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Abstract. Stochastic Volterra equations (SVEs) serve as mathematical models for the time evolutions of ran-
dom systems with memory effects and irregular behaviour. We introduce neural stochastic Volterra equations
as a physics-inspired architecture, generalizing the class of neural stochastic differential equations, and pro-
vide some theoretical foundation. Numerical experiments on various SVEs, like the disturbed pendulum
equation, the generalized Ornstein-Uhlenbeck process, the rough Heston model and a monetary reserve dy-
namics, are presented, comparing the performance of neural SVEs, neural stochastic differential equations
(SDEs) and Deep Operator Networks (DeepONets).
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1 Introduction

Stochastic Volterra equations are used as mathematical models for the time evolutions of
random systems appearing in various areas like biology, finance or physics. SVEs are
a natural generalization of ordinary stochastic differential equations and, in contrast to
SDEs, they are capable to represent random dynamics with memory effects and very ir-
regular trajectories. For instance, SVEs are used in the modelling of turbulence [2], of
volatility on financial markets and of DNA patterns [36].

Combining differential equations and neural networks into hybrid approaches for sta-
tistical learning has been gaining increasing interest in recent years, see e.g. [5/11]. This has
led to many very successful data-driven methods to learn solutions of various differential
equations. For instance, neural stochastic differential equations are SDEs with coefficients
parametrized by neural networks, and serve as continuous-time generative models for
irregular time series, see [15[19,26,27]. Models based on neural SDEs are of particular
interest in financial engineering, see [7,9[13]. Further examples of “neural” differential
equations are neural controlled differential equations [21], which led to very successful
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methods for irregular time series, neural rough differential equations [30], which are es-
pecially well-suited for long time series, and neural stochastic partial differential equa-
tions [37], which are capable to process data from continuous spatiotemporal dynamics.
Loosely speaking, “neural” differential equations and their variants can be considered as
continuous-time analogous to various recurrent neural networks.

In the present work, we introduce neural stochastic Volterra equations as stochastic
Volterra equations with coefficients parameterized by neural networks. They constitute
a natural generalization of neural SDEs with the advantage that they are capable to repre-
sent time series with temporal dependency structures, which overcomes a limitation faced
by neural SDEs. Hence, neural SVEs are suitable to serve as generative models for random
dynamics with memory effects and irregular behaviour, even more irregular than neural
SDEs. As theoretical justification for the universality of neural SVEs, we provide a stability
result for general SVEs in Proposition[2.1] which can be combined with classical universal
approximation theorems for neural networks [10[14)21]25]; cf. Remark 2.1

Relying on neural stochastic Volterra equations parameterized by feedforward neural
networks, we study supervised learning problems for random Volterra type dynamics.
More precisely, we consider setups, where the training sets consist of sample paths of
the “true” Volterra process together with the associated realizations of the driving noise
and the initial condition, and build a neural SVEs based model aiming to reproduce the
sample paths as good as possible. A related supervised learning problem in the context
of stochastic partial differential equations (SPDEs) was treated in [37] introducing neural
SPDEs. For unsupervised learning problems using neural SDEs we refer to [18].

We numerically investigate the supervised learning problem for prototypical Volterra
type dynamics such as the disturbed pendulum equation [31]], the rough Heston model
[12]], the generalized Ornstein-Uhlenbeck process [40] and a model for the dynamics of
monetary reserves [3]. The performance of the neural SVE based models is compared to
Deep Operator Networks and to neural SDEs. Recall DeepONets are a popular class of
neural learning algorithms for general operators on function spaces that were introduced
in [28]. For the training process of the neural SVE we choose the Adam algorithm, as
introduced in [22], which is known to be a well-suited stochastic gradient descent method
for stochastic optimization problem.

The numerical study in Section Bl demonstrates that the presented neural SVE based
methods significantly outperform DeepONets; see Tables In particular, neural
SVE based methods generalize much more effectively, as evidenced by their strong per-
formance on the test sets — neural SVEs are up to 20 times more accurate than DeepONets.
Moreover, neural SVEs also outperform neural SDE based models for random dynamics
with dependency structures; cf. Section[3.5 These observations highlight the advantages
of the physics-informed architecture of neural SVEs for supervised learning problems in-
volving random systems with Volterra-type dynamics.

Organization of the paper. In Section 2] we introduce neural stochastic Volterra equa-
tions and their theoretical background. The numerical experiments are presented in Sec-
tionBl In Appendix[Alwe present the postponed proofs regarding the stability of stochastic
Volterra equations.
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2 Neural stochastic Volterra equations

Let (Q, F, (Ft)iepo,1), IP) be a filtered probability space, which satisfies the usual condi-

tions, T € (0,00) and d,m € IN. Given an R9-valued random initial condition ¢ and
an m-dimensional standard Brownian motion (Bt)c[o,r), we consider the d-dimensional
stochastic Volterra equation

xt:gg(t)+/Ot1<,,(t—s>y(s,xs)ds+/0t1<g(t—s)a<s,xs)dBS, tel0,T, (1)

where g: [0,T] — R is a deterministic continuous function (where we usually normal-
ize ¢(0) = 1), the coefficients u: [0,T] x RY — R? and ¢: [0,T] x R¥ — R¥*", and
the convolutional kernels K, Ko : [0,T] — R are measurable functions. Furthermore,
fot K, (t —s)o(s, Xs) dBs is defined as an It6 integral. We refer to [17,[31] for introductory
textbooks on stochastic integration and to [6}/8}32] for classical results on SVEs.

To define the notion of a (strong) LP-solution, let LP(Q) x [0, T]) be the space of all
real-valued, p-integrable functions on Q) x [0, T]. We call an (F})¢[o,7)-progressively mea-

surable stochastic process (X;);c[,r] in LP(Q x [0,T]), on the given probability space
(Q, F, (Ft)tefo,r, IP), a (strong) LP-solution of the SVE @.I) if fot(]KM(t —s)u(s, Xs)| +
|Ky(t —s)o(s, Xs)|?) ds < oo for all t € [0, T] and the integral equation (.1) hold IP-almost

surely. As usual, a strong L!-solution (X;),c jo,7) of the SVE @.1) is often just called solution
of the SVE .1).

