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Some Results on Fractional Corrected
Euler-Maclaurin-Type Inequalities Related to
Various Function Classes
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Abstract In this paper, some corrected Euler-Maclaurin-type inequalities
are established by using various function classes involving Riemann-Liouville
fractional integrals. We then present our findings using examples and special
cases of the theorems that we have discovered. Moreover, we provide several
fractional corrected Euler-Maclaurin-type for bounded functions. Addition-
ally, for Lipschitzian functions, we create a few fractional corrected Euler-
Maclaurin-type inequalities. Lastly, we provide some fractional corrected
FEuler-Maclaurin-type inequalities for functions of bounded variation.
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tional calculus
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1. Introduction

Inequality theory is well-known and still an interesting area of research with a wide
range of applications in many fields of mathematics. Convex functions are also
significant in the theory of inequality. Afterwards, mathematicians in the mathe-
matical sciences have become interested in fractional calculus due to its fundamental
properties and its applications. Because of the importance of fractional calculus,
mathematicians have studied a number of fractional integral inequalities.
Dragomir [1] provided an estimate of remainder for Simpson’s quadratic formula
in the case of bounded variation functions, with applications in the theory of special
means. Furthermore, a number of fractional Simpson-type inequalities for functions
with convex second derivatives in absolute value were demonstrated in article [2].
Furthermore, in the domain of differentiable convex functions, Budak et al. [3]
examined a number of variants of Simpson-type inequalities using generalized frac-
tional integrals. For additional information on Simpson-type inequalities and other
characteristics of Riemann-Liouville fractional integrals, readers can see [4,5] and
their references. In the literature, evaluations for three-step quadratic kernels are
sometimes referred to as Newton-type results because the three-point Newton-Cotes
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quadrature corresponds to Simpson’s second rule. A great deal of research has been
done on Newton-type inequalities. For instance, a number of fractional Newton-type
inequalities were reported in article [6] for the case of bounded variation functions,
and several Newton-type inequalities were proved by using the Riemann-Liouville
fractional integrals for the case of differentiable convex functions. Later, various
Newton-type integral inequalities were established by Erden et al. in paper [7]
for functions whose first derivative is arithmetically-harmonically convex in abso-
lute value at a certain power. According to Sitthiwirattham et al., some fractional
Newton-type inequalities for constrained variation functions were given by [8]. Fur-
thermore, Gao and Shi [9] proposed a new convexity-based Newton-type inequality
and provided specific applications for specific real function scenarios. Please re-
fer to [10-12] and their references for more information on convex differentiable
functions and other Newton-type inequalities.

Dedié et al. [13] created a set of inequalities using the Euler-Maclaurin-type in-
equalities, and the outcomes were used to produce specific error estimates in the
case of the Maclaurin quadrature rules. To establish a set of inequalities, the Euler-
Simpson 3/8 formulas were also used. The findings were used to provide some error
estimates for the Simpson 3/8 quadrature rules in article [14]. Additionally, several
Euler-Maclaurin-type inequalities were stated in [15]. Later, some various cor-
rected FEuler-Maclaurin-type inequalities were proved using the Riemann-Liouville
fractional integrals in paper [17]. The reader is referred to [18-27] and the references
therein for further information on these kinds of inequalities.

This paper uses Riemann-Liouville fractional integrals to derive Corrected Euler-
Maclaurin-type inequalities for a variety of function classes. A basic definition of
fractional calculus and more research in this area are given in Section 2. We shall
demonstrate an integral equality that is necessary to prove the article’s primary
conclusions, which are presented in Section 3. Moreover, Section 4 provide some
corrected Euler-Maclaurin-type inequalities for a number of differentiable convex
functions using the Riemann-Liouville fractional integrals. We shall provide some
corrected Euler-Maclaurin-type for bounded functions by fractional integrals in Sec-
tion 5. For Lipschitzian functions, some fractional corrected Euler-Maclaurin-type
will be established in Section 6. The corrected Euler-Maclaurin-type will be demon-
strated using fractional integrals of bounded variation in Section 7. Moreover, in
Section 8 we will offer a number of graphical illustrations to show the accuracy of
the recently established inequalities. We will talk about our thoughts on corrected
Euler-Maclaurin-type inequalities and how they might affect future directions for
study in Section 9.

