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Abstract. Brucellosis is a significant zoonotic disease that has a high incidence rate
in sheep, particularly in the Inner Mongolia region of China. To better investigate
its transmission dynamics, this paper proposes a sheep brucellosis model incorporat-
ing acute and chronic infections, a saturated incidence rate describing environmental
transmission and a time delay representing the incubation period. By constructing
Lyapunov functionals and using LaSalle’s invariance principle, it is shown that the
global dynamics of the disease is completely determined by the basic reproduction
number: If R0<1, the brucellosis always dies out; if R0>1, a unique endemic equilib-
rium exists and is globally asymptotically stable. Using data of sheep brucellosis cases
in Inner Mongolia from 2016 to 2020, unknown parameters and the basic reproduction
number (R0 = 1.544) are estimated via the Markov chain Monte Carlo method. Nu-
merical simulations show that reducing the transmission rate of acutely infected sheep
while increasing the culling rate of symptomatic infected sheep is the most effective
strategy to control the spread of brucellosis in Inner Mongolia. Notably, decreasing
the proportion of acutely infected sheep or increasing acute-to-chronic conversion rate
may lead to a significant short-term increase in chronically infected sheep.
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1 Introduction

Brucellosis, also known as undulant fever, Mediterranean fever, or Malta fever, is a sig-
nificant zoonotic infectious disease caused by bacteria of the genus Brucella [4, 33]. It
has a global distribution and poses substantial threats to both public health and ani-
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mal health. The disease is particularly prevalent in regions such as the Middle East, the
Mediterranean, Mexico, and Central America [12,29,30,34]. In China, brucellosis is classi-
fied as a Category II animal epidemic disease [8]. Although the number of outbreaks and
infected animals in livestock decreased by 21.75% and 16.48% respectively in 2024, the
pathogen persisted and continued to spread to the southern regions in 2025, maintaining
a severe disease control situation [7,38,53]. The genus Brucella includes multiple species,
among which Brucella abortus and Brucella melitensis are the primary pathogens, ca-
pable of spreading to humans through contact or consumption of contaminated animal
products [42]. This study focuses on the transmission dynamics of brucellosis in sheep
populations.

Brucellosis in sheep is primarily transmitted through direct contact with infected
sheep or their secretions (such as aborted fetuses, amniotic fluid, and milk). It can also be
spread indirectly through contaminated feed, water, or shared equipment. The incuba-
tion period of the disease is variable, usually lasting from 1 to 3 weeks, but it can some-
times be prolonged to several months or even over a year [39, 42]. Infected sheep show
acute and chronic clinical symptoms. Acute infected sheep develop symptoms such as
fever, abortion, and orchitis within a few weeks, which severely impact reproduction and
production [41]. Chronic infected sheep, on the other hand, show more insidious symp-
toms such as weight loss, arthritis, or lameness, which can persist for several months or
even years. Brucella infection not only compromises the health of sheep but also poses
a threat to the livestock economy and public health.

Since the initial isolation of Brucella in 1886 [5], various mathematical models have
been developed to study its transmission dynamics [1–3,11,13,20,27,32,36,43,44,47,48,55],
but existing models still have limitations. Early studies widely used bilinear incidence
to describe environmental transmission, but such models had clear limitations, as they
struggled to reflect the saturation effect from bacterial concentration thresholds. To tackle
this, Zhang et al. [46] innovatively introduced saturated incidence, which greatly boosted
model authenticity and quantitatively analyzed prevention and control costs, offering
key theoretical support for formulating strategies. However, this model overlooked the
impact of the incubation period on brucellosis transmission. Hou and Zhang [18] at-
tempted to represent the incubation period by introducing a time delay term. However,
their research indicated that the influence of time delay on the stability of equilibria of the
system was relatively limited, and it failed to consider acute and chronic infections. To
address this issue, Liu et al. [22] further developed the susceptible-latent-acute infected-
chronic infected-brucella (SLICB) model, incorporating seasonality, spatial heterogeneity,
and nonlocal time delay. Their findings confirm that prolonging the incubation period
and increasing the random walk rate of infected sheep can effectively prevent brucellosis
from becoming endemic; moreover, considering only acute or chronic infections leads to
significant deviations in the density of infected sheep and the time to reach a steady state.
Notably, this model has not yet included the saturated incidence mechanism. Recently,
the SEIVWShIahIch model proposed by Liu et al. [23], although it systematically evalu-
ated the effectiveness of various prevention and control measures such as vaccination,
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still failed to achieve the synergistic integration of key factors like saturated incidence
and acute and chronic infections. Based on the above work and actual conditions, an epi-
demic model incorporating a saturated incidence rate, latent period, and different clinical
symptoms would more comprehensively and accurately reflect the transmission dynam-
ics of brucellosis.

In the research of infectious disease modeling, the application of data fitting and
Markov chain Monte Carlo (MCMC) methods is crucial [6, 9, 10, 35, 37]. Data fitting in-
tegrates actual data with infectious disease models, revealing the complex transmission
mechanisms of diseases. The MCMC method estimates unknown parameters and basic
reproduction numbers within the models through Bayesian inference. The combination
of these two approaches can more accurately simulate and predict the spread dynamics
of infectious diseases. In the study of brucellosis, it is quite common to use human case
data for fitting [17, 21, 24, 25, 31, 40, 46, 49, 50]. There are numerous studies that combine
data fitting with MCMC methods. For instance, Ma and Sun [25] fitted monthly human
brucellosis cases with average temperature data in Xinjiang (2015–2020), estimating the
basic reproduction number at 0.6691. They also explored impacts of control measures,
reproductive traits, and temperature fluctuations on the disease’s outbreak and trans-
mission dynamics. Zhang et al. [49] estimated the basic reproduction number by fitting
human cases in Inner Mongolia, further examining effects of precipitation, humidity, and
atmospheric pressure there. Additionally, using price and infector data from Ningxia,
Wang et al. [40] applied least squares for model fitting and proposed an optimal control
strategy that maximizes farmers’ profits while effectively controlling brucellosis. How-
ever, due to data acquisition challenges and transmission complexity, data fitting for an-
imal brucellosis cases remains relatively scarce [45].

The article is organized as follows. In Section 2, we formulate a brucellosis model
that incorporates latent delay, bilinear incidence, saturated incidence, as well as acute
and chronic infections. In Section 3, we discuss the well-posedness of the solutions; cal-
culate the basic reproduction number, interpret its biological significance; and analyze
the existence and uniqueness of the endemic equilibrium. In Sections 4 and 5, we estab-
lish the local and global stability of the feasible equilibrium, respectively. In Section 6, we
estimate unknown parameters and the basic reproduction number through data fitting
using Brucellosis data from Inner Mongolia sheep spanning 2016 to 2020. In Section 7, we
conduct sensitivity analysis of key parameters based on the basic reproduction number
and endemic equilibrium, and assess the impact of single and combined control strate-
gies on brucellosis prevention and control. Finally, we summarize the main findings of
the current study and discuss some future research directions.

2 Model formulation

According to whether the sheep are infected with Brucella, infectious differences and the
different clinical symptoms post-infection, we categorize the sheep into four compart-
ments:
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(1) Susceptible group refers to those that are not infected but are likely to be infected;

(2) Latency group refers to those who are infected with Brucella but have no symptoms
yet;

(3) Acutely infected group refers to those that are in acute infection period after being
infected with Brucella;

(4) Chronically infected group refers to those that are in chronic infection period after
being infected with Brucella.

The numbers of the four groups at time t are denoted as S(t), E(t), I(t) and C(t), respec-
tively. The concentration of Brucella in the environment at time t is represented by B(t).
According to the transmission process of brucellosis, the transmission diagram of five
compartments is shown in Fig. 1. And the definitions of parameters are shown in Table 1.

Table 1: The descriptions of parameters in system (2.3).

