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Abstract. Degenerate complex Monge-Ampère equations arise naturally in the study
of geometry of singular varieties. In this paper, we prove gradient estimate and W3,p

estimate for a class of degenerate complex Monge-Ampère equations.

AMS subject classifications: 32W20, 32Q15

Key words: Complex Monge-Ampère equations, Kähler manifolds.

1 Introduction

Let (Y,ωY) be a compact n-dimensional normal Kähler variety. We consider the complex
Monge-Ampère equation 

(ωY+
√
−1∂∂u)n = eFωn

Y,
ωY+

√
−1∂∂u>0,

supX u=0,

(1.1)

where F is function on Y with some certain regularity. To study this equation, it suffices
to investigate its pull-back equation on some smooth manifold under resolution of sin-
gularities. More precisely, thanks to Hironaka’s theorem [8], there exists a resolution of
the singularities of Y:

µ : (X,ω)→ (Y,ωY),
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where (X,ω) is a compact n-dimensional Kähler manifold. Define α= µ∗ωY. It is well-
known that [α] is a big and semi-positive class on X, and that

EnK(α)=µ−1(YSing),

where EnK(α) denotes the non-Kähler locus of [α] and YSing denotes the singular part of
variety Y. For convenience, we identify µ∗u and µ∗F with u and F. Then the pull-back
equation of (1.1) is 

(α+
√
−1∂∂u)n = eFαn,

α+
√
−1∂∂u>0,

supX u=0.

(1.2)

However, this equation is degenerate along EnK(α). So we need to consider its perturba-
tion. For ε>0, the perturbed equation is

(α+εω+
√
−1∂∂u)n = eFϵ(α+εω)n,

α+εω+
√
−1∂∂u>0,

supX u=0,

(1.3)

where Fϵ = F+cϵ for some small constant cϵ. We will simply denote Fϵ by F. When α is
a Kähler metric, the non-Kähler locus EnK(α) is empty, so there is no need to consider
perturbation (1.3). In this case, YSing is empty, i.e., (Y,ωY) is actually a compact Kähler
manifold. In [4], Chen-He established W3,p0 estimate for the solution of (1.2) when the
RHS F∈W1,p0(Y,ωY) where p0>2n. Later, Chen-Cheng [3] proved the gradient estimate
under weaker assumptions of F. They established Lp estimate of the gradient when F∈
C0(Y,ωY), and L∞ estimate of gradient when F∈C0(Y,ωY) satisfies

∫ 1
0

ω2
F(r)
r dr<∞, where

ωF(r) denotes the modulus of continuity of F with respect to ωY.
It is very interesting to generalize the above works to more general setting that YSing is

not empty. This means EnK(α)=µ−1(YSing) is not empty, and α is never Kähler. As men-
tioned above, (1.2) is degenerate along EnK(α), so we consider (1.3) and hope to establish
some a priori estimates for the solution u away from EnK(α), which is independent of ε.

In Section 2, we will construct a cut-off function ψ of EnK(α) on X such that (see
Lemma 2.1)

EnK(α)={ψ=−∞}.

We will prove the following estimates:

Theorem 1.1. Let u be a smooth solution of (1.3) and ωF(r) be the the modulus of continuity of
F with respect to ω.

(i) For any p>0, there exist constants Λ and Cp depending only on ∥F∥C0(X,ω), ωF(r), p, α
and (X,ω) such that ∫

X
eΛψ|∇u|pωn ≤Cp.

Here Λ does not depend on p.


