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Abstract. We develop a novel framework for uncertainty quantification in operator learning, namely the
stochastic operator network (SON). SON combines the stochastic optimal control concepts of the stochastic
neural network (SNN) with the deep operator network. By formulating the branch net as an SDE and back-
propagating through the adjoint BSDE, we replace the gradient of the loss function with the gradient of the
Hamiltonian from the stochastic maximum principle in the stochastic gradient descent (SGD) update. This al-
lows SON to learn the uncertainty present in operators through its diffusion parameters. We then demonstrate
the effectiveness of SON when replicating several noisy operators in 2D and 3D.
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1 Introduction

Over the past five years, operator learning has emerged as a promising alternative to tra-
ditional numerical solvers for a wide range of differential equations [5,09,[14}[18,21}22,126,
30,38]. Unlike classical machine learning models that approximate functions at discrete
spatial or temporal points, neural operators take input as an entire function and produce
a corresponding output function [25]. The two most influential architectures, deep opera-
tor network (DeepONet) and Fourier neural operator (FNO), have driven the evolution of
deep operator learning. DeepONet, which is based on the universal approximation theo-
rem for operators [9], comprises two parallel subnetworks: the “branch” net, which learns
coefficients, and the “trunk” net, which learns a data-driven basis for the output function.
FNO, in contrast, encodes and decodes using the Fourier basis (via fast Fourier transform
(FFT) and inverse FFT) within successive Fourier layers, relying on a single feed-forward
backbone and assuming that input and output domains coincide [22]]. The authors in [26]
later showed that FNO was simply a special parameterization of DeepONet under the
Fourier basis, which means that all variants of the FNO benefits from the same universal
approximation feature as the DeepONet [26]. Crucially, neither DeepONet nor FNO relies
on a fixed mesh discretization, a key limitation of many classical PDE solvers in solving
large scale problems, which paves the way for rapid, mesh-free inference across a broad
class of parameterized PDEs.
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While DeepONet has been applied to certain stochastic problems, such as stochas-
tic ordinary differential equations (ODEs) and stochastic PDEs in [27], the randomness
appears only in the input function, not as intrinsic stochasticity in the operator itself.
The network still learns a deterministic map from noisy inputs to outputs, rather than
an operator that injects noise at each point along a trajectory. Beyond these stochas-
tic input applications, several advanced operator learning frameworks have emerged.
For example, GANO (generative adversarial neural operator) uses an FNO backbone to
train a generator-discriminator pair for richer output sampling, and PCAnet replaces the
Fourier basis with a data-driven principal component analysis (PCA) basis to reduce di-
mensionality [5,30]. A handful of architectures explicitly target uncertainty quantifica-
tion, for example, the information bottleneck-uncertainty quantification (IB-UQ) replaces
the branch network with an encoder-decoder that learns a latent representation of input
noise to produce predictive distributions [14]. However, most operator-learning work still
focuses on deterministic accuracy, and even UQ-oriented variants have not yet tackled
SDE-style operators with pointwise noise along trajectories.

In this work, we propose a novel training strategy for stochastic operators by merg-
ing probabilistic learning, namely, stochastic neural networks, with the DeepONet frame-
work. The SNN is an extension of the so-called “neural ODE” network architecture where
the evolution of hidden layers in the deep neural network (DNN) is formulated as a dis-
cretized ordinary differential equation system [8,[10,[13,[15134]. More specifically, an ad-
ditive Brownian motion noise, which characterizes the randomness caused by the uncer-
tainty of models and noises of data, is added to the ODE system corresponding to the
hidden layers to transform the ODE into an stochastic differential equation (SDE) [16}17,
23,24,133]. In the SNN model, the prediction of the network is represented through the
drift parameters, and the stochastic diffusion governs the randomness of network output,
which serves to quantify the uncertainty of deep learning. Compared to other probabilistic
learning methods, such as the Bayesian neural network (BNN) [11}12,[19,29/31,135H37], the
SNN approach takes less computational cost to evaluate the diffusion coefficient, while
it is still able to characterize sufficient probabilistic behavior of the neural network by
stacking (controlled) diffusion terms together through the multilayer structure [2]. The
main challenge in implementing the SNN is to construct an efficient numerical solver for
the backpropagation process, since the standard backpropagation approach used in the
neural ODE is deemed computationally inefficient [2}13]. We address this by adopting the
sample-wise backward-SDE solver of [2}13], which treats backward samples as “pseudo
data” and solves only a small, randomly selected subset of the backward SDE per itera-
tion, thus drastically reducing computational burden.

The main contributions of our paper are as follows. We first construct the general
framework of our training strategy, namely the stochastic operator network, which effec-
tively combines the methodology of the DeepONet and the training process of the SNN.
The stochastic maximum principle (SMP) [8] is adopted to formulate the loss function
of the new backpropagation process and transforms the training algorithm of the neural
operator into a stochastic optimal control problem. We then consider several numerical
experiments to validate our method on a range of stochastic operators. Finally, we also
compare the performance our method with the standard DeepONet approach.
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The rest of this paper is organized as follows. We will detail the intricacies of both
methods forming the foundation of SON, elaborating on DeepONet in Section[2, and SNN
in Section 3 In Section 4], we introduce the stochastic operator network and discuss the
details of how SNN and DeepONet work in tandem to produce SON. Finally in Section 5l
we prove the effectiveness of this new architecture by applying it to several noisy 2D and
3D operators, with similar outputs to stochastic differential equations. We also compare
SON performance with that of the vanilla DeepONet.