Parameters Biological meaning

Λ The recruitment rate of the sheep population

β I The transmission rate from acutely infected sheep to susceptible sheep
βC The transmission rate from chronically infected sheep to susceptible sheep

βB The transmission rate from brucella to susceptible sheep

K The half-saturation coefficient of brucella concentration
p The proportion of acutely infected sheep among the infected sheep

1−p The proportions of chronically infected sheep among the infected sheep
µ Sheep natural elimination rate

ν The surveillance culling rate of symptomatic infected sheep

δ The probability that acute infected sheep become chronic infected sheep due
to lack of timely treatment or management

ξ1 The shedding rate from acutely infected sheep into the environment
ξ2 The shedding rate from chronically infected sheep into the environment

r The decaying rate of brucella in the environment

τ The incubation period of brucellosis

Figure 1: Transmission diagram for 5 compartments.
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The following is the detailed descriptions of the changes in each compartment over
time. The number of sheep added to the compartment S per unit time is Λ. Meanwhile,
the number of sheep moving out of S, E, I and C per unit time due to natural death are
µS,µE,µI and µC, respectively. At time t, the total number of latent sheep newly in-
creased due to infection is

Nt =β IS(t)I(t)+βCS(t)C(t)+
βBS(t)B(t)

K+B(t)
.

The probability that a sheep infected at time t−τ is still alive at time t is denoted
by e−µτ. Assume that the probability of an infected sheep transitioning from the latent
period to the acute infection period is p, and the probability of transitioning to the chronic
infection period is 1−p. Therefore, the number of newly increased symptomatic sheep in
compartment I and C at time t are

NI = pe−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

,

NC =(1−p)e−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

,

respectively. Due to surveillance of the symptomatic sheep, the number of sheep culled
from I and C per unit time are νI and νC, respectively.

The number of sheep transferring from compartment I to C per unit time is denoted
by δI. Additionally, the contribution rates of compartments I and C to Brucella concentra-
tion in the environment are ξ1 I(t) and ξ2C(t), respectively. The concentration of Brucella
in the environment decreases at rate rB(t).

In the light of the transmission diagram in Fig. 1, we have the following model:
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





Ṡ(t)=Λ−µS(t)−β I S(t)I(t)−βCS(t)C(t)−
βBS(t)B(t)

K+B(t)
,

Ė(t)=β I S(t)I(t)+βCS(t)C(t)+
βBS(t)B(t)

K+B(t)
−µE(t)

−e−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

İ(t)= pe−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

−(µ+ν+δ)I(t),

Ċ(t)=(1−p)e−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

+δI(t)−(µ+ν)C(t),

Ḃ(t)= ξ1 I(t)+ξ2C(t)−rB(t).

(2.1)
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The initial conditions for system (2.1) take the following form:

S(t)= ϕ1(t), E(t)= ϕ2(t), I(t)= ϕ3(t), C(t)= ϕ4(t), B(t)= ϕ5(t),

ϕi(t)>0, t∈ [−τ,0), ϕi(0)>0, i=1,2,3,4,5.
(2.2)

Here, B denotes the Banach space C([−τ,0],R5) of continuous functions mapping the
interval [−τ,0] into R5 equipped with the sup-norm

‖ϕ‖= sup
t∈[−τ,0]

|ϕ(t)|, φ=(ϕ1,ϕ2,ϕ3,ϕ4,ϕ5)∈B.

The nonnegative cone of B is defined as

B
+=C([−τ,0],R5

+), R
5
+={(ϕ1,ϕ2,ϕ3,ϕ4,ϕ5) : ϕi>0, i=1,2,3,4,5}.

For continuity of the initial conditions, we need to further require

ϕ2(0)=
∫ 0

−τ
eµs ϕ1(s)

[

β I ϕ3(s)+βC ϕ4(s)+
βB ϕ5(s)

K+ϕ5(s)

]

ds.

According to the basic theory of functional differential equations [16], it is easy to
know that system (2.1) has a unique solution that satisfies the initial conditions (2.2).

Since the S, I,C and B equations in model (2.1) do not depend on variable E, it suffices
to study the following system with time delay:
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





Ṡ(t)=Λ−µS(t)−β I S(t)I(t)−βCS(t)C(t)−
βBS(t)B(t)

K+B(t)
, (2.3a)

İ(t)= pe−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

−(µ+ν+δ)I(t), (2.3b)

Ċ(t)=(1−p)e−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

+δI(t)−(µ+ν)C(t), (2.3c)

Ḃ(t)= ξ1 I(t)+ξ2C(t)−rB(t). (2.3d)

The initial conditions for system (2.3) take the following form:

S(t)=φ1(t), I(t)=φ2(t), C(t)=φ3(t), B(t)=φ4(t),

φi(t)>0, t∈ [−τ,0), φi(0)>0, i=1,2,3,4.,
(2.4)

Here, C denotes the Banach space C([−τ,0],R4) of continuous functions mapping the
interval [−τ,0] into R4 equipped with the sup-norm

‖φ‖= sup
t∈[−τ,0]

|φ(t)|, φ=(φ1,φ2,φ3,φ4)∈C.

The nonnegative cone of C is defined as

C
+=C

(

[−τ,0],R4
+

)

, R
4
+={(φ1,φ2,φ3,φ4) : φi>0, i=1,2,3,4}.
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3 Preliminary results

3.1 Positivity and boundedness of solutions

In this section, we will discuss the well-posedness of the solutions to system (2.3). Ac-
cording to the basic theory of functional differential equations [16], it is known that sys-
tem (2.3) has a unique solution that satisfies the initial conditions (2.4). Nextly, we will
prove the positivity and ultimate boundedness of the solutions to system (2.3).

Theorem 3.1. For t>0, the solution of system (2.3) with the initial conditions (2.4) is positive.

Proof. Firstly, we prove that S(t) is positive for all t>0. Assume the contrary and let t1>0
be the first time such that S(t1)=0. Then from the Eq. (2.3a), we have Ṡ(t1)=Λ>0, which
indicates that S(t)<0 for t∈(t1−ǫ1,t1), where ǫ1 is an arbitrarily small positive constant.
This contradicts with the fact of S(t)>0 for all t∈[0,t1). It follows that S(t)>0 for all t>0.

Nextly, we prove that I(t),C(t) and B(t) are positive for all t>0. Assume the contrary
and let

H(t)=min{I(t),C(t),B(t)}, t∈R
+.

It is clear that H(0)>0. Assuming that there exists a t2>0 such that H(t2)=0 and H(t)>0
for all t∈ [0,t2).

If H(t2)= I(t2)=0, then C(t)>0,B(t)>0 for all t∈ [0,t2]. Solving I(t) in the Eq. (2.3b),
we obtain

I(t2)= e−(µ+ν+δ)t2

[

I(0)+
∫ t2

0
pe−µτS(θ−τ)

(

β I I(θ−τ)+βCC(θ−τ)

+
βBB(θ−τ)

K+B(θ−τ)

)

e(µ+ν+δ)θdθ

]

> e−(µ+ν+δ)t2I(0)>0,

which leads to a contradiction. Therefore, we obtain I(t)>0 for all t>0. In a similar way,
it can also be shown that C(t), B(t)>0 for all t>0. This completes the proof.

Theorem 3.2. Any positive solution of system (2.3) is ultimately bounded, and the following set:

Ω=

{

(

S(t), I(t),C(t),B(t)
)

∈R
4
+ : S(t)+eµτ

(

I(t+τ)+C(t+τ)
)

6
Λ

µ
, B(t)6

max{ξ1,ξ2}Λ

µr

}

is positively invariant for system (2.3).

Proof. Firstly, we define

G(t)=S(t)+eµτ I(t+τ)+eµτC(t+τ).
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Calculating the derivative of G(t) in respect to t along positive solution of system (2.3), it
follows that

Ġ(t)=Λ−µ
(

S(t)+eµτ I(t+τ)+eµτC(t+τ)
)

−ν
(

eµτ I(t+τ)+eµτC(t+τ)
)

6Λ−µG(t),

where G(0)=S(0)+eµτ I(τ)+eµτC(τ), so

limsup
t→∞

G(t)6
Λ

µ
.

