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Abstract. In this paper, we introduce a concept of nonlinear local topological pressure
defined via open covers and establish a corresponding variational principle. Further-
more, we provide multiple equivalent characterizations of nonlinear pressure using
different cover-based approaches.
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1 Introduction and main results

1.1 Nonlinear topological pressure

Topological pressure is a fundamental invariant in dynamical systems theory, serving
as a natural generalization of topological entropy. The concept was first introduced by
Ruelle [1] in the context of expansive systems and later extended by Walters [2] to more
general settings. A topological dynamical system (TDS for short) is a pair (X, T) consisting
of a compact metric space X and a surjective continuous map T:X — X. Let M(X)
denote the set of Borel probability measures on X, M (X, T) be the set of T-invariant Borel
probability measures on X and M°(X,T) be the set of ergodic T-invariant measures on
X. Given a continuous function f: X — IR, the topological pressure P(T,f) satisfies the
following variational principle:

Pf)= sup (D) [ fnto ),

HeM(X,T)
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where 11,(T) is the measure-theoretic entropy of yu. Topological pressure and its varia-
tional principle form the foundation of thermodynamic formalism and play a fundamen-
tal role in the dimension theory of dynamical systems.

Recently, Buzzi, Kloeckner and Leplaideur [3] developed a nonlinear thermodynamic
formalism based on the Curie-Weiss mean-field theory [4]. By transforming the statistical
mechanics of generalized mean-field models into dynamical systems theory, they estab-
lished a variational principle for nonlinear topological pressures, provided that the sys-
tem possesses an abundance of ergodic measures. Subsequently, Barreira and Holanda
[5, 6] extended this framework by introducing a higher-dimensional generalization of
the nonlinear thermodynamic formalism and its continuous-time counterpart for flows,
respectively. Kucherenko [7] established a connection between the nonlinear thermody-
namic formalism and the theory of generalized rotation sets. Yang, Chen and Zhou [8]
introduced the notion of nonlinear weighted topological pressure for factor maps and es-
tablished an associated variational principle. Ding and Wang [9] introduced the nonlin-
ear topological pressure for subsets and established corresponding variational principles.

Now we recall the background and the main result of [3]. We call a function £: M (X)—
R is an energy if it is continuous in the weak-star topology. For instance, given continuous
functions f: X — R and F:R— IR, the function £ defined by

(o= ( [ fin)

is then an energy on M(X). For a given TDS (X, T) and an energy £: M(X) — R, the
nonlinear topological pressure P(T,E) is defined as

P(T,E)= limlimsupilogpn (T,Ee),

€20 noeo
where

P,(T,E,e) =sup { Y. e"€(A%)  Eisan (n,s)-separatedsetofX} ,

xeE

and A:=1y"" 15, . Assuming that (T,€) has an abundance of ergodic measures, they
proved that

P(TE)= sup {m(T)+E(n)}.
UeM(X,T)

1.2 Local entropy and pressure

The local theory of entropy and pressure is a foundational framework in dynamical sys-
tems, with profound connections to various concepts including entropy pairs, entropy
sets, entropy points, and entropy structures, etc. Given a TDS (X, T) and an open cover
U of X, Romagnoli [10] introduced two types of measure-theoretic entropy relative to U:
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hyu(T,U) and hy; (T,U) (see Section 2 for precise definitions). He established the following
variational principle for local entropy:

hiop(T,U)= sup h,(T,U).
HeEM(X,T)

For invertible systems (X, T), Glasner and Weiss [11] proved that

hop(T,U) = sup h;(T,U).
HeM(X,T)

Further developments in local thermodynamic formalism were made by Huang, Ye, and
Zhang [12], who derived a relative local variational principle for entropy. Building on
these results Huang and Yi [13] extended the variational principle for local entropy to the
case of pressure. Specifically, for a continuous potential function f: X — IR, they showed
the local pressure P(T, f;U) satisfies

PfU) = sup T2+ [ ()}

HEM(X,T)

In recent years, Wu [14] investigated several notions of local pressure for subsets and
measures, defined using the Carathéodory-Pesin construction. Cai [15] established the
variational principle for weighted local pressure. The study of local conditional pressures
for additive or sub-additive potentials was developed by several authors (see, e.g., [16—
18]). In the relative setting, local topological pressures were investigated in [19-21]. The
case of amenable group actions was studied in [22-24].

1.3 Main result

In this paper, we introduce the notion of nonlinear local topological pressure and prove
a corresponding variational principle.

Let (X,T) be a TDS. We define a cover of X as a finite collection of Borel subsets whose
union equals X, and a partition of X as a cover with pairwise disjoint elements. Denote
by Cx,Px and C§ the set of covers, partitions and open covers of X, respectively. Given
two covers U,V € Cx, if each element of U/ is contained in some element of V, then we
say U is finer than V (denoted by U = V). Denote UVV ={UNV:UcU,V €V} and
U=\ .