2 Deep operator network

Deep operator network is among the most well-known operator learning architectures,
whose core concept is to provide an estimation to a given mapping between two Banach
spaces [18]. Given an operator G taking an input function u from some input space V,
DeepONet returns an approximation operator for G(u) over the set of points y in the
domain of G(u). Hence, the network takes inputs composed of two parts: u and y, and
outputs G(u)(y) [27]. A simple illustration of the architecture of DeepONet can be found
in Fig. 2.1l To enable the training procedure of the approximation network, we discretize
the input function u by sampling its values at a finite set of m locations {x, ..., x,, } called
“sensors”. Our discretization for any u is therefore {u(xp),...,u(xy)}. Although various
representations are possible (see, e.g., [27]), we adopt this simplest approach unless stated
otherwise. In our experiments, we use the same m sensors for every input, but more
flexible schemes where sensor locations vary by sample have also been explored (see,
e.g., [38]).

The theoretical foundation of operator learning is the following universal approxima-
tion theorem for operators, first discovered by the authors in [9].

u(xy) }!
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u(xm)

G(u)(y)

y

Figure 2.1: Vanilla DeepONet architecture [25]. The branch networks learns input function u(x) evaluated at m
sensors, while the trunk net learns the domain y of operator output function G(u)(y).
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Theorem 2.1 (Universal Approximation Theorem for Operators, [9]). Suppose o is continu-
ous non-polynomial function, X is Banach space, K1 C X, Ky C R® are compact sets, V is compact
in C(Ky), and G is operator mapping V to C(Ky). Then for € > 0, there are positive integers n, p
and m, constantsci-‘,d‘]-, 65.‘ eR, w, € RY, Xj € Ky,i=1,...,n,k=1,...,pandj=1,...,m

such that

‘G(u><y> -y :cifa< e

k=1i

ghu(x) + 95-‘) o(wey + x)
L lwey + &)

/= Trunk

Branch

holds for all u € V and y € Ky. Here, C(K) is the Banach space of all continuous functions defined
on K with norm || f||c(x) = maxyek [ f(x)].

While this result ensures that a shallow branch-trunk pair can in principle approximate
any continuous operator, it restricts both subnetworks to have a single hidden layer and
identical structure. Lu et al. [27] removed these constraints and proved an analogous ap-
proximation guarantee for arbitrary (potentially deep and asymmetric) branch and trunk
architectures. We summarize their extension as Theorem 2.2 below.

Theorem 2.2 (Generalized Universal Approximation Theorem for Operators, [27]). Sup-
pose X is Banach space, Ky C X, Ky C R? are two compact sets, respectively, V is compact
in C(Ky), and G : V. — C(Ky) is a nonlinear continuous operator. Then, for any € > 0, there
exist positive integers m, p, continuous vector functions § : R™ — RP, f : R — R?, and
X1,...,Xm € Ky such that

G(u)(y) — <g(u(x1),u(x2),...,u(xm)),@> <e€

Branch Trunk

holds for all u € V and y € Ky, where (-,-) denotes the dot product in RP. Furthermore, the
functions g and f can be chosen as diverse classes of neural networks, which satisfy the classical
universal approximation theorem of functions, for examples, (stacked/unstacked) fully connected
neural networks, residual neural networks and convolutional neural networks.

The generalization in Theorem [2.2]lets the branch and trunk networks differ in depth
and width, provided they both output a p-dimensional vector. Assume that the output of
the branch and the trunk networks are the vectors [Bo(u),...,B,()]", [10(y), ..., Tp(y)]
respectively, where u = {u(x;)} . Then, the output of the DeepONet, the approximate
operator of G(u), is defined as

p
G(u)(y) = k;ﬁk(u)Tk(y)- 1)

Alternatively, one can add bias to each B of the brand network and to the last stage of the
network. Even though bias is not required in the statement of Theorem 2.2, adding bias
may increase the performance by reducing the generalization error [27]. As a result, one
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)
p
G(u)(y) = ) Bx(w)w(y) + bo, 22)

where By = Bx + by, k=1,...,pand {b;}] is the set of bias.

In operator-learning applications, we assemble the DeepONet training and testing data
by forming the Cartesian product of two discrete input sets for the branch network and the
trunk network. More specifically, for the branch inputs, a collection of n input functions
{u;}!,, each sampled at m fixed sensor locations {x]'}]mzl, which results in the feature
vectors

u; = [ui(x1),...,uj(xm)]" €R™, i=1,...,n

Regarding the inputs for the trunk architecture, we consider a set of evaluation points
{yk}]‘f:1 in the operator output domain. By pairing each branch vector #; with each evalu-
ation point v, we obtain a total of n x d samples

(ui, yk) — G(ui)(yk), izl,...,Tl, kzl,...,d.

This construction ensures flexibility, as the sensor grid {x;} fed into the branch net and the
evaluation points {y;} used by the trunk net may differ in both dimensionality and res-
olution, which allows diverse sampling strategies in high-dimensional operator learning
tasks.

Despite their capabilities in learning the operators between spaces, vanilla DeepONet
yields fully deterministic outputs and cannot capture the intrinsic noise inherent in solu-
tions of stochastic differential equations. In the next section, we give a concise overview of
the stochastic neural networks, which is a probabilistic operator learning framework that
integrates an SDE-based diffusion term to recover the randomness occurring in stochastic
operators.

