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Abstract. In the partition of unity finite element method, the nodal basis of the stan-
dard linear Lagrange finite element is multiplied by the Pk polynomial basis to form
a local basis of an extended finite element space. Such a space contains the P1 Lagrange
element space, but is a proper subspace of the Pk+1 Lagrange element space on trian-
gular or tetrahedral grids. It is believed that the approximation order of this extended
finite element is k, in H1-norm, as it was proved in the first paper on the partition of
unity, by Babuska and Melenk. In this work we show surprisingly the approximation
order is k+1 in H1-norm. In additio    n, we extend the method to rectangular/cubo-
id       grids and give a proof to this sharp convergence order. Numerical verification is d-
one with various partition of unity finite elements, on triangular, tetrahedral, and q-
uadri-lateral grids.
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1 Introduction

The partition of unity finite element was proposed in 1996 [10]. The method is based on
the P1 Lagrange finite element

uh(x)= ∑
vi∈Vh

uiφi(x), (1.1)

where ui is the nodal value of a continuous function uh at a vertex, uh(vi),Vh is the index
set of vertices in a triangulation Th, and φi is a piecewise P1 function on the grid Th assum-
ing value 1 at one vertex vi and zero at the rest vertices. Instead of multiplied by the P0

∗Corresponding author. Email addresses: huangyq@xtu.edu.cn (Y. Huang), szhang@udel.edu (S. Zhang)

http://www.global-sci.org/csiam-am 221 ©2024 Global-Science Press



222 Y. Huang and S. Zhang / CSIAM Trans. Appl. Math., 5 (2024), pp. 221-233

polynomial in (1.1), in one partition of unity method each nodal basis φi(x) is multiplied
by the Pk polynomial basis, cf. [1, 8, 10],

uh(x)= ∑
vi∈Vh

ui(x)φi(x), ui(x)= ∑
|α|≤k

ui,α(x−vi)
α, (1.2)

where α is a multi-index, e.g. when k=2 in 2D, xα∈{1,x,y,x2,xy,y2}.
Obviously, the extended finite element space contains the P1 Lagrange finite ele-

ment as a subspace, by letting ui(x) ∈ R in (1.2). On the other side, because the sum
of three P1 basis functions at the three vertices of a triangle K is a constant function 1, the
extended finite element space also contains the Pk(K) Lagrange element space as a sub-
space locally, on this triangle K only. But globally, on a triangular grid in 2D, the dimen-
sion of P1×Pk finite element space (P1 Lagrange basis multiplied by Pk polynomials) is
C(k+1)(k+2)/2 ∼ Ck2/2 while that of Pk Lagrange finite element space is Ck2, by the
Euler formula, where C is about the number of vertices. For large k,C0-(P1×Pk) 6⊃C0-Pk.
Nevertheless, the first partition of unity paper [10] proved an O(hk) H1-convergence and
an O(hk+1) L2-convergence for this partition of unity finite element method. This is not
trivial, to prove a smaller space having the same order of approximation.

We may compare the P1×Pk finite element space with the Pk+1 Lagrange element
space. Each extended finite element function uh is a p1×pk = pk+1 polynomial, on each
element. The partition of unity finite element space is clearly a subspace of the Pk+1

Lagrange space. In 1D, because the number of elements is the same as the number of ver-
tices (one less), from a dimension counting, the extended finite element space is precisely
the Pk+1 Lagrange space in 1D. In [7] proved an one-order higher convergence than that
of [10] in 1D.

But the problem is less trivial in 2D and 3D, and remains open for twenty some years.
For example, for the P2 triangular element in 2D, the finite element dimension is the sum
of the number of vertices and the number of edges. For the P1×P1 partition of unity finite
element, the space dimension is 3 times the number of vertices. By the Euler formula, the
number of edges is about three times of the number of vertices. The dimension of the
P1×P1 space is about 3/4 of that of the P2 Lagrange space. Similarly, the dimensions
of P1×Pk partition of unity finite element space and Pk+1 Lagrange finite element space
are about the number of vertices times (k+1)(k+2)/2 and (k+1)2, respectively, on 2D
triangular grids. For large k, the former is about half of the latter. On 3D tetrahedral grids,
the dimensions of P1×Pk partition of unity finite element space is about the number of
vertices times (k+1)(k+2)(k+3)/6 while that of Pk+1 Lagrange finite element space is
about the number of vertices times (k+1)3. The ratio is about 1/6 for large k. These
ratios become even smaller for the Q1×Pk partition of unity finite element space and
the Qk+1 Lagrange finite element space, on 2D and 3D rectangular grids. We also extend
this method to rectangular/cuboid grids in this paper.

Though the P1×Pk partition of unity finite element space is a proper subspace of
the Pk+1 Lagrange finite element space, we prove both have the same order of conver-
gence in this paper. That is, we show that the P1×Pk partition of unity finite element