2.1 Neural SVEs

To learn the dynamics of the SVE .J), that is, the corresponding operators ¢, g, Ky, Ko, p
and o, we rely on some neural network architecture. To that end, let for some latent
dimension d;, > d,

Lo: R = R%M, g4:[0,T)] >R, Kyug:[0,T] >R, Kpp:[0,T] =R,

po: [0,T] x R™ — R, gy: [0, T] x R%" — R#>™, TIy: R% — RY
be seven feedforward neural networks (see Section 3.6.1]) that are parameterized by
some common parameter §. Note that Lg lifts the given initial value to the latent space R%,

[T is the readout back from the latent space to the space R, and the other networks try to
imitate their respectives in Eq. (2.)) on the latent d,-dimensional space.

Given the input data & € R? and (Bt)iepo,1] € C([0, T;R™), P-a.s., we introduce the
neural stochastic Volterra equations

Zy = Lo(Q),

t t
Zy = Zo go(t) +/o Kyo(t —s)ug(s, Zs) ds +/0 Ko p(t —s)og(s, Zs)dBs,  (22)
Xt = Hg(zt), t e [0, T]
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The objective is to optimize 6 as good as possible such that the generated paths are as
close as possible to the given training paths. Therefore, one needs to solve a stochastic op-
timization problem at each training step. One typically chosen and well-suited stochastic
gradient descent method for stochastic optimization problems is the Adam algorithm, in-
troduced in [22]. The Adam algorithm is known to be computationally efficient, requires
little memory, is invariant to diagonal rescaling of gradients and is well-suited for high-
dimensional problems with regard to data/parameters.

Given a trained supervised model (Lg, K0, Ko g, Ho, 00, I1y), we can evaluate the neural
SVE (.2) given the input data (&, B) by using any numerical scheme for stochastic Volterra
equations. For that purpose, we use the Volterra Euler-Maruyama scheme introduced
in [43] for the training procedure. Note that Lipschitz conditions on g and oy can be
imposed by using, e.g., LipSwish, ReLU or tanh activation functions.

2.2 Neural network architecture

The structure of the neural SVE model (2.2) is analogously defined to the structure of neu-
ral stochastic differential equations, as introduced in [18], and of neural stochastic partial
differential equations, as introduced in [37]. The dj,-dimensional process Z represents the
hidden state. We impose the readout Iy to get back to dimension d. The model has, at
least if one considers a setting where the initial condition cannot be observed like an un-
supervised setting, some minimal amount of architecture. It is in such a setting necessary
to induce the lift Ly and the randomness by some additional variable ¢ to learn the ran-
domness induced by the initial condition Xy = TTg(Lg(&)gs(0)) (otherwise Xy would not
be random since it does not depend on the Brownian motion B). Moreover, the structure
induced by the lift Ly and the readout Iy is the natural choice to lift the d-dimensional
SVE @.J) to the latent dimension d;, > d.

We use LipSwish activation functions in any layer of any network. These were in-
troduced in [4] as p(z) = 0.909zc(z), where ¢ is the sigmoid function. Due to the con-
stant 0.909, LipSwish activations are Lipschitz continuous with Lipschitz constant one
and smooth. Moreover, there is strong empirical evidence that LipSwish activations are
very suitable for a variety of challenging approximation tasks, see [35].

For a given latent dimension d;, > d, the lift Ly is modeled as a linear 1-layer network
from dimension d to dj; without any additional hidden layer, and, as its counterpart, the
readout Iy as a linear 1-layer network from dj, to d. The networks K, 9, K; g and gg are all
designed as linear networks from dimension 1 to 1 with two hidden layers of size dx for
some additional dimension dx > d. Lastly, the network j is defined as a linear network
from dimension 1 + dj, to dj, with one hidden layer of size dj, and the network oy from
1+ dj, to dj, - m with one hidden layer of size dj, - m.

2.3 Stability for SVEs

The mathematical reason that neural stochastic Volterra equations provide a suitable struc-
ture for learning the dynamics of general SVEs is the universal approximation property of
neural networks, see e.g. [10,[14)20]25], and the stability result for SVEs, presented in this
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subsection. More precisely, our stability result yields that if we approximate the kernels
and coefficients of an SVE sufficiently well, we get a good approximation of the solution
by the respective approximating solutions. To formulate the stability result, we need the
following definitions and assumptions.

For p > 1, the LP-norm of a function : [0, T] — R is defined by

1Al = </OT Ih(s)|P ds) %,

and the sup-norms for functions f: [0, T] x RY — R% and g: [0, T] — R, respectively, are
given by

[fllo:=" sup [f(Ex)], [glleo:= sup [g(£)].
te[0,T],xeR4 t€[0,T]

As approximation of the SVE (2.I), we consider a sequence of SVEs, given by

t t
Xi = ¢gn(t) +/0 Ky,n(t—s)yn(s,xgl)der/o Kon(t —s)ou(s, X!)dBs,  (2.3)

fort € [0,T] and n € IN. We make the following assumptions on the kernels K, ,;, K, ,, the
coefficients 1, 0, and the initial conditions gy,.

Assumption 2.1. The initial conditions g, g,: [0, T| — R4 and kernels Ky, Ky: [0, T] = R
and Ky, 4, Ky 2 [0, T) = R for n € IN satisfy the following conditions: There are constants
v €(0,1/2],& > 0and L > 0 such that

(i) Foralln € IN the measurable functions K, ,;, K, : [0, T] — [0, o) fulfill
T=h 1+e h 1+e (1+¢)
| Kt r) = Ky ()72 + [ K ()] dr < L7059,

T—h h
/ Kon(h+ 1) — Ko (r)|2+e dr + / Ko (r) 7€ dr < LR72+0)
0 0

forallh € [0, T).
(ii) It holds that

T

/ |Kp,n(s) —Kp(s)|ds — 0 as n — oo,
0
T

/ |Kon(s) — Ko(s)[*6ds — 0 as n — oo,
0

(iii) ¢ and g, are y-Holder-continuous.