3 Stochastic Neural Network

In this section, we review the mathematical formulation of stochastic neural networks in-
troduced in [3], and summarize the sample-wise backpropagation algorithm for training
them from [2]. As an extension of the neural-ODE architecture, the class of SNNs in [3] was
formulated by stochastic differential equations, which describe stochastic forward propa-
gation of deep neural networks. The training procedure of the SNNss is then designed as a
stochastic optimal control problem, which is solved via a generalized stochastic gradient
descent algorithm.

3.1 Mathematical formulation

The SNN structure that we consider in this work is given by

Apiq = Ap+hu(An, 0,) + Vho(0)w,, n=0,1,...,N—1, (3.1)
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where
Ay =l a?,...,d" e RLxd

denotes the vector that contains all the L neurons at the n-th layer in the DNN, £ is a fixed
positive constant that stabilizes the network, 0, represents the trainable neural network
parameters, such as weights and biases, that determine the output of the neural network,
{wn}n = {wn}ﬁ];Ol is a sequence of i.i.d. standard Gaussian random variables, ¢ is a co-
efficient function that determines the size of the uncertainty in the DNN, and u is the
pre-chosen activation function. We point out that the terms {o(6,)wy} allow the SNN
to produce random output reflecting the stochastic behaviors of the target model [2,3].
Unlike Bayesian neural networks, which treat the weights 6 of a standard DNN as ran-
dom variables and use Bayesian inference to approximate their posterior distribution, the
SNN framework introduces uncertainty by injecting a learned noise term directly into the
network dynamics.

If we choose a positive constant T as a pseudo terminal time and let N — coor i — 0
withh = T/N, the dynamics of the SNN becomes the stochastic differential equation,
which, in the integral form, is given by

T T
AT = Ao + /OV(At, Qt)dt + /0 U'(Gt)dwt, (32)

where
W= {Wito<e<r
is a standard Brownian motion corresponding to the i.i.d. Gaussian random variable se-

quence {wy, }, in @G.I), [ g 0 (0¢)dW; is an 1t0 integral, and At corresponds to the output of
the SNN.

In this work, we shall treat the training procedure for deep learning as a stochastic op-
timal control problem and the parameter 6; in (3.2) as a control process. This approach
is supported by the Stochastic Maximum Principle, and then translated into an imple-
mentable architecture with diverse applications [2]. An alternative formulation based on
the dynamic programming principle (DPP) leads to Hamilton-Jacobi-Bellman (HJB) equa-
tions. However, the high dimensionality of neural network parameter spaces renders the
direct solution of HJB equations computationally intractable. Consequently, most SNN
architectures rely on SMP rather than DPP to ensure scalability and numerical tractability
in learning stochastic operators.

To this end, let I be the random variable that generates the training data to be compared
with Ar, we define the cost functional | for the optimal control problem as

J(6) = E [cp(AT,r) + /Zr(At, Gt)dt] ,

where
CI)<AT/ r) = HAT - I—‘Hloss

is a loss function corresponding to a loss error norm || - ||joss, and the integral [ g r( Ay, 6;)dt
represents the running cost in a control problem. The goal of the deep learning is to solve
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the stochastic optimal control problem, i.e., find the optimal control 8* such that

J(07) = inf J(9), (33)
where O is an admissible control set.

We assume that the control space © is convex and that the control §; € © is an admissi-
ble control [4]. An admissible control is one that is both square integrable: f fooo A |2ds < 00
and adapted to the filtration IF generated by Ws. Since 0 is the set of neural network pa-
rameters, we think of ® = R or that these weights and biases might become any real
number, thus ensuring that © is convex.

The stochastic maximum principle allows us to solve the optimal control problem by
minimizing the Hamiltonian defined by

H(a,b,c,0) =r(a,0)+bu(a,b)+ co(0).
The statement of the SMP is summarized as follows.

Theorem 3.1 (Stochastic Maximum Principle, [1]]). Let 8 € © such that E[|0]?] < oo and A*
be the optimally controlled process with optimal control 6*. Then there exists a pair of adjoint

processes (B*, C*) subject to
dA;ﬁ = “Ll( f,@t)dt—l—a(f)t)dwt, (3.4)
dB; = —(ra(A7,07) + ma( A7, 07)T B} +0a(67)7CF)dt — CrdW, '

with
Bt = ®,(AT1), Ci =0:V,B;.
Additionally,
H(A7, B, C},07) = inf H(A}, B, C1,8))

In order to determine the optimal controls 0, the stochastic maximum principle yields
the following gradient process [28}36]:

Vol (0)], = Elpug (t)Br + 0y (£)Cr +rp(t)]. (3.5)

When 6 parametrizes a neural network, one may perform stochastic gradient descent by
updating the SNN weights using the gradient of the Hamiltonian [4,7]

i1 = Pg (6] + «E[VoH (A, By, Ct,6)))
= Po (0} + a[ro(AL;6}) + pg (AL;6')By + a5 (6})Ci]), (3.6)

where « is the learning rate and Pg denotes the projection onto the set of admissible con-
trols. The convergence of this SGD iteration under standard smoothness assumptions
is established in [2]. Numerical implementation of (3.6) requires approximations of the
forward-backward SDE system (3.4). To this end, we briefly review the numerical schemes
used in this work.



