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Minimizing the Eigenvalue Ratio for the
p-Laplacian Operator
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Abstract We focus on the minimization problem of the eigenvalue ratio for
the p-Laplacian operator with Robin boundary conditions on an interval [0, 7],
where 7 = ﬁ. Using variational techniques and Priifer-type transfor-
mations, we show that the constant weight is not minimizing for the class of

concave weights.
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1. Introduction

The eigenvalue ratio of the first two eigenvalues, Alw] = ifm, is a cornerstone of

spectral analysis, offering profound insights into the dynamic behavior of physical
systems such as vibrating strings, membranes, and fluid flows. This ratio quanti-
fies the relative frequencies of fundamental vibrational modes, influencing stability,
resonance, and energy distribution in applications spanning acoustics, structural en-
gineering, and non-Newtonian fluid dynamics [6,9,23]. In this paper, we investigate
the minimization of A[w] for the p-Laplacian operator, a nonlinear generalization
of the Laplacian defined by A,u = (|u/[P~2u)’ for p > 1, under Robin boundary
conditions. The p-Laplacian’s nonlinearity introduces mathematical richness, dis-
tinguishing it from the classical linear case (p = 2) and making it a powerful model
for complex physical phenomena [7,16]. Our study focuses on whether constant
weights minimize Afw] among concave weights, extending classical results to the
nonlinear setting with flexible boundary conditions.

Throughout this paper, we consider the following problem under Robin bound-
ary conditions.

—Apu(z) = dw(z)|u(z)P2u(z), € (0,7),
[ u'(0) [P~2 u/(0) = —ar | u(0) P72 u(0), (1.1)
| u'(7) P72 ' (7) = B | u(7) [P~2 u(F).

2dt 2m

1
Meanwhile Apu = (|u/[P7%u) and & = / - = is the first
o (I—tP)»  psin (%)
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zero of siny(z); here siny(z) is called the generalized sine function (see [16]) which
is defined for z € [0, Z] implicitly by the following formula

2
siny () dt
i
0 (1—tr)»

« and [ are two constants and there exists a physical reason to writing with oppo-
site signs (see [25]). Robin conditions model physical scenarios where the boundary
interacts with the environment, such as elastic supports or heat exchange, making
them highly relevant in engineering and physics [22,25]. Our objective is to deter-
mine the optimal weight w that minimizes A[w] among concave functions, a question
with implications for designing systems with desired vibrational properties.

The study of eigenvalue ratios has a rich history, particularly for linear vibrating
string equations (p = 2). Keller [21] initiated early investigations into minimizing
eigenvalue ratios, establishing foundational results for Sturm-Liouville problems.
Huang [15] demonstrated that for Dirichlet boundary conditions, constant weights
minimize A[w] = 4 among symmetric single-well densities, while achieving Afw] > 4
for concave or symmetric single-barrier densities, with equality only for constant
weights. Horvéth [14] extended these findings to non-symmetric single-barrier den-
sities, removing symmetry constraints. More recently, Gu and Sun [13] explored
the eigenvalue ratio for vibrating strings with single-barrier densities and mixed
boundary conditions, showing that boundary variations significantly affect optimal
weights. These results highlight the interplay between weight functions and bound-
ary conditions in determining spectral properties, but they are limited to the linear
case, where analytical solutions are more tractable.

For the p-Laplacian, the nonlinear nature complicates analysis, requiring ad-
vanced tools such as Priifer-type transformations and variational methods [16,19].
Cheng et al. [11] made significant progress by studying the p-Laplacian with Dirich-
let boundary conditions, proving that constant weights minimize A[w] for single-
barrier densities, generalizing Huang’s results to p > 1. Their work leveraged the
generalized trigonometric functions sin, () and cos,(x), which play a role analogous
to sine and cosine in the linear case [18,20]. However, the p-Laplacian with Robin
boundary conditions remains underexplored, as the mixed boundary constraints in-
troduce additional complexity in eigenfunction behavior and eigenvalue dependence
on w. Preliminary studies, such as those by Ahrami and El Allali [1,5], suggest that
Robin conditions may alter the optimality of constant weights, but a comprehen-
sive analysis for concave weights is lacking. This gap motivates our investigation,
as the nonlinear dynamics and boundary flexibility offer a fertile ground for new
mathematical insights.

