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Abstract. The extremizers of a nonlinear Hardy-Littlewood-Sobolev inequality will be
classified by making use of the Frank-Lieb argument, via the stereographic projection and
spherical harmonic.
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1 Introduction

We consider the inequality(∫
RN

∫
RN

f p (x)gp (y)

|x−y|λ
dxdy

) 1
p

≤C(N,λ)∥∇ f ∥2∥∇g∥2 , (1.1)

where N≥3, 0<λ<N, p= (2N−λ)/(N−2), f and g are non-negative real functions.
On the one hand, inequality (1.1) can be seen as a nonlinear generalization of the classical

Hardy-Littlewood-Sobolev inequality∣∣∣∣∫∫
RN×RN

f (x) g(y)
|x−y|λ dxdy

∣∣∣∣≤πλ/2 Γ((N−λ)/2)
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(
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∥ f ∥p ∥g∥p, (1.2)

where 0<λ< N, p= 2N/(2N−λ). On the other hand, inequality (1.1) is equivalent to the
extremal problem

C(N,λ)=sup


(∫
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∫
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f p(x) f p(y)
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dxdy
) 1
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∥∇ f ∥2
2

∣∣∣∣∣∣∣∣∣ f ∈ Ḣ1
(

RN
)
\{0}, f (x)≥0,a.e.x∈RN

. (1.3)
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By direct computations, we get that the Euler-Lagrange equation of (1.1) is (up to some con-
stant) the nonlinear Hartree equation

∆u(x)+
∫

RN

f p (y)

|x−y|λ
dy f p−1(x)=0, x∈RN , (1.4)

which appears in the mean field limit of quantum many-body system [1–5].
The main result of this paper is the following theorem:

Theorem 1.1. Let N ≥ 3, 0<λ< N, and p= (2N−λ)/(N−2). Then for any non-negative f ,g∈
Ḣ1(RN)\{0}, inequality (1.1) holds with the sharp constant
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2
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2
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. (1.5)

Moreover, the equality in (1.1) holds if and only if

f (x)=
c(

1+δ2 |x−x0|2
) N−2

2
and g(x)=

c′(
1+δ2 |x−x0|2

) N−2
2

,

where c,c′>0, δ>0, and x0∈RN .

In the elegant paper [6], via the stereographic projection, by making use of Riesz’s rear-
rangement inequality, Lieb obtained the extremizers for (1.2). In [7], by making use of the
stereographic projection and spherical harmonic, Frank and Lieb gave a rearrangement-free
proof of existence of extremizers for (1.2). For the nonlinear Hardy-Littlewood-Sobolev in-
equality (1.1), by combining the Hardy-Littlewood-Sobolev and the sharp Sobolev inequality,
the authors in [8, 9] obtained the extremizers for (1.1). In this paper, by making use of the
argument of Frank and Lieb [7, 10], we give another proof of the existence of extremizers for
(1.1).

The rest of this paper is organized as follows. In Section 2, we introduce some notations
and the preliminary results about the stereographic projection and the Funk-Hecke formula
of the spherical harmonic functions. In Section 3, we prove Theorem 1.1.

2 Notations and Preliminary Results

In this section, we introduce some notations and some preliminary results which will be used
in the context. As usual, we write

RN :=
{

x=(x1,x2,··· ,xN)
∣∣xj ∈R, 1≤ j≤N

}
and denote the N-dimensional Euclidean space with the standard inner product and the
Euclidean norm as

x ·y :=
N

∑
j=1

xjyj, and |x| :=(x ·x)
1
2 , for all x,y∈RN .
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