2. Preliminaries

The Riemann-Liouville integrals Jg', f and Ji* f of order a > 0 with a > 0 are
presented by

J f(z) = ﬁ /z (@=L f)dt, x> a
and
b
T f(z) = ﬁ/ (t—2)* L F()dt, = <b
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in that order [28,29]. Here, f belongs to Ly[a,b] and I'(«) symbolizes the Gamma
function that is defined as

I'(«) ::/ e "utdu.
0

The fractional integral coincides with the classical integral for the case of o = 1.
For Simpson’s disparities, the following guidelines apply:

i. The formula for Simpson’s quadrature, sometimes referred to as Simpson’s
1/3 rule, is as follows:

/abf(%‘) do ~ =2 {f (a) +4f (“;b) +f(b)} : (2.1)

ii. The Newton-Cotes quadrature formula, which is sometimes called Simpson’s
3/8 rule or Simpson’s second formula (see [19]), can be stated as follows:

[ @t [rowar (250 cor (5F) + 0] e

iii. The Maclaurin rule is equivalent to the analogous dual Simpson’s 3/8 formula,
and it is derived from the Maclaurin formula (see [19]).

/abf(m)dx [f<5a+b) 2f(a+b>+3f(a—&(—35b>} (23)

Formulae (2.1), (2.2), and (2.3) satisfy for all function f with continuous 4"
derivative on [a, b].

The most popular Newton-Cotes quadrature using a three-point Simpson-type
inequality is as follows:

Theorem 2.1. If f : [a,b] — R is a four-times differentiable and continuous func-

tion on (a,b) and ||f(4 HOO = Sup |f(4)( )| < 00, then the inequality stated below
z€(a,b

18 true:

5 [r@+ar (“50) + ] -

The Simpson’s 3/8 rule, a traditional closed-type quadrature rule based on the
Simpson’s 3/8 inequality, is given by the following

<l
~ 2880 Hf

Theorem 2.2. Let us consider that f : [a,b] = R is a four-times differentiable and
continuous function on (a,b), and Hf(4)Hoo = bup ‘f(4)( )‘ < 00. Then, one has

! . /abf(x)dx

the inequality

sl@rar (250) var (S2) 4 r o) -

<4>H b—a)*.

<
<50 |
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Derived from the Maclaurin inequality, the Maclaurin rule is equal to the corre-
sponding dual Simpson’s 3/8 formula.

Theorem 2.3. Suppose that f : [a,b] = R is a continuous and four-times differen-
tiable function on (a,b). Suppose also that Hf(‘l)HoO = sup ’f(4)( )| < 00. Then,

the following inequality holds:

{3f(5a+b)+2f<a—2|—b> oy (a;5b>} _bia/abf(m)dx

@ H

_51840 H

3. Main result

Lemma 3.1. Note that f : [a,b] — R is a function on (a,b) such that f' € Ly [a,b].
Then, the following equality is valid:

s 71 (52w (557) oo (457

KL o)+, 0)
:b;“[IﬁIQL

where 1
L= [ 17 (5 )~ (b )
b= [ (= )17 (30 35ta) (3 + 2520) .

Proof. By employing the integration by parts, we have

Il—o/t“ [f’ <;b+ 2;ta> —f <;a+ 2;tb>}dt (3.1)
b ()

[ Gt v (o 35

-2 (;) (25 s ()] - s+ s

20 [ oo [.(t, 2—t o2t
0

1
3
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Based on the provided information, it can be concluded that

L= /1(t" _ 1) {f’ (;b+ 2;%) _ <;a + 22_%)] dt (3.2)

3

() b))
o et (et )

3

When (3.1) and (3.2) are combined, we easily have

11+1220(b1_a){27f<5a6+b> 26f(a+b>+27f<az5bﬂ (3.3)

e 5]