Recall that £: M(X)— R is called an energy if it is a continuous function on M (X).

Definition 1.1. Let (X,T) be a TDS, £: M(X) — R be an energy and U/ € C%. Let

pn(T,E;U)=inf Zsupe”g(Ag):VECXandViugfl , (1.1)
VeyxeV



64 J. Zhu and R. Zou / J. Info. Comput. Sci., 2025, 20(1): 61-82

n—1
where A:=1%" 5., . We define the nonlinear local pressure of (T,E;U) by:
i=0

P(T,S;Z/{)zlimsup%logpn(T,E;Z/{), (1.2)

n—oo

and define the nonlinear lower local pressure of (T,E;U) by:
oo 1 _
B(T,S,L{):hglélleogpn(T,S,L{). (1.3)

Note that logp,(T,E;U) is generally not sub-additive. As a result, the sequence
{Llogpn(T,E;U) }uen may fail to converge. However, under the following abundance of
ergodic measures condition, we show in Theorem 1.1 that the limit 1i_r>n Logpa(T,E;U)

n—oo

exists.

Definition 1.2. We say that (T,E;U) has an abundance of ergodic measures, if for any u €
M(X,T) and € >0, there is an ergodic measure v € M(X,T) such that h,(T,U)+E(v) >
hy(T,U)+E(p) —e.

Note that the ergodic measures of uniformly hyperbolic systems or systems with
specification are entropy-dense, i.e., the invariant measures can be approached by er-
godic measures both in the weak star topology and in entropy (see [25,26]). Therefore, if
(X,0) is a full shift, £: M(X)—Ris an energy and U is a generator, then (T,&;U) has an
abundance of ergodic measures.

Our main conclusions are as follows:

Theorem 1.1. (Local variational principle): Let (X,T) bea TDS, £: M(X)—R be an energy
and U € C§. Suppose that (T,E;U) has an abundance of ergodic measures. Then the nonlinear
local pressure P(T,E;U ) satisfies

P(T,E&U)=P(T,E&U)= sup {h,(TU)+E(u)}.
HeM(X,T)
In addition to the variational principle, we also demonstrate how the nonlinear local
pressure relates to the global nonlinear topological pressure:

Theorem 1.2. Let (X,T) bea TDS, £: M(X)— R be an energy. Then

P(T,E)=sup P(T,E;U), and P(T,E)=sup P(T,E;U).
Ues, UeCy

Theorem 1.2 is a special case of Theorems 4.1 and 4.2. In Section 4, we introduce
several different definitions of nonlinear local pressure and reveal their relationship with
nonlinear topological pressure.

The paper is organized as follows. Section 2 introduces the fundamental definitions
and properties of local entropy and pressure. In Section 3, we prove Theorem 1.1, while
Section 4 is devoted to the proof of Theorems 4.1 and 4.2, from which Theorem 1.2 follows
as a direct consequence.
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2 Preliminaries

2.1 Wasserstein distance on M (X)

We equip the space of probability measures M (X) with the Wasserstein distance [27].
For 1, pp € M(X), the distance is defined as:

W(p1,mu2) =sup{pi(f)—p2(f): f: X —Ris 1-Lipschitz}.

Since X is compact, the Wasserstein distance induces the weak-star topology on M (X),
and the Wasserstein distance can be bounded by the total variation distance [3]:

W (p1,p2) <diam(X) || 1 — piall v,
where || 1 —p2|| v =sup{u1(f) —p2(f): f: X =R is measurable and || f|cc <1}.

2.2 Measure-theoretic entropies

Let (X,T) be a TDS. For U € Cx, denote H(U ) =logN (U ), where N(i) is the minimum
among the cardinals of the sub-covers of /. Then we define

1 1
hop(TU) = lim —HUY )= inf EH(L{(’)“*),

n—oon
as the topological entropy of U. Define

iop(T) = sup hiop(T,U)
Uecs

as the topological entropy of (X,T).
Given a partition & € Px and a measure y € M(X,T), the measure-theoretic entropy of u
relative to « is defined as :

(o) = lim ~H, (a2 = inf = H,, (a2 ),

n—oo 1 n>1n

where

Hy(a) =} —pn(A)logu(A).

