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A New Study on Common Fixed Points for
(a-B-F)-Contraction Mappings

Saeed A. A. Al-Salehi'?!, Mohammed M. A. Taleb™® and V. C.

Borkar*

Abstract This paper explores the existence of common fixed points for a
newly introduced class of mappings called (a-3-F)-contraction mappings in
metric spaces. We establish several common fixed point theorems under spe-
cific conditions, incorporating (a-S-F)-weak contractions to extend and gen-
eralize existing results in fixed point theory. Unlike many classical approaches,
our framework retains flexibility while accommodating key structural proper-
ties such as compactness and continuity. To support the theoretical findings,
illustrative examples are provided. These results enhance the understanding
and applicability of fixed point theory.

Keywords Common fixed point, (a-8-F)-contraction, (a-8-F)-weak con-
traction
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1. Introduction

Banach’s fixed point theorem for contraction mappings is a foundational result in
mathematical analysis, particularly within metric fixed point theory. The Banach
contraction principle [1] stands as a significant result, underpinning various ap-
proaches to ensuring the existence and uniqueness of solutions to a wide range of
nonlinear problems, including differential and integral equations, optimization chal-
lenges, and variational inequalities. Numerous extensions and adaptations of this
principle have been proposed, broadening its applicability. In 2012, Wardowski [2]
introduced the concept of F-contractive mappings in metric spaces, establishing a
fixed point theorem for such mappings in complete metric spaces. Subsequently,
Wardowski [3] expanded on these ideas by defining F-contraction and F-weak con-
traction, which provide a substantial generalization of Banach’s contraction prin-
ciple. Further contributions to this field include the work of Gopal et al. [4],
who introduced a-type F-contractions for self-mappings in complete metric spaces,
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thereby establishing conditions sufficient for the existence and uniqueness of fixed
points. Additional generalizations can be found in works such as [5-12]. In 2013,
Cicilline [13] presented an iterated function system of F-contractions, and in 2016,
he explored weak F-contractions along with related fixed point results [14]. In
2018, Wardowski [15] further applied F-contractions to solve existence results, and
in 2020, Popescu et al. [16] investigated two fixed point theorems concerning F'-
contractions in complete metric spaces. In 2024, Al-Salehi et al. [17] conducted a
study on fixed point theorems related to extension and modified extension of a-F-
contractions. In 2019, Asif et al. examined F-contractions and common fixed point
theorems, focusing on their applications [19]. In 2021, Lucas and Santosh presented
a common fixed point theorem for generalized F-Kannan mappings within metric
spaces, accompanied by its applications [20]. In 2022, Gautam et al. [21] explored
the existence of common fixed points for Kannan F-contractive mappings. In 2023,
Wangwe investigated fixed point and common fixed point theorems for (v, s, q)-F-
contraction mappings [22]. Between 2023 and 2024, Raji et al. studied coincidence
and common fixed points for F-contractive mappings, including those for fuzzy F-
contractive mappings [23,24]. Recently in 2024, Kanthasamy et al. focused on
common fixed point theorems for (¢, F')-contraction mappings [25].

2. Preliminaries

Definition 2.1 ( [2]). Let F represent the family of all functions F : (0,00) — R
that satisfy the following conditions:

(F1) F is strictly increasing; that is, for all o, 8 € (0,00), if @ < 8, then F(a) <
F(B);

(F2) For any sequence {8,} C (0,00), we have lim,,_,o F(8,) = —ococ if and only if

(F3) There exists k € (0,1) such that lim,_,o+ a*F(a) = 0.
Definition 2.2 ( [2]). Let (X,d) be a metric space. A mapping T : X — X is

defined as an F-contraction on (X, d) if there exists a function F' € F and a constant
7 > 0 such that for all z,y € X, the inequality

7+ F(d(Tz, Ty)) < F(d(z,y))

holds whenever d(Tz,Ty) > 0.

Example 2.1 ( [2]). The following functions are elements of the family F:

(i) Fa) =h(a);
(i) Fla) = ;
(iii) F(a) = a+ In(a).