J. Mach. Learn., X(X):1-26 8

3.2 Numerical approximation for the forward and backward SDEs

To implement the SNN SGD iteration, we discretize the pseudo-time interval [0, 1] with
a uniform partition
Iy ={ty: 0=ty <t <--- < ty=1},

where N denotes the number of SNN layers and & = 1/N is the step size. Following [4],
the forward SDE for A; is approximated by the Euler-Maruyama scheme

A = Ay, + (A, 0, h+0(6:,) AW, AW, = Vhey, e, ~N(0,1),

n+1

which acts as the forward pass of the stochastic neural network.
For the adjoint processes (B, C¢), the main difficulty is that the backward SDE evolves
from t,,4; to t, while B; and C; must remain adapted to the filtration

]-'tw =0 (W;,0<s<t).

Thus, when computing By, from B;, . ,, we only have information up to time ¢, and must
work with conditional expectations with respect to ]-"J;V . To obtain the discretized equa-
tions for B; and C;, we use conditional expectations together with the Itd6 isometry and
then replace these conditional expectations by a single Monte Carlo sample, yielding the
following system (see, e.g., [4}6]):

By, = Bi,., +hV,H(A¢t, ,, B, .., Ct,,04,),
o _ BuAW By, n=N-1,..0. (37)
tn - h - \/E 7

These updates form the first step of the backward pass in training SNN and are used to
compute the Hamiltonian whose gradient drives the parameter update (3.6).

Finally, we integrate the SNN training procedure into the DeepONet architecture to
obtain a unified stochastic operator-learning framework, which we name the stochastic
operator network.

4 Implementation of stochastic operator network

Stochastic operator network replaces the branch network of DeepONet with the stochas-
tic neural network, allowing it to learn noisy operators such as stochastic ODEs through
uncertainty quantification. Although the specific drift and diffusion sub-networks in the
Euler-SDE scheme vary with each application, SON consistently trains both sets of param-
eters to capture the pointwise mean and variance of the operator’s output.

Suppose we want to approximate the following noisy operator G(u)(y, €) where u(x)
is the input function and € is a random noise for each y that obscures the operator output
function in V. To solve this problem, we first define the forward neural SDE for N pseudo-
time stepsint € [0, T| where T =1,

Ath = Atn + “Ll(Atn,Qtn)At + O'(Atn,etn) vVAte, n=0,..., N—1, (4.1)
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where At = 1/N, and 4, (+,0) is produced by a neural network with trainable parame-
ters 6 at each time t,. Likewise, the diffusion coefficient (-, 0) can either be implemented
as a simple list of trainable parameters or, like the drift, be defined by its own neural
network. The branch net is therefore defined as the final state of the SDE after N
pseudo-time steps

ﬁ(u/ 9‘3/ 6) = AtN (M, €, 9‘8)/

where 05 = {0, }nl\[:_o1 collects all parameters from the drift term and the diffusion term.

Therefore, a single branch net layer of SON is one forward propagation of the Euler-
Maruyama scheme by 1/N along the SNN pseudo time interval [0, 1].

The trunk net is a standard feed-forward neural network that maps the coordinate y
to a feature vector of the same dimension as B(u; 0, €). We denote its output by 7(y; 6-),
where 0; collects all trunk-network parameters. The output of both the SNN and trunk net
should be vectors in R”. As with DeepONet, SON combines the outputs of these parallel
structures together with the inner product to produce the operator output

Gson(u)(y) = (B(u;65,€), T(y; 07)) + bo, (4.2)

where (-, ) is the standard dot product and by is a trainable bias parameter to improve
generalization.

In our framework, the uncertainty inherent to the target stochastic operator is gener-
ated during the forward pass: we encode the input function u(x) into an initial latent state
and then evolve that state under an SDE whose drift and diffusion networks both depend
on u. The resulting terminal state of this SDE serves as the output for the branch net-
work, embedding randomness into the operator mapping itself rather than adding noise
to an otherwise deterministic output.

Although we integrate DeepONet’s reconstruction layer onto an SNN ResNet back-
bone, we cannot simply train its parameters by standard backpropagation alone. Be-
cause the ResNet corresponds to a time-discretized SDE under stochastic-optimal-control,
weight updates must follow the Hamiltonian-gradient conditions of the stochastic max-
imum principle defined in Section Bl In practice, SON performs one outer DeepONet
evaluation per SNN step and then applies the adjoint-BSDE update to the drift and diffu-
sion weights. Therefore, SON is more mechanically akin to adding DeepONet as the final
layer of stochastic neural network. The full training loop is summarized in Algorithm [l

It is important to note that the dimension of u# during SNN forward propagation must
remain consistent, so any projection of data must be done in layers before or after the
Euler-Maruyama iteration [2]]. If we have projections, then we project from the space C(K1)
where our input functions u(x) exist down to the space where we want to propagate the
SDE, run the SDE forward, then project down to the space where the inner product takes
place. Calculating B; for projections while backpropagating is akin to setting C; = 0, since
no additional noise is added by the network during the forward pass. However, this is not
the case for the final layer of the SON, where the inner product between the trunk and the
SNN is taken. In this layer, the dimension of the state is no longer conserved. Neverthe-
less, it was shown in [32] that the architecture of the SON can be modified to handle layers
whose output dimension changes (see the last paragraph of [32, Section 6.1.1, Page 96]).
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Algorithm 1 SON Training Procedure.

For eachepochiini =0,...,1I:

1. Randomly draw a training pair (u,y) from the dataset, where the input function u is
discretized at grid points {xo, ..., X, } into the vector

u=(ug,...,um) = (u(xg),..., u(xm)).