Acu
The measure-theoretic entropy of y is then defined by:
h,(T) = sup hy,(T,a).

a€Px

For a cover U € Cx, Romagnoli [10] introduced the following two measure-theoretic
entropies relative to U:
hy(T,U) = lim lH}, Uy~ and B (TU)= _inf  h,(T,a),

n—oon a-U,nePy
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where
HV(U): inf Hy(zx).

a-U,nePx
By [10, Lemma 8], for py€ M (X)andid,V €Cx, H, (U) satisfies the following properties:
(i) 0<H,(U)<logN(U);
(ii) fU =V, then H,(U) > H,(V);
(i) H, (UVV) < H,(U)+H,(V);

(iv) H,(T~'U) < Hr,,(U), where T,jt=puoT" !, and, the equality holds when (X, T) is
invertible.

Moreover, if p € M(X,T), it's proved by [13, Lemma 2.7] that

h,(T)= sup h,(T,U).
UeCg

Now given U = {U,Uy,...,U; } € C%, denote
U= {Dé EPx:a= {A1,A2,...,Ad},Ai cu;,i= 1,2,...,5[},

where A; could be empty for some i. By [28, Lemma 2] and [13, Corollary], the following
properties hold.

Proposition 2.1. Let (X,T) be a TDS, y € M(X,T) and U € C§. The following properties
hold:

1. h;(T,Z/{):“iEan*hV(T,a);
2. If in addition (X, T) is invertible, then h, (T,U) =h} (T,U).

2.3 Some properties of nonlinear local pressures

Let (X,T) beaTDS, £: M(X)— R be an energy and U € C%. The nonlinear local pressure
P(T,&;U)=limsup, ., %log pa(T,E;U) is defined as in Definition 1.1. We first provide an
equivalent statement of p, (T,E;U).

For V €Cx, let a be the Borel partition generated by V. Define

P*(V)={B€Px:p >V and each atom of B is the union of some atoms of a }.

Lemma 2.1. P*(V) is a finite set, and for each n €N,

inf supe”(4%) =min supe"€(A3): Be P*(V) §.
:BGCX'ﬁtVBXg%}xeg B%;xég ﬁ
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In particular, by taking V =UJ ", we have

Pn(T,E;U)zmin Zsupeng(AZ):IBEp*(ugfl) .
BepxeB

Proof. The proof of [13, Lemma 2.1] remains valid for this lemma upon replacing f,(x)
by n€(A%). We therefore omit the details of the proof. O

Let (Y,S) and (X, T) be two TDS. We say 7t:Y — X is a factor map from (Y,S) to (X, T)
if 7T is a surjective and continuous map satisfying roS=Torr. In this case, (Y,S) is called
an extension of (X,T), and (X, T) is called a factor of (Y,S). In addition, if 7t is also injective

then it’s called an isomorphism. A map 7t:Y — X induces a map 7,: M (Y)— M (X) defined

by mupu=por L.

Lemma 2.2 ([10], Proposition 6). Let (Y,S) and (X, T) be two TDS. If t: (Y,S) = (X,T) isa
factor map, then for any v e Ms(Y) and U € C%, we have hy (S, \U) =hz,,(T,U).
Lemma 2.3. Let 71:(Y,S) — (X, T) ba a factor map, £: M(X) — R be an energy and U € C%.
Then P(S,Eom.;t'U)=P(T,E;U).
Proof. Fixn€NN and let V€ Cx satisfy V=U'. Then 71V €Cy and 71V = (1) "
It follows from 7toS =Tor that

Z supenf(Aﬁ) — Z sup enS(AZ’W) — Z sup enSom(Ag)

veyxeV vevyen-1(V) vevyen-1(V)

> pn(S,Eon*;N_ll/l).
Since V is arbitrary,
pu(T,E;U) > pu(S,Eom;mU).
On the other hand, by Lemma 2.1,

pn(S,SoT[*;TFlZ/{) = min { supe”&)”*(ﬁﬁ)}-
peP*((muU)y™) B%yeg

Note that if 8= {B1,By,..., By} € P* ((n—lmg—l) , then

nB={rn(B1),7(By),...,(Bw)} €Cx and B =UI".

Hence
m

Zsupe”gon*(AE) = Z sup e"€(8Y) > pu(T,EU).
i=1Y€B; i=1xemn(B;)
By the arbitrariness of B, we have p,,(S,Eom;t1U) > p,(T,E;U).
Therefore, p,,(S,E o ;m\U) = p,(T,E;U), and the conclusion of the lemma follows.
]



68 J. Zhu and R. Zou / J. Info. Comput. Sci., 2025, 20(1): 61-82

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Let (X,T) be a TDS, £: M(X) — R be an energy
and U € C%. We prove Theorem 1.1 by showing

sup  {h(T,U)+E(u)} <P(T,EU)<P(T,EU)
HEME(X,T) ey @
< h(T,U)+E
@yei/lll(lé’q){ w(T,U)+E(u) } (3.1)
< sup {m(T,U)+E(u)}
@peMe(X,T)

Inequality (D is proved in Proposition 3.1. Inequality @) follows from the definitions
of P(T,E;U) and P(T,E;U). Inequality @) is proved in Proposition 3.2 under the assump-
tion that (T,&;U) has an abundance of ergodic measures. Finally, Inequality Q) is proved
in Subsection 3.2, Proposition 3.3.