Definition 2.3 ( [18]). Let S,7: X — X and let o : X? — [0, +00). The mappings
S and T are called a-admissible if, for all z,y € X, the condition a(z,y) > 1 implies
that either a(Sx,Ty) > 1 or o(Tz, Sy) > 1.
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3. Results

Definition 3.1. Let (X,d) be a metric space, and let S,T : X — X be mappings
on X. We call S and T an (a-8-F)-contraction on X if there exists a constant
7 > 0 and there are three functions FF € F, a : X2 — {—o0} U (0,+00) and
B:[0,+00) — [0,1) such that for all z,y € X with d(Sz,Ty) > 0 and «(z,y) > 1.
Then the following inequality holds:

T+ a(z,y)F(d(Sz, Ty)) < fd(z,y)) F(d(x,y)). (3.1)

Definition 3.2. Let (X, d) be a metric space, and let S,T : X — X be mappings
on X. We call S and T an (a-f-F)-weak contraction on X if there exists a constant
7 > 0 and there are three functions F € F, a : X? — {—o0} U (0,+00) and
B :]0,400) = [0,1) such that for all z,y € X with d(Sz,Ty) > 0 and a(z,y) > 1.
Then the following inequality holds:

7+ a(z,y)F(d(Sz, Ty)) < B(M (2, y)) F(M(z,y)), (3.2)

where

(3.3)

M (z,y) = max {d(% y), d(z, Sz), d(y, Ty), d(z,y) +d(5z, Ty) } _

1+ d(z, Sx)

Remark 3.1. Every (a-8-F)-contraction is an (a-8-F)-weak contraction; however,
the converse does not necessarily hold.

Theorem 3.1. Let (X, d) be a complete metric space, and let S, T be self mappings
on X satisfying conditions (3.2) and (3.3), for all x,y € X. Suppose the following
conditions hold:

(i) S and T are a-admissible;

(ii) Either S, T, or F is continuous. Then S and T have a unique common fized
point in X.

Proof. Let zy be an arbitrary point in X and define the sequence {z,} by
Topy1 = STk, Tokro = Taopr1, k=0,1,2,....
When a(zak, zart1) > 1 and B(xog, X2gt1) < 1, then

T+ F(d(zak+1, Takr2)) < 7+ a(@ok, Top+1) F(d(T2k+1, Takt2))
< BM (2k, 2111 ) F (M (221, T2k41))
< F(M(22k, Tor41)),

where

M (xak, Xak41) = max {d(l‘gk, Top1), A(Tok, STok), d(Top41, TTok41),

d(xag, Topt1) + d(Stak, TTak+1) }

1+ d(xgk, ngk)
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= max {d(372k7 Tok1), A(Toks Tort1), A(T2kt1, Takt2),

d(Zak, Tory1) + d(Tori1, Tarr2) }
1+ d(xok, Tar41)
= max{d(zak, Tor+1), d(Tor11, Tort2)}-
Now, if
max{d(Tor, Tor+1), d(Tok+1, Tort2)} = d(Tak41, Tart2)-
Then
T+ F(d(2or41, Tarve)) < F(d(@ory1, Tart2)),

which is a contradiction. Therefore,

max{d(xak, Takt1), A(Tak+1, Tont2)} = Aok, Taky1)

and

T+ F(d(z2p+1, Tort2)) < F(d(2or, Takt1))-
F(d(zak+1, Tok+2)) < Fd(xok, Togt1)) — T
Similarly,
F(d(zokq1,Tor42)) — T
F(d(xak, xoky1)) — T — T
F(d($2k7 :L‘QkJrl)) — 27.

F(d(zak42,T2k+3))

IA A CIA

Thus, for all n € N, we have

Fld(zn,2ni1)) < Fld(xp_1,2,)) — T (3.4)
F

<
S (d(mn—%xn—l)) — 27

< F(d(xzg,21)) — nt.
By taking the limit as n — oo in (3.4), we obtain

lim F(d(zp,2nt1)) = —00, ¥n €N. (3.5)

n—oo

Combined with condition (F2), this implies that

lim d(z,,z,41) =0. (3.6)

n—-+oo

According to condition (F3), there exists k € (0, 1) such that

lim (d(2y, Zni1))" F(d(2n, Tni1)) = 0. (3.7)

n—oo

From (3.4), for all n € N, we have

(A(@n, 2n11))" F(d(@n, 2ni1)) = F(d(z0,21)) < = (d(@n, 7n41)) nr < 0. (3.8)
For all n € N, by applying (3.6) and (3.7) and then taking the limit as n — +o0 in
(3.8), we obtain
lim (n (d(xn,a:n+1))k) =0.