If we apply the variable’s change x = tb +Ztlgand y = % %b for ¢t € [0,1],
then the equality (3.3) can be rewrltten as follows

11+1220(b1_)[27f<5a;b> 26f<a+b>+27f(az5b)] (3.4)

20717 (a4 1)
W[ a+b _fla )+Ja+b (b)}

Consequently, multiplying both sides of (3.4) by 4 ¢ concludes the proof of Lemma
3.1. O

4. Corrected Euler-Maclaurin-type inequalities for
convex functions
Theorem 4.1. Taking into account that Lemma 3.1 holds and the function |f’] is

convex on the interval [a, b], the fractional corrected Euler-Maclaurin-type inequality
can be established by

‘ 810 {27f(5a+b) +26f(a+b) +27f(a—i(—35b)}
_ W[J (@) + 2 0| (4.1)

<P (@) + () [ @)+ 1 0]

1
3
1 1 a+1
Ql(a)z/t“dtz ) <3> ;
0

Here,
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and

1 a+ 207 In(1
., @
QQ (CY) = ta — E dt =
1 20 (27\1t% 1 1yatl 9 ()
s 1 (%) +aa [1+(§) } ~ 10 lnéo) <a.

Proof. Taking into account the absolute value in Lemma 3.1, we may obtain

) () )
_ W{JW (@) + T2 10| (4.2)

S TG 25ta) ~ £+ 250

1
+/
1
3

Since |f] is convex, we have

1 5a + b a+b a + 5b
%{m( - )m,r( ! )+27f( - )}

2
= 2780+ Z5ta) — F(ta + 25t0)| i ).

2070 (e + 1)
—w [Ja+h (a )+Ja+b (b)]’
<L e G en 2 @ g1 @ 2 o
0
I 27 2t 2t
+/ 3| |51 01+ 217 @ g1 @1+ 2 o]
b

=2 (1 (@) + D (@) [ ()] + 1 (0]

O

Remark 4.1. If we choose @ = 1 in Theorem 4.1, then we can obtain corrected
Euler-Maclaurin-type inequality

1 Sa + b a+b a+ 5b 1
80[27f( - )+26f< ! >+27f( : )]—ba/f(t)dt

Steeas 0=a) [If (@) + [f O],

which is established in paper [16].
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Theorem 4.2. Let the hypotheses of Lemma 3.1 hold and let the function |f'|?, ¢ >
1 is convex on [a,b]. Then, the following corrected Euler-Maclaurin-type inequality
holds:

1 5a 4+ b a+b a+ 5b
w2 () roor (57 + o (457

_%[J@J(GHJ@J@)H (4.3)

1

ap+1\ p
<b—a 1 1
- 4 ap+1\3

o 217 20/ B +41F @'\ (21f @ +4|f ®)*\*
L [( t ) +( : ) ]

Q

<\f’ @) +3(151 ! (a)q)éJr(f’ (a)|” gél ! (b)\q)

Proof. By utilizing Holder’s inequality to (4.2), we have

1 5a 4+ b a+b a+ 5b
80[27f< G ) w207 (% )””( 6 ﬂ

e [t 1 @)+ Iz, 1 )]

(b—a)a 2
1 1
b : o t 2—t \1|? '
—a _
< P dt b+ — dt
=77 /' | /f<2 P a)
0 0

=

p 1

3 3
t t
+ /\t“|”dt /f’ (2 +b>
0 0
1 277 / 2 4
t
t* — —| dt ! dt
* / 10 /f< )
1 1
3 3
i 27 1P 1 2
t —t
o — | dt 71)
* / 10 /f( ot )
5 3