3.1 Proof of inequality D and @ in (3.1)
We begin by recalling the following basic lemma.

Lemma 3.1 ([29], Lemma 9.9). Let ay,a5,...,ax be given real numbers. If b;>0 for every 1<i<k,
and YX_ b;=1, then

k k
Zbi(ai—logbi) < log(Ze“"),
i=1 i=1
and equality holds iff b;= —=&— forall i=1,2,...,k.

Tt
Proposition 3.1. (Inequality(D). Let (X,T) be a TDS, £: M(X) — R be an energy and
U cC5. Then

sup  {u(T.U)+&(u)} <P(T,EU).

ueMe(X,T)
Proof. Fix any p € M¢(X,T). Since € is uniformly continuous on M (X), for any € >0,
there exists 6 > 0 such that for any v € M(X) with W(v,u) <4, one has |E(v)—E(u)| <e.
Since pe M*(X,T), for p-almost every xe X, Al — pu as n—o0. Then by Egorov’s Theorem,
there exists N >1 and a measurable subset I' with y(T') >1—e€ such that W(A,u) <4 for
every x €I'and n> N. It follows that

E(AL)—E(n)|<e, xel,n>N. (3.2)
By Lemma 2.1, for any 1 €N, there exists a finite partition 8 € P* (U} ') such that

E supe”‘g(Ag) =pa(T,EU).
Bep X€EB
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It follows from Lemma 3.1 that
logpn(T,E;U) =log }_ supe"€(4%)

BeﬁxeB
> ) u(B) (sugnﬁ(ﬁﬁ)—IOgu(B)> (33)
Bep xXe
=H, (B)+ Y supn&(AL)-u(B).
BgﬁxEB

We focus on the latter item. Let 1 ={B€p:BNI'#@}. Then

Y u(B)= ) u(BNI)=p ( U (er)> —u(l)>1—c.

Beﬁl BEﬁ] B€ﬁ1

Therefore, (3.2) and (3.3) give
log(pu(T,E;U)) = Hu(B)+ )_ supné(AY)-p(B)

Bep, x€B

>Hyu(B)+ Y, n(€(u)—e)-p(B)

BEB,
> Hy(B)+n(E(n)—e€)(1—€)
> Hy (Uy ™) +n(E(n)—e)(1—e),

where the last inequality follows from S = Z/{(’f’l. Dividing the above equation by n and
taking the liminf as n — oo, one has

P(T,&;U)>hy(TU)+(E(n) —€)(1—e).
By the arbitrariness of ¢, the result follows. O

Proposition 3.2. (Inequality @) Let (X,T) be a TDS, £: M(X) — R be an energy and
U € C. Suppose that (T,E;U) has an abundance of ergodic measures. Then

sup  {h,(TU)+E)}< sup {(T,U)+E(p)}
HEM(X,T) neMe(X,T)

Proof. By Definition 1.2, for any € M(X,T) and any € >0, there is an ergodic measure
ve M(X,T) such that h, (T,U)+E(u) <h,(T,U)+E(v)+e, which implies

h(TU)+Eu) < sup  {h(TU)+E(v)}+e.
veEME(X,T)

Since y € M(X,T) and € >0 are arbitrary,

sup {h(TU)+EW)}< sup  {h(T,U)+E(u)}.
UEM(X,T) pEMe(X,T)
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3.2 Proof of inequality 3 in (3.1)

To establish Inequality ), the following lemma is crucial.

Lemma 3.2. Suppose that {a;} ., is a sequence of finite partitions of X which are finer than U.
Then for any y >0, there exist N=N(v) €IN,E € R and a sequence of finite subsets { Dy, }x>1 of
X where ny — 0o, such that for any k>1,

1. forall 1 <I<mny, each atom of ((xl)gk_l contains at most one point of D, ;

1. E (ALK 1 e (P(T.EU)—7) .
2. erane KE( X)Zm.e k(P( ) 'Y)/

3. For any y € M(X) that is a convex combination of { A"} xeD,,, we have
|E(n)—E[<7.

Proof. We begin by proving the following claim.

Claim. For any n > 1, there exists a finite subset B,, of X such that for any 1</ <n, each
n—1 . .
atom of (),  contains at most one point of B,. Moreover,

n 1
el s L :
) e > 5 pu(T,EU).

