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Abstract.  Using the modified CK's direct method, we build the relationship between new solutions and 
old ones and the (3+1)-dimensional nonlinear evolution equation. Based on the invariant group theory, Lie 
symmetries of the (3+1)-dimensional nonlinear evolution equation are obtained. In addition, applying the 
given Lie symmetry, we obtain the similarity reduction and new exact solutions, At last, we give the 
conservation laws of the (3+1)-dimensional nonlinear evolution equation.   
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1. Introduction  
Nonlinear partial differential equations (NPDEs) are widely used to describe complex phenomena in 

several aspects of physics as well as other natural and applied sciences. One of the most important tasks in 
the study of NPDEs is to construct exact solutions. In order to find the exact solutions of NPDEs, the study 
of symmetry is very important in the area, especially in integrable system for the existence of symmetries in 
infinity. However, it is simple to obtain symmetry groups by using the modified CK’s direct method [1 3]− . 
And one can build the relationship between new solutions and old ones to a lot of nonlinear partial 
differential equations． 
  We consider the following (3+1)-dimensional nonlinear evolution equation in this paper 

                                                    13 (2 ) ( )xz t xxx x y y x x y xu u u auu buu c u u−− + − − + ∂ = 0, (1)
Where and c are constants, where  For,a b 0.a b c+ + ≠ 2, 0a b= = and 2c = , Eq.(1) reduces to the model 
solved in[4,5]. In Ref.[4], the (3+1)-dimensional nonlinear evolution equation is decomposed into systems of 
solvable ordinary differential equations with the help of the(1+1)-dimensional AKNS equation. In Ref.[5], 
the perturbation technique and the Wronskian determinant of solutions were used to determine the N-soluton 
solutions for the reduced equation. In Ref.[6], the Hirota’s bilinear method is applied to determine the 
necessary conditions for the complete integrability of this equation. Multiple soliton solutions are established 
to confirm the compatibility structure. Multiple singular soliton solutions are also derived. 

The paper is organized as follows, In section 2, for 0c = , the relationship between new solutions and old 
ones to the Eq. (1)is obtained by using modified CK direct method. In section 3, using the given Lie 
symmetry, we obtain the similarity reduction and new exact solutions. In section 4, using the given symmetry, we 
also get the corresponding conservation laws of the (3 +1)-dimensional nonlinear evolution equation. 

 

2. Symmetry Groups for the nonlinear evolution equation 
When andb are arbitrary constants, the equation becomes 0,c = a (1)

                    3 (2 )xz t xxx x y yu u u auu buu 0,− + − − =                       (2)
  Now we look for the following symmetry groups for Eq.(2), 

( , , , , ( , , , )),u W x y z t U ξ φ μ τ=  

                                                           
+  Corresponding author.  
   E-mail address: liuwenjian198504@126.com. 

Published by World Academic Press, World Academic Union 



LIU Wen-Jian: Symmetry Reductions, Exact Solutions and Conservation Laws of the (3 + 1)-dimensional Nonlinear Evolution 316 
Equation 

 
However, it can be proved that seeking the symmetry groups in a simple form  

                            ( , , , ),u Uα β ξ φ μ τ= +                                                                   (3)
is sufficient.  
where ( , , , ), ( , , , ), ( , , , ), ( , , , )x y z t x y z t x y z t x y z tα α β β ξ ξ φ φ= = = = , ( , , , )x y z tμ μ=  and 

( , , , )x y z tτ τ=   are functions to be determined by requiring ( , , , )U ξ φ μ τ to satisfy under 
the transformation  

( , , , )u u x y z t=

{ , , , , }u x y z t → { , , , , }.U ξ φ μ τ  
Substituting Eq.(3) into Eq.(2) and restrict{ , , , , }U ξ φ μ τ to satisfy 

                                                            3 (2 )U U U aUU bUUξμ τ ξξξ ξ φ φ− + − − = 0, (5)
Let the coefficients of the polynomial be zero, we have a set of differential equations with respect toU . 
Solving these equations, one can reach 

3 3 11
1 1 1 1 3 1 2 1

1

2( )( ), , , , , ,tFbF tc x F t c y c z c c t c c
a a

ξ φ μ τ α β= + = + = + = + = = 2

c
                     (6)

where are arbitrary constants, is an arbitrary function of t . 1 2 3, ,c c c 1( )F t
     For the general Lie point symmetry group of Eq.(2), we have the following theorem 
Theorem 1. If is the solution to Eq.(2), then so does , which is expressed by ( , , , )U x y z t ( , , , )u x y z t

                   21
1

1

2( , , , ) ( , , , ),tFu x y z t c U
ac

ξ φ μ τ= +                                              (7)

The function , ,ξ φ μ and τ are determined by Eq.(6). 
Applying Theorem 1, we can get new exact solutions for Eq.(2) from the new kno- wn solutions. To see 

the relation between the symmetry groups expressed by Theorem 1 and Lie point symmetry group obtained 
by the standard Lie group approach, we set 

                  1 1 2 2 3 3 1 11 , , , ( ) ( ),c C c C c C F t f tε ε ε ε= + = = =                                           (8)
whereε is an infinitesimal parameter, 1( )f t is an arbitrary function of . Then Eq.(7) can be written as  t

                               ( ),u U Uεδ= +                                                                             (9)
where  

11
1 1 1 1 3 1 2 1

2( )( ( )) ( ) (3 ) (3 ) 2 t
x y z t .fbf tC x f t u C y u C z C u C t C u C u

a a
δ = + + + + + + + + +             (1          0)

  As is a solution of the Eq.(2) under the condition of Theorem 1, we can replaceU withu in Eq. 
(10) to get the corresponding Lie symmetry of the Eq. (2), and then the equivalent vector expression of the 
symmetry is 

( , , , )U x y z t

11
1 1 1 1 3 1 2 1

2( )( ( )) ( ) (3 ) (3 ) (2 ) ,tfbf tV C x f t C y C z C C t C C u
x a y z t a u
∂ ∂ ∂ ∂

= + + + + + + + − +
∂ ∂ ∂ ∂

∂
∂

 

which is exactly the same as that obtained by the standard Lie group approach [7 . ]

3. Similarity Reduction and New Exact Solution for nonlinear Evolution 
Equation 

In this section, we will discuss the reduction and solutions of Eq. (2)for the cases of Theorem. First, we look 
for invariants 1 1 1, ,ξ η τ and 1 1 1( , , )θ ξ η τ . To do this, one must solve the following characteristic equations,  

1 11 1 1 3 1 2
1 1

,( ) 2( ) 3 3 (2 )t

dx dy dz dt du
bf t fC x f t C z C C t CC y C u

a a

= = = =
+ + ++ − +

           (11)

Solving Eq.(11), and one can obtain  
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+

∫
                                                                     (1  2)
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