Our main contribution is to prove that the constant weight does not minimize
Afw] for the p-Laplacian with Robin boundary conditions among concave weights,
challenging the intuition from Dirichlet cases. Instead, we show that affine weights
of the form w(x) = ax + b with a # 0 often yield lower eigenvalue ratios, suggest-
ing a dependence on the boundary parameters o and 5. This result has practical
implications for optimizing vibrational systems, such as musical instruments or
structural components, where non-constant density profiles may enhance perfor-
mance [9,23]. Methodologically, we employ a variational approach, building on the
Feynman-Hellmann formula to analyze eigenvalue perturbations, and leverage tech-
nical lemmas on eigenfunction monotonicity to characterize optimal weights [11,12].
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An explicit example with mixed Neumann-Dirichlet conditions (a = 0, 8 — o0) il-
lustrates our findings, demonstrating the power of affine weights in reducing Afw].

The paper is organized as follows. In Section 2, we establish preliminary prop-
erties of the eigenvalue ratio, including a Feynman-Hellmann formula for eigenvalue
variations and results on the monotonicity of the eigenfunction ratio 72. These
tools, inspired by [11,16], provide the foundation for our analysis. In Section 3,
we present our main theorem, proving the non-optimality of constant weights us-
ing variational techniques and Corollary 3.1, which links eigenvalue ratio changes
to eigenfunction integrals. We support our theoretical results with Example 3.1,
computing A{w] = 3% for a constant weight and showing that an affine perturbation
reduces the ratio. The conclusion discusses implications for nonlinear vibrational
systems and outlines future research directions, such as exploring other boundary
conditions and weight classes [13,24]. Our findings contribute to the spectral the-
ory of nonlinear operators and offer new perspectives for applications in physics
and engineering, where optimizing eigenvalue ratios can enhance system design and
performance [6,17,23].

2. Preliminaries and basics

In this section, we will give some basic information and preliminaries of the problem
(1.1). We begin by defining the p-Laplacian operator on the interval [0, 7] subject
to Robin boundary conditions

—Apu(r) = Mw(@)|u(@) [P *u(z),

with bounded measurable weight w : [0, 7] — R as a self-adjoint operator on the
weighted Banach space LP([0, 7], w) with form domain D = W, ?([0, 7]).
By [16], the eigenvalues of problem (1.1) form a strictly increasing sequence as

0< )\1(’(1}) < )\g(w) < /\3(11)),

and accumulate to oo.

The eigenvalue ratio which is denoted by A[w], is defined by the first two eigen-
values
_ Ao[w]

Afw] = M)

By the definition we remark that the eigenvalue ratio for the p-Laplacian oper-
ator with Robin boundary conditions depends on the weight w and the constants

a, B, p.

Lemma 2.1. The eigenvalue ratio of p-Laplacian operator with Robin boundary
conditions on an interval [0, 7] is not affected by multiplying the density by a con-
stant, that is

Afw] = Alew]

for any constant ¢ different of zero.
Proof. If )\(11) and )\gl) denote the first two eigenvalues of problem (1.1) for w,

AL
then the first two eigenvalues )\52), )\;2) of problem (1.1) for cw satisfy )\52) =L
c
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AW
and )\52) = 22 as is easily seen. Hence,
c

Afw] = Alew].

O

Proposition 2.1. [22] The Ljusternik-Schnirelmann theory provides the existence

of a sequence (A, Un)n>0 for the p-Laplacian operator. The first eigenvalue is
defined by

Ar(w) = min R(u,w),
u€W, 7 ([0,7])

where the Rayleigh quotient R(u,w) is given by

/W u'(z)[Pdz — (o | w(0) |7 +8 | u(®)) )
R(u,w) = %2 .

7
| w@lu@prds
0
Remark 2.1. In the linear case p = 2, the spectrum is discrete, but the p-Laplacian

spectrum has not been proved to be discrete.