2. Let Aj =u.Forn=0,...,N—1,

(a) Compute p(A} ;6') and (A} ;6") using neural-network layers. The diffusion
term (T(Alt'n, 0") can be replaced by a single trainable scalar ¢".

(b) Aj , — Al + (AL ;60 )Mt + (A 6 )V/Ate.
3. § < Trunk(y).

4. Gson(u)(y) < (9, AL)

5. Bi, = Vu®(Gson (1) (y))-

6. Solve backward for each Bin and Cin by computing Hamiltonian and taking V,H(-)

7. 6,1 =60} + aVoH(AL ,Bi ,Ci ;0).

More specifically, we treat the dot product between the branch network and the trunk net-
work as an additional hidden layer in the SNN and then apply the modification in [32] to
this final layer. The trainable parameters of the trunk network are now treated as addi-
tional parameters in the SNN and are also included in the Hamiltonian loss.

5 Numerical experiments

5.1 Data generation

To construct the train and test datasets, input functions u(x) were sampled from a mean
zero Gaussian random field (GRF) using the radial basis function (RBF) covariance kernel
with length scale parameter | = 0.2, as in [25]. Values y were also randomly sampled from
the operator output domain and then the Cartesian product of these two sets was formed.
A single training example is therefore (y,u(x)) where y € R”, u(x) € R™ is an array
of input function values, n is the dimension of the domain of operator output G(u)(y),
and m is the number of sensors, x. The correct operator output values G(u)(y) were then
calculated numerically using explicit Runge Kutta (RK45) in JAX.

In this section, we carry out five numerical experiments to demonstrate the perfor-
mance of our proposed method in learning the stochastic operators. We then compare
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the results obtained by our method with those produced by the vanilla DeepONet. Al-
though Bayesian neural networks and the IB-UQ framework are alternative approaches
to uncertainty quantification, we do not include them in our numerical comparisons for
two reasons. First, BNN-based methods are prohibitively expensive in our setting, where
the effective number of training samples is the product of the number of input functions
and sensor locations [14]. Second, as claimed by the authors in [14], IB-UQ is designed to
provide pointwise uncertainty estimates for G(u)(y) at a single output location y, whereas
in this work we aim to quantify joint uncertainty over the entire field.

5.2 Antiderivative operator with noise

We first consider the following antiderivative operator with noise:
y
G:u(x) — s=s(0) —|—/ u(T)dt + ae
0

with the initial condition s(0) = 0 and € ~ N(0,1) noise scaled by constant « = 0.1. We
aim to train a neural network to approximate the target operator and provide an estima-
tion to the scaling constant «.

One hundred training u(x) functions were sampled from GRF, with 100 sensors uni-
formly partitioning x € [0, 5], and uniformly randomly sampled 100 training points ¢ from
the operator output domain ¢ € [0,5]. This gives 100 x 100 = 10,000 training examples.
For testing, this was 1000 u(x) x 1000 t = 1,000,000 examples, with the ¢ uniformly parti-
tioning [0, 5].

For the trunk net, a 2 layer dense architecture with ReLU activation was implemented.
For the SNN, 6 layers were used (i.e. An = 1/6 on [0, 1] pseudo time). The drift 4 was
a 3 layer dense neural network with ReLU activation for each pseudo time step, while dif-
fusion ¢ was a single trainable parameter at each pseudo time step initialized via N(0, 1)
normal distribution. Since dimension must be preserved during SNN forward propaga-
tion, # had 100 neurons per layer as each u(x) had 100 sensors. This gives the following
form for the SNN forward discretized SDE:

Upi1 = Up + u(uy;0)An+0(0)VAne, n=0,...,.N—1,

where 0 are trainable weights.

SON trained for 2000 epochs with a 0.001 learning rate using ADAM and without
batches. Mean squared error was the loss function for the initial BSDE backpropagation.
One key thing to note is that while the loss maintains a generally convergent trajectory
during operator learning, it can spike wildly due to the architecture and complexity of the
problem. Therefore, a scheduler was used, multiplying the learning rate by 0.9 every 500
epochs after 1000.

Fig. 5.1l shows the integrals of four random u(x) functions sampled from the test set.
Red indicates the true integral values, blue indicates the antiderivative operator values
with N(0,1) noise scaled by 0.1 added randomly at each point, and orange indicates the
SON predictions. As Fig.[5.1lshows, SON is able to capture both the mean and variation
of the operator output with a high degree of accuracy. The final mean square error (MSE)
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after training was approximately equal to 0.04, as seen in Fig. 5.2] well within the level
of scaled noise added to the operator output. Since the Hamiltonian loss is not restricted
to be positive, the plot only shows instances where this loss is nonnegative under the log
scaling.

In order to assess that SON has correctly quantified the uncertainty, every testing ex-
ample was predicted by SON 100 times and the standard deviation calculated for each.
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Figure 5.1: Antiderivative operator applied to four random test u(x).
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Figure 5.2: Noisy antiderivative operator loss over 2000 epochs.
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Table 5.1: Average pointwise standard deviation for noisy antiderivative operator across multiple trainings.

Trial 1 | Trial 2 | Trial 3
Recovered Noise | 0.1430 | 0.1639 | 0.1354

This was then averaged over all testing examples (for both every u and every y). If SON
is able to recover the scaling factor & = 0.1, which was multiplied by the noise added to
the data, then it has successfully quantified the uncertainty through the diffusion o. As
Table 5. Tl shows, the recovered estimates are very close to the true scaling factor for three
different trainings of SON on this problem.

