, = (u,u);’?, the discrete H' inner product

N
(th,th>h :hz Z (dxui_%,jdxvi_%,j%—dyui

ldyvi,j—%)
=1

=2

with the induced norm ||V u||, = (th,th>,lz/ 2 and the infinity norm

[uf|oo:= max [u;,
1<i,j<N

3 The first- and second-order numerical scheme in time
and space

Let T=T/M (M € Z") be a uniform time step and t, =nt (1=0,1,2,...,M). Denote
by 7 the interpolation operator pointwisely limiting some continuous functions into (),
and ugj the discrete approximation of u(x;yj,t,). Applying the harmonic mean to ap-
proximate the self-adjoint elliptic operator in space, and utilizing the implicit and ex-
plicit treatments for the linear and nonlinear terms of (2.7) in time respectively, we get
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a first-order in time semi-implicit fully discrete scheme for (2.7) as follows: Given u’=

Thuo(x) €C, for n=0,1,...,M—1 find u"*! € C such that
un+l —_y"

K
- — Qz+lun+l_gun+l _|_f§<un) (3‘1)

with f€(u) = fé(u)+ (x/€*)u and

Ot = (T (e )y (o ),

n+1 n+1 n+1 n+1
<]1+21 Ji- 21) (]11+2 ]11——) (3.2)
where ¢#" " is the central point value approximated by the harmonic mean
n n n n 71
¢::-11 ‘ 2€¢i§11je¢i/'+l e—¢ii:r11,j+e—¢i,;r1
e 2= ¢n+1 n+1 = 2 ’
i+1,j +e (3 3)
T n+1 ¢n+1 7¢n+1 7¢n+1 -1 )
(p?j-ll 26 ij+1p%i] e Tijxl 4o~ %ij
ez = (P(lfrl ¢n+1 = 2
e i,j+1 _|_e
Here « >0 is a stabilizing parameter required to satisfy
K > max 3.4
max|f'(¢)) 64
and the numerical fluxes in (3.2) are given by
wy)PEL (wy)t
]n+1 _g e( 1);+1/e( 1)1] < n+1e (w ),Hl,j n+1e*(w1)7]+1>
Z+ ] h e w1 1+1]+e( 1)1"]+1 l+1’] b
2 n+1 1 n+1
_ u. .- u.. ’ 3.5a
h <1+e Vi )t 14-e(@if i GV eI (352
(w wy )t
et _g e 11 1/6( 1)1] n+1 —(wl)flfl_ n+1 —(wl)?jll‘
8= 7 ey o \Mij e Y T e !
] e 1 i— 1]_|_e(wl);]
2 n+1 1 n+l
Z utt— u ], 3.5b
h ( ‘n+1 wl)‘nj—lj ij 1+€(w1)‘ 11] (wl);a/]-%—l i—1,j ( )
2 Qw2 ()
]n+1 = — e ! < n+1 e (wz)zHl ”Jrle_(wz)szH)
bita h( ’nf++11+e( 2)i T &
2 n+1 1 n+1
— u. - u.. , 3.5¢
h <1+€ (w2) 1]+1 WZ)Z/'H b+l 1_|_e(102)?,;r1_(102)3#1 i ( )
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()

ij— i,

e Y n+1,~ (@) ng1 = ()
(w)H | (wp) 1\ E ij—1

e it i

]1’1-1—1 e(WZ)
ij—1

SN =N

1 n+1 1 n+1
<1+e(w2);r,].+1_(w2)gj+11 ui,]' - 1+e(102)?jt11_(w2)?;r1 ui,j—] . (3.5d)

Due to the introduction of the new auxiliary variables w; and w, in the proposed
scheme above, it is necessary to compute integral equations for v; and v, when imple-
menting (3.1) directly, which will increase the computational cost. To deal with this issue,
we apply the midpoint formula, that is

"Xi+1
(wl)?j—ll,] - <ZU]>Z]+1 = /x U1 <5/]/j;tn+1)d5 ~h (0711—"_1) i+%,j’
i

"X

(wl)Z;rl—(wl)?jll,j:/Jc Ul<5r]/jrtn+1)d5%h(0111+l)ifl ‘
i—1

Yj+1
(wz)zjill—(wz)ﬁlz/ Uz(xilr,fnﬂ)dV%h(U§+l)ij+%,
' ,

()i = )= |
j—1

Yj
0y (%, tyy1)dr = h (0}

Consequently, the numerical fluxes in (3.5) can be approximated by
+1 +1
'fn+1 _2 u?ﬂfj . ”?J
it2i B\ 1@ e 1o h@ i, )’

n+1 n+1
u. . u. .
e 2 i)j _ i1,
. 1 P
i=2d W\ 14eh@ st 14 h@ s )7

n+1 n+1
el 2 ( “ijrn Hij )
7

(3.6)

Bt I\ 14 iz 1 q e (@5 g

n+1 n+1
i1 _2 Ui B Uij—1
=3 R\ 1@ iz g h@ i )

In (3.6), the values of the introduced auxiliary variables w; and w, in the numerical fluxes
are replaced with some known functions with respect to the velocity field v, which allow
us avoiding solving the integral equations, significantly simplifying the numerical im-
plementation and improving the computational efficiency.