Making use of the convexity |f’|?, we can easily find

1 5a + b a+b a + 5b
%[m( - )+26f< : >+27f< . )}

D [t @+ 2 0|

=
Q=

B =
Q=

dt

1 1
3 q

b— ap / ! q - / q
< 4“ /t dt /(%‘f(b)’-i—%w(a)‘)dt
0 0




2120 C. Alemdar, F. Hezenci & H. Budak

|
w\H\H
/-\
:
_»m
_.n
N————
L
~
~
Q=

Ql

:b;a{(alerl (; ap+1)zlv [(f/ QK +Sél|f' (a)q)§+(f/ (a)‘qgé”f (b)\q>
pdt) [<2|f’ I +41f <a>|Q)1 . (2\f’ @I +417 (Wﬂ

|

Q

Remark 4.2. Note that a = 1 in Theorem 4.2. Then, we readily have

810 {271‘ <5aﬁ+b> +26f (a;rb> vorf (“”bﬂ bia/‘f
<Ll { (;)il (;)*) Klf' O+ L11f (a>|q)5 N (If/ (@l + 1111 <b>|‘1ﬂ
o[
y {(2|f’(b)lq;4f’ (a)q)é+ (2|f’(a)|q;r4\f’ (b)|‘Z)é]}7

which is proved in paper [16].

Theorem 4.3. Assume that Lemma 3.1°s assumptions are true and the function

If'|%, g > 1 is convex on [a, b]. Next, we have the following inequality of the corrected
FEuler-Maclaurin-type inequality

1 5a 4+ b a+b a+ 5b
80{27]"( - )+26f< ! >+27f< . )}

27T (e + 1)
(b—a)"

b—a 1—1 / q / q

<= (@ @) [ )17 O + 2 (@) 1 ()]

+ [93 () I (@) + Qu (a) | B)1"] 7]

+(Q2 () [[Qs (@) [/ @I + Q6 () | (a) "]

[t 1@+ 2, )] (4.4

Q=

Q=
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+[95 () I (@) + 26 (@)1 0] 7]}

Here, Q1 () and Qs () are specified in Theorem 4.1 and

t oo 1 1 1\ 2
Q3(a)_/§tdt_§(a+2)<§) :

[

1 1o+l 1 1)o+2 3 n(5)
m(l—(g) )_2(a+2) (1—(3) >—ﬁ70<0‘< m(1)

Proof. When we first apply (4.2) to the power-mean inequality, we obtain

1 5a 4+ b a+b a+ 5b
80[27f( G >+2Gf( 2 )””( 6 ﬂ

e [ (a) + J@+f (b)} ’

-3 /1
(t, 2t
f <2b—|—2 a

3
b—a o o
<20 || e
0 0
1-1 1

i o t 2—t \|?
+ /\ta|dt /|t0‘| flza+===0b)| at
2 2
0 0
1—1
1 q 1 2 .
i, 2t
+ / f <2b+ 5 a)
1

2
L P /\t“—1|

1
q

q
dt

Q=

q

dt

40

1
3 3
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1
. 27 [t 22—t
1= 15| dt / f (2a+ 5 b)

3 3

1
q

Q=

1

\/

q

t dt

40

q

Making use of the convexity of |f’|?, it generates

1 5a + b a+b a+ 5b
80[27f( - )+26f( : )+27f( . )}

Moz f@+ 2, 10

<l /|mdt E /ét”l [(%) |7 ®)]" + (?) |/ (aﬂ dt
J /
¥ /3|ta|dt q /3|t“|[(;)\f’<a>!‘1+(22t)|f’<b>|q}dt E

1—

+ /(ta—i%) dt jlt“—l K%) | ®)]" + (%) |f (a)|q] dt
" /(t‘?@ a| | e[ @l () 1 o

1 1
3 3

1
q

,_.
Q=
Qe

O

Corollary 4.1. If we assign « = 1 in Theorem 4.3, then we have the following
corrected Euler-Maclaurin-type inequality

b
1 Ba+ b a+b a+5b 1
80[27]‘( 6 >+26f< 5 >+27f< 5 )]—b_a/f(t)dt
a
b—a [ (1601 \'7% [[ 1961791 343649 3
< i 2IOL Ly v 929029 q
- {<14400) H20736000 PO 55736000 |/ (‘IM

11

Q

1961791 ., 4 343649 ., 4
{20736000 PO+ 35735000 1 O

v (118) H;l 7O+ oz 1 <a>|‘l]é

+a @i+ g5 100 ] }



Corrected Euler-Maclaurin-Type Inequalities

2123

5. Corrected Euler-Maclaurin-type inequalities for

bounded functions

This section uses fractional integrals to address some corrected Euler-Maclaurin-

type inequalities for bounded functions.