5.3 ODE with noise

We next consider the perturbed solution operator to the following ODE:
ds(y) _
gy~ SWub)

with initial condition s(0) = 1. More specifically, the target stochastic operator takes the
form

5(y) = 5(0)eli (DT 1 ge = i DT 4 e,

where € ~ N(0,1) is the random noise scaled by « = 0.1.

Training and testing data was generated as in Section[5.2] except our operator output
domain was t € [0,1] to have a comparable range for all samples in the dataset. Keep-
ing the domain [0, 5] resulted in difficulties learning the ODE’s with much larger, outlier
ranges. SON was also initialized as in Section5.2l

As Fig. shows, SON is able to once again able to approximate the ODE solution
trajectory well for the four random test u(x) shown. Final MSE was ~ 0.0178 (Fig.
while SON was able to correctly quantify the uncertainty across two different trainings, as
judged by the same standard deviation recovery test as before (Table[5.2).

5.4 2D ODE system with noise

Our third numerical experiment is the following nonlinear 2D system of ODEs:

dSl s

. T °2,

4y 5.1)
dsy _ —sinsy + u(y)

dy - 1 y 7

where 5o = (s1,52) = (0,0) and y € [0,1]. We perturb the solution operator by adding
a two-dimensional Gaussian noise vector

e=af, E~N(0,I), a=01,

where & = (€1, ¢5) with each component is sampled independently from N(0,1).
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Figure 5.4: Noisy ODE operator loss over 2000 epochs.

Table 5.2: Average pointwise standard deviation for noisy ODE operator across multiple trainings.

Trial 1 | Trial 2 | Trial 3
Recovered Noise | 0.0925 | 0.0722 | 0.0985

As was done in [27], significant changes to SON needed to be implemented during
the step where the SNN and trunk nets are combined in order to produce output with
increased dimensions [27]. For this experiment, output of the trunk net was made twice
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as large (200 neurons) as the SNN output (100 neurons) and then split in half to create
two dimensional output. Therefore, in this instance, the first 100 neurons of the trunk
net effectively provide information for s; in the domain, while the second 100 neurons
provide information on s;. These two pieces were then combined together with the same
SNN output to produce the output of the noisy system s = G(u)(y).

While most other hyperparameters and architectures remained the same as the previ-
ous experiments, the depth of SNN was increased to 10 layers and the diffusion parame-
ters were initialized with N(0,2).

SON achieved a final MSE of 0.0162 after 2000 epochs, as seen in Fig. Fig.
shows the pairs of predicted trajectories for three randomly sampled u(x) in orange, as
well the true trajectories (red) and with noise (blue). It is clear that SON is able to capture
the true trajectory within the orange prediction band, as well as quantify the majority of
noise on both dimensions. Additionally, after performing the same standard deviation
test, SON recovered 0.069 and 0.17 as the noise level estimations for dimensions 1 and 2,
which are both closely surrounding the correct scaling factor of « = 0.1. This averages
to an estimated noise quantification estimate of 0.12 averaged on both dimensions, or the
noise scaling in the 2D spatial domain.

SON MSE for 2D ODE with Noise

0 250 500 750 1000 1250 1500 1750 2000
epochs

Figure 5.5: MSE loss for SON learning 2D ODE with noise.

5.5 Double integral with noise

We next consider the following double integral with noise:

s:u(x) — Gu)(y) = /Oyl /Oyz u(t, n)dndn + ae,

where x € R?, y = (y1,y2) € R? and € ~ N(0,1) noised scaled by « = 0.05. Our map is
from a space of 3D input u(x) functions to a space of 3D operator output functions s. u(x)
is once again sampled from a mean-zero GRF with the RBF kernel with | = 0.2. However,
[0.5,1.5] was now partitioned into 20 sensors along each dimension, resulting in 400 total
sensors for each u(x). The training and test sets had 100 and 20 u(x) each respectively,
which is close to the 80%/20% train/test split commonly used. The first u(x) example in
the training set is shown in Fig. 5.7
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Figure 5.6: Pairs of SON predicted 2D ODE trajectories with 3 random test 1(x).

The operator output domain is now y € [0.5,1.5] x [0.5,1.5] to avoid an infinite values
or discontinuities near 0. This domain was partitioned to give 30 input values along each
dimension, resulting in 30 x 30 = 900 y for both test and training (Fig. 5.8).

The Cartesian product of the u(y) and y was then taken and the double integral of each
(y,u(x)) was computed numerically, resulting operator output surfaces as shown in the
top left panel of Fig. Noise was then added as described above (the top right panel of
Fig.[5.9] where red is the true operator output and blue the noisy output used during SON
training and testing).

As before, the trunk net was a 2 layer dense architecture, now with input dimension
two instead of one and sigmoid activation. However, due to the size of the input data
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Figure 5.7: Example of u(x) from training set. Figure 5.8: Operator output domain.
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Figure 5.9: (Top left) Random output surface of double integral operator; (Top right) Double integral with scaled
N(0,1) noise (blue), true operator output (red); (Bottom) Cross section of operator output surface along t; = 0.5
axis.

to the SNN and its structure, the both the drift  and diffusion o were changed to stacks
of convolutional layers. A single input to the SNN was hence 20 x 20 points from sur-
face u(x). For y, a single layer with a kernel window size of 3 was employed with ReLU
activation, while for o, a single layer with kernel window size 3 and arctan activation was
used, followed by a dropout layer with p = 0.9. This helped to prevent the predicted
noise level from exploding after many training epochs. This gives the following form for
the SNN forward discretized SDE:

Upi1 = Up + Uy, 0)An +o(uy, 0)vVAne, n=0,...,N—1,

where 6 are trainable weights. Five layers were used for the SNN, resulting in each
pseudo-time-step An = 1/5.