Finally, we obtain a computable form of the original first-order scheme (3.1) (denoted
as the SI scheme) as follows:

W —u" s a1 Ko
n n n € n
f: Qh u —gu +fK (I/l ), (37)
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where

Qn+l n+1 <]n+1 ]n+1> h(]n+1 ]n+l) (3.8)

it3j Jieg ijty i
with the numerical fluxes defined in (3.6). The SI scheme (3.7) is expected to be of second-
order accuracy in space and the self-adjoint term is discretized with symmetrical fluxes.

Remark 3.1. Though the generalized Slotboom reformulation transforms the convec-
tive term and diffusive term into a self-adjoint elliptic operator, abandoning the benefit
of constant-coefficient Laplacian discretizations, this treatment can lead to the uncon-
ditional MBP-preserving schemes with second-order convergence in space. This result
not only can release the restriction of the time step and generate less discrete linear sys-
tems for a fixed simulation time, but also can achieve similar computational accuracy
with a much larger mesh (which means much smaller discrete linear system) comparing
with the first-order schemes. Moreover, in the practical implementation, the variable-
coefficient system generated by the reformulation can be solved efficiently by the classical
generalized minimal residual (GMRES) methods due to its positivity.

It should be noted that the stabilizing term in the above will lead to the explicit treat-
ment of the nonlinear term f£ (1) while avoiding a strict time step constraint. And the
stabilizing parameter « in (3.4) is always well-defined since the nonlinear function f(u)
is continuously differentiable. Moreover, we have the following lemma regarding the
nonlinear function term.

Lemma 3.1 ([13]). Suppose that Assumption 2.1 and the requirement (3.4) are satisfied, then
there hold, for any &,n € [—B,B],

i) (@) < 5B,
(i) |fS(&)—fe(n)| < \c .

3.1 Discrete maximum bound principle
We have the following theorem on the MPB for the SI scheme (3.7).

Theorem 3.1 (Unconditional Discrete MBP of the SI Scheme). Suppose that Assumption 2.1
and the requirement (3.4) are satisfied. Given u" € C with ||u"||co < B, then there exists a unique
solution u™*1 € C to the SI scheme (3.7) with ||u"||c < B for any time step size T > 0.

Proof. It suffices to prove |[u"*!|ls < B if ||[4"|lcc < B. Under the periodic boundary con-
dition, the fully discrete scheme (3.7) with the numerical flux (3.6) can be expressed in
a matrix form

A" =u" T fE(u"), (3.9)

where Ay = ((1+x71/€?)[—7B) with B being the coefficient matrix resulting from the
numerical discretization operator Q”“ related to the velocity variable v"*1.
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Next, we will prove that A; is an M-matrix. Following the idea in [3,11], we go
through the nonzero entries in each column of matrix B. Defining

[i,j]=(Gi-1)N+j, ij=12,...,N,

and then non-zero entries of the g-th column (g =i,]) are given by

( 1
1 @ i1 = d _1/N ’ ' 7
14 @ ic12; p = [mod(i )]

1
P T =[i,mod(j—1,N)],
]_|_eh(v,;_l+1)i,j71/z p [ (] )]

B. — 2 1+€7h(0*11+1)].+1/2/]_ 1+e—h(vg+1)i,j+l/2
PAT 2 B 1 B 1 B
1+eh(v;+l);,j_1/2 1_|_€h(z;;‘+1)i_1/2/]_1 p=4,

1
’ =1, d(i+1,N)],
1_|_e*h(v’21+1)i/j+1/2 p=[i,mod(j+ )]

1
7 = mOd 1+1,N ,.,
1+e_h(v¥+l)i+l/2,j p=I ( ).J]

where mod(k,!) returns the remainder of k divided by I. Furthermore, we observe the
following property:

Additionally, we have

Thus, the matrix A; = ((1+x7/€?)I—7B) has positive diagonal terms and nonpositive
offdiagonal terms and is strictly diagonally dominant with respect to its columns. This
means that A is an M-matrix and thus invertible and its inverse has only nonnegative
coefficients.

To prove ;™!

i< B for any (x;,y;) € Q), we rewrite (3.9) as

Ay =)= (u" =)+t (f (")~ 5B).

According to Lemma 2.1, using u7'; < yields

(u"=B)+7(fE (")~ 5P) <0,

62
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which implies that
A (u"—pB) <0.

n+1

As Aj is an M-matrix, we conclude that u; j < B. We can prove in exactly the same way

that, for any (x;,y;) €Q),
A 4B) = (" +B)+7 (fE(") + 5B) 20,
which gives u?,j“ > —pB. Thus, we obtain that ||u"*! ||, <. The proof is complete. O

Remark 3.2. According to the requirement (3.4) on the stabilizing parameter for the SI
scheme (3.7), with simple calculations, we can choose k¥ =2 for the double well poten-
tial (2.3) with the bounding constant =1, and x ~ 8.02 for the Flory-Huggins poten-
tial (2.4) with 6 =0.8 and 6. =1.6 and the bounding constant 5~ 0.9575 [13].