XEBy,

Proof of the Claim. Fix any n€IN. For each x€X, denote by A;(x) the atom of (0(1)871 which
contains x. We now construct the set B,,. Choose x; € X such that "E(85) =max,ecx e (A0
and denote X; = X. By induction, suppose that X; and x; € X; have been defined. Let
Xit1 = Xi\Uj.1Ai(x;), and choose x;;1 € X;1 such that "E (A% ) > %supxexi+1 e"€(A3),
Since {A;(x):1<I<n,xeX} is a finite set, there exists m >1 such that X, \U;_; A;(xm)=9.
Then we obtain a finite set B, :={x1,...,x;, } such that for each 1 <i<m,

(1) "0 2 Jsup, ey e (4);

(2) Xi=X;1U (U?:l Al (x,‘) ﬂXi) , where X, .1 =0.
By construction, for all 1 </ <n, each atom of (oq)gfl contains at most one point of B,.
Moreover,

ne(0) > Lpenean >

xeX;

sup €83 y1<i<n.
x€A;(x;)NX;

N[ —

e
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Let B={A;(x;)NX;:1<1<n,1<i<m}. Then p€Cx and ﬁzug—l. Therefore,

m n
n ” 1 n

2 ené’(A Zenc‘? (A >272§ sup enS(Ax)
XEB, I=1 x€A;(x;)NX;

—Z:supe”‘g %)

2n BeﬁxEB

1

Zﬂ'Pn(Tﬁg'u)

O]

We now continue the proof of Lemma 3.2. Since £ is uniformly continuous on M (X),
for any >0, there exists d >0 such that for all y,v € M(X) satisfying W(u,v) <J, one has
E()—EW)| <.

Let S={vy,1,...,vN } be a 6-dense subset of M (X). For each 1<i<N, denote B(v;,0)=
{ne M(X):W(p,v;) <é}. Set Vi =B(11,6) and V; = B(vi,é)\U};%Vj for 2<i< N. Then
{Vihi<i<n is a partition of M(X), and |E(u)—E(v;)| <7 forall ue V.

Let {1y }r>1 be a sequence of integers diverging to infinity such that

lim ilogpnk(T EU)=P(T,EU).

k—oo M
Then there exists Ko € N such that p,, (T,&;U) > e (P(TLEU)=T) holds for every k > Kp.
Denote Cp,, ;= {x € By, : AY* € V;}. Then by the Claim above, for every k> Ky,

" N
B LGOI Sl e )>L (T, EU)

XEBy, i=1 xeC,,k,,

> L n(P(TEU) )
— 2ny

It follows that for each k > Kj there exists 1 <i < N such that

¥ et s L meren-m,

xEan,,- anN

Therefore, there exists iy € [1,N] and a subsequence of {1y };>1(still denoted by {1 }x>1)
such that
y ME(LF) > 1 e PTEU=T)  ype>1,

) s
XEan’iO nkN

Denote D,,, =C,, ;, and E=E(v;,). Then D,,, satisfies (i) and (ii) of Lemma 3.2. To check
(iii), suppose that a probability measure p =} \ep, AxAY* is a convex combination of the

measures Ay, then it follows from W(AY,v;,) <4 for every x € D,, that W(p,v;,) <.
Hence |E(u) —E| <|E(p) —E(viy) | <. O
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Now we are ready to prove inequality 3 in (3.1).

Proposition 3.3. (Inequality ®). Let (X,T) be a TDS, £: M(X) — R be an energy and
U €CY. Then
P(T,&U) < sup  {hu(T,U)+E(u)}
HeEM(X,T)

Proof. We split the proof into two steps.
Step 1. Suppose that (X,T) is an invertible, zero-dimensional TDS (i.e., it has a topo-
logical base consisting of clopen subsets). Denote U = {U;,Uy,...,U;} and let

U= {Oé ePx:a= {Al,Az,...,Ad},Ai clu;i= 1,2,...,d}.

Since X is zero-dimensional, U/* forms a countable set of partitions. Moreover, these
partitions are finer than ¢/ and consist entirely of clopen sets. Denote U/* = {a;:1 >1}.

Then by Lemma 3.2, for any 7 >0, there exist N=N(v) € N,E € R and a sequence of
finite subsets { Dy, }x>1 of X where ny — oo, such that for any k> 1,

1. for all 1 <I<mny, each atom of (Dél)gk_l contains at most one point of D, ;

E(Nk 1 P(T,EU)—7).
2. erD”keﬂk (Dx )ZznkN'enk( ( )=,

3. if p € M(X) is a convex combination of the measures A" where x runs over D,,,,
then |E(u)—E|<7.