Assumption 2.2. Let u, uy,: [0, T] % R? - RY and 0,0, : [0, T] x RY — R¥*™ 5 ¢ N, be
continuous functions such that:
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(i) u,0 and py, 0y are (uniformly) of linear growth, i.e. there is a constant C;, , > 0 such
that
sup [n (8, )|+ o (£, )| + [t x)| + |o(t, x)| < Cpuo(1+[x])
ne

forall t € [0,T] and x € R¥.

(ii) For any compact subset K C RY we have

lim sup sup |0y (£, x) — (£, x)| + [pa(t, x) = p(t, x)| +[n(t) = g(H)| = 0.

"% te0,T) xeK

Based on the aforementioned assumptions, we obtain the following stability result
for stochastic Volterra equations, generalizing the classical stability result for ordinary
stochastic differential equations proven in [16].

Theorem 2.1. Suppose Assumptions 21| and 2.2 and let ¢ € LP(Q) with p > max{1/7,
(44 2¢)/e}. Moreover, suppose that there are unique LP-solutions (Xi)e(o) and (X}')ejo,1]
to the SVEs @) and @.3), for n € IN, respectively. Then, one has

lim E| sup |X} — X:|*| = 0.
e Liefo, 1]

Proof. See Appendix[Al O

Note that the assumption on the existence of unique solutions can be ensured by pos-
tulating the coefficients to be Lipschitz continuous, see e.g. [41]. However, for instance, in
a one-dimensional setting a unique solution can also be obtained for Holder continuous
diffusion coefficients, see e.g. [1}34].

Assuming that the coefficients of a SVE are Lipschitz continuous, one can quantify the
stability result of Theorem 2.1] as we shall present below. To that end, we consider, as
comparison to the SVE (2.1), the SVE

X =¢g(t)+ /Ot Ky (t—s)ji(s, Xs) ds + /Ot Ky(t—s)5(s,Xs)dBs, t€[0,T], (24)

where §: [0, T]—TR is a continuous function, and where the coefficients ji: [0, T] x RY—R?
and 7: [0, T| x R? — R¥*™ and the convolutional kernels KM' K;: [0,T] — R are measur-
able functions.

For the convolutional kernels, we make the following assumption.

Assumption 2.3. Letq,4§ > 1 and p > 2 be such that

1
+ LY (2.5)
P 4 P 9

Suppose that [[Ky [l + [ Kyllg < o, [Ksll23 + [[Koll25 < 00, and [|g]leo + [[§]]e0 < 0.
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For the coefficients, we require the standard Lipschitz and linear growth conditions.

Assumption 2.4. Let j1,i: [0,T] x R — R¥ and ¢,5: [0,T] x R — R?*" be measurable
functions such that:

(i) p,0 and fi, o are of linear growth, i.e. there is a constant C;, ; > 0 such that
[t x)| ot )| 4 [t x) | + ot %) < Cpo(1+[x])
forallt € [0, T] and x € R,

(ii) pu, 0 and fi, 0 are Lipschitz continuous in the space variable uniformly in time, i.e.
there is a constant C, » > 0 such that

|t x) = plt,y)| + lo(t, x) —o(ty)| < Cuelx —yl,
At x) = it y)| + 1o (8, x) =3 (6 y)| < Cuelx — Yl
holds for all t € [0, T] and x,y € R?.

Based on these assumptions, we obtain the following stability result for stochastic
Volterra equations with Lipschitz continuous coefficients. For related stability results in
the context ordinary stochastic differential equations, we refer to [25, Section 3] and the
references therein.

Proposition 2.1. Suppose Assumptions R4 and assume § € LP(Q). Let (Xi)ie(o,) and
(Xt)sc(o,1] e the solutions to the SVEs @) and @2.4), respectively. Then, there is some constant
C > 0, depending on y, o, i, 7, Ky, Ko, Ky, Ko, p, & such that

SI[JP]IE[IXt—XtI”} =< C(Hg—g”|!i’o+IIy—ﬁ|!50+||0—&|!50+||KM—K;4I|§+HKU—KUH§,7). (2.6)
te|0,T

Proof. See Appendix[Al O

Remark 2.1. The stability results, presented in Theorem 2.1land Proposition 2.1} demon-
strate the universality of neural stochastic Volterra equations like (2.2). Indeed, the unique
solution of any general stochastic Volterra equations can be approximated arbitrary well
by solutions of neural stochastic Volterra equations, assuming that the associated neural
network converges in a suitable sense. For the coefficients the required suitable conver-
gence is the local uniform convergence subject to a uniform global linear growth con-
straint. As shown in [25], many frequently used classes of neural networks do allow for
such convergence, in particular, neural networks based on LipSwish activation functions,
as we use in the numerical experiments below. For the kernels, the suitable type of con-
vergence is an LP-convergence on the compact interval [0, T]. LP-type universal approx-
imation theorem can already be found in the classical work of [14]; we also refer to [20]
and the references therein.
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3 Numerical experiments

In this section, we numerically investigate the supervised learning problem utilizing neu-
ral stochastic Volterra equations aiming to learn Volterra type dynamics such as the dis-
turbed pendulum equation, the generalized Ornstein-Uhlenbeck process, a model for the
dynamics of monetary reserves, and the rough Heston model. The performance is com-
pared to Deep Operator Networks and neural stochastic differential equations. For all the
neural SVEs, we chose the latent dimensions d;, = dx = 12 which experimentally proved
to be well-suited. We consider the interval [0, T|] for T = 5 and discretize it equally-sized
using the grid size At = 0.1.