Additionally, two projection layers were used in the SNN prior to the SDE propagation,
where max pooling was utilized to further simplify the input function u(x) and assist with
surface feature extraction. The forward SDE output was then max-pooled a final time
before being flatten for combination with the trunk net output.

SON was trained with ADAM for 200 epochs, with learning rate 0.001 reduced to 0.9
of the previous level by the scheduler every 25 epochs. The batch size was reduced to 900,
meaning the double integrals of a single u(x) were fed in per batch.
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Figure 5.10: Training MSE loss for double integral operator with noise over 200 epochs and 100 batches per
epoch.

Final MSE for the training set was 0.0296 (Fig. 5.10), with 0.043 MSE on the testing
set. This indicates that SON is generalizing well to unknown data, and final MSEs are
within the scaling factor of 0.05 of the added noise. However, although Fig. does
indicate convergence of the loss, it still fluctuates wildly despite utilization of scheduler to
periodically reduce the learning rate. This is a common problem in operator learning, as
even the initial DeepONet experiments in [20}25].

As Fig.5.11]shows for three random test set examples, SON is able to capture the mean
underlying surface produced by the output of the double integral operator as well as
quantify the uncertainty present.

Additionally, the standard deviation at all points of all operator outputs for all input
functions u(x) was calculated 20 times and the results averaged. This gave an estimate of
0.0359 on the noise level present, when then N(0, 1) noise was scaled by 0.05 before being
added to the operator output. Given that these values are relatively close, this indicates
that SON is able to correctly quantify the uncertainty present in this operator, confirming
the intuition generated by the plots.

5.6 Stochastic elliptic equation with multiplicative noise

We adopt a test case from [27] and consider the solution operator of the following one-
dimensional SPDE:

div (") Vu(x; w)) = f(x), x€ (0,1, weq (5.2)
with Dirichlet boundary conditions #(0) = 0,u(1) =1, f(x) = 5, and
b(x;w) ~ GP(bo(x), Cov(xy,x2)),

where the mean by (x) = 0 and the covariance function is

t — 5|2
Cov(ty,f2) = o exp (‘%)
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with ¢ = 0.1 and I € [1,2]. Unlike [27], we do not have to use Karhunen-Loeve (KL)
expansion for k(t;w) to inject randomness into the trunk network. Instead, stochasticity
is introduced automatically by propagating k(t; w) through the SNN layers of the branch
network. As a result, the input for the branch network is the random process k(t w), while
the trunk network only needs to take t as input. This significantly reduces the dimension
of the training process. We train the SON with 5000 different k(¢; w) with I randomly sam-
pledin [1,2] and for each k(t; w), we only use one realization. The prediction for 8 different
random samples from k(t;w) with | = 1.5 and | = 1.7 are shown in Fig. To further
quantify the uncertainty, we generate 1000 samples and generate the prediction band in

0.4

0.8

19
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Figure 5.12: The prediction for 8 different random samples from b(x;w) with (Top) I = 1.5. (Bottom) I = 1.7.
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Figure 5.13: With [ = 1.5 (Left) Mean and confidence band. (Right) Spread of the data.

Fig. to visualize the spread of the data. The mean and variance of these samples are
also shown in Fig. Finally, the corresponding covariances and their differences are
shown in Fig.5.14

It can be observed from the above figures that the estimated solution operator can re-
flect well the spread of the solution ensemble, as evidenced by its ability to match the
sample variance and covariance of the reference data.

5.7 Geometric Brownian motion with time-dependent drift

Our final numerical test case is the following geometric Brownian motion with time-
dependent drift term given by:

dS; = yutStdt +0S5:dW;, 0<t<1 (5.3)
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Figure 5.14: Covariance with [ = 1.5: (Left) Reference. (Middle) Estimation. (Right) Difference.

with initial condition Sgp = 1 where u; is the input function. The solution to Eq. (5.3) take
the following exact formula:

t 2
St = Spexp (y/ou(s)ds — %t —|—(7Wt> . (5.4)

To generate the set of reference solutions for SON, we first divide [0, 1] into N = 80 uni-
form subdivisions [t;,t;11],t = 0,...,N — 1 with ty = 0 and {5y = 1. We then reformulate
(5.4) to obtain the following recursive equation over the time steps:

tita o2
St =Sy, 'u/b u(s)ds — 7ti + AW, ) - (5.5)

Each integral in (5.5) is approximated by using Simpson’s rule with 3 points. 2000 input
functions u; are sampled from the GRF. To compute the integrals in (5.5), we evaluate
these input functions u; at the endpoints and the midpoints of all subdivisions [t;, t;11].
Altogether, our training data is the set of 2000 pairs (Sj, Uj) where

N tiy1 N-1
S1=ASx}is, U= {/t u(s)ds} .

i i=0

This is a challenging test case due to the nonlinearity of the solution operator. To ob-
tain a good approximation, we trained the network with 20000 epochs and used a deep
Conv1D model with seven hidden layers for the branch network. Moreover, the combined
branch-trunk output is passed through a ten-layer refinement network. The results with 4
different inputs are shown in Fig. We can observe that the approximations by the
SON have similar shape as the reference solutions. Moreover, we can accurately recover
the reference noise band.