3.2 Convergence analysis

Below we will derive error estimate for the SI scheme (3.7). It is worth noting that c and ¢;
(i€Z) used in the following are generic positive constants independent of / and 7. Define
U":=Tyu(x,y,t,) as the corresponding grid functions in the spatial mesh at time t,,. Then,
the model equation (2.7) can be rewritten as

un+1 —_yur

—— =gy - % Uty fe(un) + R (3.10)

with the truncation error given by

Rn+1 _ M . un+1 _|_f5(un+1) _fe(un)
- T t K K
(T U)o @ ) ) g, @
where w] ™ :=w; (x,y,t,11) and wh T i=wo (x,y,ty41).

Lemma 3.2. Suppose that Assumption 2.1 and the requirement (3.4) are satisfied. Assume
that the solution to the model equation (2.7) belongs to C*(0,T;C(Q))NC(0,T;C*(Q)) and
veC(0,T;C3(0)?). Then, the following estimate holds:

IR |oo <cr(T+H?). (3.12)

Proof. For the first four terms in R"*! defined in (3.11), using the identity transformation
with respect to the time derivative approximation and Lemma 3.1 respectively, we have

H L _ Ih<u(tn+1)—u(tn) _ut(tnﬂ))

n+1
— ut
T T

o] [ee]

1

Fnt1
- / (s— ) Tyttse(s)ds
TJt,

(o]

<ctlulleorc@) (3.13)
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and
€ n+1 € n 2Kt
| fEuh = feum)| < HIh( tn1) —u(tn) HOO<C—H”HCI orc))  (3.14)
For the last two terms in R"*!, there holds that

w”*1 —u”+1 n+1 witl w1 A+l
(e (e um™h) ) A+ (e (e U, ) = QU™

X

< H( w;'“( —w{’“unﬂ)x)x_'_ (ew;“ (e—w;_’*1 unH)y)y
(e (e UM) —dy (e dy (e U )|

+ de (ew;’+ldx( 7w’1/’+1 un+l)) +dy (ew5’+1dy (efw2 u)’l+l)) _ Qz+]un+1 Hoo
+]|Qpttur = gy

=hL+DL+1. (3.15)

(o]

Noting the definitions of the discrete gradient and Laplacian operators, we have

L=||(ef e ) ) (e (e U, ),
e e ) (6 e )
<[|(e ww(f U"H) ), —dx (e d (*wTHU"H))
) o )
=|[(0x—dy) ( e _wTHU"H) ) (1 (B —dy) (e U Y))
+([(0y—dy) (e e (e ) )+dy (e (8y—dy) (e 1)

SCthVH%(O,T;C3(Q)) ]l co,7;c20))-

lee

lee

HOO

lee

It follows from the harmonic mean approximation for the half point value that

n+1 n+1

D= e (e (e U )) (04 (e L)) - Q|
< e (e (e ) e (T (e )

ey (€57 dy (77U 1)) —dy (0 dy (7))

=l (e T (et )

’ o]

oty (5" =57y (= um)) |

<[V 15 e rcia))-
According to the midpoint formula, we get
13 = H QZ+1 u?’l-l—l - QZ+1 un+1 Hoo < Ch2 ||V||:(Z:(0,T;C3(Q)) || u ||C(0,T;C4(Q))‘ (316)

Putting the above inequalities into (3.15), and combining (3.11) with (3.13)-(3.15), we ob-
tain the desired result. O
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Lemma 3.3. Under the assumption of Lemma 3.2, for the nonlinear diffusion operator defined
in (3.8), there holds that for any h € (0,1],

<Qn+1 n+1 n+1> <

1
W < =5 IV el

Proof. First, it follows from (2.8) that

< Qn+1un+1’un+l >h

Toontl _
__<ew’f dx (e wy un+1),dxun+1>
h

11 _
_<ew§ dy(e wy n+1),dyun+1>h,

where el and e are approximated by the harmonic mean approximation (3.3).
Next using the produce rule that dy(fg);j=ax f; jdxgij+axgijdxfi; as stated in [10], we
get

dx(e_w{Hrl n+1)i,j:dx (e_w;Hrl) ,].axuz;rl‘}'ax(e_w;Hrl) ]dxu?fl,

which implies that
(), e (e )
(), (™), ot s (), )

:(ewT+1)i/jdx (e_w;“rl) ]ﬂx n+1+d M?]-H,

where we have used the fact from (3.3) that (ewTH)i,jax(e_w?H)i,j =1 in the pointwise

sense. Thus, by noting the regularity on v from Lemma 3.2, we conclude that

n+1 _ ol
<ew1 dy (e~} n+1);dx”n+1>h

:“dxun+1|’i+<axun+1(d e w¥+l) W-H d u”+1>h

n+1 oodeun+th

n+1
ewl

e e L

HOO

> e [yl A,

1 2
> 5 ™l el
Similarly, we have

<ewg+ldy (e*wgﬂ n+1),dyun+l>h 2 %deun+lui _CHun+l H%
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Combining the above two inequalities gives