As a benchmark model, we use the Deep Operator Network (DeepONet) algorithm.
DeepONet is a popular class of neural learning algorithms for general operators on func-
tion spaces that was introduced in [28]]. A DeepONet consists of two neural networks: the
branch network which operates on the function space C([0, T];IR") (where [0, T] is repre-
sented by some fixed discretization), and the so-called trunk network which operates on
the evaluation point ¢ € [0, T|. Then, the output of the DeepONet is defined as

p
DeepONet(f)(t) = Y byt + by,
k=1

where (by) k=1,...,p is the output of the branch network operating on the discretization of
f € C([0, T|;R"), (fx)k=1,... p is the output of the trunk network operating on t € [0, T] and
p € N is the dimension of the output of both networks. Following [28], we model both
networks as feedforward networks. We perform a grid search to optimally determine the
depth and width of both networks such as the activation functions, optimizer and learning
rate.

We perform experiments on a one-dimensional disturbed pendulum equation, a one-
and a two-dimensional Ornstein-Uhlenbeck equation as well as a one-dimensional rough
Heston equation. We perform the experiments on low-, mid- and high-data regimes with
n = 100,n = 500 and n = 2000, and use 80% of the data for training and 20% for test-
ing. We compare the results of neural SVEs to those of DeepONet and consider for both
algorithms the mean relative L2-loss. All experiments are trained for an appropriate num-
ber epochs of iterations until there is no improvement anymore. For neural SVEs, we use
the Adam stochastic optimization algorithm, which heuristically proved to be well-suited,
with learning rate 0.01 and scale the learning rate by a factor 0.8 after every 25% of epochs.

Note that since DeepONet is not able to deal with random initial conditions, we use
deterministic initial conditions ¢ = 2 in the DeepONet experiments. For neural SVEs we
use initial conditions ¢ ~ N(2,0.2) unless stated otherwise.

Remark 3.1. The results in this section show that neural SVEs are able to outperform
DeepONet significantly (see Tables B.IH3.3). Especially, neural SVEs generalize much bet-
ter which can be seen in the good performance on the test sets where neural SVEs are up
to 20 times better than DeepONet. This can be explained by the explicit structure of the
Volterra equation that is already part of the model for neural SVEs.

All the code is published on https://github.com/davidscheffels/Neural_SVEs.
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3.1 Disturbed pendulum equation

As first example, we study the disturbed pendulum equation resulting from Newton’s
second law. Recall, general second-order differential systems (without first-order terms)
perturbed by a multiplicative noise are given by

y'(t) = u(ty(t) +o(ty(t)B:, te[0,T],

where B; = dB;/dt is white noise for some standard Brownian motion (B;) te[o,1]- Us-
ing the deterministic and the stochastic Fubini theorem, this system can be rewritten as
stochastic Volterra equations

() = y0)+ £y O+ [ (6= wn(uy(0) dut [ (= wo(uy(w) dB,.

A concrete example from physics is the disturbed pendulum equation (see Exer-
cise 5.12]) resulting from Newton’s second law, see e.g. [23, Section 2.4], which describes
the motion of an object X with deterministic initial value xy under some force F, can be
described by the differential equation

2
mddi;) — E(X(1)), X(0) = x.

Hence, (X¢);e[o 7] Solves the SVE

X(t) = xo + tX'(0) +/0t(t—s)1:();i)) ds—l—/ot(t—s)% dB;.

As prototyping example, we consider the one-dimensional equation

=t [(=syedst [ (t-9)y.dB, teloT (3.1)

with the target to learn its dynamics by neural SVEs and DeepONet. The results are pre-
sented in Table[3.1]

Sample paths of the training and the testing sets together with their learned approx-
imations are shown in Fig. B.l It is clearly visible that while DeepONet is not able to
generalize properly to the testing set, the learned neural SVE paths are very close to the
true paths also for the test set.

Table 3.1: Mean relative L2-losses after training for the disturbed pendulum equation (B.).

Neural SVE | Train set | Test set DeepONet | Train set | Test set
n =100 0.01 0.013 n =100 0.003 0.2
n = 500 0.008 0.008 n = 500 0.003 0.06
n = 2000 0.006 0.006 n = 2000 0.003 0.02
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Neural SVE: Training set
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Figure 3.1: Sample neural SVE and DeepONet paths from the training and the test set for the disturbed pendulum
equation and n = 100. Blue (barely visible) are the original paths and orange the learned approximations.

To highlight the performance of neural SVE in a more complex setting, we take a non-
linear coefficient ;1 and consider

t t
%zé—AG—QmWQ®+AOthw&&,te&ﬂ. (3.2)
The results are presented in Table It stands out immediately that for n = 100 the
performance in the test set is far worse than in the training set. Most solutions remain in
the range of [—7, 77]. Yet, in some rare cases, solutions may explode outside this range.
An example of this can be seen in Fig. In the training set this happens too rarely for the
neural network to learn the functions outside of [—7t, 77| precisely. Table[B.2clearly shows
that this discrepancy disappears when the training set is sufficiently large. In the case of
n = 2000 one also sees that the neural network can learn these complex functions as good
as in the prior example. Then the plots for the test set look similar to the training set plots
of the neural SVE trained with n = 100 trajectories.

Table 3.2: Mean relative L2-losses after training for the nonlinear disturbed pendulum equation (32).

Neural SVE | Train set | Test set DeepONet | Train set | Test set
n = 100 0.007 0.028 n = 100 0.004 0.23
n = 500 0.012 0.014 n = 500 0.006 0.13
n = 2000 0.007 0.006 n = 2000 0.004 0.06
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Neural SVE: Training set Neural SVE: Testset ~ DeepONet: Training set DeepONet: Test set
m\\ 1\\
104 5 \
0.5 \
\ ; A
0.04 1
\ \
\— \_/
2.0 2.0 =~
154 \ 15
0.0 \ y 0.0
—05 / 03 \
-10 \ —109 \ :

Figure 3.2: Sample neural SVE and DeepONet paths from the training and the test set for the disturbed pendulum
equation with nonlinear drift and n = 100. Blue are the original paths and orange the learned approximations.