n—oo
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Then, there exists n; € N such that n(d(xn,xm_l))k < 1 for all n > n;. This
implies that

1
nl/k’

d(Tpn, Tnt1) < Vn > ny. (3.9)

For all m > n > nq, by applying (3.9) and the triangle inequality, we obtain

m—1 o)
1
d(@n, @) < AT, 1) + -+ @, Tmi1) < D d(@i,wign) <Y Y

(3.10)
Since the series > 7 ﬁ is convergent, taking the limit as n — oo in (3.10) yields

nm{linJroo d(xp, xm) = 0.

This establishes that {z,} is a Cauchy sequence in X. Therefore, since X is com-
plete there exists v € X such that

lim =z, =v.
n—-+oo

We now show that v is a common fixed point of S and T' by considering the following
two cases:

Case 1: Let S and T be continuous mappings. We observe that

d(v, Sv) = kEToo d(xak, Szor) = kETm d(xok, Tog4+1) = 0.

By the continuity of S, this implies that d(v, Sv) =0, so v = Sv.
Similarly, we have d(v, Tv) = 0, which implies v = T'v by the continuity of T
Thus, v is shown to be a common fixed point of both S and T

Case 2: Let F' be continuous. We analyze this case by considering the follow-
ing two sub-cases.

Sub-case 2.1: For each n € N, there exists an index 4,, € N such that z9;, 11 = Sv,
T2i,+2 = 1T'v, and i, > @,—1 With 39 = 1.
Then, we have

v= lim 9, +1 = lim ;10 = lim Sv= lim Tv = Sv="Tv.
n—-+oo n—oo } n—o0 n—oo

This establishes that v is a common fixed point of S and T

Sub-case 2.2: There exists ng € N such that z,, # Sv for all n > ng. In other
words, d(Sv, Txak11) > 0 for some k.
It follows from equation (3.2) that

T+ F(d(Sv, zar12)) = 7 + a(v, x2p4+1) F(d(Sv, Txok41))
(M (v, B2x41)) F (M (v, 22541))
F(M (v, w2+1)),

IAIA
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where

M (v, 2241) = max {d(v, Topg1), d(v, Sv), d(2ori1, T2oky1),

d(v, xop+1) + d(Sv, Txoks1)
1+ d(v, Sv)

= max {d(% Togy1), d(v, Sv), d(Top i1, Tapy2),
d(v, xap41) + d(Sv, Top12)
1+ d(v, Sv)
= max{d(v, Tar41), d(v, Sv), d(Tax 11, Tart2) }
= d(v, Sv), when k — +o0.

Therefore,
T+ F(d(z2k42, Sv)) < F(d(v, Sv)), when k — 400,

which is a contradiction. Therefore, d(v,Sv) = 0. This implies that v is a fixed
point of S. Similarly, it can be demonstrated that v is also a fixed point of T'. Now,
Suppose that w is another common fixed point of S and T such that v # w i.e.,
d(v,w) > 0 and
T+ F(d(Sv, Tw)) < 7+ a(v,w)F(d(Sv,Tw)) < (M (v,w))F(M(v,w)) (3.11)
< F(M(v,w)),

where

M) = mox {dm w), d(v, Sv), d(w, Tw), L)+ A, Tw) }

1+ d(v, Sv)
= max{d(v,w), d(v,v),d(w,w)}
=d(v,w).
In (3.11), we have
7+ F(d(Sv,Tw)) < F(d(v,w))
=74 F(d(v,w)) < F(d(v,w)),
which is a contradiction. Therefore, d(v,w) =0, i.e., v = w.

Thus, v is a unique common fixed point of S and T'. O

Example 3.1. Let (X, d) be metric space and Let X = [0,2] C R with d(z,y) =
| — y|. Define mappings S,T: X — X by

<

S(;z:):g and T(y) = 2.

