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Abstract In the paper, we study the question about global unsolvability of 
the Kawahara and Kaup-Kupershmidt shallow water equations in a bounded 
domain. For certain initial-boundary-value problems of the shallow-water 
equations, we establish the necessary conditions for the existence of global 
solutions. The proof of the results is based on the nonlinear capacity method. 
In closing, we provide some examples.
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1. Introduction

In the paper, we consider some shallow water equations as follows

∂tu+ α∂5xu+ β∂3xu+ γ∂xu+ u∂xu = 0, (x, t) ∈ (a, b)× (0, T ), (1.1)

∂tu+ α∂5xu+ β∂3xu+ γ∂xu− ∂xu∂
2
xu = 0, (x, t) ∈ (a, b)× (0, T ), (1.2)

with the initial data
u(x, 0) = u0(x), (1.3)

where −∞ < a < b < +∞, α ≠ 0, β, γ are real numbers.
The model (1.1) is also called the Kawahara equation [9]. It arises in the study

of the water waves with surface tension, in which the Bond number takes on the
critical value, where the Bond number represents a dimensionless magnitude of
surface tension in the shallow water regime (see [3, 10]). Equation (1.2) is often
called the Kaup-Kupershmidt equation [8]. This model has arisen from the study
of the capillary-gravity waves [2, 6, 7, 21].

If α = 0, then the model (1.1) reduces to the well-known Korteweg-de Vries
equation [4]

∂tu+ β∂3xu+ γ∂xu+ u∂xu.

The local and global well-posedness of problems (1.1) - (1.3) for α = −1, β = 1, γ =
0, with the boundary conditions

u(0, t) = 0, u(1, t) = 0, t ≥ 0,
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∂xu(0, t) = 0, ∂xu(1, t) = 0, t ≥ 0,

∂2xu(1, t) = 0, t ≥ 0,

were studied by Larkin et al. in [12–14]. Note that the local well-posedness of the
equations (1.1)-(1.2) with the initial data (1.3) and several boundary conditions was
investigated in [1, 5, 15,18,20,22,23].

The main aim of this paper is to obtain the blowing-up solutions of the above
equations, more precisely, solutions that blow up in finite time for the large class of
boundary conditions. Our approach is based on the Mitidieri-Pohozhaev nonlinear
capacity method (see [16,17], also [11,19]), more precisely, on the choice of specific
functions corresponding to the initial and boundary conditions.

A small difference in our approach is that we will study shallow-water equations
without boundary conditions. We suppose the boundary conditions are such that
there exists a sufficiently smooth function φ, for which the functional B(u, ϕ), con-
taining u and φ and their k-derivatives, is lower bounds by a certain functional of
φ. This allows us to study some classes of boundary conditions.

2. Blow-up of solution of the Kawahara equation

Let us consider the function φ ∈ C5([a, b]) defined on the domain a < x < b with
arbitrary parameters a, b ∈ R and monotonically nondecreasing:

φ′(x) ≥ 0 for x ∈ [a, b], (2.1)

and let φ satisfy the following properties:
θ1 :=

b∫
a

(αφ(5)+βφ′′′+γφ′)2

φ′ dx <∞;

θ2 :=
b∫
a

φ2

φ′ dx <∞.

(2.2)

Suppose that there is a classical solution u(x, t) ∈ C1,5
t,x (R× (0, T )) .

Multiplying Kawahara shallow water equation (1.1) by φ, we have

b∫
a

∂tu(x, t)φ(x)dx =− α

b∫
a

∂5xu(x, t)φ(x)dx− β

b∫
a

∂3xu(x, t)φ(x)dx

− γ

b∫
a

∂xu(x, t)φ(x)dx−
b∫

a

u(x, t)∂xu(x, t)φ(x)dx.

Applying integration by parts, we arrive at

∂t

b∫
a

u(x, t)φ(x)dx =α

b∫
a

u(x, t)φ(5)(x)dx+ β

b∫
a

u(x, t)φ′′′(x)dx

+ γ

b∫
a

u(x, t)φ′(x)dx+
1

2

b∫
a

u2(x, t)φ′(x)dx

+ B(u(x, t), φ(x))
∣∣∣x=b

x=a
,

(2.3)