Now, we give the Feynman-Hellmann formula for the variation of eigenvalues
with respect to a family of weight of the problem (1.1) under Robin boundary
conditions.

Lemma 2.2. Suppose that w(z,t) is a one-parameter family of real-valued, locally
L' functions on (0,7) with 2% (z,t) € LP(0,7). Let A, (t) be the n-th eigenvalue of
the p-Laplacian problem
/
- (|u/\1’*2uf) = w(z, OulP~u, x € (0,7),
[/ (0)["~2 w/(0) = —alu(0)[~2u(0),

! ()P~ (7) = Blu(#)P~2u(#).

with normalized eigenfunction u, (x,t) satisfying foﬁ w(x,t) |uy(z,t)[P de = 1. Then

dn(t) _ ) /Oﬂ %—Q:(x,t) [un (2, 1)[F da.

For the proof, see [11], Lemma 2.2.
Remark 2.2. We have

d\n(t) T Ow ,
dt _)‘"(t)/o g(%t)lun(x,tﬂ dx.

Then

dA[w] Ao (A1 (t) — A (E)Aa(t) () T Ow , .
dt A1(t)? T o ¢ (1) (Juz(, )" = Jua (2, 1)[7) da.
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Next following [10,11], we have the technical results:

Lemma 2.3. Consider the problem (1.1) with w € LP(0,%). If u1, us are respec-
tively the first and second eigenfunctions then “2 is decreasing on (0, 7).

U1

Lemma 2.4. The equation |uz(z)| = |ui(z)| has at most two solutions on (0, 7).

Proof. Suppose that there exist two points distinct ¢; € (0, x9) such that

uQ(Ci) = ul(Ci)a 1= 172

Define the function

Then 2(¢1) = 2(¢2). By Rolle’s theorem there exists 8 € (0, zq) such that 2'(8) = 0,

but this contradicts Lemma (2.3). A similar argument applies to the interval (zq, 7).

This proves Lemma 2.4. O
Using the above lemma, we deduce the following result:

Lemma 2.5. Consider the problem (1.1) with Robin boundary conditions. There
exist two points x_ and xy satisfying 0 < x_ < x4y <7 and

(2.1)

{|u2<x>|p > uz)P on (0,0-)U (4, 7),
jur (2)[P> g ()P on (z—,z4).

3. Characterization of optimizers

The goal of this section is to show that in general, the constant weight does not min-
imize the eigenvalue ratio Aw] for the p-Laplacian operator with Robin boundary
conditions among concave weights.

Conjecture 3.1. We consider the problem (1.1) under Robin boundary conditions,
then the constant weight minimizes the eigenvalue ratio Ajw] among concave weights
w.

Theorem 3.1. Consider the p-Laplacian operator (1.1) with Robin boundary con-
ditions. Then for every concave and mon-affine weight w, there exists an affine
weight w, = ax + b such that

Aw] = Alwg].

Proof. Let w be a concave, not linear weight, and w, = ax+b be the affine weight
such that w(zy) = we(x4). From Lemma 2.5, there exists 0 < z_ < x4y < 7 and

lug(2)[P >|ur ()P on (0,2-) U (24, 7),

lur ()P >fug ()P on (2, 2y).
By concavity of w
w—w, <0 on 0,2_)U (x4, 7),
w—we =0 on (x_,24).
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Therefore A
| = wa)(fuat@) s )Py <o,

0
Let

L,(t)=tw+ (1 —t)w,, te€(0,1).
Consequently )

Ly(t) = w — w,g.

Then

A -2 [0 = ) ua()P s () > 0.

Integrating this inequality with respect to t over (0, 1), we find

/ FMZ®) _ (g ()~ A(w)) 2 0
. dl

Then
A(w) = Alw,).

O

We will give a simple corollary of Lemma 2.2 to show the non-optimality of

a given weight w within class C which is the set of positive concave functions in
L>(0, 7).