Hence, for ǫ>0 sufficiently small, there is a T1>0 such that when t>T1,

G(t)=S(t)+eµτ I(t+τ)+eµτC(t+τ)<
Λ

µ
+ǫ.

Furthermore, from the Eq. (2.3d), for t>T1+τ,

Ḃ(t)= ξ1 I(t)+ξ2C(t)−rB(t)6max{ξ1,ξ2}

(

Λ

µ
+ǫ

)

−rB(t),

which yields

limsup
t→∞

B(t)6
max{ξ1,ξ2}Λ

µr
+

max{ξ1,ξ2}ǫ

r
.

Since this inequality holds true for arbitrary ǫ>0 sufficiently small, we conclude that

limsup
t→∞

B(t)6
max{ξ1,ξ2}Λ

µr
.

Therefore, S(t), I(t),C(t) and B(t) are ultimately bounded. This completes the proof.

3.2 The basic reproduction number and feasible equilibria

It is easy to calculate the disease-free equilibrium of system (2.3) E0 =(S0,0,0,0), where
S0 =Λ/µ. Nextly, we calculate the basic reproduction number of system (2.3) based on
the theoretical analysis in [51, 52].

Linearizing the last three equations of system (2.3) at E0 into the following system:







































İ(t)= pe−µτS0

[

β I I(t−τ)+βCC(t−τ)+
βB

K
B(t−τ)

]

−(µ+ν+δ)I(t),

Ċ(t)=(1−p)e−µτS0

[

β I I(t−τ)+βCC(t−τ)+
βB

K
B(t−τ)

]

+δI(t)−(µ+ν)C(t),

Ḃ(t)= ξ1 I(t)+ξ2C(t)−rB(t).

(3.1)
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We denote C1 the Banach space C([−τ,0],R3) of continuous functions from [−τ,0]
to R3. This space is equipped with the supremum norm ‖ψ‖ = supt∈[−τ,0] |ψ(t)| for

ψ = (φ2,φ3,φ4) ∈ C1. Let L(C1,R3) be the space of bounded linear operators from C1

to R3. Clearly, system (3.1) has a form (see, for example, [51, Eq. (11.1)]), which is

dψ(t)

dt
=Fψt−Vψ(t), t>0,

where ψt=ψ(t+θ) for θ∈ [−τ,0], F∈L(C1,R3),V∈L(R3,R3), that is,

Fψt=













pe−µτS0

[

β Iφ2(−τ)+βCφ3(−τ)+
βB

K
φ4(−τ)

]

(1−p)e−µτS0

[

β I φ2(−τ)+βCφ3(−τ)+
βB

K
φ4(−τ)

]

0













,

V=





µ+ν+δ 0 0
−δ µ+ν 0
−ξ1 −ξ2 r



.

For F∈L(C1,R3), we define F̂∈L(R3,R3) by

F̂ψ=F(ψ̂), ∀ψ∈R
3,

where ψ̂(θ)=ψ for any θ∈ [−τ,0]. Clearly, F̂ can be regarded as an 3×3 matrix. Here, it
is given by

F̂=















pΛβ I e
−µτ

µ

pΛβCe−µτ

µ

pΛβBe−µτ

Kµ

(1−p)Λβ I e−µτ

µ

(1−p)ΛβCe−µτ

µ

(1−p)ΛβBe−µτ

Kµ

0 0 0















.

By [51, Corollary 11.1.1] and a direct calculation, we obtain

R0=ρ(F̂V−1)=R0SI+R0SC+R0SIB+R0SCB

=
pΛe−µτβ I

µ(µ+ν+δ)
+
[(1−p)(µ+ν)+δ]Λe−µτ βC

µ(µ+ν)(µ+ν+δ)

+
pξ1Λe−µτβB

Krµ(µ+ν+δ)
+
[(1−p)(µ+ν)+δ]ξ2Λe−µτβB

Krµ(µ+ν)(µ+ν+δ)
,

where ρ(F̂V−1) denotes the spectral radius of the matrix F̂V−1. Moreover, each of these
quantities has its own biological significance. R0SI (R0SC) is the average number of the
infected sheep by a single acutely (chronically) infected sheep in a fully susceptible sheep.
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R0SIB (R0SCB) is the average number of the infected sheep by the brucella which are
excreted into the environment by the acutely (chronically) infected sheep. Therefore, R0

denotes the total average number of infections.

It is easy to see that if R0 > 1, in addition to the disease-free equilibrium E0, system
(2.3) has a unique endemic equilibrium E∗=(S∗, I∗,C∗,B∗), where

S∗=
Λ(K+B∗)

(K+B∗)[µ+β I I∗+βCC∗]+βBB∗
,

I∗=
−a1+

√

a2
1−4a2a0

2a2
,

C∗=
[(1−p)(µ+ν)+δ]I∗

p(µ+ν)
,

B∗=
ξ1 I∗+ξ2C∗

r
,

(3.2)

here

a0 = p2(µ+ν)2µ(µ+ν+δ)Kr(1−R0)<0,

a1 =

(

1+
βB

µ
−R0SI−R0SC

)

pµ(µ+ν)(µ+ν+δ)[pξ1(µ+ν)+(1−p)(µ+ν)ξ2+δξ2]

+(R0SI+R0SC)
pµKr(µ+ν)2(µ+ν+δ)2

Λe−µτ
,

a2 =
(R0SI+R0SC)µ(µ+ν)(µ+ν+δ)2[pξ1(µ+ν)+(1−p)(µ+ν)ξ2+δξ2]

Λe−µτ
>0.

4 Local stability

In this section, we discuss the local stability of feasible equilibrium of system (2.3) by
analyzing the distribution of roots of the corresponding characteristic equations.

Theorem 4.1. The disease-free equilibrium E0 is locally asymptotically stable if R0 < 1 and
unstable if R0>1.

Proof. The characteristic equation of the system (2.3) at disease-free equilibrium E0 is

(λ+µ)

{

[(λ+µ+ν)(1−p)+δ][(λ+r)KβC +ξ2βB]+p(λ+µ+ν)[(λ+r)Kβ I+ξ1βB]

−
Kµ(λ+r)(λ+µ+ν)(λ+µ+ν+δ)

Λe−(λ+µ)τ

}

=0. (4.1)
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Clearly, Eq. (4.1) always has a negative root λ1 =−µ< 0. The other roots of Eq. (4.1)
are determined by the following equation:

[(λ+µ+ν)(1−p)+δ][(λ+r)KβC +ξ2βB]+p(λ+µ+ν)[(λ+r)Kβ I +ξ1βB]

=
Kµ(λ+r)(λ+µ+ν)(λ+µ+ν+δ)

Λe−(λ+µ)τ
. (4.2)

Let λ0=Reλ0+iImλ0 (Reλ0>0) be a root of Eq. (4.2). When R0<1, we obtain that

1=

∣

∣

∣

∣

{

[(λ0+µ+ν)(1−p)+δ][(λ0+r)KβC+ξ2βB]

(λ0+r)(λ0+µ+ν)(λ0+µ+ν+δ)
+

p[(λ0+r)Kβ I+ξ1βB]

(λ0+r)(λ0+µ+ν+δ)

}

Λe−(λ0+µ)τ

Kµ

∣

∣

∣

∣

6

∣

∣

∣

∣

µ+ν+δ

λ0+µ+ν+δ

∣

∣

∣

∣

·

∣

∣

∣

∣

pΛe−µτβ I

µ(µ+ν+δ)
+
[(λ0+µ+ν)(1−p)+δ]Λe−µτ βC

µ(µ+ν)(µ+ν+δ)
·

µ+ν

λ0+µ+ν

+
pξ1Λe−µτβB

Kµ(λ0+r)(µ+ν+δ)

+
[(λ0+µ+ν)(1−p)+δ]ξ2Λe−µτβB

Kµ(µ+ν)(λ0+r)(µ+ν+δ)
·

µ+ν

λ0+µ+ν

∣

∣

∣

∣

6R0SI+

(

R0SC+
rR0SCB

|λ0+r|

)

·

∣

∣

∣

∣

[(λ0+µ+ν)(1−p)+δ](µ+ν)

[(1−p)(µ+ν)+δ](λ0+µ+ν)

∣

∣

∣

∣

+
rR0SIB

|λ0+r|

6R0SI+R0SC+R0SCB+R0SIB =R0<1,

which leads to a contradiction, so the roots of characteristic equation (4.2) all have nega-
tive real parts. Therefore, when R0 <1, the disease-free equilibrium E0 is locally asymp-
totically stable.

