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Properties Around the First Eigenvalue of a Partial
Discrete Dirichlet Boundary Value Problem
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Abstract In this article, we study some results around the first eigenvalue
A1,m for the partial discrete Dirichlet boundary value problem, like the con-
stant sign of the eigenfunction associated with A1, the simplicity of A1, and
the sign change of any eigenfunction associated with A > A1 .
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1. Introduction

Let A be a positive parameter and Z[N, M| represent the discrete interval {N, N +
1,....M}, where N and M are integers and N < M. We consider the following
partial discrete problem

—A1(pp(Arz(i = 1,7))) = Dalpp(Bax(i, j — 1)) = Am(i, j)ep(x(i, 5)),

P (i,5) € Z[1,0] x Z[1, 8],

) . N

x(O,])—x(a+1,])—07 ]GZ[lvﬁ]v
= ()7

x(4,0) = z(i, 8+ 1) i€ Z[1,q],

where «, 8 > 2 are fixed positive integers, A; and As denote the forward differ-
ence operators defined by Aqx(i,j) = x(i + 1,7) — z(i,j) and Aqx(i,j) = x(4,j +
1) —x(iyj), m € My = {m : Z[1,a] x Z[1, 5] — R/3(i0,j0) € Z[1,0a] x Z[1,0] :
m(io, jo) > 0}, ¢, denotes the p-Laplacian operator defined by ¢, (u) = |u[P~2u
and 1 < p < oo.

Recent mathematical literature has given difference equations a great deal of at-
tention. Research on these equations can be found at the intersection of many math-
ematics disciplines, including numerical analysis and nonlinear differential equa-
tions. Moreover, they are strongly motivated by their applicability to various fields
of research, such as artificial or biological neural networks, mechanical engineer-
ing, control systems, and more. For studying these equations, using techniques for
nonlinear analysis, many authors arrived at a variety of results, such as fixed point
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methods, Brouwer degree, and critical point theory [1-5,9,12,13,17]. Partial differ-
ence equations are those difference equations that include two or more variables and
are less frequently studied [7,11,14,16]. Partial difference equations have recently
been extensively utilized in a variety of fields.

In 2010, Galewski and Orpe [10] demonstrated the existence of solutions to the
following problem utilizing critical point theory:

f (4,7) € Z[1,a] x Z[1, B],
(Ey) L N ‘
z(0,j) =z(a+1,j) =0, JEZ[L,pl,
z(1,0) =z(;,6+1) =0, i €Z[1,qal,

where A? and A2 are two second-order forward difference operators given by
A2x(i, §) = A1(Aqrx(4, 7)) and A3x(i, ) = Aa(Asx(i, §)), respectively.
Heidarkhani and Imbesi [15] in 2015 presented certain conditions to establish
multiple solutions for the problem (E{)
Du and Zhou [8] studied the following problem in 2020:

~Ai(pp(Ar2(i — 1,5))) — Aa(p(Boz(iyj — 1)) = A (i, ), x(i, 1)),
(Efyp) ('Lv]) € Z[].,Ol] X Z[lvﬁ}
) 2(0,)) =x(a+1,5) =0, jeZ[L4,

2(i,0) =2(i, B+ 1) =0, icZl,al,

where 1 < p < o0 and f((4,7),.) € C(R,R), for all (i,5) € Z[1,a] x Z[1,5]. By
using critical point theory, the authors established the existence of infinitely many
solutions for (E{’p).

Our study focuses on some results concerning the first eigenvalue Ay ,, of the
problem (Py). More precisely, in this article, we investigate the simplicity of A1,
the constant sign of the first eigenfunction associated with A; ,,, the strict mono-
tonicity characteristic concerning the weight and sign change of any eigenfunction
associated with A > Ay .

We consider the a8-dimensional Banach space
H= {x:Z[O,a—l—l] X Z[0,8+ 1] — R :x(0,5) = z(a+1,5) =0, j € Z[1, 8] and
z(i,0) =2(;,6+1)=0, i € Z[l,a]},

endowed with the norm

B a+1 a B+1 N
Izl = (> Ava(i—1,5)2 + D> Agali,j — 1)) 2.
j=1i=1 i=1 j=1

This article’s last section is structured as follows: Section 2 is devoted to math-
ematical preliminaries, and statements of the main results are covered. Section 3
contains proof of the main results.
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2. Preliminaries and statement of main results

Definition 2.1. Let u,v € H. We say that u < v (respectively u > v) if and only
if u(i,j) < w(i,j) (vespectively u(i,j) > v(i, 7)) for all (¢,5) € Z[1,a] x Z[1, 3].

