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Local Existence for the Generalized
Navier-Stokes-Maxwell Equations®
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Abstract In this paper, we establish the local existence for the generalized
Navier-Stokes-Maxwell system with the fractional velocity dissipative term
A%*y and fractional magnetic dissipative term A%’ B. Moreover, we establish
the global existence of strong solutions to this generalized model.
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1. Introduction

In this paper, we consider the following Cauchy problem for the Navier-Stokes-
Maxwell system:

u +u-Vu+ VP + A%y = j x B,

FE, —curlB = —j,

B, + curlE + A*’B =0, (1.1)
divu = 0,divB =0,

u(z,0) = uo(z), B(z,0) = Bo(z), E(z,0) = Eo(z),

where z € R and ¢t > 0. u = u(z,t), B = B(z,t) and E = E(z,t) denote the
velocity field, the electric field and the magnetic field of the fluid, respectively. P
denotes the scalar pressure and j denotes the electric current density which is given
by Ohm’s law. Moreover,

j=o0(E+uxB), (1.2)

where o > 0 denotes the electric resistivity. For simplicity, we set ¢ = 1. The frac-
tional Laplacian operator A® = (—A)®/? is defined through the Fourier transform

— ~

A f(&) = €17 f (&),
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where the Fourier transform is given by

fle) = [ s do

When o = 1, f = 0, the equations (1.1) are reduced to the classical Navier-
Stokes-Maxwell equations. Masmoudi [1] proved the global existence and uniqueness
of strong solutions if the initial data ug, Eo, By € L?(R?) x H*(R?) x H*(R?) .
Using energy estimates and Brezis-Gallouet inequality, Kang and Lee [2] reproved
the global existence of regular solutions to the 2D system and obtained a blow-up
criterion. In [3], by using Fujita-Kato’s method, Masmoudi and Yoneda proved the
local existence of the solutions and the loss of smoothness for three dimensional large
periodic initial data. Ibrahim and Keraani [4] showed the global existence of the
strong solution provided that the initial data ||ug ||B§/12 1 Eo|| gr1/2+|Bol| g1/2 is small
enough. Germain et al. [5] simplified the proof in [4] and lowed the regularity of the
initial velocity field in the H'/2(R3) by using L2(LS°) estimate on the velocity field.
Arsenio and Isabelle [6] proved that global solutions exist under the assumption
that the initial velocity and electromagnetic fields have finite energy, and the initial
electromagnetic field is small in H*(R") with s € [2,3). As for the generalized
Navier-Stokes-Maxwell system, Jiang [7] proved the global existence and uniqueness
of strong solution when a > %, B = 0. In addition, there are many regularity
criteria results for the equations (1.1) in [8-11].

Now we state our main theorems as follows:

Theorem 1.1. Assume the initial data ug, Eq, By € H*(R3) satisfying divuy =
divBy = 0 for s > rnax{g — 2q, % - a,% — B,O}, then there ezists a time T, > 0
such that the equations (1.1) have a unique solution (u, E, B) with
u € L=(0, Ty H*(R®)) N L2(0, T,; H*T*(R?));
B € L™®(0,T,; H*(R3)) N L(0, T,.; H*TP(R?));
E € L™(0,T,; H*(R?)).
Moreover, we could obtain u, E, B € Cy([0,T.]; H*(R?)).

Theorem 1.2. Assume a > %, B = %, ug, Eg, Bo € H*(R3),
s> max{% - 2a, % - a, % - B, O} with divug = divBy = 0, then the Navier-Stokes-
Mazwell system (1.1) has a global classical solution.

The organization of this paper is presented as follows. Firstly, we introduce some
lemmas in Section 2. Secondly, we construct the approximate solutions and prove
the local wellposedness in Section 3 by using Fourier truncation method. Finally,
in Section 4, we justify the global existence to the system (1.1).

2. Preliminaries

In this section, we recall some elementary lemmas which will be used in our proof.

Lemma 2.1. [12] Define the Fourier truncation Sgr as follows:

_ R F(€), <R,
SAF(©) = Lo f(6) = g ©, lel

; €l > R,