[\

Suppose that F : [0,00) — [0,00) is defined by F(z) = zP for some p > 1. Define
a: X xX — {—oc}U(0,+00) by
1

afz,y) = m,

where a(z,y) > 1 for all 2,y € X. Define a continuous, non-negative function

B :[0,00) = [0,1) by
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Let 7 = 0.1. Now,

r oy |r—y
T :]f_f: .
d(Sz,Ty) 5 5 5
We have
oz ):é
T T e =y
and g—9l\* _|z—l
_(lz—y e —yl?
Fasamy) = (E30) = 2
Thus,
1 |z —y|”

aleyPd(Se,Ty) = 77—~

By definition,

M(z,y) = max {d(x, ), d(z, Sz),d(y, Ty),

= max{|:13—y|7

3
z| |yl sle—yl
= |$_y‘7%7|72|7 2 [z] .

Now, B(M(z,y)) = =0 and

F(M(z,y)) = M(z,y)".

d(z,y) + d(Sz, Ty) }
1+ d(z, Sz)

| y| Zy }
|I|
2

_Y
2

x
x_Ea )

Therefore,

M(z,y)
M(x,y)+1

M (z,y)P*!

B(M (z,y))F(M(z,y)) = My +1

: M(I7y)p =

Now, we need to check if
T+ a(z,y)F(d(Sz, Ty)) < B(M(z,y))F(M(z,y)).
Substituting the values we have

1 |z —y|P _ M(z,y)Pt"
1+ |z —y| 20 = M(z,y)+1

0.1+

To verify the validity of the inequality, we study the following two cases:

Case 1: =1 and y = 2. Recall that S(z) = 5 and T'(y) = §. Then
1 2 1 1
a(z,y) = 1+|;—y\ = 1+\}—2\ = % We choose F(z) = 2P with p = 2 (a common

choice for such problems). Thus,

F(d(Sz, Ty)) = (;)2 -7
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Therefore,
1 1 1
F(d Ty)) ==+ — = —.
(@, y)F(d(Sz, Ty)) = 5 - 7 = 3
Recall that
1 1+1
M = 1-2[,|1-=],]2 2
(2.9) = max {1 =2, 1= 3| ]2 =11, 1|
1 3
= max 112}
' 913
{3t
—max{l,l,l,l}
2

B(M(z,y)) = % = ﬁ =1 and F(M(z,y)) = M(z,y)? = 1*> = 1. Hence,
B(M (2, ) F(M(z,y)) = 1 = 0.5.
We need to check if

T+ a(z,y)F(d(Sz, Ty)) < B(M(z,y))F(M(z,y)).

Substituting the values we obtain

01+<- <

ool =
| —

This simplifies to
0.1+ 0.125 = 0.225 < 0.5,

which is true. Thus, the inequality holds for z = 1 and y = 2.

Case 2: x =0and y = 1.
Following the similar steps:

0 1| 1
Ty) = |2 — 2| = L.
d(Sz, Ty) ‘2 2‘ !
a(z,y) = ﬁ = 5 and F(d(Sz, Ty)) = (%)2 = 1. Therefore,
11 1
a(z,y)F(d(Sr.Ty) = 5 = 5.
1] 1+1
Mo = max {jo- 1oy 1= 3] 24
13
max{ s 727 2}
_3
=5
M(z,y) 3 3 3\ 2
B(M(z,y)) = ]vf(x;;51+1 =3 il = % = 5 and F(M(z,y)) = M(w,y)2 _ (2) _
2 2
% Therefore,
3 9 27
BM () F(M(w,y)) = - - 7 = 35 =135
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We need to check if
T+ oz, y) F(d(Sz, Ty)) < B(M (z,y)) F(M(z,y)).

Substituting the values we obtain
1
0.1+ 3 < 1.35.

This simplifies to
0.140.125 = 0.225 < 1.35,

which is true.
Thus, the inequality holds for x = 0 and y = 1 as well.
In both cases, the inequality

7+ a(z,y)F(d(Sz, Ty)) < B(M (x, y)) F(M(x,y))

is satisfied. This verifies that S and T satisfy the (a-(-F)-weak contraction condi-
tion in these instances.

Example 3.2. In the preceding example, particularly in Case 2, it was demon-
strated that the mappings S and T satisfy only the conditions for an (a-3-F)-weak
contraction and do not fulfil the criteria for an (a-3-F)-contraction.

