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Abstract. Solving partial differential equations (PDEs) with discontinuous solutions,
such as shock waves in multiphase viscous flows through porous media, is critical for
a wide range of scientific and engineering applications. These discontinuities repre-
sent sudden changes in physical quantities. In recent years, physics-informed neural
networks (PINNs) have emerged as a promising method for solving PDEs but face
significant challenges when modeling such problems. Specifically, neural networks
struggle to compute gradients accurately near shock waves, leading to solutions that
deviate from true physical phenomena. To address this issue, we propose a novel
relaxation neural network method based on the conservation law relaxation model
and its improved version, the relaxation limit neural network method. These two ap-
proaches employ auxiliary neural networks to approximate flux functions, enhanc-
ing the vanilla PINN framework’s capability to simulate shock waves. The proposed
methods retain the simplicity and extensibility of vanilla PINNs while avoiding the
need for spatiotemporal discretization. Numerical experiments for one-dimensional
and two-dimensional problems demonstrate the effectiveness of our approaches. The
results show that the improved methods significantly outperform vanilla PINN in cap-
turing shock wave dynamics.
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1 Introduction

Discontinuities in solutions to partial differential equations (PDEs) are ubiquitous in sci-
entific and engineering applications. They arise from sudden changes in system proper-
ties, such as velocity, pressure, or phase volume fraction, and typically manifest as shock
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waves, contact discontinuities, or spikes. These phenomena occur in diverse contexts, in-
cluding high-speed aerodynamics [1], astrophysical explosions [2], molecular transport
in materials [3,4], and multiphase flows through porous media [5, 6]. In porous media,
discontinuities result from complex interactions among viscous, capillary, and inertial
forces, abruptly altering fluid properties. Such behavior challenges traditional modeling
and simulation approaches [7].

Mathematically, discontinuities in the solutions of PDEs typically arise from nonlin-
earities in the governing equations. For instance, in multiphase flow through porous
media, the governing equations are derived from mass conservation laws and Darcy’s
law [8], which relates the volumetric flow rate to fluid viscosity, permeability, and pres-
sure gradients. When viscous forces dominate such as under high-pressure gradients or
in coarse grained porous materials—shock waves may develop. Due to the nonsmooth
nature of these shocks, traditional discretization methods often introduce nonphysical os-
cillations or numerical diffusion, making such problems challenging to solve numerically.
Conventional numerical techniques for PDEs, including finite difference (FD), finite ele-
ment (FE), and finite volume (FV) methods, have been widely employed to model these
systems [9]. However, accurately capturing discontinuities requires specialized shock-
capturing schemes, such as total variation diminishing (TVD) methods, weighted essen-
tially non-oscillatory (WENO) schemes, or adaptive mesh refinement (AMR). These ap-
proaches stabilize numerical solutions near discontinuities while preserving high-order
accuracy in smooth regions. Despite decades of progress, balancing computational ef-
ficiency, accuracy, and robustness remains challenging, especially for complex multi-
physics problems.

PINNs have recently emerged as a promising alternative for solving PDEs, utiliz-
ing the universal approximation capability of neural networks to directly encode phys-
ical laws into loss functions [10]. PINNSs offer several advantages, including mesh-free
discretization, seamless handling of high-dimensional problems, and the ability to in-
corporate experimental or observational data. However, vanilla PINNs struggle to re-
solve discontinuities effectively, often leading to inaccurate or oscillatory solutions near
shocks [11,12]. This limitation stems from the smoothness of neural network repre-
sentations and the difficulty of optimizing the loss landscape in the presence of sharp
gradients. De Ryck and Mishra [13] demonstrated that the estimation error of physics-
informed machine learning methods can be significantly affected by the stability of the
underlying PDEs (their sensitivity to perturbations). To address these challenges, several
strategies have been proposed, including adaptive weighting of loss terms [14], domain
decomposition [15], and artificial viscosity [16]. While each method provides unique
advantages for addressing discontinuities, they still prove inadequate for complex prob-
lems like multiphase flow in porous media. Recent developments include the control
volume PINN proposed by Patel et al. [17], which incorporates TVD conditions, and the
weak PINN introduced by De Ryck et al. [18] for shock wave capture. Chaumet and
Giesselmann [19] further developed a more efficient weak PINN scheme with entropy
admissibility conditions to ensure solution uniqueness. However, these methods typi-
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cally require either numerical derivatives or prior knowledge of shock positions, effec-
tively reintroducing grid dependence to the inherently mesh-free PINN framework and
substantially increasing computational costs.

To accurately capture shock waves while preserving the simplicity of PINNs with-
out requiring spatio-temporal discretization, we propose two novel approaches based
on Jin and Xin's relaxation system [20]: the Relaxation physics-informed neural network
(RPINN) incorporating a small parameter € and its simplified version, the Relaxation
Limit physics-informed neural network (RLPINN) without € for multi-dimensional con-
servation laws. We evaluate these methods on one-dimensional and two-dimensional
problems involving three common conservation law equations. Through comparison
with high-precision reference solutions from clawpack [21] and vanilla PINN results, our
experiments demonstrate that both RPINN and RLPINN maintain strong generalization
capabilities while achieving high accuracy for conservation laws.

The paper is organized as follows. Section 2 introduces the weak solutions of multi-
dimensional conservation laws and the fundamentals of PINNs. Section 3 presents the
relaxation system and relaxation limit system for conservation laws, along with our corre-
sponding neural network improvements. Section 4 details our numerical results for both
one-dimensional and two-dimensional conservation law problems, including the neural
network architectures and implementation specifics. Finally, Section 5 summarizes our
methodology and key findings.