< Q2+lun+l,un+l> <

h_—%thu”“|]i+c||u”“||i. (3.17)

Finally, using (3.16) and (3.17), we arrive at
’un+l> <(Qn+l Qn+1) n+1 n+l>h

1 2
S e Ll R el

<Qn+l n+1 n+1>h — <Qz+lun+l

1 2
< 3 19 el
where we have used h <1. The proof is complete. O

Setting e = U" —u", we can easily verify that ¢’ =0. Then, there holds the following
error estimate the SI scheme (3.7).

Theorem 3.2 (Error Estimate of the SI Scheme). Under the assumptions of Lemma 3.2, for
the numerical solutions u"*! € C generated by the SI scheme (3.7), we have the following error
estimate that, for n=0,1,..., M—1,

1
n—&-lH +< ZHV ek+1Hh> <c T—|—h2)

Proof. Subtracting (3.7) from (3.10), we obtain

en+1 —e

+ Z et = Oyt (UM — fE(u) + R (3.18)

T €2
Then taking the discrete inner product with ¢"*1 on both sides of (3.18), we have

1 K
o= (le™ TR = " 3+ e+ =€ 12) + S e 1

= <Qhen+l,en+l>h_|_ <f}<(—:(un) _f}((—:(un),en+1>h_|_ <Rn+1,en+l>h. (3.19)

Next, we estimate the terms on the right-hand side of (3.19). According to Lemma 3.3,
we have

- 1 5
<Qhen+lfen+l>h < ) thenH Hh+02”en+l I7-
Due to (3.12), the truncation error term can be bounded by
(RTLe™ 1y <R fle™ Ml < e 7 +e (2 +14).

Using || U" || < B, ||u"]|ec < B and Lemma 3.1, we get that

2K
| fEU™) = fe )|, < ZHU”—u”Hh:gHe’“Hh,
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which in turn implies that
2K K K
U = FE ), ), < 2Nl e < S e IR+ S e

Putting the above inequalities into (3.19), we get

2KT
le™ 22— fle" |2+ Ve Y| <2(ca+1)T[le" ! H%Jre—z le" || +c(T>+h*).

Taking a summation with respect to n in the above inequality and applying the discrete
Gronwall lemma [21,43], we arrive at

n
i+t Y || Viet Hi <c(T24n).
=1

The proof is complete. O

Remark 3.3. The convective Allen-Cahn equation contains a velocity vector with the
divergence-free property, thus it can couple with the incompressible fluid motion, such as
(Navier-)Stokes equations [37,41,45,52] and Hele-Shaw equations [5,7,40]. The general-
ized Slotboom reformulation mainly focuses on the convective Allen-Cahn sub-equation
in these coupled systems, thus it is very straightforward to be extended and the con-
vergence analysis presented here can be also theoretically justified in a similar way. But
there are still some technique problems when applying the idea to the convective Cahn-
Hilliard equations [6,9,18-20] because of the complexity of the diffusion term in these
models.

4 The second-order numerical scheme in both time and space

Inspired by the SI scheme (3.7), we propose the following second-order scheme for (2.7)
(denoted as the SII scheme) as follows: Given u° = Z,u(x) €C, forn=1,...,M—1, find
u"*1€C such that

Mn+l—1/ln 1~ 1 1 1 —
I EQZJr u't ) (Apu" =v"-Vyu")
3 1
+§f€(u”) —Efe(u”_l)‘f'elzw”“—2u”—|—u”_1) (4.1)

with ﬁhuil]- = (dx(ayu);j,dy(ayu);;)" and v >0 is a stabilizing parameter, where the nu-
merical fluxes are defined in (3.6). For the first step, we use the SI scheme (3.7) to find u'.

To establish the MBP preservation of SII scheme (4.1), we shall share the following
assumption regarding the nonlinear function f.
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Assumption 4.1 ([25]). If there exists a constant >0 such that f(£8) =0 and f is contin-
uously differentiable and nonconstant on [—p, 8], then it holds that for any ¢ € [ 8, 8],
3t >0 suchthat [E+7f(8)|<B, VTe(0,7],
31, >0 suchthat [{—7f(&)|<p, VTe(0,75].

