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Abstract. This paper revisits the convergence and convergence rate of the parallel
splitting augmented Lagrangian method, which can be used to efficiently solve the
separable multi-block convex minimization problem with linear constraints. To make
use of the separable structure, the augmented Lagrangian method with Jacobian-based
decomposition fully exploits the properties of each function in the objective, and re-
sults in easier subproblems. The subproblems of the method can be solved and up-
dated in parallel, thereby enhancing computational efficiency and speeding up the
convergence. We further study the parallel splitting augmented Lagrangian method
with a modified correction step, which shows improved performance with larger step
sizes in the correction step. By introducing a refined correction step size with a tight
bound for the constant step size, we establish the global convergence of the iterates
and O(1/N) convergence rate in both the ergodic and non-ergodic senses for the new
algorithm, where N denotes the iteration numbers. Moreover, we demonstrate the ap-
plicability and promising efficiency of the method with tight step size through some
applications in image processing.
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1 Introduction

We consider the following separable convex minimization model with linear constraints:

min
m

∑
i=1

fi (xi)

s.t.
m

∑
i=1

Aixi =b,

(1.1)

where fi : Rni → (−∞,∞] (i = 1,.. .,m) are proper closed convex functions, Ai ∈ Rl×ni

(i= 1,.. . ,m) are given matrices, b∈Rl is a given vector, and ∑
m
i=1ni = n. Throughout the

paper, the solution set of (1.1) is assumed to be nonempty. We denote x=(x1,x2 . . . ,xm) for
notational simplicity.

The augmented Lagrangian method, as presented in [23, 33], serves as a benchmark
for addressing (1.1) from both theoretical and algorithmic perspectives. Let the Lagran-
gian function of (1.1) be

L(x1,. . .,xm,λ)=
m

∑
i=1

fi(xi)−λ⊤
(

m

∑
i=1

Aixi−b

)

,

and the augmented Lagrangian function of (1.1) be

LΓ(x1,. . .,xm,λ)=L(x1,. . .,xm,λ)+
1

2

∥

∥

∥

∥

m

∑
i=1

Aixi−b

∥

∥

∥

∥

2

Γ

,

where λ ∈Rl is the Lagrange multiplier and Γ ∈Rl×l is a symmetric, positive definite
matrix. Note that when Γ is chosen as βI, with I representing the identity matrix, the
aforementioned augmented Lagrangian function simplifies to the traditional form com-
monly utilized in the literature. This, in turn, gives rise to the following iterative scheme
for solving (1.1):











(

xk+1
1 ,. . .,xk+1

m

)

=argmin
{

LΓ

(

x1,. . .,xm,λk
)

| xi∈Rni , i=1,.. . ,m
}

,

λk+1=λk−Γ

(

m

∑
i=1

Aix
k+1
i −b

)

.
(1.2)

The above scheme is a precise implementation of augmented Lagrangian method (ALM)
for addressing problem (1.1), and thus the sequence generated by (1.2) possesses the
known global convergence of the ALM. In [34], it has demonstrated that the ALM is
indeed an application of the proximal point algorithm (PPA), introduced in [32], applied
to the dual of (1.1) with m=1. However, when dealing with the separable scenario with
m≥2, the execution of (1.2) may encounter challenges as the variables xi are coupled due
to the quadratic term ‖∑

m
i=1 Aixi−b‖2

Γ/2. Hence, a direct implementation of ALM is not