When R0>1, let

F(λ,τ)=1−

{

[(λ+µ+ν)(1−p)+δ][(λ+r)KβC +ξ2βB]

(λ+r)(λ+µ+ν)(λ+µ+ν+δ)
+

p[(λ+r)Kβ I+ξ1βB]

(λ+r)(λ+µ+ν+δ)

}

Λe−(λ+µ)τ

Kµ
,

then F(0,τ)=1−R0<0 and limλ→+∞ F(λ,τ)=1 for λ∈R. Noting that F(λ,τ) is a continu-
ous function in respect to λ, so F(λ,τ)=0 has at least one positive solution. Accordingly,
Eq. (4.2) has at least one positive real root. Therefore, the disease-free equilibrium E0 is
unstable if R0>1.

Theorem 4.2. The endemic equilibrium E∗ is locally asymptotically stable if R0>1.

Proof. The characteristic equation of the system (2.3) at endemic equilibrium E∗ is

(λ+r)(λ+µ+ν)(λ+µ+ν+δ)(λ+µ+M1)

=(λ+µ)

{

(λ+r)
{

(λ+µ+ν)pβ I+[(λ+µ+ν)(1−p)+δ]βC

}

+

{

(λ+µ+ν)pξ1+[(λ+µ+ν)(1−p)+δ]ξ2

}

KβB

(K+B∗)2

}

S∗e−(λ+µ)τ, (4.3)

where M1=β I I∗+βCC∗+βBB∗/(K+B∗).
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Let λ0=Reλ0+iImλ0 (Reλ0>0) be a root of Eq. (4.3). It is obvious that

|λ0+µ+M1|> |(λ0+µ)e−λ0τ |,

∣

∣

∣

∣

r

λ0+r

∣

∣

∣

∣

61,
K

K+B∗
<1,

and
∣

∣

∣

∣

[(1−p)(λ0+µ+ν)+δ](µ+ν)

[(1−p)(µ+ν)+δ](λ0+µ+ν)

∣

∣

∣

∣

61.

From Eq. (3.2), it can be derived that

I∗+C∗=
µ+ν+δ

p(µ+ν)
I∗=

µ+ν+δ

(1−p)(µ+ν)+δ
C∗.

Substituting E∗ into system (2.3) and adding the Eqs. (2.3b) and (2.3c), we obtain































β IS
∗e−µτ =

(µ+ν)(I∗+C∗)β I

M1
,

βCS∗e−µτ =
(µ+ν)(I∗+C∗)βC

M1
,

βBS∗e−µτ

K+B∗
=

(µ+ν)(I∗+C∗)βB

(K+B∗)M1
.

(4.4)

On substituting Eq. (4.4) into Eq. (4.3), we obtain that

∣

∣

∣

∣

{

(λ0+r)
{

(λ0+µ+ν)pβ I +[(λ0+µ+ν)(1−p)+δ]βC

}

(λ0+r)(λ0+µ+ν)

+

{

(λ0+µ+ν)pξ1+[(λ0+µ+ν)(1−p)+δ]ξ2

}

KβB

(λ0+r)(λ0+µ+ν)(K+B∗)2

}

S∗e−µτ

∣

∣

∣

∣

6

∣

∣

∣

∣

(µ+ν+δ)KβB

(λ0+r)(K+B∗)2M1

∣

∣

∣

∣

{

ξ1 I∗+ξ2C∗

∣

∣

∣

∣

(µ+ν)[(1−p)(λ0+µ+ν)+δ]

(λ0+µ+ν)[(1−p)(µ+ν)+δ]

∣

∣

∣

∣

}

+
µ+ν+δ

M1

{

β I I∗+βCC∗

∣

∣

∣

∣

(µ+ν)[(1−p)(λ0+µ+ν)+δ]

(λ0+µ+ν)[(1−p)(µ+ν)+δ]

∣

∣

∣

∣

}

6
µ+ν+δ

M1

[

β I I∗+βCC∗+
βBB∗Kr

(K+B∗)2|λ0+r|

]

<
µ+ν+δ

M1

(

β I I∗+βCC∗+
βBB∗

K+B∗

)

=µ+ν+δ6 |λ0+µ+ν+δ| . (4.5)

By comparing Eq. (4.3) with inequality (4.5), it is obvious that λ0 = Reλ0+iImλ0,
(Reλ0 >0) is not a root of Eq. (4.3), which contradicts the assumption. Consequently, all
roots of the characteristic equation (4.3) must have negative real parts. Therefore, when
R0>1, the endemic equilibrium E∗ is locally asymptotically stable.
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5 Global stability

In this section, we discuss the global stability of the disease-free equilibrium and endemic
equilibrium of system (2.3) by constructing Lyapunov functionals and using LaSalle’s
invariance principle.

Theorem 5.1. If R0<1, the disease-free equilibrium E0 of system (2.3) is globally asymptotically
stable in Ω.

Proof. Let (S(t), I(t),C(t),B(t)) be any positive solution of system (2.3) with initial condi-
tion (2.4). Define

V1(t)=S(t)−S0−S0ln
S(t)

S0
+c1eµτ I(t)+c2eµτC(t)+c3B(t),

+
∫ t

t−τ
S(θ)

[

β I I(θ)+βCC(θ)+
βBB(θ)

K+B(θ)

]

dθ,

(5.1)

where

c1=
[(µ+ν)(µ+ν+δ)eµτ(1−R0SC)+pδβCS0]ξ1+[(1−p)β I S0+δeµτ ](µ+ν+δ)ξ2

{p(µ+ν)ξ1+[(1−p)(µ+ν)+δ]ξ2}(µ+ν+δ)eµτ
,

c2=
pβCS0ξ1+(µ+ν+δ)eµτ(1−R0SI)ξ2

{p(µ+ν)ξ1+[(1−p)(µ+ν)+δ]ξ2}eµτ
,

c3=
(µ+ν)(µ+ν+δ)eµτ(1−R0SI−R0SC)

p(µ+ν)ξ1+[(1−p)(µ+ν)+δ]ξ2
.