Corollary 3.1. Given a weight w € C, suppose that wg is a weight such that
wo + tw € C for all sufficiently small t > 0 (respectively t < 0). If there exist
normalized eigenfunctions uy associated with A\ (wo) and ug associated with Az (wp)
such that

/ w(z)[|uz(z)|P—|ui(x)|P]de < 0, respectively, > 0, (3.1)
0

then w does mot minimize the eigenvalue ratio in C.

Proof. Consider the weight wy € C, where C is the set of positive concave functions
in L*°(0,7). We assume there exists another weight w € L*(0,#) such that the
perturbed weight

we(x) = wo(x) + tw(x)

remains in C for ¢ > 0 (or ¢ < 0 ) sufficiently small. This implies that w(z)
is positive and concave for small |¢|. Let wuj(z,t) and us(x,t) be the normalized
eigenfunctions corresponding to the first and second eigenvalues A;(¢) and Az (t) of
the problem with weight w;

~ (- u’)/ — hw(z, B)ulP~2u, @€ (0,7),
[/ (0)P~% 4/ (0) = —alu(0)["~2u(0),

o/ (@)% ! (7) = Blu(@) P~ 2u (7).

with normalization

/ wi () [un (2, ) dw =1, n=1,2.
0
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The eigenvalue ratio is

~ Aa(t)
C ()
From Lemma 2.2, the derivative of the eigenvalue A, (t) with respect to the param-
eter t is given by

Alw]

dAn(t) _ T Qw, P

Since we(z) = wo(x) + tw(z), we have

Oowy
W(x,t) = w(x).

Thus " A
A\ (t g ,
ol = x,0) [ wle) (o0 do
At t =0, A
dA, (1) L ﬁwx .
it |,y An<0)/0 (@) lun (@) de.
Then
dA [w,]

= A [wo] /07r w(z) [Jur ()" = Juz(z)["] da.

dt
First suppose that

t=0

/0 ") [Jua(@)? — s ()] dar < 0.

Since A [wg] > 0, a negative derivative implies that A [w¢] decreases as ¢ increases
from 0. Thus, for small ¢ > 0, A [w] < A [wp], and since w; = wy + tw € C, there
exists a weight in C with a smaller eigenvalue ratio, so wy does not minimize Afw].
Second, if

/O " (@) [[ua(@)]? — s () ) d > 0,

this implies A [w;] increases as ¢ increases from 0. However, since wy = wg +tw € C
for ¢t < 0 (sufficiently small), consider ¢ < 0
dA [wt}
dt

> 0= Aw] < Awp] for small ¢ < 0.
t=0

Because the derivative is positive, decreasing ¢ reduces A. Thus, there exists w; € C
with Afw] < Afwp]. In both cases, there exists a perturbation direction (either
t > 0ort<0)such that Aw] < A[wg], proving that wy is not a minimizer of
Afw] in C.

O

Example 3.1. Consider the p-Laplacian eigenvalue problem with mixed boundary
conditions

- (|u’|p_2u’)/ = dw(z)|ulP~%u, =z € (0,7),
u’'(0) =0,

u(7) =0,
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where T = y is the first zero of the generalized sine function sin,(z), and w(x)

2
psin(m/p
is a positive concave weight in L>°(0, 7). These boundary conditions correspond to
the Robin case with a = 0 (Neumann at = 0) and 8 — oo (Dirichlet at = = 7).

We test whether the constant weight w(x) = 1 minimizes the eigenvalue ratio

Afw] = ifm among concave weights, using Corollary 3.1.

For w(z) = 1, the eigenvalue problem simplifies to
— (P2 = NuP2u,  z € (0,/), u'(0)=0, u(#)=0.
The first two eigenfunctions, normalized such that foﬁ |un (z)|P de =1, are
3
ui(x) = Aj cosp (%) . us(z) = Ascosy (f) ,

where cos,(z) = - sin,(z), and the constants Ay, Ay ensure normalization. The
corresponding eigenvalues are

m\P 2P 3m\P 2v
w1 (7)o

Thus, the eigenvalue ratio is

3m\P
_ & _ (T) __ap
A[l}_)\ = =3
(%)
To apply Corollary 3.1, we seek a perturbation weight w(z) such that w¢(z) =
1 + tw(x) remains positive and concave for small |¢|, and the integral

1= [ () (uala)P = Jur(a)P) do
0
is non-zero. By Lemma 2.5, there exist points 0 < x_ < x4 < 7 such that

{|u2(x)|p > |lui(z)? on (0,z_)U (x4,7),
lur (@)[P > [uz(2)[P on (z—,24).

