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Existence and Multiplicity of Solutions for
Anisotropic Discrete Boundary Value Problems
Involving the (pi(t), p2(t))-Laplacian
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Abstract For an anisotropic discrete nonlinear problem with a variable expo-
nent, we demonstrate both the existence and multiplicity of nontrivial solutions
in this study. Our technique is based on variational methods.
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1. Introduction

In this paper, we study the existence and multiplicity of nontrivial solutions for the
following discrete anisotropic problem

) - é A(|Ay(t — 1)PiE=D=2Ay(t — 1)) = h(t,y(t)), t € [1, N]z,

y(0) =y(N +1) =0,

where N > 2 is an integer, [1, N]z is the discrete interval given by {1,2,3...,N},
Ay(t) = y(t + 1) — y(t) is the forward difference operator, h: [1,N]z x R — R is
a continuous function in the second variable and p1, ps : [0, N|z — [2, 00].

As usual, a solution of (P) is a function y : [0, N + 1]z — R which satisfies
both equations of (P).

We would like to point out that issue (P) is a discrete equivalent of the variable
exponent, anisotropic problem

N 2 9 Oy Oy
- — (1= pii@-2 2L ) — p )
ppors (15272 ) = o), = e

J

y(x) =0, x € 09,

where 0 C RN, N > 3, is a bounded domain with a smooth boundary, h €
C (2 xR,R) is a given function that satisfies certain properties, and p; j(z) are
continuous functions on §, with p; ;(x) > 2 for (4,7, 2) € [1,2]z x [1, N]z x Q.
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The theory of nonlinear difference equations has been widely used to study dis-
crete models appearing in many fields such as computer science, economics, neural
networks, ecology, cybernetics, mechanical engineering, statistics, optimal control,
electrical circuit analysis, population dynamics, biology and other fields; (see, for
example [1, 21,22, 26]). The existence and multiplicity of solutions to boundary
value issues for difference equations with the p(.)-Laplacian operator have recently
attracted more attention. Fixed point theorems in cones are typically used to get
these results on this issue (see [3,19,23,24] and references therein). It is widely
recognized that, variational methods, critical point theory and also monotonicity
methods are powerful tools to investigate the existence and multiplicity of solutions
of various problems, (see the monographs [4,6-12,14-18,20,27-30]).

In this paper, we shall study the existence and multiplicity of nontrivial solutions
of (P), via min-max methods and Mountain Pass Theorem.

To state our main results, we use the following notation:

+ — . .
T = max p;(t - = min p;(t), fori=1,2;
b= ]>V<]sz( ), p; tem’wm( )

Prnax = Max{p{, 03 }, Prax = max{p;,ps }, Py = min{py,py ;.
The following theorems are the key findings of this paper:
Theorem 1.1. Assume that

+
Pmax

(Hy) there exists § > 2PmaxTL(N 4 1)™%* such that

~ H(t
lim it PonfBT) o, 1, Nlz,

|| =00 ‘xlprtax

where "
H(t,x) = / h(t,s)ds for (t,z)€ [1,N]z xR.
0

Then the problem (P) has at least one solution.

Example 1.1. Let us consider a continuous function h : [1, N]z x R — R given
by the formula
+ pj—nax
h(t,x) = 2Pt 2t Pmax () 5B pl -2,

min

Clearly
2p$ax+2t prtax +
H(t,x) = ——— (N +1) 2 |g|Pmax,
Prin
It is easy to see that
~H t, p;;ax p;;ax
lim inf pmmifm) = 2Pmax P2 (N 4 1) 75 > oPmaxt2 (N 4 1) 25
|z|—o00 |x Pmax

Pihax
2

Then H(t,z) satisfies the condition (Hy) with § = 2Pmaxt2 (N + 1)