(5.2)

Calculating the derivative of V1(t) along positive solutions of system (2.3) yields

V̇1(t)=

(

1−
S0

S(t)

)[

Λ−µS(t)−β I S(t)I(t)−βCS(t)C(t)−
βBS(t)B(t)

K+B(t)

]

+[c1 p+c2(1−p)]S(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

+c3[ξ1 I(t)+ξ2C(t)−rB(t)]+β I S(t)I(t)+βCS(t)C(t)+
βBS(t)B(t)

K+B(t)

−β I S(t−τ)I(t−τ)−βCS(t−τ)C(t−τ)−
βBS(t−τ)B(t−τ)

K+B(t−τ)

−c1eµτ(µ+ν+δ)I(t)+c2eµτδI(t)−c2eµτ(µ+ν)C(t). (5.3)

On substituting Λ=µS0 into (5.3), we obtain that

V̇1(t)=−
µ
(

S(t)−S0

)2

S(t)
+

βBS0B(t)

K+B(t)
+
[

β I S0+c3ξ1+c2eµτδ−c1eµτ(µ+ν+δ)
]

I(t)
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+[c1 p+c2(1−p)]S(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

−β IS(t−τ)I(t−τ)−βCS(t−τ)C(t−τ)−
βBS(t−τ)B(t−τ)

K+B(t−τ)

+
[

βCS0+c3ξ2−c2eµτ(µ+ν)
]

C(t)−c3rB(t). (5.4)

On substituting (5.2) into (5.4), we obtain that

V̇1=−
µ
(

S(t)−S0

)2

S(t)
−

Kreµτ(µ+ν)(µ+ν+δ)(1−R0)B(t)
(

K+B(t)
)

{p(µ+ν)ξ1+[(1−p)(µ+ν)+δ]ξ2}

−
reµτ(µ+ν)(µ+ν+δ)(1−R0SI −R0SC)B2(t)
(

K+B(t)
)

{p(µ+ν)ξ1+[(1−p)(µ+ν)+δ]ξ2}
. (5.5)

When R0<1, it follows from (5.5) that V̇1(t)60 and V̇1(t)=0 if and only if

(

S(t), I(t),C(t),B(t)
)

=(S0,0,0,0).

Clearly, {E0} is the largest invariant subset of {(S(t), I(t),C(t),B(t)) :V̇1(t)=0}. Therefore,
by Theorem 4.1 and LaSalle’s invariance principle [15], the equilibrium E0 is globally
asymptotically stable. This completes the proof.

Theorem 5.2. If R0 > 1, the endemic equilibrium E∗ of system (2.3) is globally asymptotically
stable in Ω.

Proof. Let (S(t), I(t),C(t),B(t)) be any positive solution of system (2.3) with initial condi-
tion (2.4) and

M=β IS
∗ I∗+βCS∗C∗+

βBS∗B∗

K+B∗
.

Define

V2(t)=S∗G

(

S(t)

S∗

)

+d1eµτ I∗G

(

I(t)

I∗

)

+d2eµτC∗G

(

C(t)

C∗

)

+d3B∗G

(

B(t)

B∗

)

(5.6)

+
∫ t

t−τ

[

A1G

(

S(θ)I(θ)

S∗ I∗

)

+A2G

(

S(θ)C(θ)

S∗C∗

)

+A3G

(

S(θ)B(θ)(K+B∗)

S∗B∗(K+B(θ))

)]

dθ,

where

A1=β I S
∗ I∗, A2=βCS∗C∗, A3=

βBS∗B∗

K+B∗
,

and

d1=
(1−p)(A1+d3ξ1 I∗)+δeµτ I∗

p[(1−p)M+δeµτ I∗]
, (5.7a)

d2=
A2+d3ξ2C∗

(1−p)M+δeµτ I∗
, (5.7b)
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d3=
A3

ξ1 I∗+ξ2C∗
. (5.7c)

Since the function G(x)= x−1−lnx>0 for all x>0 and G(x)=0 holds if and only if
x=1. Hence, V2(t) is positively definite.

Calculating the derivative of V2(t) along positive solutions of system (2.3) yields

V̇2(t)=

(

1−
S∗

S(t)

)(

Λ−µS(t)−β I S(t)I(t)−βCS(t)C(t)−
βBS(t)B(t)

K+B(t)

)

+d1eµτ

(

1−
I∗

I(t)

){

pe−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

−(µ+ν+δ)I(t)

}

+A1

[

S(t)I(t)

S∗ I∗
−

S(t−τ)I(t−τ)

S∗ I∗
+ln

S(t−τ)I(t−τ)

S(t)I(t)

]

+d2eµτ

(

1−
C∗

C(t)

){

δI(t)−(µ+ν)C(t)+(1−p)e−µτS(t−τ)

×

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]}

+d3

(

1−
B∗

B(t)

)

(

ξ1 I(t)+ξ2C(t)−rB(t)
)

+A2

[

S(t)C(t)

S∗C∗
−

S(t−τ)C(t−τ)

S∗C∗
+ln

S(t−τ)C(t−τ)

S(t)C(t)

]

+A3

[

S(t)B(t)(K+B∗)

S∗B∗
(

K+B(t)
) −

S(t−τ)B(t−τ)(K+B∗)

S∗B∗
(

K+B(t−τ)
)

+ln
S(t−τ)B(t−τ)

(

K+B(t)
)

S(t)B(t)
(

K+B(t−τ)
)

]

. (5.8)

On substituting

Λ=µS∗+β IS
∗ I∗+βCS∗C∗+

βBS∗B∗

K+B∗

into (5.8), we obtain

V̇2(t)=−
µ(S(t)−S∗)2

S(t)
+(A1+A2+A3)

(

2−
S∗

S(t)

)

+A1ln
S(t−τ)I(t−τ)

S(t)I(t)

+A2 ln
S(t−τ)C(t−τ)

S(t)C(t)
+A3

[

ln
S(t−τ)B(t−τ)

(

K+B(t)
)

S(t)B(t)
(

K+B(t−τ)
) +

B(t)(K+B∗)

B∗
(

K+B(t)
)

]

−d1 p

[

A1S(t−τ)I(t−τ)

S∗ I(t)
+

A2S(t−τ)C(t−τ)I∗

S∗C∗ I(t)
+

A3S(t−τ)B(t−τ)I∗(K+B∗)

S∗B∗ I(t)
(

K+B(t−τ)
)

]
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+d3

(

ξ1 I∗−ξ1
B∗ I(t)

B(t)
−ξ1

B(t)I∗

B∗
+ξ2C∗−ξ2

B∗C(t)

B(t)
−ξ2

B(t)C∗

B∗

)

−d2(1−p)

[

A3S(t−τ)B(t−τ)C∗(K+B∗)

S∗B∗C(t)
(

K+B(t−τ)
) +

A2S(t−τ)C(t−τ)

S∗C(t)

+
A1S(t−τ)I(t−τ)C∗

S∗ I∗C(t)
+

δeµτ I∗

1−p

C∗ I(t)

C(t)I∗
−

δeµτ I∗

1−p

]

. (5.9)

Let L=(1−p)M+δeµτ I∗. On substituting (5.7) into (5.9), we obtain

V̇2(t)=−
1

L

{

[(1−p)(A1+A2+A3)+δeµτ I∗]
µ(S(t)−S∗)2

S(t)

+(A1+A2+A3)[(1−p)M+δeµτ I∗]G

(

S∗

S(t)

)

+δeµτ I∗A2G

(

C∗ I(t)

C(t)I∗

)

+

[

(1−p)

(

A1+
A3ξ1 I∗

ξ1 I∗+ξ2C∗

)

+δeµτ I∗
]

×

[

A2G

(

S(t−τ)C(t−τ)I∗

S∗C∗ I(t)

)

+A3G

(

S(t−τ)B(t−τ)I∗(K+B∗)

S∗B∗ I(t)
(

K+B(t−τ)
)

)

+A1G

(

S(t−τ)I(t−τ)

S∗ I(t)

)]

+(1−p)

(

A2+
A3ξ2C∗

ξ1 I∗+ξ2C∗

)

×

[

A3G

(

S(t−τ)B(t−τ)C∗(K+B∗)

S∗B∗C(t)
(

K+B(t−τ)
)

)

+A2G

(

S(t−τ)C(t−τ)

S∗C(t)

)

+A1G

(

S(t−τ)I(t−τ)C∗

S∗ I∗C(t)

)]

+A3[(1−p)M+δeµτ I∗]

×

[

G

(

K+B(t)

K+B∗

)

+
ξ1 I∗

ξ1 I∗+ξ2C∗
G

(

B∗ I(t)

B(t)I∗

)

+
ξ2C∗

ξ1 I∗+ξ2C∗
G

(

B∗C(t)

B(t)C∗

)

+
K(B(t)−B∗)2

B∗(K+B∗)
(

K+B(t)
)

]}

. (5.10)

It follows from (5.10) that V̇2(t)60 and V̇2(t)=0 if and only if S(t)=S∗, I(t)=I∗,C(t)=C∗

and B(t) = B∗. Clearly, {E∗} is the largest invariant subset of {(S(t), I(t),C(t),B(t)) :
V̇2(t)=0}. Therefore, by Theorem 4.2 and LaSalle’s invariance principle [15], the equilib-
rium E∗ is globally asymptotically stable when R0>1. This completes the proof.
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6 Data fitting

Data show that in 2016, the seropositivity rate of brucellosis in livestock in Inner Mongo-
lia was 0.42% [14]. However, since 2017, the epidemic has rebounded due to decreased
local government attention, insufficient funding, challenges in regulating livestock trans-
portation, and inadequate public health interventions. By 2020, the individual seroposi-
tivity rate in livestock stabilized, but the herd seropositivity rate remained high, with the
control situation remaining complex and severe.