3.2 Rough Heston equation

The rough Heston model is one of the most prominent representatives of rough volatility
models in mathematical finance, see e.g. [1}[12], where the volatility process is modeled by
SVEs with the singular kernels (f —s)~* for some « € (0,1/2), that is

1t Avo ot
Vi=Wo+—=—= [ (t—s)""A(0 —V;)d —/ t—s)"*y/|Vs|dBs, te€[0,T],
= Vot g 9 A@ ) ds+ s [ =) IvifaB,, e 0T
where I'(x) = fooo t*~1e~t dt denotes the real valued Gamma function, and A, 6, v € R. As
specific example, we consider the one-dimensional equation

1t 1t
VtZC—i—m/o(t—s) 04(2—V5)ds+m/o(t—s) 04 /\v.|dBs, te[0,T] (3.3)

with the target to learn its dynamics by neural SVEs and DeepONet. The results are pre-
sented in Table Neural SVEs outperform DeepONet here by far.

Sample paths of the training and the testing sets together with their learned approxi-
mations are shown in Fig.

3.3 Generalized Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck process, introduced in [39], is a commonly used stochastic pro-
cess with applications in finance, physics or biology, see e.g. [29,38,40]. We consider the
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Table 3.3: Mean relative L2-losses after training for the rough Heston equation (33).

Neural SVE | Train set | Test set DeepONet | Train set | Test set

n =100 0.003 0.003 n =100 0.035 0.13

n = 500 0.0025 0.0028 n = 500 0.004 0.037

n = 2000 0.0015 0.0017 n = 2000 0.003 0.014

Neural SVE: Training set Neural SVE: Testset ~ DeepONet: Training set DeepONet: Test set
3.0 325
i 2.75
> as 250
55 ] wre 2.25
o 2.50 560
2.25
15 2o 150
15 s 1.25
K 0 1 2 3 4 S o 1 2 3 a 5 . 0 1 2 3 4 5 o7 0 1 2 3 4 5

3.25 A 33 3.0
3.00 i 2.8 2.8
2754 26 2.6
150 2.5 24 2.4
125 2.2 2.2
e e 2.0 2.0
L75 s 18 18
L25 10 1‘4 14

0 1 2 3 4 5 o 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

Figure 3.3: Sample neural SVE and DeepONet paths from the training and the test set for the rough Heston
equation and n = 2000. Blue (barely visible) are the original paths and orange the learned approximations.

generalized Ornstein-Uhlenbeck process that is given by the stochastic differential equa-
tion
dX; :G(V(t,Xt> —Xt) dt+0’<t,Xt>dBt, t e [O,T],

which, using Itd’s formula, can be equivalently rewritten as the SVE

Xi = Xoe % 46 /0 pt(t-s) 1(s, Xs) ds + /O t e =% (s, X;)dBs, t e [0,T).
As prototyping example, we consider the one-dimensional equation
Xp = et + /O t e~ X ds + /O (=) |Xs|dBs, tel0,T], (3.4)
with the target to learn its dynamics by neural SVEs and DeepONet. The results are pre-

sented in Table[3.4]

Sample paths of the training and the testing sets together with their learned approxi-
mations are shown in Fig.[3.4]
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Table 3.4: Mean relative L2-losses after training for the one-dimensional Ornstein-Uhlenbeck equation (3.4).

Neural SVE | Train set | Test set DeepONet | Train set | Test set
n =100 0.015 0.038 n =100 0.025 0.23
n = 500 0.014 0.036 n = 500 0.018 0.15
n = 2000 0.014 0.02 n = 2000 0.028 0.12

Neural SVE: Training set Neural SVE: Test set ~ DeepONet: Training set DeepONet: Test set

2.25
2.00 20
175

150

15 16
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05 12
0.5

0.0

0 1 2 3 4 5 o 1 2 3 4 5 o 1 2 3 4 5 0 1 2 3 4 5

Figure 3.4: Sample neural SVE and DeepONet paths from the training and the test set for the one-dimensional
Ornstein-Uhlenbeck equation and n = 500. Blue (barely visible) are the original paths and orange the learned
approximations.

Moreover, neural SVEs are able to learn multi-dimensional SVEs. As an example, we
consider the two-dimensional equation

X} <§1> - /t (s [ XE b o) [ VIXE0
- ety e ds+/e (t=s) s dB;, tc[0,T], 35
X2 . ; e ; 0, /T s [0,T], (3.5)

S
where B is a 2-dimensional Brownian motion, and try to learn its dynamics by neural
SVEs. The results are presented in Table[3.5
Sample paths of the training and the testing sets together with their learned approxi-
mations are shown in Fig.

3.4 Monetary reserve modelling

For a higher-dimensional model with cross-dependency between the different trajectories
we simulate and approximate the bank run model as in [3]. There, the dynamics of the
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Table 3.5: Mean relative L2-losses after training for the two-dimensional Ornstein-Uhlenbeck equation (3.35).

Neural SVE | Train set | Test set
n = 100 0.038 0.095
n = 500 0.04 0.085
n = 2000 0.038 0.04

Neural SVE: Training set
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25

2.0

-

w
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0 I 2 3 1 2 3

Neural SVE: Test set
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2
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Figure 3.5: Sample neural SVE paths from the training and the test set for the two-dimensional Ornstein-
Uhlenbeck equation and n = 2000. Blue (barely visible) are the original paths and red the learned approximations.

log-monetary reserves of N banks are modelled by the coupled diffusion processes X/,

i=1,...,N,

dX! = (&) —af_)dt+0odW, 0<t<T,

(3.6)

where Wi, i = 1,...,N, are independent standard Brownian motions, and the rate of
borrowing or lending &} represents the control of the bank i on the system. Vice versa,
the delayed control aj _ represents the repayments after a fixed time 7. In the paper

mentioned the authors solve the differential game where bank 7, i =

minimize its objective function

J'(x) = [/()Tfi(xt/“i) dt + gi(Xr)

1,...,N, aims to

with f;(x,a’) and g;(x, &) heavily depending on Z}il (xj — x;)/N. The optimal control a*
can only be stated in terms of multiple differential equations with no closed-form solution,
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Table 3.6: Mean relative L2-losses after training for the monetary reserve model (3.6).