Let
Vgi= Z A (x)0y,
xean
eﬂkg(ﬂﬁk) . ..
where A, (x) = —%———. Define the empirical measure
ZyeDn enkE(Ay )
k
1 lefl
— i, n
yk.—n— Z T.ve= Z A (X) A
k i=0 XEan

Up to extracting a further subsequence, we may assume poo :klim k. Then po e M(X,T).
—00

Moreover, by |E(uy) —E| <y for every k>1, we also obtain
|€(Hoo) —E| <. (3.4
Since T is invertible, by Proposition 2.1,

Mo (TU)=hy, (T,U)= inf hy (T,a)= lir;{hym (T,a;).

weU*
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It suffices to prove for each [ > 1:

P(T,E;U) <hy,(T,0;)+E (poo) +37.

Since each atom of (le)gkfl contains at most one point of D, it follows that

H, ((o‘l)nk 1): Z Ank(x)logAnkl(x)‘

xean
By Lemma 3.2 and inequality (3.4), we have
log - >Tog 41 (P(T,E:U) —7) — m (A™)
Og/\;x,,((X) - OgZNT’lk k 1~ ’Y k X
> (P(T,EU) =) —ny- (E+77) —log (2Nny)
> (P(T,EU) = 7) =1 (€ (Hoo) +277) —log (2Nmg).
Therefore,

log (2Nny)
ny '

- Hy ()§ ) 2 P(T,E2) € (1) ~37 - (35)

Fix m,ny e N with np >l and 1<m <mn;—1. Leta(j) = ["’;;j],j:O,l,...,m—l. Then

nkfl

a1 |
\/ T 'ay= \/ T~ (mr+j) (061)6n_1 \Y \/ T_t(Xl,
i=0 r=0

tGS]'

where S;={0,1,...,j—1}U{j+ma(j),...,n—1}. Since |S;| <2m, by the sub-additivity of
HVk(')I

Hy () 1) < > Hy (7049 (a )~ 1)+Hvk(\/T m)

les
)1
S Z HT,Emr+j)Vk ((“[)6’1_1) +2m10gd,

where d = |U| represents the cardinality of /. Summing j from 0 to m —1, we obtain

~1a(j)~1
Hy, ()t ) Z Hyron, (@0)) ) +2mlogd

r=0

IN
§\H

IN

ny—
% E Hyy, ((ag)g™ Y 4+2mlogd.
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Due to the concavity of Hy, ((a))m=1) over M(X),

We conclude that
(3.6)

From (3.5) and (3.6), we obtain

log (2Nny) < 1
Ny T m

P(T,EU)—E (o) —37—
Since a; is clopen, taking k — oo, one has
. 1 m—1
P(T,S,L{)—S(yoo)—?yyg%Hyw((oq)o )

The result follows by letting m — co.

Step 2. In the general case where (X,T) is not zero-dimensional. Recall that (X,T)
always has a zero-dimensional extension (see [30]). Let (Y,S) be an invertible zero-
dimensional TDS and 71: Y — X be the factor map from (Y,S) to (X,T).

Since £: M(X) — R is an energy and U € C%, one has o, : M(Y) — R is an energy
and 711U € CY. Then by the previous case,

P(S,Eomym UYL sup {hv(S,n_1U)+So7r* (v) }
VGMs(Y)

Note that 77, (Ms(Y)) C M(X,T). By Lemma 2.2 and 2.3,

P(T,E;U)=P(S,Eomy;mU)
< sup {hV(S,n’lu) +E&om, (v)}
VEMs(Y)

— sup (e (TU)+E(T)}
veEMs(Y)

< sup {m(TU)+EW)).
HeEM(X,T)

The proof is complete. O
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4 Relationship between nonlinear topological pressure and non-
linear local pressure

In this section, we give several equivalent definitions of nonlinear topological pressure.
Let (X,T) be a TDS . For n €IN,e >0 and x € X, denote

Bu(x,e)={y€X:d(T'x,T'y) <e,V0<i<n—1}.

A set E C X is said to be an (1n,¢)-separated set of X with respect to T, if for any distinct
x,y€E, y¢ By(x,e). Aset DC X is said to be an (n,¢)-spanning set of X with respect to T,
if for any x € X, there exists y € D such that y € B, (x,¢).

Definition 4.1. Let £: M(X) — R be an energy. For n>1 and & >0, let

P,(T,E¢) —sup{ Ze”‘g ):Eisan (n,€) sepamtedsetofX}

x€E
Then the upper and lower nonlinear topological pressures are defined respectively by

P(T,€)=limlimsup — loan(T Ee),

20 noeo

P(T,E) —hmhmmf loan(T Ee).

e—0 n—oo

Definition 4.2. Let £: M(X)— R be an energy. For n>1 and ¢ >0, let

Qu(T,E e _mf{ Ze”g ):Fisan (n,e) spannzngsetofX}

x€F

Then we define
Q(T,€) —hmhmsup loan(T Ee),

n—oo

Q(T,¢) —hmhmlnf loan(T Ee).

e—0 n—oo

We also give several distinct definitions of nonlinear local pressure.