The data in this study are derived from the veterinary bulletins of the Ministry of
Agriculture and Rural Affairs of China [28]. From it, we extract the monthly number of
new cases of sheep brucellosis in Inner Mongolia from January 2016 to December 2020,
which include new cases of mixed infections in sheep and cattle. Based on the ratio of
cattle to sheep at the end of each year from 2016 to 2020, we adjust the data to obtain
the specific monthly number of new sheep cases. On this basis, we first sum up the
monthly new cases within each year to get the annual new cases, and then calculate the
cumulative number of sheep brucellosis cases in Inner Mongolia from 2016 to 2020. In
this section, we conduct a fitting analysis on the cumulative number of sheep brucellosis
cases in Inner Mongolia from 2016 to 2020, using the year as the time unit.

Assume that H(t) is the fitting cumulative number of sheep brucellosis cases at time t,
and its change with time is determined by the following delay differential equation:

∂H(t)

∂t
= e−µτS(t−τ)

[

β I I(t−τ)+βCC(t−τ)+
βBB(t−τ)

K+B(t−τ)

]

.

Based on the exponential growth characteristics of sheep brucellosis cases in Inner
Mongolia from 2016 to 2020, we assume that in the early stages of brucellosis transmis-
sion, E, I and C follow exponential growth curves. Then, we assume initial functions of
E, I and C as follows:

E(t)= en0(t+τ), I(t)= en1(t+τ), C(t)= en2(t+τ), t∈ [−τ,0],

where, n0,n1 and n2 are the parameters to be estimated. Based on the cumulative number
of brucellosis cases in sheep in Inner Mongolia in 2016, we further assume that

H(t)= en3(t+τ), t∈ [−τ,0],

where n3=213.7122196. Without considering the decay of Brucella in the environment,

B(t)=
∫ t

−τ
[ξ1 I(s)+ξ2C(s)]ds, t∈ [−τ,0].

Similar to the method in [35], we denote the vector of parameters to be estimated as

Θ=(β I ,βC,βB,δ,p,K,ξ2,n0,n1,n2),
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and the vector of the cumulative number of reported cases as

Y=(Y0,Y1,Y2,Y3,Y4),

where Yt represents the cumulative number of cases in the t-th year.
To reflect the statistical characteristics of the cumulative case numbers, the likelihood

function is defined as follows:

L(Y;Θ)=
4

∑
t=0

[Yt ·lnH(t)−H(t)−lnΓ(Yt+1)],

where Γ(x) is the Gamma function. Based on the likelihood function L(Y;Θ), we use
the Markov Chain Monte Carlo (MCMC) algorithm to fit H(t) to the cumulative case
numbers with the Metropolis-Hastings (MH) algorithm employed to conduct the MCMC
sampling. The sampling process include a total of 40,000 iterations, with the first 5,000
discarded as the burn-in period. We then calculate the mean values of the estimated
parameters and the basic reproduction number R0 from the remaining 35,000 iterations.
Assuming that the estimated parameters, H(t), and R0 obey the normal distribution, we
obtain the corresponding 95% confidence intervals.

The fitting results (see Fig. 2) show a good match between the fitted curve and the
reported cumulative cases, indicating that the model can reasonably describe the data
dynamics. Table 2 lists the means and 95% confidence intervals of the model parameters
and the basic reproduction number. According to the values of R0SI and R0SC, acutely
infected sheep bring higher transmission risks for sheep brucellosis, while chronically
infected sheep bring relatively lower risks. Therefore, it is essential to control the pro-
portion of acutely infected sheep among the infected sheep and the transmission rate of
acutely infected sheep.

Figure 2: The fitting result of cumulative cases of sheep brucellosis.



S. Kang, R. Xu and H. Ren / CSIAM Trans. Life. Sci., x (2025), pp. 1-34 19

Table 2: Values of model parameters and basic reproduction number.

Parameters Values (year−1) 95% CI Sources

Λ 24420000 None [19]

τ 0.0417 None [22]

µ 0.4 None [23]

ν 0.25 None [54]

r 4 None [17]

ξ1 15 None [17]

K 54440 [53570,55528] Fitting

ξ2 10.062 [10.006,10.132] Fitting

p 0.7109 [0.6073,0.7951] Fitting

n0 53.711 [53.582,53.795] Fitting

n1 183.03 [182.98,183.06] Fitting

n2 50.937 [50.865,50.998] Fitting

δ 0.5033 [0.4495,0.5677] Fitting

β I 3.3632×10−8 [3.3365×10−8,3.5253×10−8] Fitting

βC 3.0232×10−9 [2.9722×10−9,3.0770×10−9] Fitting

βB 6.9561×10−11 [6.8769×10−11,7.0321×10−11] Fitting

R0SCB 1.6607×10−7 [1.6585×10−8,1.6748×10−7] Fitting

R0SIB 1.6771×10−7 [1.6063×10−7,1.7158×10−7] Fitting

R0SC 0.1583 [0.1512,0.1613] Fitting

R0SI 1.3857 [1.3821,1.3945] Fitting

R0 1.5440 [1.5434,1.5456] Fitting

7 Parameter sensitivity analysis

7.1 Global sensitivity analysis

In this section, we conduct sensitivity analyses of R0, I∗,C∗ and I∗+C∗ separately using
Latin hypercube sampling (LHS) and partial rank correlation coefficient (PRCC) analysis
[26], and obtain the impacts of different parameters on R0, I∗,C∗ and I∗+C∗ (see Fig. 3).

From Figs. 3(a), 3(b), and 3(d), parameters β I , βC, βB, p,ξ1 and ξ2 exhibit positive cor-
relations with R0, I∗ and I∗+C∗, whereas parameters δ,ν,r and K display negative cor-
relations. In Fig. 3(c), parameter p is negatively correlated with C∗, while parameter δ is
positively correlated with C∗, with the other parameters maintaining their respective re-
lationships with R0, I∗and I∗+C∗. These findings indicate that parameters β I , p,δ and ν
have significant correlations with R0, I∗,C∗ and I∗+C∗. Consequently, reducing the val-
ues of parameters β I and p, while increasing those of parameters δ and ν, can effectively
control disease transmission. However, it is important to note that increasing δ or de-
creasing p may lead to a higher C∗.
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(a) (b)

(c) (d)

Figure 3: Partial rank correlation coefficient of parameters with respect to R0, I∗,C∗ and I∗+C∗.

7.2 Local sensitivity analysis

Based on the preceding partial rank correlation coefficient (PRCC) analysis, parameters
β I , p,δ and ν are recognized as critical factors in the control of disease spread. To further
explore the impact of these parameters on R0, I∗+C∗ and C∗, we conduct local sensitivity
analysis on the four parameters.