Theorem 5.1. Note that the conditions of Lemma 3.1 hold. If there exist m, M € R

such that m < f'(t) < M fort € [a,b], then it follows

1 5a+b a+b a + 5b
80[27]"(6 )+26f< ! )+27f(6 )]

SO D s )+ e, 0|
b

< (@) + Q2 (@)} (M —m).

Proof. By using Lemma 3.1, we have

1 5a + b a+b a+ 5b
80[2”( - )+26f< ! >+27f( - )]

2071 (e + 1)
[ @)+ T2 1 )]

1

b—a 3a St 2—-t m+ M
e ol (f 25t e,

0

1

3
a|m+M (T 2—-t
i R EREEA
0
i 27 2 M
o 27 ,E -t _m—|—
+/<t 40)[f(2b+ 2a> . ]dt

3

1
L 21\ [m+M [t 2-t

1

3

By virtue of the absolute value of (5.2), we get

Sa + b a+b a + 5b
80[27f( - )+26f< ! >+27f( - )]

R
wlJelr

o |m+M , 2—-t
+/\t| : f<2a+b)‘dt
0
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to2-t M
’<b+a)m+ dt
2" " T2 2

27 M t 2—1

_x
10

1
<
1

3

It is known that m < f’(¢) < M for ¢ € [a, b]. Then, one can obtain
ot 2—t m+ M M—m
_ — < .
<2b+ T—a — <=5 (5.3)

m+ M Lt 2—1t M —m
— = < . .
) f<2a+ 5 b)‘_ (5.4)

2
With the aid of (5.3) and (5.4), we get

o 17 () +ows (152) + o (57

_W[Ja+b (a) + T2 f(b)H

b 1ot 1 ta—— dt
pfees

b (@) + 2 ()} (M —m).

Corollary 5.1. If we select a =1 in Theorem 5.1, then we get

1 5a +b a+b a+ 5b 1 b
80{27]‘( 5 >+26f( 5 >+27f< 5 ﬂ_b—a/a f)de

Corollary 5.2. Assume that the Theorem 5.1 holds. If there exists M € RT such
that |f'(t)] < M for allt € [a,b], then we have

o 77 () +ows (152) + o (57

W[Ja+b @+ T2, 0]
b

<=5 {1 (@) + Q2 (a)} M.

Corollary 5.3. Let us think about o = 1 in Corollary 5.2. Then, the following
inequality holds:

{ 77 (5a+b> +26f (“;’b> +27f<“z5b>} - bia/abf(t)dt
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2401 (b — a)
=7 28800
6. Euler-Maclaurin-type inequalities for Lipschitzian
functions

Some fractional corrected Euler-Maclaurin-type inequalities for Lipschitzian func-
tions are provided in this section.

Theorem 6.1. Assume that Lemma 3.1’s assumptions are true. If f' is a L-
Lipschitzian function on [a,b], then the following inequality holds:

1 Sa+b atb L
80[27f< - )+26f< : >+27f( 6 )]
SRR e, o)+ T2, £ 0)]

(b—a)*
<=1 0r (@) + 05 (@)
Here,
i 1 /1\*! 1 /1\*"
Q)= [t*(1—t)dt = - - -
feana () e ()
and
Qg(oz):/ta—i—g (1) dt

a o a o2 atl
2@ - @ (@) wa
a n(l
—5 (1)) - 5, )

Proof. With the aid of Lemma 3.1 and since f’ is L-Lipschitzian function, we

have
1 5a + b a+b a+5b
80[27f< - )+26f< ! >+27f( . )]

2710 (a+ 1) [, .
,w[ ath (a)+Ja2+b+f(b):|‘
() o (e )