Neural SVE | Train set | Test set
n = 1000 0.037 0.039

therefore we choose .
. . 7T _ .
wl = <0.1 +0.5sin <ﬁ>) (X — X}).

Here, we choose Xé ~ N(10,1),c = 0.05,T = 50,At = 1 and T = 10, opening up to
the interpretation of each time unit corresponding to one day and borrowing (lending)
decisions being made on a daily basis. Note that this problem is highly complex since X
is not an input to the neural network, so the network has to learn how X’ depends on X/,
j =1,...,N, itself. To account for the higher complexity we opted for a network with
latent dimension d;, = dx = 24 and used n = 1000 datasets with 10 banks each.

As shown in Table the neural SVE learned the dynamics quite well also in this
example.Again, it can be observed that the neural SVE learned the dynamics quite well.

In Fig.[3.6l one can see the log-monetary reserves of the 10 banks from one data set and
its estimation from the test and the training set each. The dips when the first borrowing
contracts end after t = 10 are not as pronounced in the network’s approximation as in
the original data set. This likely stems from neural networks struggling to learn indicator
functions such as K, here. Still, the order of the banks’ reserves as well as their magnitude
are captured very well.

3.5 Comparison to neural SDEs

Introduced in [18], a neural stochastic differential equation (neural SDE) is defined by
Zo = Lg(G),

t t
Ziy =Zpgo(t) +/0 yg(s,Zs)ds—l—/O 09(s, Zs) dBs,
Xy = H@(Zt>, t e [O, T],

where all objects are defined as in the neural SVE (2.2). Since a neural SDE does not possess
the kernel functions K;, 4 and K; 4 compared to the neural SVE (2.2), it is not able to fully
capture the dynamics induced by SVEs.

Note that due to the need of discretizing the time interval when it comes to compu-
tations, some of the properties introduced by the kernels are attenuated. However, the
memory structure of an SVE is a property which can be learned by a neural SVE but, in
general, not by a neural SDE since SDEs posses the Markov property. Therefore, to see
the potential capabilities of neural SVEs compared to neural SDEs, it is best to look at ex-
amples where the dependency on the whole path plays a crucial role. To construct such
an example, we consider the kernels

1, if (t—s)<T/4,

Ky(s,t) =Ky (s, t) :=K(t —s) = {_1’ if (t—s)>T/4,
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Figure 3.6: Sample paths from the training and test sets for the monetary reserve model. On the left side one
can see the paths as from the data set, on the right side the learnt approximation by the SVE. The same color
corresponds to the same bank.

and aim to learn the dynamics to the one-dimensional SVE

Xt:§+/OtK(t—s)(z—Xs)ds+/0t1<(t—s),/|xs|dBS, teo,T), (3.7)

where ¢ ~ N(5,0.5) and T = 5. The process (X;)c[o5] is expected to decrease in the first
quarter of the interval [0,5] where K(f —s) = 1 holds due to the mean-reverting effect of
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the drift coefficient y(s, x) = 2 — x, then something unpredictable will happen and finally
in the last part of the interval t € [0,5] where the kernels attain —1 for a large proportion
of s € [0, ], the process might become big due to the turning sign in the drift. Hence, it is
expected that the path dependency will have a substantial impact.

We learn the dynamics of Eq. (3.7) simulated on an equally-sized grid with grid size
At = 0.1 by a neural SDE and by a neural SVE for a dataset of size n = 500 and compare
the results in TableB.Zl It can be observed that the neural SDE fails to learn the dynamics
of (3.7) properly while the neural SVE performs well.

Sample paths of the training and the testing sets together with their learned approxi-
mations are shown in Fig.[3.71

Table 3.7: Mean relative L2-losses after training for the SVE (3.2).

Neural SVE | Train set | Test set Neural SDE | Train set | Test set
n = 500 0.008 0.009 n = 500 0.19 0.21

Neural SVE: Training set Neural SVE: Test set  Neural SDE: Training set Neural SDE: Test set
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Figure 3.7: Sample neural SVE and neural SDE paths from the training and the test set for the SVE (3.7) and
n = 500. Blue are the original paths and orange the learned approximations.

3.6 Computational aspects

Next we briefly analyse computational aspects of the neural SVE, most particularly, its
runtime and memory usage. For each property we outline the influence of the number of
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epochs, the grid size At, the terminal time T, the dimension of the SVE, the latent dimen-
sion and the sample-size n.

All computations were made using an AMD Ryzen 7 5800X processor. Using CUDA
with the NVIDIA GeForce RTX 3060 roughly triples the runtime. This is likely due to
the relatively small size, especially the small width, of the neural network. Note that for
a one-dimensional SVE there are 1264 parameters to be trained, for a two-dimensional SVE
there are 1901 parameters. These parameters are basically split into five different neural
networks (one for each kernel and coefficient as well as one for g). Also solving an SVE
cannot be parallelized due to the past-dependency of the solution.

As base case let us take the parameters as in the beginning of this section with n = 500,
a batch size of 50 and 1000 epochs. Runtime and memory usage scale linearly in the
sample size. During the training, the runtime per iteration remains roughly constant.
Hence, the runtime grows linearly in the number of epochs. The memory usage is basically
independent of the number of epochs. We therefore focus on the runtime per epoch. The
results are reported in Table[3.8l Doubling the latent dimension from 12 to 24 increases the
number of parameters in the one-dimensional model to 4540. The impact to the runtime
is relatively low, it increases to barely 17 seconds. A two-dimensional model with latent
dimension 24 has 6965 parameters. Only when rapidly increasing the latent dimension
one can see a significant effect. The very small dependency of runtime and memory on
the number of parameters to be learned indicates that the main effort lies in solving the
SVE numerically. In order to improve performance of neural SVE one should focus on
finding a more efficient numerical scheme to solve SVEs in the first place.