5.8 Comparison with vanilla DeepONet

In addition to demonstrating the effectiveness of SON when learning noisy operators, we
also compare our method’s performance against a vanilla DeepONet. The DeepONet will
compare its predictions against the noisy operator output G(u)(y) during training, just
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Figure 5.15: Predictions with 4 different inputs.

like SON. Since vanilla DeepONet has no mechanism to probabilistically learn the output
noise, all predictions will be fully deterministic.

For the antiderivative operator with noise (5.2), the branch net was a 3 layer sub-
network with a consistent 100 hidden neurons per layer while trunk net was a 3 layer
sub-network with 64 and 100 hidden neurons per layer. Both had identical neuron output
dimensions of 100 each, just like in SON. Vanilla DeepONet achieved final MSEs of 0.016
training and 0.06 testing (Fig.[5.16] left), which is comparable to the ending loss for SON.
On its own, this would seem to indicate that the vanilla DeepONet is able to effectively
learn the noisy antiderivative operator. However, if we examine the operator output func-
tions for randomly selected u as before (Fig.[5.17), we see that the regular DeepONet only
captures the mean of the noisy operator, and fails to capture the noise level in any way.
Performing the scaling factor recover test as before confirms this, with an output noise
level of 10~7 ~ 0 for floating point. Additionally, we can see that the vanilla DeepONet
fails to capture the finer features of the operator output function that have been obscured
by noise. Since the noise scaling factor was independent of the operator output domain y,
vanilla DeepONet predictions closely align with the actual integral values without noise
for many y values. However, it is not clear that this would be the case if the noise scaled
differently across the y domain.

Additionally, vanilla DeepONet’s performance was also evaluated for the double inte-
gral operator with noise (5.5). In this case, the branch net utilized convolutional layers just
like applied to the drift and diffusion layer stacks of SON. Vanilla DeepONet achieved fi-
nal MSEs of 0.002 training and 0.005 testing (Fig. right), slightly smaller than for SON.
However, since SON introduces randomized noise in the forward propagation, MSE loss
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Figure 5.16: Final antiderivative operator MSE losses: 0.016 training, 0.06 testing; Double integral: 0.002
training, 0.005 testing.
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Figure 5.17: Randomly selected antiderivative operator output functions with vanilla DeepONet predictions.

is restricted by the magnitude of that noise band, depending on what values are randomly
sampled by the Brownian motion during any given prediction.

Additionally, as expected, vanilla DeepONet fails to quantify the noise level of the
operator in its predictions (Fig.5.18). The DeepONet predictions also struggle to capture
the true underlying double integral values, as randomized noise outliers skew the mean
of the operator output surface. In Fig.[5.1§ this results in the predicted surfaces being
slightly above the true double integral values. While random noise outliers also impacted
the SON predictions, the quantification of the noise level in the SNN drift layers allowed
SON to produce a correctly scaled noise band that includes the true double integral output
across a majority of the surface (Fig. 5.11).

We also compare the time to train a vanilla DeepONet versus SON across all experi-
ments. Experiments were run on a Google Colab T4 GPU. Training was for 2000 epochs
with a full dataset batch size for the antiderivative, ODE, and 2D ODE operators, while
training was 100 epochs with a batch size of 900 for the double integral experiments. The
networks also had similar numbers of hidden layers and neurons per hidden layer.

Since SON relies on a much more complicated backpropagation to update the weights,
in addition to a more intricate forward process, one might expect it to take significantly
longer to train. However, this is not the case, as Table[5.3ldemonstrates no clear difference
between the two methods. Training SON is just as fast as training DeepONet for the same
number of epochs. Of course, this does not take into account the performance of each
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Figure 5.18: Two random vanilla DeepONet double integral operator with noise test set predictions compared
with true operator output (left) and corresponding random cross sections (right).

network after a certain number of epochs. SON required 200 epochs to achieve an accu-
rate, convergent performance when predicting the noisy double integral, while the vanilla
DeepONet only required 100 to achieve the aforementioned results. Recall however that
DeepONet does not quantify noise in the operator while SON does, resulting in a more

difficult optimization.

Table 5.3: Training time comparison.

Antiderivative | ODE | 2D ODE | Double integral
DeepONet 6:58 6:47 5:29 13:25
SON 7:01 7:08 7:26 8:05

6 Conclusion

In this work, we presented a novel training mechanism to learn the stochastic functional
operators, namely the stochastic operator network. We built on the DeepONet architecture
by replacing its branch network with stochastic neural networks, which enables explicit
quantification of operator uncertainty. The network’s training was then formulated as a
stochastic optimal control problem, which was solved by utilizing the stochastic maxi-
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mum principle. To demonstrate the effectiveness of our approach, we performed numeri-
cal experiments on both integral operators and solution operators arising from stochastic
differential equations. The results demonstrated that the SON can accurately replicate
the outputs of noisy operators in two- and three-dimensional settings while effectively
quantifying operator uncertainty via trainable parameters. Moreover, SON consistently
recovered the noise-scaling factor across all experiments, illustrating the strength of our
approach for uncertainty quantification during training. We also showed that our new
method achieved comparable performance to that of the vanilla DeepONet. More specifi-
cally, the SON incurs no significant training penalty while accurately replicating operator
noise. Future work includes exploring more complex uncertainty settings for functional
operators, applying the SON to challenging SDE and SPDE models, and incorporating
data assimilation techniques to extend its applicability to scenarios with sparse training
observations.
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