1
3
<b—a /|ta‘
- 4
0
St 2—t )\ L (t  2-t
f (2b+2 a) f (2a+2 b||dt

27

% — —
40
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1

gb;“ /|ta\L(1—t)(b—a)dt+/
0

.27
= S| LA =) (b—a)dt

3

2
—= 1 10r (@) + 2 (@)

O

Corollary 6.1. Consider a = 1 in Theorem 6.1. Then, the following corrected
Euler-Maclaurin-type inequalities holds:

o 71 () o (7)o (7))

2017 (o + 1) .
T aag [ 2 (a)+Ja;b+f(b)H
420919 )

30736000 "~

7. Corrected Euler-Maclaurin-type inequalities for
functions of bounded variation

In this section, we represent some fractional corrected Euler-Maclaurin-type in-
equalities for functions of bounded variation.

Theorem 7.1. Consider that f : [a,b] — R is a function of bounded variation on
[a,b]. Then, we have

1 5a + b a+b a+5b
s [27f< )+26f< >+27f( - )]
f

2% 1F(a+1) { (a) + a+b+f(b):|

(-0 b
(2 -2}V

<1 1\“ 13
= MU\3) g
b

Here, \/ (f) denotes the total variation of f on [a,b].

a

Proof. Define the function K, (x) by

a+b

(x —a)", a§x<5aT+b
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With the aid of the integrating by parts, we have

/bKa(x)df(x)
= 7b(x—a)o‘ df () + /+ [(w—a)a - % (b;LL)T df(z)
n ]Eg (b;“)a_(b—x)“] df (z) + /b [ (b —2)"] df (x)

FE -0 @l —a [ 0-0° fe)da

a+5b
6

27 (b—a\“ 5a +b 27 (b—a\*“ a+ 5b
o (7)) G () (57

a+b

+;§(";“)af<“;b)—aa/2<x—a>a‘1f<x>dx—a/b<b—x> -

_(b—a)ai S5a+b a+b a+ 5b
s 80{27f< - >+26f( ! )+27f< - }

~T(a+1) [J2u_f (@) + 20 F )]

In other words, we have
1 S5a+b a+b a+ 5b
— (2 2 2
w70 (55 <o (57w (557

270 (a+1) [, o
- T2 f(0)+ 20 f ()]

b
i | Ke@)ir(e)



2128 C. Alemdar, F. Hezenci & H. Budak

It is known that if f,® : [a,b] — R are such that & is continuous on [a,b] and f is

b
of bounded variation on [a, b], then [ &(¢)df(t) exists and

a

b

/ S()df (1)

a

b

< sup g \/()- (7.2)

t€la,b]

a

By using (7.2), it yields

1 5a + b a+b a+5b
80[27]”( . >+26f( ! >+27f( - )]

IO e g+ S, S0

(b - a)a 2 2
b
~ i | | Ke@)ir@)

(b — a)a / (:E - a)a df(l’)

2 b a
+ / (Jc—a)a—ig( 2a> }df(x)
RS -e-or|aw
b
+| [ [ 0-2)%df(2)
20471 o Oaﬁ+b
<0 —aF Ie[zfl%b]\(x—a) | \a/(f)
9T h—a\%| O,
+me[%p,“;b] (z —a) —40< 2@) 5}4(]“)
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(ij;)a { (b - ) \/ ()

>

ORI EY O G

el (3 5) - SV

Corollary 7.1. Let us consider o = 1 in Theorem 7.1. Then, the following in-
equality holds:

{ 7f<5a+b> + 26 (“;b) +27f<“25b>} - bia/abf(t)dt

41
<V

O

8. Examples

Example 8.1. If a function f : [a,b] = [0,2] — R is defined by f(z) = 22 with
€ (0, 5], then the left-hand side of (4.1) coincides with

1 5a + b a+b a + bb
80_27f< 6 ) %f( >+27f< 6 ﬂ

2(¥_1]‘—‘(a+ 1) (63 «
i 2 _f (@) + T2 1 )]