2 Physics-Informed Neural Networks for Multi-Dimensional Sys-
tems of Conservation Laws

This section provides a brief introduction to multi-dimensional systems of conservation
laws and the definition of their weak solutions. Following this, we present a concise
review of how PINNs approach the solution of conservation laws.

2.1 Multi-Dimensional Systems of Conservation Laws and Weak Solutions

Multi-dimensional conservation laws are systems of PDEs that govern the conserva-
tion of physical quantities across multiple spatial dimensions. These equations find
widespread application in fluid mechanics, gas dynamics, electromagnetics, and related
fields. Their general form can be expressed as:

m
atu—f—zaxiFi(u):O,(t,xi)€1R+><]R,u€]R”, (2.1)
i—1

where each F;:R” —R" is assumed to be a smooth function(i=1,2,---,m), usually called a
flux function. For linear hyperbolic systems, the solution is easy to obtain, because it can
be seen as a linear combination of the right vectors of each point in spacetime. Physically,



40 M. Zuo / J. Info. Comput. Sci., 2025, 20(1): 37-60

it is a superposition of waves propagating at different speeds. The situation becomes con-
siderably more complex for nonlinear hyperbolic systems, where shock waves develop
at characteristic line intersections. At these singularities, the conservation law (2.1) fails
to hold in the classical sense, necessitating recourse to the fundamental integral form of
the conservation law

dt/ X)dx= ]{ (Fu(u), -, Fn(u))-ndl (2.2)

for any region () in R". Here, n is the out of unit normal vector of region (). Furthermore,
for the shock wave problems, if the solution u satisfies

/ / u(IDt—f—ZF < Jdxdt=0 2.3)

for all functions ® € C}, We call u the weak solution of the conservation law (2.1).

2.2 PINNSs in Solving Conservation Laws

We consider the conservation law problem (2.1) with prescribed initial and boundary
conditions
u(0,x) =g(x),x€Q, (2.4)

B(u,t,x) =0, (t,x) € [0,T] x Q0. (2.5)

PINNs employ a neural network architecture denoted by #(6;t,x) to approximate the
solution u of the conservation law system (2.1). The network parameters 0 are optimized
to minimize the following loss function:

E(O}T) = wfﬁf(e}lrf) +wic£ic(9}7;c) +wWpe Lipe (6;77}[3)/ (2.6)

where

—_

el

(£X)€[0,T]x30)

x = (x1,x2,++,%m), and W, Wic,Wpe are the weights. The three sets of points are samples
inside the domain(7) and on the initial domain(7;.) and on the boundary domain(7j,).
Here, T¢, Tic and Ty, are referred to as the sets of “residual points”, and 7 =T UT;cU Ty
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3 The RPINN Method and RLPINN Method

In this section, we introduce the relaxation system of conservation law and its simpli-
fied version of relaxation limit system, and introduced the corresponding RPINN and
RLPINN.

3.1 Relaxation System of Conservation Laws

This section primarily presents the relaxation system formulation for multi-dimensional
conservation laws. The one-dimensional case can be directly derived from the multidi-
mensional theory by setting the spatial dimension to 1.

For the conservation law system (2.1), we introduce an associated linear system with
a stiff lower-order term (henceforth referred to as the relaxation system):

m
Jiu+)Y 0,0;,=0, v;€R,,
t 1_21 x; Vi 1 n , (31)

000+ Aidu =~ L (0= Fi()),i=12,--,m.

€

where
Ai=a;l, a;,>0, i=12,---,m, (32)

is a positive diagonal matrix to be chosen. In this way the relaxation system (3.1) is
non-degenerate. For small ¢, applying the ChapmanEnskog expansion in the relaxation
system (3.1), one can derive the following approximation for u as [22,23]

m

it Y05 Fi(w) =¢ Y 0, [0~ Fl () Fl ()| 3, (33)
i=1 ij=1

where ¢;; is the Kronecker delta. It is clear that one form of the dissipative condition for
(3.3) is
6ijAi—F (u)Fj(u) 20 on R™, (3.4)

note that the left-hand side of (3.4) is an mn x mn matrix. The condition (3.4) is satisfied
for u in a bounded domain by choosing a sufficiently large A;. In numerical computation,
because of the courant-friedrichs-levy (CFL) condition [24] on numerical stability, it is de-
sirable to obtain the smallest A; meeting the criterion (3.4). However, when employing
continuous-time PINNSs to solve conservation laws, the absence of spatiotemporal dis-
cretization eliminates the need to consider CFL condition. Consequently, We only need
to select A; that satisfies (3.4). Furthermore, we reformulate (3.1) as follows:

m
du+) 0x0;=0, v;ER,
i=1 ’
£(01v;+Aidx,u) + (0 — Fi(u)) =0,i=1,2,--,m.

(3.5)
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let e =0, we can obtain the following simplified system (hereafter called the relaxation
limit system)

m
dpu+) 9x0;=0, v ER,
{ o , (3.6)
vi=F(u),i=1,2,---,m

this simplified system is more concise and avoids the need to select the small parameter
¢ or the matrix A;.