Furthermore, we have

L 1 o 1

0T g f Q) 0 T maxg<pf (@)

Theorem 4.1 (Discrete MBP of the SII Scheme). Suppose that Assumption 4.1 is satisfied.
Given u* € C with ||u¥|| < B, k=n,n—1, there exists a unique solution u"*+' € C to the SII
scheme (4.1) with ||u" ||« < B provided that v >1/ (21, ) and

Wt ety ) 2
— h< .
T [Vl

7 <min < 4.2)

Proof. Under the periodic boundary condition, the fully discrete scheme (4.1) with the
numerical fluxes (3.6) can be expressed in a matrix form

1 T 1 2971 3T T
Azun+1:§un+§Hun—|—(E—%>Mn+7f€(un) Zz f€( )’ (43)

we (-39

and H is a coefficient matrix resulting from numerical discretization A, —v"- V.. Follow-
ing the same proof in Theorem 3.1, if T < €?/7, then A, is an M-matrix.
To prove u”“ < B for any (x;,y;) €Q), we rewrite (4.3) as

where

Aﬂﬂ*“ﬁ%=Lﬂ+3HW+<1—%E>uﬂ+%¥%w)

2 2 e
ﬂ _Tpeqn-1y_(1_707
+ 2f (") <1 €2>‘B
T
:K1+K2+K3—<1—Z—2>,B. (4.4)

From the definitions of V;, and A;, we have that ||[+TH|o <1 if T < h?/4 and
h <2/||v||e, which yields that

1 1
[Kslloe = 1+ TH)" oy < S N+ TH o " oo < . @5)

According to Assumption 4.1, we derive that if

er ety
T<min —
47 3+4yty
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then

1 2’)/1’ 3T 1 297
<(==ZL) [lur il <(z-222)p. .
- <2 €2 )‘ 62—4fyrf(u ) o <2 €2 )‘B (46)
Similarly, if v >1/(27, ), then
YT n—1_ T e n—-1 rT n—1 1 n—1 rT
=L - < - <X .
Kol = | = D|| s G| =g fw | < GE @)

Putting (4.5)-(4.7) into (4.4) gives

T
Ap(u =) =Ki+ Ko+ Ks— (1= 13 ) <0,

n+1

which implies u”+1 < B by noting that A, is an M-matrix. u; i = B can be obtained in

a similar way:. Thus we obtain ||u" || < B. The proof is complete. O

Remark 4.1. According to Assumption4.1, ;" =1/2 and 7; =1 is deduced for the double
well potential (2.3) with the bounding constant

1—p? _ 1 5
=1, 1=—-"—-~0.124 = =-
P=l W =gy 01 0 =57,
is deduced for the Flory-Huggins potential (2.4) with 6 =0.8 and 6. =1.6 and the bound-
ing constant f~0.9575 [25]. Under the requirement on the stabilizing parameter from
Theorem 4.1, we can choose 7y =1/2 consistently for the double well potential (2.3) and
the Flory-Huggins potential (2.4) with 6 =0.8 and 6, =1.6.

Remark 4.2. It is worth noting that an alternative second-order scheme (denoted as the
SII-CN scheme) can be proposed as follows:

n+l_ n 1~ 3
u - u Qn+l n+1 —Qﬂu”+—f€(u”)
_Efe(un—l) ;;( n—l—l oty 1), (4.8)

where the numerical fluxes are defined in (3.6). However, since the row sums of coef-
ficient matrix resulting from Q) are not guaranteed to be non-positive, it is difficult to
theoretically establish the discrete MBP for the SII-CN scheme (4.8).

Remark 4.3. In Theorem 4.1, the restriction (4.2) is needed for the second-order scheme
in time. But this is a sufficient but may be not necessary condition. The reason is that,
compared with other explicit schemes with the same convergence order and restriction
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between the time step and the mesh size (such as the explicit Runge-Kutta scheme [23]),
our simulations imply that the second-order scheme considered here have more relaxable
restriction on the time step. However, how to improve this assumption is still a challeng-
ing problem, which will be considered in future.

Remark 4.4. Though we only present the convergence result for the first-order scheme,
the error estimates can be generalized to the second-order cases by using the discrete
MBP-preserving properties. As in the proof of Theorem 3.2, only Lemma 3.3 and the
maximum bounds of the numerical solutions are used essentially, thus these results also
hold for the second-order schemes.

5 Numerical experiments

In this section, we will perform some examples to numerically verify the theoretical re-
sults and demonstrate the performance of the proposed schemes. It should be noted that
the periodic boundary condition is always imposed and the computational domain is set
to be Q= (0,1)? in two dimensions and Q= (0,1)? in three dimensions, respectively. All
computations are performed using MATLABR2022a on a Surface Pro 9 with 12th Gen
Intel(R) Core(TM) i5-1235U 2.50 GHz processors and 8 GB of RAM.

5.1 Convergence test

In this subsection, we test the convergence order of the proposed scheme. The nonlinear
function is chosen as the double well potential (2.3). The interface parameter is set as
€=0.1 and the terminal time T =0.01. Given the initial value

up(x,y) =cos(27mx)cos(2my)

and the velocity field
-

v(x,y,t) =e '[sin(27y),sin(27x)]
satisfying the divergence-free condition, we begin by testing the temporal convergence
order by fixing the spatial mesh size h=1/128. Since there is no exact solution available,
we treat the solution produced by the SII scheme with 7=T/1024 as the reference solu-
tion. The temporal errors and the corresponding convergence rates with the successive
time step sizes of the SI, SII and SII-CN schemes are reported in Table 1, where the ex-
pected temporal convergence accuracies are clearly observed (1 for the SI scheme and 2
for the SII and SII-CN schemes). Additionally, the SII scheme exhibits almost the same
error results as the SII-CN scheme. We also compare the numerical performance with
the explicit TVD-RK2 scheme [23]. For the fixed mesh size h = 1/128, only the numerical
solutions produced by TVD-RK2 schemes with T=T/1024 are available, other numerical
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Table 1: The temporal errors with the corresponding convergence rates of the SI, SII and SII-CN schemes.