Consider the affine weight w(z) = x — ¢, where ¢ is chosen to ensure w(z) =
1+t(x—c)>0for z € [0,7] and small ¢ > 0 (e.g., ¢ = #/2). Since w”(x) = 0,
we(z) is concave. Compute

I :/0 (x —¢) (Ag cosh <34x> — A} cosh (Z)) dr.

Since cos, () is decreasing on [0,7/2], and 22 > £ we have cos, (2£) < cos, (%).
The function x—c is negative for + < c and positive for > ¢. Given the distribution
of Jug|? — |uy|P from Lemma 2.5, choose ¢ such that I < 0 (numerical evaluation or

symmetry arguments may confirm this for appropriate ¢). By Corollary 3.1

dA [’U.)t]
dt

= A[1] /ﬂ(x —¢) (lur(@)|P — |uz(2)[P) dz = A[1](—=1) > 0.
t=0 0

Thus, for small ¢t < 0, Afw;] < A[1l] = 3P, since the derivative is positive, implying
a decrease in Awy] as t decreases. Hence, the constant weight w(z) = 1 does not
minimize A[w] in the class of concave weights. This suggests that an affine weight,
such as w(x) = ax + b with a # 0, may achieve a lower eigenvalue ratio.
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4. Conclusion

This paper establishes a significant advancement in the spectral theory of the p-
Laplacian operator by demonstrating that constant weights do not minimize the
o
ditions. Through Theorem 3.2, we prove that for any non-affine concave weight
w, there exists an affine weight w, = az + b with a # 0 such that Afw] > Afw,].
This result, supported by Corollary 3.1 and illustrated in Example 3.1 for mixed
Neumann-Dirichlet conditions (v = 0, 8 — o0), challenges the optimality of con-
stant weights observed in Dirichlet settings [11,15]. Our findings suggest that the
optimal weight’s form depends on the boundary parameters « and 3, offering new in-
sights into the interplay of nonlinearity and boundary constraints in the p-Laplacian
problem defined on [0, psif(%], where psif(fr/p) = psif&/p) [16].

Methodologically, we leverage a variational approach, employing the Feynman-
Hellmann formula (Lemma 2.2) to analyze eigenvalue perturbations and Priifer-type
transformations (Lemma 2.3) to establish the monotonicity of the eigenfunction
ratio Z—’;‘ Lemmas 2.4 and 2.5 further characterize eigenfunction intersections, en-
abling precise perturbation arguments. These tools, rooted in nonlinear spectral
analysis [16,22], provide a robust framework for studying eigenvalue optimization.
Example 3.1 explicitly computes A[1] = 3P for a constant weight and demonstrates
that an affine perturbation reduces the ratio, underscoring the practical relevance
of our theoretical results.

The non-optimality of constant weights has profound implications for design-
ing vibrational systems, such as musical instruments or structural components,
where tailored density profiles can optimize resonance properties [9,23]. In physics
and engineering, our results inform models of non-Newtonian fluids and glaciol-
ogy, where the p-Laplacian governs complex dynamics [6,17]. Mathematically, this
work advances the understanding of nonlinear eigenvalue problems, highlighting the
sensitivity of spectral properties to boundary conditions and weight functions.

eigenvalue ratio Afw] = among concave weights under Robin boundary con-

Future research should explore the precise characterization of optimal affine
weights, determining the coefficients a and b that minimize Afw| for general «
and (. Investigating other weight classes, such as single-barrier or convex func-
tions, could reveal additional optimality patterns [13,24]. Extending the analysis to
higher eigenvalues or multi-dimensional domains offers further challenges, as does
examining periodic or anti-periodic boundary conditions. These directions promise
to deepen our understanding of nonlinear spectral theory and enhance applications
in diverse scientific fields.
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