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Abstract The focus of this study is on the existence of three solutions to
(p(+), g(+))-biharmonic operator with an s(z)-Hardy term under no-flux bound-
ary conditions. Our method is based on the variational method and critical
point results.
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1. Introduction

Singular elliptic problems have been intensively studied in the last decades, and
have drawn attention in many types of contexts and applications, including heat
conduction theory, boundary layer phenomena, biological pattern formation, mor-
phogenesis and chemical heterogeneous catalysts (see [8,32,35,36,38,41]).

In 2023 A. Khaleghi and A. Razani [26] studied the following (p(z),¢(z))-
biharmonic problem containing a singular term with exponent constant

A2 ut+ A2 u+0() Bt = A f(ww) i@,
u=Au=0 on 09,

where 0 C RY(N > 2) is a bounded domain with boundary of class C'; p,q €
C(Q), § € L>=(Q) is a real positive function, 1 < s < N/2, A is a positive parame-
ter, and f is a Carathéodory function. They proved the existence and multiplicity
of weak solutions of this problem, through the use of variational approaches and
critical point results.

Also in [3], A. Ayoujil et al, examined a class of (p1(-), p2(+))-biharmonic of the
form

A (JAuPr@=2Au) + A (|Au|P2@=2Au) = f(z,u) in Q,
u = Au =0 on 0.

Several studies have focused on different equations in the p—g—laplacien oprator
(see [9,24,28,33,43]). However in [40], Honghui Yin and Zuodong Yang, studied
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the following problem.

—Apu — Agu = 0V (2)u|" " 2u+ [ulP" 2u+ Nf(z,u), z€Q,
u=0 z€dN,

They showed that the problem has an infinite weak solution. Additionally, they
obtained some results for the case 1 < ¢ < p < r < p*, by using variational
methods. L

Weihua Wang [39] obtained multiple solutions for AZu = e

|[*

with Dirichlet boundary conditions, and the same problem with Navier boundary
conditions, where 2 < 2p < N, p <r < p*(s) = % <p*(0) :==p*,u>0.

Over the past few years, there has been a lot of interest in the p(x)-biharmonic
problem involving the s(x)—Hardy weight. It is the reason why this paper is a
significant step in that direction. In this article, we focus on a particular class of
singular fourth-order elliptic problems with no-flux boundary conditions.

‘u|s(m)—2u

A;Qa(x)“ + Ai(w)u + a(@) [ulP @20 = pm () + Af(z,u) in Q,

FRe
(Px) u = constant, Au =0, on 01,
oo 2 (|Au|i’(m)*2Au) +2 (\Au|q(z)*2Au> ds =0,

where A?) ot is the p(z)-biharmonic operator, @ C RN (N > 2) is a smooth
bounded éomain and 0 € Q, X is a real positive parameter, and the fonctions

p(x),q(@),r(x) € C(Q).

We start by giving the assumptions that we will consider for our problem (PV).
H(r,q,p) 1<q <q¢"<p <p'<d,
where h™ :=minh(z), h" :=maxh(z).
e e

(s) pt <s™ < s(z) <ps(z) forall z € Q, and sT — § < s™.
(a) a € L*°(0) and there exists ag > 0 such that a(x) > ao for all z € Q.

(f1)
|f(x,t)] < a1 + ag|t)P@ ! for all (z,t) € Q x R,

where a1, az >0 and 1 < 2(z) < p~, Vo € Q.
(m) m € L"®)(Q) is a changing sign function, where y € C, (Q) and %—l—ﬁ <

ﬁ for all z € Q.

This paper has the following structure. In Section 2, we list a few standard
definitions, fundamental properties, and background information on generalized
Lebesgue-Sobolev spaces. In Section 3 under the case of the variable exponent,
we prove the Sobolev-Hardy type compact embedding theorem and provide some
preliminary results.

We get the existence of one weak solution nontrivial for the problem (Pj) in
Section 4. After that in Section 5, we show that the problem (Py) has two and
three solutions.