3.2 The RPINN Method and The RLPINN Method

For the conservation law system (3.1) with initial condition (2.4) and boundary condition
(2.5), we implement the RPINN method through the relaxation system (3.5) using m+1
fully connected neural networks. The first network 1 (64;t,x), approximates the solution
u of the conservation law, while the subsequent networks ;1 (6;11;t,x) approximate the
flux functions F;(u)(i=1,2,---,m). The network parameters 61,0, -,0,,,6,,11 are trained
to approximate the solution # and flux functions F; (u,F,(u),---,Fy (1)), such that the loss
function is minimized:

£(91192/' o /9m+1;7-) = Wf£f<91,92,' ot /9m+1;7-f) +wr£r<91/92/' o /9m+1;7})

(3.7)
"’wic»cic(gl;’ﬁc) +wbc£bc(91;nc)r

where
2

4

m
Opliy+ Y 0 iy1
im1

ﬁf(91192/ : Tl’l+1/7} ‘ ‘ Z
x)€T;

2

Y Z| (0eliy1+ Ay ily) + (i1 — Fi (1)),
tx)eTyi=

£r<01102/"'/9m+1;7}) ‘7}_‘
(

1

£ilBT) = 7 L I (Bu0.x) g,
el xeQ

1 .
ﬁbc(ell"]-b(f) ’7?) | Z |B(1/l1,t,X)|2,

(t,x)€[0,T]x0Q2

and wy,wy,w;c and wy, are the weights. The three sets of points are samples inside the
domain(7y) and on the initial domain(7;;) and on the boundary domain(7;.). Here, 7,
Tic and Ty, are referred to as the sets of “residual points”, and 7 =T;UT;:U T

The RLPINN method is derived from the relaxation limit system (3.6) with e=0. Com-
pared to RPINN, on the one hand, the system is much simplified, and on the other hand,
we do not need to consider the selection of € and A; parameters during network initial-
ization. The difference between its loss function and RPINN lies in £, (01,62, +,0,41 ,’7})
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initial_boundary_condition

u —gx =0
Bluy;t,x =0

Oy + Oy, Uy + minimize 31. 05,05

Figure 1: The framework of our proposed RLPINN model

The £,(01,02,--+,0m11 ,7}) of RLPINN is represented as follows:

2
1 UL .
57(91,92/“'z9m+1}7}):W Y. Y ltia—F(i)| . (3.8)

(tx)eTri=1

To better illustrate the fundamental solving principle of RLPINN, we present its corre-
sponding two-dimensional network architecture in Figure 1. The architecture of RPINN
follows an identical structure and therefore is not separately depicted. The only distinc-
tion between the two methods resides in the flux component representation within Figure
1.

However, the design of this unique architecture is not conjured up out of thin air. Its
concept is rooted in a profound understanding of the mathematical structure of hyper-
bolic conservation law systems. The core lies in systematically reconstructing the topo-
logical connection of the computational graph through a physically guided dimensional
decoupling strategy. The innovativeness of this architecture is reflected in two comple-
mentary levels: the analytical decoupling of computational paths and the specialized
division of network functions, which together constitute a complete technical system for
solving the problems of gradient explosion and shock wave capture.

At the computational graph topology level, traditional PINNs employ a densely con-
nected architecture with a single network, where gradient backpropagation must traverse
a highly nonlinear function composition path. Specifically, when computing the conser-

m
vation law residual d;u + Zax,ﬂ-(u), gradients need to propagate through the entire path
i=1
u — Fj(u) — 9y,F;(u) via the chain rule. In this process, the flux Jacobian matrix [25]
Jr, = dF;/du and the spatial gradient of the solution d,,u form a hazardous product term
JF,-9x,u in shock regions. Mathematically, this term corresponds to the derivative ampli-
fication effect along characteristic directions, and numerically, it manifests as a squared
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growth in the condition number x ~O(h~?2), directly leading to an exponential explosion
in gradient magnitude.

The multi-network architecture achieves a strategic deconstruction of the computa-
tional graph by introducing auxiliary flux variables v; (Where i=1,...,m). Within this new
architecture, the conservation laws are recast into the form o;u+) ;" ; 9,,v;=0, while phys-
ical constraints are established via the relaxation relations v; = F;(u) or €(9;v;+ A;0x,u) +
v; = F;(u). This reformulation decomposes the original monolithic computational graph
into m+1 parallel sub-paths: one primary variable path u — d;u and d distinct flux paths
v; — 0y, 0;. Backpropagation through each sub-path now involves only first-order deriva-
tive calculations, completely circumventing the hazardous product term J,-dy,u. From
a numerical linear algebra perspective, this decomposition reduces the problem’s condi-
tion number from O(h~2) to O(h~1), achieving a fundamental improvement in numerical
stability.

At the level of network functional specialization, the multi-network architecture as-
signs each sub-network a distinct physical role and an optimized function space. The
primary network 14 (60y;t,x) is dedicated to approximating the distribution of the con-
served variable u, and its design can be specifically optimized for the characteristics of
discontinuous solutions: the configuration of its depth and width can focus on capturing
the steep gradients of shock fronts, while the selection of activation functions can prior-
itize their numerical behavior near discontinuities (for instance, the saturation property
of the Tanh function helps form stable shock profiles). The flux networks #;1(60;11;,x)
specialize in learning the mapping relationships of the flux components F;(u), which are
often physically endowed with better regularity than the original solution, even if u itself
contains discontinuities, certain flux components may remain continuous or Lipschitz
continuous. This functional separation allows each network to perform approximations
within a specific function space, thereby avoiding the inherent conflict in a single network
attempting to simultaneously fit both smooth regions and discontinuous regions.