This result validates the correctness of Remark 3.1.

4. Application

In this section, we will illustrate the possibility of applying the Volterra integral to
our study as follows: Volterra integral equations of the second kind are fundamental
in various fields of mathematics and applied sciences. These equations are typically
written as:

u(z) = g(z) + /090 k(z, t)u(t)dt, =z €0,1],

where g(z) is a known continuous function, and k(z,t) is a continuous kernel. The
existence of solutions to such equations can be demonstrated using the (a-8-F)-
weak contraction principle in a properly defined metric space.

Let C([0,1]) denote the space of all continuous functions on the interval [0, 1],
equipped with the supremum metric:

d(f,9) = sup |f(z)—g(z)|.

z€]0,1]

Define integral operators S,T : C([0,1]) — C([0,1]), where S represents the
transformation defined by the integral equation, and T is a related operator satis-
fying the inequality:

T+F(d(Sf,Tg)) < m+a(f,g)F(d(Sf,Tg)) < BM(f,9))F(M(f,g)) < F(M(f,9g)),

for all f,g € C([0,1]) with d(Sf,Tg) > 0 and «(f,g) > 1. Here, M(f, g) is defined
as:
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M(f.g) = max {d(ﬂ 9),d(f, 1), d(g, Tg), L9+ {5/, T9) } |

L+d(f,51)

By ensuring that the operators S and T satisfy the (a-S-F)-weak contraction
condition, the existence of a common fixed point is guaranteed. This ensures the
existence of a unique function u* € C([0, 1]) that satisfies the given Volterra integral
equation.

This method provides a solid theoretical foundation for solving integral equations
using fixed point techniques. It not only establishes the existence and uniqueness
of solutions but also highlights the broader applicability of fixed point methods in
mathematical analysis and related disciplines.

The following example is an application of this type of integral equations, known
as the “Volterra integral equation”.

Example 4.1. Let X = C]0, 1], the space of continuous functions on [0, 1], with
the supremum metric:

d(f,g) = sup |f(z)—g(z)].

z€]0,1]

Define the integral operators:

S = [ i @ = [ i

0 0
Let f(x) = z and g(x) = 2%. We verify the inequality:
T+ a(f,9)F(d(Sf,Tg)) < B(M(f,9))F(M(f,9)),
where 7 = 0.05, F(r) =12, a(f,g) = 1, B(r) = 0.8, and

d(f,g) +d(Sf, Tg)}
1+d(f,Sf)

m—/ et dt
0
/e‘ttdt—/ e_t/2t2dt‘}
0 0

M(f. g) = max {d(ﬁg), a(f.51). d(g. Tg).

)

= max{ sup |f(z) —g(z)|, sup
2€[0,1] 2€[0,1]
, Sup

xT
xz—/ e 22 qt
0 z€0,1]

0.25+0.35
1+0.2

= max{0.25,0.2,0.3,0.5}
=0.5.

sup
z€[0,1]

= max {0.25, 0.2,0.3,

Substitute into the inequality:

T+a(f,9)F(d(Sf,Tg)) < B(M(f,9)F(M(f,g))-

T+ F(d(Sf,Tg)) = 0.05+ (0.35)% = 0.05 + 0.1225 = 0.1725.

B(M(f,g)F(M(f,g))=0.8-(0.5)2=0.8-0.25=0.2.
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Therefore the following inequality is satisfied
0.1725 < 0.2.

The operators S and T', defined on the metric space C[0, 1], with the chosen func-
tions and parameters, satisfy the (a-f-F)-weak contraction inequality.

5. Conclusion

This study introduced (a-8-F)-contraction mappings and established new common
fixed point theorems in metric spaces, extending existing results in fixed point the-
ory. The proposed framework maintains flexibility while preserving key structural
properties such as compactness and continuity. To demonstrate practical relevance,
we applied our results to Volterra integral equations, confirming the effectiveness of
our approach in solving integral equations. This work enhances the understanding
of fixed point theory and its applications in mathematical analysis. Future research
could explore extensions to partial metric spaces, b-metric spaces, and fractional
differential equations, further broadening its impact in nonlinear analysis.
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