T/t [le | Rate - lln Rate
64 | 2.8264e-03 | - | 1.7553e-03 | -
128 | 1.3346e-03 | 1.08 | 8.2976e-04 | 1.08

SIscheme 256 | 5.7542e-04 | 1.21 | 3.5794e-04 | 1.21
512 | 1.9238e-04 | 1.58 | 1.1970e-04 | 1.58
64 | 7.9880e-05 | — | 4.2439e-05 | -
128 | 1.9923e-05 | 2.00 | 1.0595e-05 | 2.00
SII scheme

256 | 4.7654e-06 | 2.06 | 2.5352e-06 | 2.06
512 | 9.5517e-07 | 2.32 | 5.0821e-07 | 2.32
64 | 7.9880e-05 - 4.2439e-05 -
128 | 1.9923e-05 | 2.00 | 1.0595e-05 | 2.00
256 | 4.7654e-06 | 2.06 | 2.5351e-06 | 2.06
512 | 9.5517e-07 | 2.32 | 5.0821e-07 | 2.32

SII-CN scheme

solutions with T=T/2* (k=2,3,...,9) produced by TVD-RK2 schemes blow up in a fi-
nite time. On the contrary, the SII scheme proposed in this paper can work well in all
above computational environments, which implies that the SII scheme considered here
has more relaxable restriction on the time step than the explicit TVD-RK2 scheme.

Next, we test the convergence order in space by fixing the time step size T=T. The
solution produced by the SI scheme with h=1/1024 is treated as the reference solution.
The spatial errors and the corresponding convergence rates with the successive space step
sizes are presented in Table 2. As we can see, the spatial convergence rates are of second-
order, which is in line with the theoretical predictions. We also compare the CPU time of
the traditional conjugate gradient (CG) method and the GMRES method to compute the
variable-coefficient linear system with different mesh sizes /1, which is listed in Table 3. It
can be seen that compared with the CG method, the GMRES method requires much less
computational time and can solve the variable-coefficient linear system very efficiently.

Table 2: The spatial errors with the corresponding convergence rates of the Sl scheme.

1/h [Te | Rate - 1ln Rate
64 | 1.8325e-03 - 1.1820e-03 -
128 | 4.7988e-04 | 1.93 | 3.1094e-04 | 1.93
256 | 1.2172e-04 | 1.98 | 7.8754e-05 | 1.98
512 | 3.0531e-05 | 2.00 | 1.9753e-05 | 2.00

Table 3: The CPU time to compute the variable-coefficient linear system at each time step.

1/h 128 256 512 | 1024
CG(s) 0.10 045 | 2.56 | 13.06
GMRES(s) | 0.005 | 0.015 | 0.05 | 0.46
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5.2 MBP test
In this subsection, we numerically simulate the MBP preservation of the proposed sche-
mes for the convective Allen-Cahn equation. The initial guess is generated by the random

uniform distribution between —0.9 and 0.9. The velocity field is set as
v(xy,t)=e"'"*[cos(y),sin(y)]"

satisfying the divergence-free condition [28], which gradually tends to zero as time ¢
becomes very large. The interface parameter is set as € =0.01.

Firstly, given the uniform spatial step size h=1/128, we start the simulation in the case
of double well potential (2.3). Fig. 1 illustrates the evolutions of the supremum norm and
the energy (defined in (1.1)) produced by the SI, SII and SII-CN schemes with T=1e-4 and
T = le-5, where the green line y =1 gives the theoretical maximum bound. We also plot
the snapshots of numerical solutions produced by these schemes at t =0.001,0.005,0.02,
and 0.05 with T =1e-5 in Fig. 2. From these figures, we can observe that the discrete
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Figure 1: Evolutions of the supremum norm and the energy of the numerical solution produced by the Sl, SlI
and SII-CN schemes for the double well potential case of the convective Allen-Cahn equation with T=1e-4 (top)

and T=1e-5 (bottom).
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yﬁﬂﬂ
el

Figure 2: Numerical solutions produced by the Sl (top), SII (middle) and SII-CN (bottom) schemes at t =
0.001,0.005,0.02, and 0.05 (left to right) for the double well potentlal case of the convective Allen-Cahn equation
with T=1e-5.

MBP and energy stability are preserved for all schemes with T=1e-5 and only for the SI
scheme with T=1e-4. Though the energy dissipation law is not satisfied theoretically for
the convective Allen-Cahn equation), which means the discrete MBP is preserved uncon-
ditionally for the SI scheme and conditionally for the SII and SII-CN schemes, which is in
agreement with the theoretical results.