In the specific implementation of shock capturing, the multi-network architecture ex-
hibits a synergistic enhancement effect when combined with adaptive sampling strate-
gies [26]. Based on the gradient information 9,11 (61;f,x) from the primary network out-
put, shock regions can be dynamically identified, and the density of training points in
these areas can be increased. Thanks to the decoupling of the computational graph, such
resampling only needs to target the physical quantities relevant to the primary network,
without affecting the training stability of the flux networks, thereby achieving precise
allocation of computational resources.

The mathematical essence of this architecture lies in transforming the PDE solving
problem into a multi-objective optimization problem, where each sub-objective corre-
sponds to a specific physical constraint, and each sub-network specializes in satisfying
a particular type of constraint. Through this cooperative division-of-labor mechanism,
both RPINN and RLPINN not only achieve orders-of-magnitude improvement in nu-
merical stability but also reach a level of accuracy and resolution in shock capturing that
is difficult to attain with traditional PINNs. The comparison of simplified processes be-
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Multi-network Architecture \: Single-network Architecture

Form PDE Residual 3% +

oy, v,
ox oy

| ‘Complex Backward Path
Prone to Gradient Explosion
Separated Gradient Paths )
Numerically Stable N /

Figure 2: Comparison of Simple Processes between Multi-network Architecture and Single-network Architecture
for Solving Two-dimensional Problems.

tween multi network architecture and single network architecture is placed in Figure2.

4 Numerical Results

To demonstrate the effectiveness of our proposed method, we will use RPINN, RLPINN,
and PINN to solve one-dimensional and two-dimensional problems related to three com-
mon hyperbolic systems: the Burgers’ system [27], the Shallow Water system [28], and the
Euler system [29]. We will compare the results with the high-precision solutions provided
by clawpack. For all examples, the hyperbolic tangent [30] (tanh) is selected as the acti-
vation function. Table 1 shows the network architectures used by RPINN and RLPINN
for all examples. Table 2 presents the weight settings of RPINN and RLPINN for the loss
functions corresponding to these examples. Table 3 outlines the sampling point settings
for the relevant regions of all examples. To evaluate the accuracy of the solution i, we
use the L2 relative error [31]:

141 —ull

[l

the L2 errors of the numerical solutions obtained by the three methods are presented in
Table4 and Table 5.

7

4.1 One-dimensional Conservation Laws Problems

4.1.1 1-D Burgers’ System

The inviscid Burger’ system, a fundamental model in fluid dynamics and nonlinear wave
theory, holds significant mathematical and physical importance. We consider the one-
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Table 1: The network parameter setting for our RPINN and RLPINN on different systems. Here,
din,Aout, Naeptn Nwidrnrepresents the input dimension, output dimension, depth, and width of the specified neural

network's hidden layers. \ means it does not exist.

i fy i3

Examples
din Naepth Nuwidth dout in Naepth Newiath dout Ain Naepth Nowidth dout

1-D Burgers’ System 2 4 20 1 2 4 20 1\ O\ \ o\
1-D Shallow Water System 2 6 20 2 2 6 200 2\ O\ o\
1-D Euler System 2 6 20 3 2 6 20 3\ O\ N\
2-D Burgers’ System 3 4 40 1 3 4 40 1 3 4 40 1
2-D Shallow Water System 3 4 40 3 3 4 40 3 3 4 40 3
2-D Euler System 3 4 40 4 3 4 40 4 3 4 40 4
Table 2: The hyperparameters of our RPINN and RLPINN on different systems.
Examples Wr Wy Wie Wy
1-D Burgers” System 2 3 6 1
1-D Shallow Water System 2 3 6 1
1-D Euler System 1 5 5 1
2-D Burgers’ System 2 5 10 1
2-D Shallow Water System 2 5 10 1
2-D Euler System 5 5 10 1
Table 3: Number of sampling points in the corresponding domains on different systems.
Examples Tl Tl [ Tal
1-D Burgers’ System 12000 600 800
1-D Shallow Water System 20000 800 800
1-D Euler System 16000 800 400
2-D Burgers’ System 40000 10000 32000
2-D Shallow Water System 40000 10000 32000
2-D Euler System 32000 10000 32000
dimensional Burgers’ sine problem defined as follows:
du+0y(3u%)=0,(t,x) €[0,1] x [-1,1],
u(0,x) = —sin(mx), 4.1)
u(—1,t)=u(1,t)=0,

In this benchmark problem, we define u as the flow velocity and employ a two-phase
optimization strategy to train the neural networks. The training process begins with
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Table 4: L2 relative error of the solutions (Three methods to solve three one-dimensional conservation law
systems), the bold numbers indicate the best results.

Methods 1-D Burgers” System 1-D Shallow Water System 1-D Euler System
u h u 0 u p
PINN 0.38269 0.02006 0.12660 0.03106  0.18594 0.03648
RPINN 0.02741 0.00508 0.03025 0.00657 0.01775 0.00446
RLPINN 0.03662 0.00530 0.03037 0.00873  0.03299  0.00920

Table 5: L2 relative error of the solutions (Three methods to solve three two-dimensional conservation law
systems), the bold numbers indicate the best results.