Definition 4.3. Let £: M(X) — R be an energy and U € C§. For n>1, denote

Pa(T.EU) :i“f{ Y supe"®(49): Ve CxandV zugl},
veyxeV

vey
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Then we define
P (T,E;U)=P(T,E; L{)—hmsup logpn(T EU),

n—oo
P(T,E;U)=P(T,E; L{)—hnllorgf logpl(T,E;U),
and
Py (T,E; Z/{)—hmsup logpn(T EU),

n—o0

P,(T,E;U) —hmmf logpn(T EU).

n—o0

Definition 4.4. Let £: M(X) — R be an energy and U € C%. For n >1, denote

po(T,E;U) =inf 2 supe”™® B is a finite subcover of U} " ,
Be® x€B

pr(T,EU) = mf{ ) inf e"(43) 1 B is a finite subcover of upt }
Be@xeB

Then we define
P(T,E; Z/{)—hmsup logp>(T,E;U),

n—00
Py (T, E;U) :lirginfﬁlogpfl (T,&E:U),

and
Py(T,E; U)—11msup logpt(T,E;U),

n—oo

P,(T,E;U) —hmmf1 logpn(T EU).

n—o0

Lemma 4.1. Let (X,T) bea TDS, £: M(X)— R be an energy and U € C%. Then for any n>1,
pr(T,EU) < pu(T,EU) <pi(T,EU),
pa(T,EU) <py(T,EU) <py(T,EU).

Proof. Note that if B is a finite subcover of U !, then € Cx and B~} ~". This immedi-
ately implies p2(T,&;U)<p*(T,E;U) and pl(T,E;U)<p3(T,E;U). The remaining inequal-
ities pi(T,E;U) <p3(T,E;U) and p2(T,E;U) < pL(T,E;U) follow directly from comparing
the infimum /supremum operations in their definitions. O

Lemma 4.2. Let (X,T) bea TDS, £: M(X)— R be an energy. For any € >0, let U € C$ with
diam(U) <e and denote

Te=sup{|E(u)—EW)|: pve M(X),W(p,v) <e}.
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1. If 6 >0 is the Lebesgue number of U, then for any n>1,
e " py (T,E;U) < Qu(T,E,6/2);

2. Forany n>1, one has

Qn(T,E,e) <P, (T,E¢) Sems-p%(T,z‘,’;U).

Proof. (i) Let U € C§ with diam () <e. For any B€lU} ! and any x,y € B, we estimate the
Wasserstein distance between empirical measures:

W(ALAY) :sup{A)’; (8)—ALy(8): g: X—Ris 1-Lipschitz}

n—1 [N i
:sup{ Z g(T x) ng(T y) 191 X—Ris 1—Lipschitz}

—1d(T'x, T'y)

Z

| /\

E.

IN

Therefore, by the definition of p’,(T,&£;U) and T,
pu(T,EU) <e"e-pp(T,EU), (4.1)

and
pa(T,EU) <™ pyu(T,EU). (4.2)

Now let F be an (n,6/2)-spanning set of X. Then

X=JBu(x,6/2).

xeF

Since ¢ is the Lebesgue number of ¢/, each B (Tix,é /2) is contained in some element of I.
Thus By (x,6/2) =Ny T~'B(T'x,6/2) is contained in some element of 2J*. It follows
that

Pa(TEU) <Y A0, (4.3)

x€F

Combining with (4.2), we obtain
e " p3 (T, EU) < Qu(T,E,6/2).
(ii) Let E be an (n,¢)-separated set of X with maximum cardinality. Then E is also

(n,€)-spanning, giving

Qn(T,E,e) <Py(T,E e).
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For U € C§, with diam (i) <e, each element of Z/{(’}_l contains at most one point in E. Hence

Y e B0 <pl(T,E5U).

x€E
Applying (4.1) completes the proof:
P, (T,E,e) <e"@-p2(T,E;U).
O

Theorem 4.1. Let (X,T) bea TDS, £: M(X) — R be an energy. Then the following quantities
all coincide with P(T,E).

1. Q(T,€);
2. hmsup{P T,E;U) diam(U) <e}, Vie{l1,2,3,4};

e—0 UECD

3. lim P(T,EUy), V {U} CC4 with diam(Uy) —0, Vi€ {1,2,3,4};
— 00

4. sup Pi(T,E;U), Vie{l,2,4}.
Uuecs

Proof. (i) & (ii) Let e >0 and U € C$ with diam(U/) <e. Let 6 >0 be the Lebesgue number
of U. Then by Lemma 4.2(i),

e " p3 (T, E;U) < Qu(T,E,6/2), Vn>1.