First, we conduct a sensitivity analysis on each single parameter using R0 and R0SC

as indicators, with the results presented in Figs. 4 and 5. Fig. 4 indicates that through
early intervention, antibiotic treatment, vaccination, and culling of infected sheep, the
proportion of acutely infected sheep among total infected sheep p can be reduced to less
than 0.4523, the culling rate of infected sheep ν can be increased to more than 0.6699, or
the transmission rate of acutely infected sheep β I can be reduced to less than 2.025×10−8.
These measures can effectively control disease spread by ensuring R0 < 1. However,
R0 < 1 can only be achieved if the transition rate from acute to chronic infected sheep δ
exceeds 1.1625. Since R0SC does not depend on β I , Fig. 5 only examines the impact of p,δ
and ν on R0SC. The results show that R0SC decreases from 0.2478 to 0.1533 as p increases
from 0.2 to 0.8, increases from 0.0807 to 0.1960 as δ rises from 0 to 0.9, and decreases from
0.2344 to 0.0755 as ν increases from 0.1 to 0.8.
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(a) (b)

(c) (d)

Figure 4: (a) The variation of R0 in term of parameter p. (b) The variation of R0 in term of parameter ν. (c)
The variation of R0 in term of parameter βI . (d) The variation of R0 in term of parameter δ.

(a) (b)

(c)

Figure 5: (a) The variation of R0SC in term of parameter p. (b) The variation of R0SC in term of parameter δ.
(c) The variation of R0SC in term of parameter ν.
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Fig. 6 presents the contour plots of R0 and R0SC for pairwise combinations of β I , p,δ,
and ν, as well as the contour plots of R0SC for pairwise combinations of p,δ, and ν. These
contours clearly delineate the threshold ranges of each parameter required to achieve
R0 < 1 or R0SC < 1. Figs. 7(a)–7(f) illustrate the curves of I∗+C∗ for pairwise combina-
tions of β1, p,δ, and ν. From Figs. 6(a) and 7(a), it is easy to know that when ν is equal to
0,0.2,0.4,0.6,0.8 and 1, β I must be reduced below 1.412×10−8, 2.105×10−8, 2.713×10−8,
3.2×10−8, 3.721×10−8 and 4.207×10−8, respectively, in order to make I∗+C∗ = 0 and
R0 <1. Through comparative analysis of the other subplots in Figs. 6 and 7(a)–7(f), sim-

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 6: (a) The variation of R0 in term of parameters βI and ν. (b) The variation of R0 in term of
parameter βI and δ. (c) The variation of R0 in term of parameters βI and p. (d) The variation of R0 in term
of parameters ν and p. (e) The variation of R0 in term of parameters δ and p. (f) The variation of R0 in term
of parameters ν and δ. (g) The variation of R0SC in term of parameters ν and p. (h) The variation of R0SC
in term of parameters p and δ. (i) The variation of R0SC in term of parameters δ and ν.
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ilar conclusions can be drawn, which can effectively control the spread of the disease.
Figs. 7(g)–7(i) illustrates the curves of R0SC for pairwise combinations of p,δ, and ν. The
results show that as the parameters p and δ increase, the number of chronically infected
sheep C∗ first increases and then decreases. Additionally, the peak value of C∗ varies with
changes in p,δ, and ν. Specifically, as shown in Fig. 7(h), when δ= 0,C∗ can be reduced
to zero by either keeping p<0.24 or setting p=1. However, a comparison with Fig. 7(e)
reveals that the number of acutely infected sheep I∗ significantly increases when p= 1,
which can still lead to disease outbreaks. Therefore, in disease control strategies, it is es-

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 7: (a) The variation of I∗+C∗ in term of parameters βI and ν. (b) The variation of I∗+C∗ in term of
parameter βI and δ. (c) The variation of I∗+C∗ in term of parameters βI and p. (d) The variation of I∗+C∗

in term of parameters ν and p. (e) The variation of I∗+C∗ in term of parameters δ and p. (f) The variation
of I∗+C∗ in term of parameters ν and δ. (g) The variation of C∗ in term of parameters ν and p. (h) The
variation of C∗ in term of parameters p and δ. (i) The variation of C∗ in term of parameters δ and ν.
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sential to consider both acute and chronic infections simultaneously to comprehensively
assess epidemic dynamics and formulate effective intervention measures.

Subsequently, since 2020, we implement several single control strategies:

(1) reducing the transmission rate of acute infected sheep (β I) by rational construc-
tion of sheepfolds and avoiding contact between different herds or the transfer of
sheep from foreign pastures;

(2) decreasing the proportion of acutely infected sheep (p) by conducting regular
health screenings and isolating infected sheep promptly;

(3) increasing the rate of transition from acute to chronic infected sheep (δ) by pro-
viding targeted medical treatments;

(4) enhancing the culling rate due to disease (ν) by strictly enforcing health regula-
tions.

The purpose of these strategies is to monitor the dynamic changes in the number of in-
fected sheep over time, including I(t)+C(t), I(t) and C(t). To ensure that R0 <1, based
on Figs. 4(a)–4(c), we select the following parameter values: β I = 0.4×10−8, 0.8×10−8,
1.2×10−8, 1.6×10−8, 2×10−8; p=0,0.1,0.2,0.3,0.4, and ν=0.67,0.75,0.83,0.91,1. Using these
values, we obtain the curves showing the changes in I(t)+C(t), I(t), and C(t) over time t
(see Fig. 8). However, as shown in Fig. 4(d), R0 remains above 1 across the range δ∈ [0,1],
suggesting that adjusting δ alone is insufficient for disease control. Consequently, the
effects of strategy targeting solely δ are excluded in Fig. 8.

From Figs. 8(a)-8(c), when β I = 0.4×10−8, both I(t)+C(t), I(t), and C(t) continue
to decline after the year 2020. As β I increases from 0.8×10−8 to 1.6×10−8, I(t)+C(t)
and I(t) still show a continuous decrease after 2020. However, C(t) initially increases and
then decreases, with its peak value rising from 10,466 to 14,798, and the peak time shifting
from January 2020 to June 2020. When β I = 2×10−8, I(t) continues to trend downward
after 2020, but I(t)+C(t) and C(t) initially rise and then fall, reaching peak values of
20,736 and 11,728, respectively, with their peak times occurring in June 2020 and June
2021. From Figs. 8(d)-8(f), as the value of p increases from 0 to 0.4, I(t)+C(t) and C(t)
initially rise and then fall after 2020, while I(t) continues to decline. Specifically, the
peak value of I(t)+C(t) increases from 22,457 to 26,942, with the peak time postponed
from June 2020 to March 2022. The peak value of C(t) increases from 18,246 to 20,364,
with the peak time postponed from December 2020 to August 2022. In Figs. 8(g)-8(i), only
when ν=0.67, I(t)+C(t), I(t) and C(t) initially increase and then decrease after 2020, with
their peak times occurring in November 2025. The peak values are 20,736 for I(t)+C(t),
100,026 for I(t), and 10,710 for C(t). When ν takes other given values, I(t)+C(t), I(t)
and C(t) all show a continuous decline after 2020.

The above results indicate that an increase in the transmission rate of acutely infected
sheep β I and the proportion of acutely infected sheep p leads to a significant increase
in the total number of infected sheep I(t)+C(t) and the number of chronically infected
sheep C(t), while extending the duration of the epidemic. Meanwhile, the number of
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8: (a) The curves of I(t)+C(t) over time t for different values of βI . (b) The curves of I(t) over time t
for different values of βI . (c) The curves of C(t) over time t for different values of βI . (d) The curves of
I(t)+C(t) over time t for different values of p. (e) The curves of I(t) over time t for different values of p.
(f) The curves of C(t) over time t for different values of p. (g) The curves of I(t)+C(t) over time t for different
values of ν. (h) The curves of I(t) over time t for different values of ν. (i) The curves of C(t) over time t for
different values of ν.

acutely infected sheep I(t) continuously declines due to rapid transition to chronic in-
fection or removal. The culling rate ν is crucial for controlling the epidemic. A low
culling rate is insufficient to curb the spread of the disease, whereas a high culling rate
can rapidly reduce the total number of infected sheep. Therefore, reducing β I and p, set-
ting an appropriate culling rate ν, and continuously managing the chronically infected
sheep are key measures to mitigate the long-term impact of the disease.