2-D Burgers’ System 2-D Shallow Water System  2-D Euler System

Methods
u h 1Y
PINN 0.18097 0.02182 0.31990
RPINN 0.10303 0.01881 0.12254
RLPINN 0.07673 0.01804 0.10727

initial optimization using the Adam optimizer [32] for 5,000 iterations, followed by a re-
finement phase utilizing the L-BFGS [33] optimizer for an additional 10,000 iterations.
Upon completion of the training procedure, we obtain the predicted solution field 7;. To
ensure a rigorous comparison across methodologies, we maintain identical hyperparam-
eter configurations for the RPINN, RLPINN, and PINN implementations throughout all
numerical experiments. Figure 3 illustrates the results from the three methods for solv-
ing the one-dimensional Burgers’ system, including high-precision reference results by
clawpack and the corresponding absolute error distribution.

4.1.2 1-D Shallow Water System

The shallow water equation is a classic mathematical model that describes shallow wa-
ter flow and is widely used in simulating river dynamics, ocean tides, flood routing,
and dam break problems. The problem of dam break refers to the rapid flow of water
under the action of gravity after the sudden collapse of a dam, involving strong non-
linear wave dynamics and complex boundary conditions. Here we consider a simple
one-dimensional dam break problem:

dth+0y, (hu) =0, 42)
0t (hu) +0x, (hu?+ 3 gh*) =0, '
with initial and boundary conditions:

[ (L,0)ifxe[-1.5,0]
(h(0,x),u(0,x)) = {(0.5,0)Z{fxx €[-0,15)
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PINN RPINN RLPINN Reference
(a) Results ofu
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(b) Absolute Error of u
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Figure 3: A comparative analysis of the one-dimensional Burgers equation solutions is presented, contrasting the
performances of PINN, RPINN, and RLBINN against a high-fidelity reference. The first row displays the solution
profiles from each method (successive columns: PINN, RPINN, RLBINN) alongside the reference solution. The
second row presents the corresponding absolute error distributions, with the color gradient (purple to red)
representing the spectrum from low to high error values.

_J(L0)if (t,x)€[01] x{x=—15
(h(t,x),u(t,x))= { (0_5,0{1-]: (i,x) € [o,ﬁ ;{j{le.S% '

In this formulation, & denotes the fluid depth, u represents the flow velocity, and
g is the gravitational acceleration. For consistent comparison with clawpack reference
solutions, we normalize the gravitational constant to ¢ =1. The neural network training
protocol consists of two phases: initial optimization using the Adam optimizer for 5,000
iterations and fine-tuning with L-BFGS optimizer for 15,000 iterations. Figure 4 shows
the results of three methods for solving the one-dimensional Shallow Water system, the
high-precision reference results provided by clawpack, and the corresponding absolute
error distribution.

4.1.3 1-D Euler System

The Euler equations of gas dynamics constitute a system of hyperbolic partial differen-
tial equations governing the motion of an inviscid (non-viscous) fluid. These equations
are derived from the fundamental principles of conservation of mass, momentum, and
energy, and are widely employed in the fields of fluid dynamics and aerodynamics to
model the behavior of gases. It is often used to judge the accuracy of numerical methods.
Its one-dimensional form is expressed as follows:

91p+9x(pu) =0
At (pu) +0x (pu+p) =0
tE+0x(u(E+p))=0 "~
E=:Cr+50u

(4.3)

we consider the shock tube problem, with corresponding initial and boundary conditions
of
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PINN RPINN RLPINN Reference
(a) Results of h

1.0

1.0 . 1.0 .
0.9
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0.0 B 0.0 . 0.6
-1 0 -1 0 1 -1 0 1 05
(b) Absolute Error of h ’
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1.0 . 1.0 .
0.15
0.5 / B 0.5 . 0.10
0.05
0.0 0.0 0.0 .
-1 0 1 -1 0 1 -1 0 1 -1 0 1 0.00
(c) Results of u
0.3
1.0 . . - .
_‘.‘-“' /4 0.2
0.5 . . .
01
0.0 . . . ;
-1 0 1 0.0
(d) Absolute Error of u
0.20
1.0 y 1.0 1.0 1.0
0.15
0.5 0.5 0.5 0.5 0.10
0.05
0.0 0.0 0.0 0.0
-1 0 1 -1 0 1 -1 0 1 -1 0 1 0.00

Figure 4: This figure presents a comprehensive comparison of the solutions for the one-dimensional Shallow
Water equation, detailing both variables & and 1. The first row illustrates the solution profiles for h obtained
from the PINN, RPINN, and RLBINN methods alongside the high-fidelity reference. Directly below, the second
row displays the corresponding absolute error distributions for /i, where the color gradient from purple to red
signifies the transition from low to high error values. The third row then presents the solution profiles for the
variable u using the same methodological order, followed by the absolute error distributions for u# in the fourth
row, which employs an identical color mapping to quantify the error magnitude.

(o010, p00)={ QIO EEE L,

 ((3,0,3)if (t,x)€[0,04] x {x=—1
(p(t,),u(t,x), p(£,x)) = { (1,0,1;{f (tp,cx) S [o,o.4]x><{fx: 1}} '

Here, p represents the density of the fluid, u represents the velocity of the fluid, and p
represents the pressure of the fluid. The parameter 7 is set to 1.4 to indicate an ideal gas
environment. During the training process, we first employ the Adam optimizer for 5,000
iterations, followed by the L-BFGS optimizer for an additional 25,000 iterations. Figure
5 shows the results of three methods for solving the one-dimensional Euler system, the
high-precision reference results provided by clawpack, and the corresponding absolute
error distribution.
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Figure 5:  This figure presents a comprehensive comparison of the solutions for the one-dimensional Euler
equations, detailing the three primary variables p, u, and p. The first row illustrates the solution profiles
for p obtained from the PINN, RPINN, and RLBINN methods alongside the high-fidelity reference solution.
Immediately below, the second row displays the corresponding absolute error distributions for p, employing a
color gradient from purple to red to represent the spectrum from minimal to substantial error values. The
third row proceeds to present the solution profiles for the velocity variable u following the same methodological
sequence. Subsequent to this, the fourth row exhibits the absolute error distributions for #, maintaining the
identical color convention to quantify discrepancies. Concluding the analysis, the fifth row showcases the solution
profiles for the momentum variable p, while the sixth and final row provides the corresponding absolute error
distributions for p, consistently applying the established color mapping to visualize error magnitudes across all
presented methods.