Secondly, with the same parameter settings as above, we consider the Flory-Huggins
potential (2.4) with 8 =0.8 and 6, =1.6. Fig. 3 illustrates the evolutions of the supremum
norm and the energy computed by the SI, SII and SII-CN schemes with T = 1le-4 and
T=1e-5, where the green line y = 0.9575 gives the theoretical maximum bound. The
snapshots of the numerical solutions at t =0.001,0.005,0.02, and 0.05 produced by these
schemes with T = le-5 are also reported in Fig. 4. From these figures, we can observe
similar phenomena as in the double well potential case, which confirms the correctness
and efficiency of the proposed schemes again.

5.3 Convection test

In this subsection, we will simulate the convection phenomena for the convective Allen-
Cahn equation with € =0.01. Note that the SII scheme is used in all the following exper-
iments. The initial value is generated by the random uniform distribution between —0.9
and 0.9. The velocity field is chosen as v(x,y,t) =500 x [y—0.5,0.5—x] ", which rotates
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Figure 3: Evolutions of the supremum norm and the energy of the numerical solution produced by the Sl, SlI
and SII-CN schemes for the Flory-Huggins potential case of the convective Allen-Cahn equation with T=1e-4
(top) and T=1e-5 (bottom).

clockwise around the center (0.5,0.5) [44]. The time step size is chosen as T=1e-5 and the
mesh size h=1/128.

Fig. 5 presents the snapshots of the numerical solutions at ¢t =0.001,0.01,0.02 and 0.05
for the double well potential case. The corresponding evolutions of the supremum norm
and the energy are illustrated in Fig. 6 where the green line y =1 gives the theoretical
maximum bound. The discrete MBP and energy stability are indeed well preserved.
Additionally, we clearly observe the ordering and coarsening phenomena as well as the
rotational effect induced by the convective term along the time evolution.

We then simulate the case of Flory-Huggins potential function with 6=0.8 and 6,=1.6.
Fig. 7 depicts the configurations of the numerical solutions at t=0.001,0.01,0.02 and 0.05.
The corresponding evolutions of the supremum norm and the energy are given in Fig. 8
where the green line y = 0.9575 gives the theoretical maximum bound. It can be seen
that the discrete MBP and the energy are well preserved again. Moreover, the rotational

phenomenon is also observed as expected.
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5
0
rﬁﬂﬂ

Figure 4: Numerical solutions produced by the Sl (top), SII (middle) and SII-CN (bottom) schemes at t=
0.001,0.005,0.02, and 0.05 (left to right) for the FIory—Huggms potentlal case of the convective Allen-Cahn

equation with T=1e-5.

Figure 5: Numerical solutions produced by the Sll scheme at t=0.001,0.01,0.02 and 0.05 (left to right) for the
double well potential case of the convective Allen-Cahn equation.

YQ—

5.4 Problems on unit circular domain

Though the schemes presented above are based on problems on tensor domains, it is very
straightforward to extend this method to non-tensor domains. In this test, we consider
problems with the homogeneous Dirichlet boundary condition on a unit circular domain
Q={(x,y) eR?*|x¥*+y* < 1}.

Let the initial value L

up(x,y) =0.9e 8"+ (1 -2 —1%)?,
the velocity field

v(x,y,t)=e"'[sin(27ty),sin(27tx)] T,

T=1e-5 and €=0.1. The unit circular domain is uniformly contained within the rectan-
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for the double well potential case of the convective Allen-Cahn equation.
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Figure 7: Numerical solutions produced by the SlI scheme at +=0.001,0.01,0.02 and 0.05 (left to right) for the
Flory-Huggins potential case of the convective Allen-Cahn equation.
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Figure 8: Evolutions of the supremum norm and the energy of numerical solution produced by the SlI scheme
for the Flory-Huggins potential case of the convective Allen-Cahn equation.

gular domain [—1,1]? with the mesh size & (It should be noted that the mesh size is not
uniform due to the circular boundary). First, Tables 4 and 5 list the temporal and spatial
convergence results for the double well potential case. It is easy to observe that the op-
timal convergence rates are achieved well. Then, Fig. 9 reports the numerical solutions
for the double well potential case produced by SII scheme at t =0.001,0.02, and 0.05 and
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Table 4: The temporal errors with the corresponding convergence rates of the Sl, Sll and SII-CN schemes on
unit circular domain with the fixed mesh size h=1/128 (T =0.01).

