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Abstract There are several main challenges in solving nonlinear differential
equations with artificial neural networks (ANNs), such as a nonlinear system’s
sensitivity to its initial values, discretization, and strategies for incorporating
physics-based information into ANNs. As for the first issue, this paper ad-
dresses the initial value problems of nonlinear dynamical systems (a Duffing os-
cillator and a Burger’s equation), which cause large global truncation errors in
sub-domains with a significant reduction in the influence of initial constraints,
using meta-learning-based physics-informed neural networks (MPINNs). The
MPINNs with dual learners outperform physics-informed neural networks with
a single learner (no fine reinitialization capability). As a result, the former ap-
proach improves solution convergence by 98.83% in the sub-time domain (III)
of a Duffing oscillator, and by 85.89% at t = 45 in a Burger’s equation prob-
lem, compared to the latter one. Model accuracy is highly dependent on the
adaptability of the initial parameters in the first hidden layers of the meta-
models. From correlation analyses, it is obvious that the parameters become
less (the Duffing oscillator) or more (the Burger’s equation) correlated dur-
ing fine reinitialization, as the update manner differs or is similar to the one
used in pre-initialization. In the first example, the MPINN achieves both the
mitigation of model sensitivity to its output and the improvement of model
accuracy. Conversely, the second example shows that the proposed approach
is not enough to solve both issues simultaneously, as increased model sensitiv-
ity to its output leads to higher model accuracy. The application of transfer
learning reduces the number of iterative pre-meta-trainings.
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Nomenclature

Symbol Definition

a[l], a[l]
n Output vector of the l-th hidden layer and the n-th component of a[l]

b[l] Bias vector of the l-th hidden layer

c Constant parameter

cn, dn, sn Jacobi elliptic functions

d Constant parameter

dk Search direction vector at the k-th iteration

D(i)
qu , D(i)

su
Query and support datasets, respectively, for the i-th query task and the i-th
support one.

Dte, Dtr Test and training datasets, respectively

f Constant parameter

f(u) Function value at u

fθθθ(x) PINN

fm
θθθ (x) MPINN

fm

θθθ(i)
(x(i)

su ) A model for the i-th support task (it is regarded as the i-th support task)

fm

θθθ(i),
′ (x

(i)
qu) A model for the i-th query task (it is regarded as the i-th query task)

fm
θθθ∗ (xte) MPINN evaluated on Dte

gk Gradient difference vector at the k-th iteration

H(I), Hk Initial Hessian matrix and Hessian matrix at the k-th iteration

iter, iterm
Iterative numbers, respectively, for the PINN (or each inner learner of the MPINN)
and the outer learner of the MPINN

iterMAX ,
itermMAX

Maximum iterative numbers, respectively, for the PINN (or each inner learner of
the MPINN) and the outer learner of the MPINN.

k Constant parameter

L(θθθ, Dtr) Total PINN loss

L(i)(θθθ(i),D(i)
su ),

L(i)(θθθ(i),′ ,D(i)
qu )

Support and query losses, respectively, for the i-th task

||▽L(θθθ,Dtr)|| Norm of the projected gradient of L(θθθ,Dtr)

m Constant parameter

MSEf ,MSEI ,
MSEB , MSEd

Losses, respectively, of residual, initial constraint, boundary constraint, and la-
beled data

Nd, NB , Nf , NI
Number of labeled data for MSEd and number of training samples, respectively,
for MSEB , MSEf and MSEI

NT Number of test samples

NQ, NS Numbers, respectively, of query and support tasks

t, △t Time coordinate and time increment

u, un A single output of fθθθ(x) and a discrete solution of u at the n-th sampling point

u Output vector of fθθθ(x)

ū, ūn Analytical (exact) solution and a discrete solution of ū at the n-th sampling point

u(i)
su , u(i),′

qu , ute Output vectors, respectively, evaluated by fm

θθθ(i)
(x(i)

su ), fm

θθθ(i),
′ (x

(i)
qu), and fm

θθθ∗ (xte)

ū(i)
su , ū(i)

qu , ūte
Actual output vectors, respectively, for D(i)

su , D(i)
qu , and Dte (ū(i)

su and ū(i)
qu require

no labeled data)

Dn
te, ∂

n
x , ∂n

t n-th order differential operators

x Space coordinate

x Input vector