4.2 Two-dimensional Conservation Laws Problems

The extension from one-dimensional to two-dimensional shock wave solving represents
a substantial challenge, with difficulties increasing not merely incrementally, but explo-
sively. A primary source of this increased complexity lies in the drastic change in geomet-
ric structure. In one-dimensional problems, the solution varies only along a single line.
Shock waves, contact discontinuities, and other such structures manifest merely as points



Physical Informed Neural Network for Solving Conservation Laws Based on Relaxation Systems 51

along this line. In contrast, two-dimensional problems require solutions that vary across
an entire plane. Here, a shock wave is no longer a point, but rather a curve. This curve
may take on arbitrary shapes—straight lines, curves, or even closed contours—and its
geometry and position can evolve in highly complex ways over time, including twisting,
merging, and splitting. This article considers three two-dimensional numerical examples
from easy to difficult.

4.2.1 2-D Burgers’ System

For the two-dimensional inviscid Burgers’ system, the computational region we consider
is {(t,x1,x2)} =[0,0.4] x[0,1] x [0,1]. The Corresponding system expression and initial
conditions are as follows:

1 1
Btu+8x1(§u2)+axz(§u2) =0, (4.4)
~ [1,if (x1,x2) €1]0,0.5] x [0,0.5]
u(0,x1,22) = { 0, otherwise ’

The boundary conditions need only satisfy basic compatibility requirements. How-
ever, the computational complexity increases significantly when extending from one-
dimensional to two-dimensional problems, necessitating proportional increases in do-
main sampling points, network neurons, and iteration counts.During the training pro-
cess, we first employ the Adam optimizer for 5,000 iterations, followed by the L-BFGS
optimizer for an additional 15,000 iterations. Figure 6 shows the results of three methods
for solving the two-dimensional Burgers’ system at t=0.1 and t=0.3, the high-precision
reference results provided by clawpack, and the corresponding absolute error distribu-
tion.

4.2.2 2-D Shallow Water System

Two-dimensional radial dam break is a classic benchmark test problem in computational
fluid dynamics [34-36](CFD), used to simulate the fluid diffusion process after the col-
lapse of a circular or cylindrical symmetric structure. Its core feature is that the fluid
propagates radially from the center point to the surrounding areas on a two-dimensional
plane, forming symmetrical swells and shock waves. We consider a radial dam break
problem with a limited domain {(t,x1,x2)} =10,0.4] x [—1.5,1.5] x [—1.5,1.5]. The specific
expression and corresponding initial and boundary conditions are as follows:

dth+0y, (hu) 40y, (hv) =0,
Ot (M) +0x, (hu? + 1 gh?) +9y, (huv) =0,, (4.5)
0t (hv) + 0y, (huv) + 0y, (hv?+ 1 gh?) =O0.

 [(2,0,0),if 3 +12<0.25,
(h,u,v)—{ (1,0,0), otherwise.
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Figure 6: This figure presents a comprehensive comparison of the solutions for the two-dimensional Burgers
equation, focusing on the temporal evolution of the variable u. The first row illustrates the solution profiles for
u at time t=0.1 obtained from the PINN, RPINN, and RLBINN methods alongside the high-fidelity reference.
Directly below, the second row displays the corresponding absolute error distributions for u at t=0.1, where
the color gradient from purple to red signifies the transition from low to high error values. The third row then
presents the solution profiles for u at time t=0.3 using the same methodological order, followed by the absolute
error distributions for u at t=0.3 in the fourth row, which employs an identical color mapping to quantify the
error magnitude.

(h,u,v)=(1,0,0),(t,x1,x2) € [0,0.4] x 0Q).

Here, h represents water depth, u represents velocity in the x; axis direction, v represents
velocity in the x; axis direction, and g is the gravitational constant (set to 1 here). We
trained neural networks to solve this problem, with 5000 iterations of the first stage Adam
optimizer and 35000 iterations of the second stage L-BFGS optimizer, for a total of 40000
iterations. Due to too many result images, this article only displays the results of variable
h. Figure 7 shows the results of three methods for solving the two-dimensional Shallow
Water system variable h at t=0.1 and t=0.3, the high-precision reference results provided
by clawpack, and the corresponding absolute error distribution.
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Figure 7: This figure presents a comprehensive comparison of the solutions for the two-dimensional Shallow
Water equation, focusing on the temporal evolution of the variable . The first row illustrates the solution
profiles for h at time t=0.1 obtained from the PINN, RPINN, and RLBINN methods alongside the high-fidelity
reference. Directly below, the second row displays the corresponding absolute error distributions for i at t=0.1,
where the color gradient from purple to red signifies the transition from low to high error values. The third
row then presents the solution profiles for I at time t =0.3 using the same methodological order, followed by
the absolute error distributions for h at £=0.3 in the fourth row, which employs an identical color mapping to
quantify the error magnitude.