Consequently, for any U € C§ with diam(i/) <e,

—.+P5(T,E;U) <11rnsup loan(T £,0/2)<Q(T,E).

n—o0

Since 7. — 0 as ¢ — 0, we have

11m sup {P3(T,&;U) :diam(U) <e} <Q(T,E). (4.4)

e—0 UGCO

Similarly, by Lemma 4.2(ii), we may also obtain

Q(T,€) <P(T,€) <limsup {P(T,&;U) :diam(U) <e}. (4.5)
8—)02/{660
By Lemma 4.1,
Py(T,E;U) < Py(T,EU) < P5(T,EU), (4.6)

and



A Variational Principle For Nonlinear Local Pressure 79

Combining (4.4)-(4.7), we conclude

P(T,€)=Q(T,E)=limsup {P;(T,E;U) diam(U) <e}, Vie{1,234}.

S%Ouecgg

The same argument proves (iii).
(iv) For any U € C, suppose that ¢ is the Lebesgue number of U{. Let F be an (1,6/2)-
spanning set of X. Then by (4.3) and Lemma 4.1,

pA(T,EU) <pn(T,EU) < Qu(T,E,6/2) <P(T,E).
Hence,
sup Po(T,E;U) < sup Py(T,E;U) <P(T,E).
UeCy UeCy

From part (ii), for i € {1,2},

P(T,&)=lim sup {P;(T,&;U):diam(U) <e} < sup P(T,E;U).

e20yecy UECy,
Therefore,
sup Po(T,E;U) = sup Py(T,E;U)=P(T,E) < sup P1(T,E;U).
UeCy UeCy uecy
It’s left to prove

P(T,E)> sup P (T,E;U).
UeCs

Fix an open cover U € C% with Lebesgue number J, and let n > 1 be an arbitrary

integer. Choose x1 € X such that " (Bn) — sup, . ye"¢ (A%) and select U;, €Uy~ satisfying
B, (x1,6/2) CU;,. Denote V; =Uj,. Next, pick x; € X\ V; such that

nE(BG) — gup €AY,

xeX\V1

e

and take U;, € Z/l(’f’l with B, (x,0/2) C U;,. Let Vo =U;,\Uj;,. Since X is compact, we
can repeat this procedure inductively to obtain a finite set E = {xy,...,x5 }, a collection
{u i, CZ/I(’)q’1 and a disjoint cover V={V3,...,V,, } such that for every 1 <k <m,

1. Bu(x,6/2)C U, x, € V=1, \uﬂ Ui, and X =Up, Vy;

2. B = sup

k—1
xeX\U].:] 1%

e”g(Ag)'



80 J. Zhu and R. Zou / J. Info. Comput. Sci., 2025, 20(1): 61-82

By construction, E is an (1,6 /2)-separated set of X, V€Cx and V > ng_l. Moreover,

Y. supe€ (4% = ieng(ﬁﬁk) = Zeng(ﬁﬁ)'
k=1

veyxeV x€E
It follows that
pl(T,&;U)<P,(T,E,6/2) <P(T,E).
Therefore,
P (T,E;U)<P(T,E), YUECK,
which completes the proof. ]

Remark 4.1. There exist cases where SUPyecy P3(T,E;U) > P(T,E). As an example, con-

sider the space X = {p}UX,, where X = {0,1}% is the full two-sided shift space. Let
T:X — X be defined by T(p) =p, and Tz, acts as the left shift map. Let f: X - R be a
function defined by f(p)=10 and f|5, =0. The energy & is defined by £ ()= [ fdy. Then

P(T,E)= sup {hH(T)Jr/fdy}

neMe(X,T)

:max{hyp(T)+/fd‘up, sup {hy(T)—k/fdy}}
HEME(X,,T)

—10.

However, if we choose U ={{p}U[0],{p}U[1]}, where [0],[1] are cylinder sets in X, then
pu(T,EU) = Z supe"‘s(ﬁﬁ) —n. o f(p),
Beuy 1 X€B

As a Consequence,
P5(T,&;U) =log2+10> P(T,&).

By replacing all instances of limsup with liminf in the proof of Theorem 4.1, we imme-
diately obtain the following analogous result. As the argument requires no substantive
changes beyond this substitution, we state the result without proof.

Theorem 4.2. Let (X,T) be a TDS, £: M(X) — R be an energy. Then each of the following
equals P(T,E).

1. Q(T,E);

2. limsup {P;(T,&;U):diam(U) <6}, Vie{l,2,3,4};
&HOUEC%

3. klim Pi(T,EUy), Y {U} CC% with diam(Uy)—0, Vie{1,2,3,4};
—00

4. sup Pi(T,E;U), Vie{l,24}.
Uuecs
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