Definition 2.2. We say that A € R is an eigenvalue of problem (Py), if there exists
w € H\{0} such that

B a+l o B+l
a B
=AD" S mlis i)ep(w(i, 1))yl 5), 2.1)
i=1 j=1
for all y € H.

We define the functionals ®, ¥ : H — R by the formulas

B a+1 a B+1
ZZ|A1wz—1]|p ZZ|A2wzg—1|
lel 21]1

and
1S
==> > mli w5
P4

Clearly, ® and ¥ are two functionals of class C'(H,R) and for all w,y € H

B a+1
<P (w),y>=Y Y |Aw(i—1,5)P2Aw(i —1,5)Ay(i — 1, j)
j=1i=1
a p+1
+3 0 1Asw(i i — DP2Agw(i — 1, 5)Agy(i — 1, 5)

i=1 j=1

and

=)

(03

<W(w),y >= > mli, j)w(i, )P w(i, 5y, 5)-

j=11i=1
Proposition 2.1. Let v € H, the following assertions are equivalent:
(i) v is an eigenfunction with X of (Py).
(ii) For any (i,j) € Z[1, a] x Z[1, 5],

—A1(pp(Arv(i = 1,5))) — Balpp(B2v(i, 5 — 1)) = Mm@, §)ep(v(i, 7))

Proof. For all v,y € H, we have

B a4+l

SN A =1, H)P A (i — 1,5) Ay (i — 1, 5)

j=1i=1
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=3 A= L, j)P A (i - 1,5)y(, )
i=1 j=1
a B B8
= > 1AW = LHP AW = 1, )y = 1,5) + Y [Are(a, )P Avy(a, 5)
i=1j=1 j=1
a B
=3 > A — 1, )P Avo(i — 1,5)y(i, 5)
i=1 j=1
a—1 B B
=SS Avi HIP2 A )yl ) — D [Ave(en )P Arw(a, j)y(a, )
i=1 j=1 j=1
B8 B
== > A (1A = 1,5) P A - 1,5))y(, ).
j=1i=1
Similarly, we have
a B+1
SN 18gu(ij — DIP2Ag0(i, j — 1)Agy(i,j — 1)
i=1 j=1

e

B
- Z Ao(|Agu(i,j — 1)PYy(i, ).

=111=1

We suppose that v € H is an eigenfunction associated with A then, from the above
equalities,

22( @, (A0~ 1.7)) ~ Aa(@y (Ao — 1)
(i ), (0, y>>)y< j)=o. (2.2)

Since y is arbitrary, then the equality (2.2) is equivalent to
—A1(@p(Arv(i — 1,4))) = Ao (Pp(Agu(i,j — 1)) = Am(i, j) P (v(i, 1)),
for all (i,7) € Z[1,a] x Z[1, B].
Here is a list of some inequalities that will be used in the future.

Lemma 2.1 (Proposition 1, [8])). For any v € H and for any p > 1,

a+1

[0(i, )| <(a+5+2<ZZA1v i— 1)

j=11i=1

a p+1
+ZZA2112]—1 )

i=1 j=1

max
(4,4)€Z[1,a] X Z[1,B]
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Lemma 2.2. For every v € H and for any p > 1, we have

B« B a+1
ZZWZ NP <aﬁ(+ﬁ4+2pl<ZZA1vz—l 7)P
j=11i=1 j=11i=1
a [+1
+) 0D Agu(iyj - 1)p>.

i=1 j=1

Now, the main results in this article are the following theorems:

Theorem 2.1.
B a+l a p+1
A1,m = inf { Z Z [Aqw(@ —1,7)|P + Z Z |[Asw(i,j — 1P :w e H and
j=1i=1 i=1 j=1
a B
S ml i, )P = } (2.3)
i=1 j=1
is the first eigenvalue of (Py).
Remark 2.1.
B« o o
1 3 S mli G
— swp { =li= } (2.4)
Alm  H\{0} a B+l
21 Z |Ayw(i — 1, )P + Zl Z |Asw(i, j = 1)[P
J=1i= i=1 j=

Theorem 2.2. If w is an eigenfunction associated with A1 ,,, then w does not
change sign.

Theorem 2.3. The eigenvalue A1 , is simple .i.e, if v and u are two eigenfunctions
associated with A1 p,, then there exists r € R such that v = ru.