4.2.3 2-D Euler System

At last, we consider the more complex two-dimensional inviscid euler system corre-
sponding to the spatiotemporal domain of {(¢,x1,x2)}=1[0,0.3] x [0,1] x [0,1],

afp+ax1 (pu) +ax2 (Pv) =0,
dt(pu) +0x, (pu?+p) +0x, (puv) =0,
9¢(pv) +0x, (puv) +0x, (00* +p) =0, , (4.6)
9t(E) +0x, (u(E+p))+0x, (v(E+p)) =0,
E=F+30(u?+0?)
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here, p is the fluid density, u is the fluid velocity in the x; axis direction, v is the fluid
velocity in the x, axis direction, and p is the ideal gas pressure. The corresponding initial
and boundary conditions are

(0.532258,1.206045,0,0.3), if (x1,%2) € [0,0.8] x [0.8,1],
] (0.137993,1.206045,1.206045,0.029032),i f (x1,x2) € [0,0.8] x [0,0.8],
(pu,0,p) = (0.532258,0,1.206045,0.3), if (x1,x2) €[0.8,1]x[0,0.8],  ’
(1.5,0,0,1.5), if (x1,%2)€[0.8,1] x [0.8,1].

<gﬁ,gz,g:,gi> =(0,0,0,0),(t,x1,x2) € [0,0.3] x 90},
this initial condition is derived from Liska and Wendroff’s [37] classic paper, used to test
the performance of CFD algorithms in multidimensional shock wave interactions and
this boundary condition is zero Neumann boundary condition, n is the normal vector
outside the unit of the region (). During the training process, we first employ the Adam
optimizer for 5,000 iterations, followed by the L-BFGS optimizer for an additional 45,000
iterations. As with the previous example, only the results of the two-dimensional Euler
system variable p are shown here. Figure 8 shows the results of three methods for solving
the two-dimensional Euler equation variable p at t=0.1 and t=0.2, the high-precision ref-
erence results provided by clawpack, and the corresponding absolute error distribution.

The results presented in the figures and tables demonstrate significant improvements
in shock wave capture achieved by the proposed methods, namely RPINN and RLPINN.
In one-dimensional cases, the absolute error distributions across several examples indi-
cate that both RPINN and RLPINN outperform the vanilla PINN substantially. This con-
clusion is further supported by the L2 relative error values provided in Table 4, where
the proposed methods reduce errors by up to an order of magnitude compared to vanilla
PINN. In two-dimensional cases, the absolute error plots reveal considerable improve-
ment over vanilla PINN for both the Burgers and Euler systems. However, for the shal-
low water system, the gain, though observable, is less pronounced. The L2 error metrics
summarized in Table 5 confirm these trends: significant error reduction is achieved for
the Burgers and Euler systems, while the improvement for the shallow water system is
relatively modest.

Finally, as illustrated in Figure 9, the training loss curves indicate that both RPINN
and RLPINN lead to more effective optimization compared to vanilla PINN, confirm-
ing the enhanced capability of the proposed methods in handling this class of problems
through reformulated optimization.

4.3 Results Analysis

It is noteworthy that RPINN demonstrates optimal performance for one-dimensional
problems, whereas RLPINN proves more effective in two-dimensional settings. This ob-
served dichotomy stems from fundamental differences in their theoretical frameworks,
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Figure 8: This figure presents a comprehensive comparison of the solutions for the two-dimensional Euler
equation, focusing on the temporal evolution of the variable p. The first row illustrates the solution profiles for
p at time t=0.1 obtained from the PINN, RPINN, and RLBINN methods alongside the high-fidelity reference.
Directly below, the second row displays the corresponding absolute error distributions for p at t=0.1, where
the color gradient from purple to red signifies the transition from low to high error values. The third row then
presents the solution profiles for p at time t=0.2 using the same methodological order, followed by the absolute
error distributions for p at t=0.2 in the fourth row, which employs an identical color mapping to quantify the
error magnitude.

specifically in the physical roles and numerical behaviors of their respective relaxation
parameters ¢ and relaxation matrices. These distinctions not only define the theoreti-
cal properties of each method but also directly govern their practical efficacy in solving
conservation laws across different dimensions. For general systems of conservation laws,
RPINN adopts the complete form of the relaxation system. The relaxation parameter ¢ >0
plays multiple critical roles: from a physical perspective, € governs the rate at which the
system approaches the equilibrium state, which in the context of hyperbolic conservation
laws corresponds to the entropy solution of the original system. The relaxation matrix
A; satisfies the condition 3.4, this condition ensures that the eigenvalues of the relaxation
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Figure 9: Variation diagram of loss function for six examples:the red solid line represents PINN, the yellow solid
line represents RPINN, the green solid line represents RLPINN. The left curve of the red dashed line is iterated
using Adam optimizer, while the right curve is iterated using L-BFGS optimizer.

system fully encompass those of the original system, thereby guaranteeing that the re-
laxed solution converges to the entropy solution of the original system as ¢ —0. At the
numerical level, the dissipation term introduced by ¢ acts as a regularization mechanism
with a magnitude of O(e). This controlled dissipation exhibits distinct advantages in
one-dimensional problems. The structure of one-dimensional shocks is relatively simple,
with shock fronts appearing as isolated points or lines, allowing the isotropic dissipation
provided by ¢ to uniformly stabilize the numerical solution both ahead of and behind
the shock without introducing significant directional bias. Furthermore, the temporal
evolution characteristics of the relaxation process align closely with the physical propa-
gation properties of one-dimensional problems. The propagation of characteristics along
a single direction enables the wave structure of the relaxation system to be accurately
captured.