Changing the grid size At has an influence that is counterintuitive at first glance: Halv-
ing the grid size quadruples the runtime. Obviously, for a fixed terminal time T, one has
to evaluate at (nearly) twice as many evaluation points. But the numerical scheme for

Table 3.8: Computational performance of neural networks trained to model stochastic Volterra equations. Re-
ported are the number of parameters, average training time per iteration (in seconds), and peak memory usage
(in MB) for varying input dimensions (dim) and latent dimensions of the network.

Latent dimension = 12

Parameters | Training time per iteration | Memory
dim=1 1264 16,04 1233
dim =2 1901 15,91 1232

Latent dimension = 24

Parameters | Training time per iteration | Memory
dim=1 4540 16,08 1231
dim =2 6965 16,35 1233

Latent dimension = 120

Parameters | Training time per iteration | Memory
dim=1 103324 18,70 1234
dim =2 161525 20,09 1263
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solving an SVE requires the whole past, that now also contains twice as many points to
consider. Doubling the terminal time T while keeping the grid size At fixed has the same
impact.

Remark 3.2. Our procedure corresponds to a discretise-then-optimize approach in clas-
sical neural SDE. For neural SDEs one may also consider an optimize-then-discretize ap-
proach. The optimize-then-discretize approach requires less memory but it is slower and
may lead to an inaccurate solution [18]. Since the optimize-then-discretize approach trans-
forms the SDE into an backward SDE for the backpropagation, it is infeasible for neural
SVE due to their non-Markovian structure.

Appendix A Proofs of Theorem 2.1 and Proposition 2.1]

In this appendix, we present the proofs Theorem 2.Jland of Proposition 2.1}

Proof of Theorem 2.1l We provide a proof by contradiction. To that end, we assume that
there are 6 > 0 and an increasing sequence (1 )ren C IN satisfying

inf IE[ sup Xk — X, 2} > ).
k€N Liefo,1 % |

Moreover, we define

¢ t
Pim [ (s, X2)ds, M= [ (s, X2) ds

fort € [0,T],n € N.
As in the proof of [33, Lemma 3.8], we can obtain the tightness of probability measure

Py xme am pmi, gk €N,
which denotes the probability distribution of the corresponding random vector
(X, X"k, A", M", B).

Using Prokhorov’s theorem and the Skorokhod representation theorem, one deduces that
there is a probability space (fl, F ,113) with continuous stochastic processes XLyl Bl Al
M!,l e Nand X,Y, B, A, M such that

(&, X,7, B, AL W) 2 (&, X, X", B, A", M"™), €N,

(VLB ALK - (R,7,B,A M)
in C([0, T];IRd x R? x R™ x R? x le) as | — oo, P-a.s., and 51 — <f as | — oo, P-a.sll

With £ we denote equality in law. From here on we identify any space of continuous
functions with the supremum norm.

1One may drop the & &, 1 € IN, here, as they are uniquely determined by the X, X!, respectively.
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Applying Fatou’s lemma, we obtain

5 < hmlnflE[ sup |X;* Xt‘z]
k—roo te[0,T]

< liminf]E]f,[ sup |Ytl — X,{ﬂ
I—oo te(0,T]
<Ep [limsup sup |¥{ - XHZ]
o0 te[0,T]
= IE]f’ |: sup |?t — Xt|2] .
te[0,T]

We check that (X,Z) with Z := A + M, (Q, F,P), (ﬁt)te[o,ﬂ solves the Volterra local
martingale problem [33, Definition 2.4] given (g, u, 0, Ky, K;). Then, by [33, Lemma 2.7]
Y is a solution of the SVE @Z.1). Conditions (i)-(iii) of [33 Definition 2.4] are clear. (iv)
of [33] Definition 2.4] follows as in the proof of [33, Lemma 3.9]. We only need to note that
the definitions and results of aforementioned paper [33] extend verbatim to the slightly

more general present setting.
To show (v) of [33, Definition 2.4] we introduce the processes

Zhi= A" M™, Z2I=A'+ M, 1eN
Since (?I,Ml) Z (X", M), for every | € IN, and pathwise uniqueness holds by as-
sumption a general version of the Yamada-Watanabe result (see, e.g., [24]) shows that we
may express Y as solution of

A

% :élgkl(t)+/(] Ky, (£ = ), (5, 71) ds+/0 Ko, (t—s)dNL, t€[0,T]. (A

We know that Y/ — Y and that Clgkl — ¢gIP-as. By Cl ~ ¢, 1 € N, we can conclude C C
Next we show

I t
(/ Ky, (t dA> N (/ K,,(t—s)dAs) . (A2)
te[0,T] 0 te[0,T]

Therefore, let 17,¢ > 0 be arbitrary but fixed. Denoting K := fo K, (s)| ds, we choose
N; € N and L; € N sufficiently large, such that

A A~ Nl (P A ~1 A 17 (P
o> L) <? Ve > 4
H’(IIYII > 2)_3 1P<||Y 7 max(3c 2 M) <?

foralll > Li. On {||Y]|e V [|Y!||eo < N1}, we have

t N t -
G} — G| = ‘/O Ky, (£ = 8)pn, (s, Y1) ds—/0 Ku(t —s)pun(s, Y1) ds
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‘/ Kiimy, ( — K (t — )) g, (S, 1) ds

+/WM@wﬁ<wp sup [ (5,) = p(s, )|
0 s€[0,T] x€[—Ny,Ni]

+ sup ‘y(s,ffsl) —y(s,f@‘)
s€[0,T]

t
< Cuo(1+Ny) /O Ky, (5) — Ky(s)] ds

+K< sup  sup |P’nkl(5/x)—ﬂ(51x)|+CM,¢T||YZ—Y||00>~
SG[O,T} XG[—Nl,Nﬂ

By the convergence of the kernels and coefficients there is an L, > L; such that, for all
1> Ly,