T/t |-lo | Rate - lln Rate
64 | 1.1493e-02 - 9.7632e-03 -
128 | 5.4612e-03 | 1.07 | 4.6481e-03 | 1.07
SI scheme
256 | 2.3621e-03 | 1.21 | 2.0123e-03 | 1.21
512 | 7.9102e-04 | 1.58 | 6.7421e-04 | 1.58
64 | 1.5564e-04 - 1.3110e-04 -
128 | 3.9491e-05 | 1.98 | 3.3258e-05 | 1.98
SII scheme

256 | 9.5281e-06 | 2.05 | 8.0234e-06 | 2.05
512 | 1.9178e-06 | 2.31 | 1.6148e-06 | 2.31
64 | 1.5564e-04 | 1.93 | 1.3110e-04 | 1.93
128 | 3.9491e-05 | 1.98 | 3.3258e-05 | 1.98
256 | 9.5283e-06 | 2.05 | 8.0235e-06 | 2.05
512 | 1.9179e-06 | 2.31 | 1.6149e-06 | 2.31

SII-CN scheme

Table 5: The spatial errors with the corresponding convergence rates of the S| scheme on unit circular domain
with the fixed time step size T=0.01.

1/h - oo Rate - lln Rate
64 4.9128e-04 - 2.6847e-04 -
128 1.2652e-04 1.96 6.9207e-05 1.96
256 3.1921e-05 1.99 1.7689e-05 1.97
512 8.0072e-06 2.00 4.5872e-06 1.95

Figure 9: Numerical solutions produced by SlI scheme at +=0.001,0.02, and 0.05 and their cross-sections with
y =0 for the double well potential case of the convective Allen-Cahn equation on unit circular domain with

T=1e-5 and h=1/128.

their cross-sections with y =0 where the green line y =1 gives the theoretical maximum
bound, from which we can see that the MBP is well preserved.

Finally, we simulate the Flory-Huggins case on the unit circular domain. With the
same parameter settings, the numerical solutions produced by SII scheme at t=0.001,0.02,
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Figure 10: Numerical solutions produced by Sll scheme at t=0.001,0.02, and 0.05 and their cross-sections with
y =0 for the Flory-Huggins potential case of the convective Allen-Cahn equation on unit circular domain with
T=1e-5 and h=1/128.

and 0.05 and their cross-sections with y =0 are plotted in Fig. 10 where the green line
y=0.9575 gives the theoretical maximum bound. The discrete MBP is well preserved in
this case again. All of these simulations confirm the robustness of the proposed schemes.

5.5 Three dimensional examples

We finally consider the three-dimensional convective Allen-Cahn equation. Again the SII
scheme is used in all the following experiments. The nonlinear function is firstly taken
as the double well potential (2.3). The velocity field is

v(x,y,2,t)=e """ Y[cos(z),cos(z),2sin(z)] .

The other parameter settings are T=1e-5, h =1/128, ¢ =0.01. Fig. 11 gives the config-
urations of the numerical solutions at ¢ =0.001,0.01,0.07 and 0.12. The corresponding

Figure 11: Numerical solutions produced by the SIl scheme at £=0.001,0.01,0.07 and 0.12 (left to right) for
the double well potential case of the convective Allen-Cahn equation in three dimensions. In each time panel,
the top one represents the numerical solutions across the three central planes of the three dimensional cubic
domain and the bottom one the isosurface.
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developments of the supremum norm and the energy are plotted in Fig. 12 where the
green line y =1 gives the theoretical maximum bound, which shows that the discrete
MBP and the energy stability are numerically preserved.

We then consider the Flory-Huggins potential case (2.3) with 6=0.8 and 6.=1.6. With
the same parameters, Fig. 13 illustrates the configurations of the numerical solutions at
t=0.001,0.01,0.07 and 0.12. The corresponding developments of the supremum norm
and the energy are plotted in Fig. 14 where the green line y=0.9575 gives the theoretical
maximum bound, which exhibits similar behaviors to those observed in the double well
potential case.
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Figure 12: Evolutions of the supremum norm and the energy of numerical solution produced by the Sll scheme
for the double well potential case of the convective Allen-Cahn equation in three dimensions.

Figure 13: Numerical solutions produced by the SlI scheme at +=0.001,0.01,0.07 and 0.12 (left to right) for the
Flory-Huggins potential case of the convective Allen-Cahn equation in three dimensions. In each time panel,
the top one represents the numerical solutions across the three central planes of the three dimensional cubic
domain and the bottom one the isosurface.
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Figure 14: Evolutions of the supremum norm and the energy of numerical solution produced by the Sl scheme
for the Flory-Huggins potential case of the convective Allen-Cahn equation in three dimensions.

6 Concluding remarks

In this paper, we develop linear MBP-preserving numerical schemes for the convective
Allen-Cahn equation, which are first- or second-order accurate in time. Unlike the clas-
sic upwinding strategy and the operator splitting method for treating the convective
term, we combine the convective and diffusion terms into a single term with respect
to a self-adjoint elliptic operator via an exponential transformation. This approach al-
lows for quasi-symmetric discretization in space by the finite difference method with
second-order accuracy. MBP and error estimates are rigorously analyzed for the pro-
posed schemes. We also present numerical examples to confirm the theoretical results
and demonstrate the efficiency of the proposed schemes. Our ongoing work includes
fully discrete error analysis for the SII schemes as both the mesh size and the time step
size approach zero, and application to coupled incompressible flows to design structure-
preserving schemes.
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