— % :27f (;) +26f (1) +27f (2)] - w [ Jf‘_f(0)+Jf‘+f(2)]‘

1 2
— % - F(O‘; D [F(la) (/t”‘*ldt—l—/@—t)athdt)H
0

1
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13 « 2 4 1
) . ~11. 8.1
10 2[oz+2 oe+1+oz] (81)
The right-hand side of (4.1) becomes to
2 9 In(35)
o+l 10° O<Oé§1n(%0),

2(2 (@) + Q2 (o) =

13 ol 2 4 1] < 2 9 0 < (%)
‘T‘f[a2_a1+a o M TIR) <O‘—1n(%)v
Finally, we get
hves 1B _al 2 4 41
1 2| a+2  afl T« In(37)
o7y 141 2 149 a+l 9 In(%) <ass
) + a+1 + (3) 5

The left-hand side of (4.1) in Example 8.1 is regularly below the right-hand side
of (4.1), as seen in Figure 1 and Figure 2, for all values of a € (0, 5].

Example 8.2. Note that a function f : [a,b] = [0,2] — R given by f(x) = z?
From Theorem 4.2 with « € (0, 5] and p = ¢ = 2, the left-hand side of (4.3) reduces
to equality (8.1) and the right hand-side of (43) equals to

b;a{(a;+l<;yW“) [(f(H“gyﬁ%@q)3+(f%@qg?V%wq>
|/

dt[<2U%mq+4ﬁwwﬁ)l+(2f%@q+4vwmw>1
() () ()’
(e [ (o),

9 9
(mil () (v
At (-6)) - amm (-(0) 7)) )

It is easy to confirm that the left-hand side of (4.3) in Example 8.2 is always
lower than the right-hand side of (4.3) in Figure 3 for all values of a € (0, 5] using
MATLAB software.

Example 8.3. Note that a function f : [a,b] = [0,2] — R is presented by f(z) =
22. From Theorem 4.3 with « € (0,5] and ¢ = 2, the left-hand side of (4.4) coincides
with equality (8.1) and the right hand-side of (4.4) becomes to

2(Q1 (@) [[25 (@) + [ ()] +2(22 ())* [195 (@)]F + [0 (@)]F] -

Q=

27
40

Q

ta

=

1
3
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Figure 3. The graph of both sides of (4.3) in Example 8.2, dependent on «, has been computed and
plotted using MATLAB.

Finally, we get the inequality
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Figure 4. Graph on the interval 0 < a <

Using MATLAB software, Figures 4 and 5 illustrate that in Example 8.3, the
left-hand side of (4.4) consistently remains lower than the right-hand side.

Example 8.4. Note that a function f : [a,b] = [0,2] — R is presented by f(z) =
22, From Theorem 5.1 with « € (0,5] and 0 < f/(t) < 4, the left-hand side of (5.1)
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It is evident from Figure 6 and Figure 7 that the left-hand side of equality
(5.1) in Example 8.4 consistently remains below the right-hand side for all values
of € (0, 5].

9. Conclusion

The purpose of this study is to use Riemann-Liouville fractional integrals to obtain
corrected Euler-Maclaurin-type inequalities for pertaining function classes. Firstly,
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we provide an integral equality which is necessary to prove the article’s primary
conclusions. For differentiable convex functions, various corrected Euler-Maclaurin-
type inequalities are studied using the Riemann-Liouville fractional integrals. Ad-
ditionally, we provide other graph-based examples to demonstrate the accuracy of
our findings. Furthermore, we provide certain corrected Euler-Maclaurin-type frac-
tional integrals for limited functions. Additionally, some fractional corrected Euler-
Maclaurin-type inequalities for Lipschitzian functions are taken into consideration.
Finally, fractional integrals of bounded variation are used to verify Euler-Maclaurin-
type inequalities.

Our findings about corrected Euler-Maclaurin-type inequalities by conformable
fractional integrals may pave the way for new directions in this area of study in
subsequent publications. Our results can be further developed or extended by us-
ing different fractional integral operators or convex function classes. Moreover,
some corrected Euler-Maclaurin-type inequalities for different function classes can
be obtained using the quantum calculus.
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