T

CW(1+N1)/O Ky, (5) = Kyu(s)] ds < %

Ksup  sup |pn, (s,x) = p(s,x)| < g
s€[0,T] x€[—Np,Nq]

Note that ]f’(KCWTHYZ — Y|l >1/3) < ¢/3 and

P (|| ¥]eo V [ V]| oo > N1)
<P({II¥V]lo > Ni} ULV = Yo + I V[leo > N1})
. - N, R ST N; 2¢
r Yoo > — PllY =Y > — | < —.
< ({Ifhez Z})+p (1 -Tle 2 ) < %
Hence, for all | > L, we have
P(|G' = Glleo > 1)

({IIG" = Gllw = 71} N {II¥]leo V [I7"][o < N1 })
(¥ V [V ]oo = N) < 9.
It remains to show that

- t
(/ Ko, (t dMl> LN (/ Kg(t—s)dMs> .
t€[0,T] 0 t€[0,T]

As p = p/(p—2) < 1+ ¢/2, using the Burkholder-Davis-Gundy inequality, we get, for
any t € [0, T],

[(/ Ko, (t— ) dNI] — /th—s)dMs>p];
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o () Kom 0=y - m))p]é

+Ep [(/Ot (Ko, (£ —5) = Ko(t = 5)) dM5>p]%

< Ep < /ot (Ko, (£ =) (0, (5, V) = 0(5,¥5)))? ds>2] Z
+Ep (/Ot ((Ko(t = 5) = Ko (t = s))a(s,Ys))zds) :

<l ([rment®e) e[ ) -ceapo]
e _Ka,nk<>\2”d) [/ "”Ys)’pds]%)'

Note that fot Koy, (5) 2P ds is uniformly bounded in I. We can obtain

t . - t .
/OU”kz (s, Y1) ds LN /Ocr(s,Ys)ds

by the same steps we used to show (A.2). One can mimic the proof of [34, Lemma 3.4] to
obtain

sup IE]IB [
te[0,T]

1] < Cpnietne (14 ElIEV) sup 1311 ),

te[0,T]
where Cp [y e Tu,0 depends only on p, L,y,€, T and the linear growth constant C;, ;- of the

coefficients (see Assumption[2.2). Since the cf 'l €N, are identically distributed with finite
p-th moment, and since sup; o 1y |8k, ()| < CTY + 1 by the y-Holder-continuity of the g,

I € N, we then get uniform p-integrability of Y!. Together with the uniform linear growth
condition on g, I € N, one gets

t
E;p [/0 \(Tnkl(s,Ysl)—a(s,Ys)‘pds} — 0 as | — oo

Therefore, with Assumption2.JJwe can conclude that

1

.
[(/ Ko, (£ —s) dML - /th—s)dMs> ]p 50 as | &

and it follows that, for all t € [0, T],

A~ t R
/Kf,nkl syamt Ly /OKg(t—s)dMs as 1 — oo
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By (AJ) we know that there is some continuous process V = <Vt>te[O,T] such that

sup /Kgnk r—s)dMl v, Lo0 as I = o

re[0,T]

Using a uniqueness of limits argument, one obtains V; = |, Ot Ky (t —s)dM; forall t € [0, T]
and by the continuity we can conclude that the processes are indistinguishable. Takin

a limit in probability in (AJ) or the P-a.s. limit of some subsequence, we obtain that X
is a solution to the SVE @) such that E[sup, |, 1 |X; — X¢?] > 6, which contradicts

the assumption that pathwise uniqueness holds for SVE 2.1) and, thus, completes the
proof. O

Proof of Proposition 2.1l First notice that, due to AssumptionsR2.3and 2.4} there exist unique
solutions (X)c(o,7) and (Xt);co,r) to the SVEs 2.I) and @2.4), see [41] Theorem 1.1].

Lett € [0,T] and C > 0 be a generic constant, which may change from line to line. We
get that

E[X,— "] = H@ ~30) + / tK,,(t_W(S,XS)dS_ / tKu<f—S>ﬁ<5,Xs)ds
|

< C(é‘;% 565 —g(s)IPHEH /0 (K =) = Ryt = 5))uts, ) s |

]

+E| /Ot (Ko(t — ) — Ro(t —5))o(s, Xs) dBs

+E| /Ot Ry (t —s) (j(s, Xe) — fils, X)) dis

|
1)

Applying the Burkholder-Davis-Gundy inequality and Holder’s inequality with .3), we
deduce that

+E| /Ot Ro(t —5)(0(s, Xs) — (s, ¢)) dBs

E[|X: - Xi|"] < c<||g—gufo+ (f ate =) —Kw—s)was)glﬁ[/ot s X1

+ (/Ot ‘Kﬂt—s)‘qu) [/ (s, Xs) — (s, Xs)’pds}

r
2

+E Ot (Ko (t —s) — Ro(t —s)) 0 (s, Xs)2 ds
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2

+E ‘/{)tKU(t_S)Z(U(S’XS)_&(S/Xs))zds ‘D

~ t
< (el + - Rolf 1+ B}

+ </Ot|Kg(t—s)|2‘7ds> 2p‘inﬂ:UOt (s, Xs) —&(S,XS)V’ds]).

Using the regularity assumptions on y and ¢ (Assumption 2.4) and the boundedness of
all moments of Volterra processes (see [34, Lemma 3.4]), we get

E[1X: — X,[7) < C (llg = 8ll% + e — e + o= &% + 1K = Rellf + 1Ko — Kol
+C/0tlE[|X5—XS|”] ds.
Applying Grénwall’s lemma leads to
E[1X - Xil7] < C (g —gll% + Il — flle + lr = 1% + 1Ky — Rl + 1K — Ko}y

which implies (2.6) by taking the supremum on the left-hand side. O
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