In light of the insufficient disease control achieved by solely adjusting the transition
rate from acute to chronic infected sheep (δ), it is necessary to elucidate the results of
combining the strategy with other control strategies. Consequently, starting from the
year 2020, we implement several dual control strategies:
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(5) decreasing the proportion of acutely infected sheep (p) while reducing the trans-
mission rate of acutely infected sheep (β I);

(6) decreasing p while increasing the culling rate (ν);

(7) reducing β I while increasing the transition rate from acute to chronic infected
sheep (δ);

(8) decreasing p while increasing δ;

(9) increasing δ while increasing ν;

(10) reducing β I while increasing ν.

These control strategies further monitor the dynamic changes in the number of in-
fected sheep over time, encompassing the total number of infected sheep I(t)+C(t), the
number of acutely infected sheep I(t), and the number of chronically infected sheep C(t).
This approach aims to assess the impact of various dual control strategies on the progres-
sion of the epidemic. The results corresponding to strategies (5)–(10) are respectively
illustrated in Figs. 9–14.

By comparing Figs. 9(a)-9(c) and 11(a)-11(c) with Figs. 8(a)-8(c) and 8(g)-8(i), it is
found that reducing β I (increasing ν) while reducing p can advance the peak times of
I(t)+C(t) and C(t), but the peak value of I(t)+C(t) remains almost unchanged, while
the peak value of C(t) increases significantly. By comparing Figs. 10(a)-10(c) and 12(a)-
12(c) with Figs. 8(a)-8(c) and 8(d)-8(f), it is found that reducing β I (or p) while increasing δ
has no significant effect on the peak value and peak time of I(t)+C(t), but it leads to a sig-
nificant increase in C(t) in the short term. By comparing Figs. 13(a)-(c) with Figs. 8(g)-
8(i), it is found that increasing ν and δ simultaneously has little effect on the peak value
of I(t)+C(t), but it shortens the peak time and significantly reduces the epidemic dura-
tion. It is worth noting that the increase in δ causes a significant increase in C(t) in the
short term. By comparing Figs. 11(a)-11(c) and Figs. 14(a)-14(c) with Figs. 8(a)-8(c) and
8(d)-8(f), it is found that reducing β I (or p) while increasing ν advances the peak times
of I(t)+C(t) and C(t) and significantly shortens the epidemic duration. By comparing
Figs. 8-14, it is evident that reducing β I while increasing ν constitutes the optimal control
strategy. In this scenario, I(t)+C(t) and C(t) do not exhibit peaks, continuously declining
after the implementation of strategies, significantly shortening the epidemic duration.

In Fig. 15, we simultaneously implement three strategies: reducing β I and p while
increasing ν. Comparing with Fig. 14, it can be observed that increasing p has minimal
impact on the epidemic duration. However, when p = 0.3,0.4, the curve of C(t) shows
an upward trend initially after the implementation of strategies. Therefore, the optimal
control strategy remains reducing β I while increasing ν.

8 Conclusion and discussion

In this paper, we develop a sheep brucellosis transmission model incorporating acute and
chronic infections, two bilinear incidence rates, a saturated incidence rate, and a time
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(a) (b)

(c)

Figure 9: (a) The curves of I(t)+C(t) over time t for different values of p and βI . (b) The curves of I(t) over
time t for different values of p and βI . (c) The curves of C(t) over time t for different values of p and βI .

(a) (b)

(c)

Figure 10: (a) The curves of I(t)+C(t) over time t for different values of βI and δ. (b) The curves of I(t) over
time t for different values of βI and δ. (c) The curves of C(t) over time t for different values of βI and δ.
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(a) (b)

(c)

Figure 11: (a) The curves of I(t)+C(t) over time t for different values of p and ν. (b) The curves of I(t) over
time t for different values of p and ν. (c) The curves of C(t) over time t for different values of p and ν.

(a) (b)

(c)

Figure 12: (a) The curves of I(t)+C(t) over time t for different values of p and δ. (b) The curves of I(t) over
time t for different values of p and δ. (c) The curves of C(t) over time t for different values of p and δ.
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(a) (b)

(c)

Figure 13: (a) The curves of I(t)+C(t) over time t for different values of δ and ν. (b) The curves of I(t) over
time t for different values of δ and ν. (c) The curves of C(t) over time t for different values of δ and ν.

(a) (b)

(c)

Figure 14: (a) The curves of I(t)+C(t) over time t for different values of βI and ν. (b) The curves of I(t)
over time t for different values of βI and ν. (c) The curves of C(t) over time t for different values of βI and ν.



30 S. Kang, R. Xu and H. Ren / CSIAM Trans. Life Sci., x (2025), pp. 1-34

(a)

(b)

(c)

Figure 15: (a) The curves of I(t)+C(t) over time t for different values of βI ,p and ν. (b) The curves of I(t)
over time t for different values of βI ,p and ν. (c) The curves of C(t) over time t for different values of βI ,p
and ν.

delay. Through theoretical analysis, we have concluded the following: when the ba-
sic reproduction number R0 < 1, the disease-free equilibrium of system (2.3) is globally
asymptotically stable; whereas when R0 > 1, the endemic equilibrium of system (2.3) is
globally asymptotically stable.
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To verify the applicability of the model, we fit the data of brucellosis cases in sheep in
Inner Mongolia from 2016 to 2020 (see Fig. 2) and calculate the basic reproduction num-
ber R0=1.544. As shown in Table 2, R0SI is greater than R0SC, and both are significantly
higher than R0SIB and R0SCB. This indicates that acutely infected sheep play a crucial role
in the transmission of brucellosis, thus highlighting the necessity of strengthening pre-
vention and control measures for acutely infected sheep. Meanwhile, the role of chroni-
cally infected sheep in the transmission of brucellosis should not be overlooked.

The results of the global sensitivity analysis (PRCC) (see Fig. 3) reveal that the in-
fection rate of acutely infected sheep β I , the proportion of acutely infected sheep p, the
transition rate from acute to chronic infected sheep δ, and the surveillance culling rate ν
are key factors influencing the spread of the disease. By conducting local sensitivity anal-
ysis on these four parameters (see Figs. 4 and 5), we can obtain the values of R0,R0SC

under different values of these parameters. Further, as illustrated in Figs. 6 and 7, reduc-
ing β I , p or increasing ν, can lead to R0 < 1 and I∗+C∗= 0. This provides a theoretical
basis for establishing standards to control the spread of the disease.

To further evaluate the impact of different control strategies on disease transmission,
we implement single (see Fig. 8) and combined control strategies (see Figs. 9-15) starting
from 2020 and observe the changes in the number of total infected sheep, acutely infected
sheep, and chronically infected sheep over time. The results show that reducing β I while
increasing ν is the most effective control strategy, significantly shortening the duration of
the epidemic. However, reducing p and increasing δ may lead to a significant increase in
the number of chronically infected sheep in the initial stage of implementing the strate-
gies, posing challenges to disease control.

Although this paper has already considered the different clinical symptoms of sheep
after being infected and the saturated incidence rate of environmental transmission of
Brucella, it has not taken into account the effects of spatial heterogeneity, seasonality, and
other factors on brucellosis transmission. For instance, the study [22] showed that in-
creasing the random walk rate can effectively prevent local disease spread. Yang et al. [43]
combined post-infection age with spatial diffusion and found that temporal heterogene-
ity enhances the oscillation magnitudes of animal populations and Brucella. Ma and
Sun [25] revealed that the interaction between periodic fluctuations in survival time and
sheep shearing practices is a key factor to periodic disease outbreaks. These studies indi-
cate that taking these factors into account is essential for the study of disease transmission
dynamics. In future work, we will further investigate the impact of these factors on bru-
cellosis transmission to refine the model and provide a more scientific basis for disease
control.
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