At the implementation level, the relaxation term &(9;v;+ A;0x,u)(where i=1,---,m.) in
RPINN introduces numerical viscosity at the discrete level. This viscosity automatically
intensifies near shocks and naturally diminishes in smooth regions, achieving adaptive
stability control. In one-dimensional problems, this mechanism precisely balances the
sharpness of shock capture with numerical stability, avoiding dissipation anisotropy is-
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sues that could arise from low-dimensional configurations. In contrast, RLPINN corre-
sponds to the limiting case where ¢ — 0, causing the relaxation system to reduce to a
differential-algebraic system. This transformation brings fundamental changes in the-
oretical properties: the system evolves from a strictly hyperbolic PDE system into a
differential-algebraic system with index 1. In two-dimensional and higher-dimensional
problems, this simplified formulation demonstrates significant advantages, primarily be-
cause it avoids the anisotropic dissipation issues induced by the relaxation parameter
in high-dimensional spaces. When & =0, the system completely eliminates the numeri-
cal dissipation introduced by the relaxation term, which holds particular significance in
multi-dimensional problems. In two- or higher-dimensional spaces, any non-zero ¢ in-
troduces numerical dissipation of varying degrees along different coordinate directions.
This anisotropic nature can lead to unphysical distortions and deformations of shock
fronts along different propagation directions. Particularly in regions of shock interaction
or near complex geometric boundaries, anisotropic dissipation may trigger unphysical
numerical oscillations or excessive dissipation, severely compromising solution accu-
racy. This issue becomes especially critical for anisotropic flux functions or in scenar-
ios involving complex wave system interactions.It is worth noting that the anisotropic
dissipation problem caused by ¢ mentioned above precisely highlights the unique ad-
vantages of RLPINN in simplifying the architecture. On the practical level, the simpli-
fied formulation of RLPINN also brings improvements in training efficiency. Eliminating
the e-dependent terms not only reduces the number of gradient components that need
to be computed but also avoids the numerical stiffness and training instability caused
by inappropriate ¢ values. For complex nonlinear flux functions, selecting an appropri-
ate ¢ value is itself a challenge, which RLPINN completely circumvents. This enables
RLPINN to demonstrate superior robustness and convergence characteristics when solv-
ing multi-dimensional complex flow problems, with its advantages becoming particu-
larly pronounced in handling problems involving complex geometric boundaries and
initial conditions.

Moreover, a natural question that arises concerns how the number of auxiliary net-
works impacts the performance and scalability of both RPINN and RLPINN in higher-
dimensional settings. The fundamental design principle of this architecture is the decou-
pling of the flux computations F;(u#) from the primary network i1 (6;;¢,x), assigning them
instead to dedicated auxiliary networks 7;,1(60;11;t,x)(where i=1,---,m.). A direct conse-
quence of this approach is that the number of required auxiliary networks scales linearly
with the spatial dimension m of the problem—a m-dimensional system necessitates ex-
actly m flux networks.

This linear scaling presents a dual impact. On the positive side, this decoupling serves
as a cornerstone for computational stability. It decomposes the complex, ill-conditioned
high-order gradient computations into multiple parallel and independent first-order gra-
dient computation paths. Each sub-network (comprising one main network and one flux
network) only needs to learn a relatively simple input-output mapping, significantly mit-
igating gradient conflict and training difficulty. In two-dimensional problems , this strat-
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egy, which trades a modest number of additional networks for enhanced training stability
and convergence, has proven to be highly effective.

However, from a scalability perspective, the linearly increasing number of auxiliary
networks may become a potential bottleneck in very high dimensions (e.g.,d > 3. Firstly,
the total number of model parameters and computational overhead increases accord-
ingly, although each flux network can be designed to be relatively compact. Secondly,
and more critically, the challenge lies in coordinating the optimization process across
these multiple independent networks. As the number of networks grows, ensuring syn-
chronized and stable convergence for all becomes more complex and may introduce new
optimization uncertainties.

5 Summary

This paper proposes two novel methods for shock wave capture in systems of conserva-
tion laws: the Relaxation Physics-Informed Neural Network (RPINN) and its simplified
counterpart, the Reduced Relaxation Physics-Informed Neural Network (RLPINN), both
grounded in relaxation system theory for conservation laws. These approaches employ
first-order linear approximation systems to resolve shock waves via two principal mecha-
nisms: (1) mitigating gradient explosion near discontinuities by circumventing direct dif-
ferentiation of nonlinear flux functions, and (2) incorporating auxiliary neural networks
to approximate flux terms within the loss formulation.

However, when extended to high-dimensional conservation laws, the proposed meth-
ods exhibit certain limitations in sharply resolving shock profiles. Although they success-
fully capture regular shock structures in both the two-dimensional Burgers and Shallow
Water systems, challenges persist in accurately representing irregular shock patterns in
the inviscid Euler system. We hypothesize that these difficulties stem primarily from
the parametric complexity induced by multiple neural networks, which can introduce
optimization obstacles in high-dimensional parameter spaces and hinder consistent con-
vergence to physically admissible shock solutions. Resolving this inherent trade-off be-
tween model expressivity—arising from multi-network architecture—and optimizability
in multidimensional settings remains a crucial direction for future work.
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