Theorem 2.4. If A > A\, and w is an eigenfunction associated with A, then w
changes sign on Z[1, o] x Z[1, 3].

Theorem 2.5. Ay, is strictly decreasing with respect to the weight .i.e, if m,m’ €
My such that m < m/, then A\ m < A,m.

3. Proof of the main results

By studying the sign of w(i,j), u(i — 1,5) and u(é,j — 1), we obtain the following
lemma.

Lemma 3.1. For all u € H, we have

B a+1 a B+1
DD AT =L+ DY [Agu (i — DI
=1 i=1 i=1 j=1

B a+l1

-3 ep(Aruli - 1 )AL (i 1,5))

j=1i=1
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a B+1
SN ep(Asuli,j — 1) As(u (0,5 — 1)),

i=1 j=1

where u~ = max{—u,0}.

Lemma 3.2. Let u,v € H and (3,j) € Z[1,a] x Z[1, B] such that u < v and there
exists (i0,jo) € Z[1,a] x Z[1, B] such that

u(i()ij) = U(io,jo). (31)
If u(i,j) = v(i,j) implies that

— A1 (pp(Ar(u(i — 1,5))) = pp(A1(v(i — 1,5)))) = — Ao (@p(Aa(v(i,j — 1))
—p(Az(uli,j— 1)), (3.2)

then u = v.

Proof. We have,

A <sop<Aw(z'o “10)) — ep(Avulio — 1,jo)>) (¢ (Bavio — 1,50))

— @p(Arulio — 1, jo)))
+ (pp(Arulio, jo))
— p(Aqv(io, jo)))

and
—Ay (‘pp(AZU(iij — 1)) — pp(Azv(ig, jo — 1))) =(pp(Azulio, jo — 1))

— op(Agv(ig, jo — 1))
+ (pp(Arv(io, Jo))
— ¢p(Aqulio, jo)))-

Since, * — @p(z) is increasing in R for p > 1, then
-1 (flArolin = 1)~ pp(Araio ~ 1.70) ) <0 (33

and

AT (%(Aw(ioajo — 1)) = op(Asv(io, jo — 1))) > 0. (3.4)
From (3.1), (3.2), (3.3) and (3.4),
—Al ((pp(Alv(iO — 1,j0)> — (pp(Al’IL(io — 1,j0))) =0 (35)

and
A (@p(Azu(ioajo — 1)) — wp(Azv(io, jo — 1))) =0. (3.6)
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Since, u < v and u(ig, jo) = v(ig, jo), then

pp(A1v(io — 1,50)) — pp(Arulio — 1,50)) <0,
Spp(Alu(i()?jO)) - SDP(Al/U(i07j0)) S 07
ep(Dav(io, jo — 1)) — wp(Arulio, jo — 1)) <0
and
ep(Azulio, jo)) — ¢p(Aa2v(io, jo)) < 0.
Consequently, from (3.5) and (3.6), we get
@p(Alv(iO - 17j0)) - @p(Alu(iO - 1’j0)) =0,
ep(A1ulio, jo)) — wp(A1v(io, jo)) = 0,
@p(AQv(iOajO - 1)) - SDP(Alu(iO,jO - 1)) =0
and
©p(Azulio, jo)) — ¢p(Aa2v(io, jo)) = 0.

By the strictly increasing nature of ¢, and the fact that v(ig,jo) = u(io, jo), we
obtain

,U(io - ]-7j0) = U(ZO - 17j0)7
u(io + 1, jo) = v(i0 + 1, jo),
v(io, jo — 1) = u(do, jo — 1)

and
u(io, jo + 1) = v(io, jo + 1).

Approach by approach, we prove that for all (¢, 5) € Z[1,«a] x Z[1, f],
u(i, j) = v(i, j).
O

Lemma 3.3. If w is an eigenfunction associated with A and w > 0, then w = 0.

Proof. Let w be an eigenfunction associated with A and w > 0. According to
Proposition 2.1, for all (i, ) € Z[1,«a] x Z[1, 5],

—A1(pp(Arw(i —1,5))) — Aa(pp(Bow(i, j — 1)) = Am(i, j)ep(w(i, j)).  (3.7)
On the other hand, if w(i,7) = 0, then
—Ar(pp(Aqw(i—1,7)) <0 (3.8)

and
—As(pp(Arw(i,j—1)) <0. (3.9)

According to (3.7), (3.8) and (3.9), we get
—A1(pp(Agw(i—1,5)) =0) =0

and
—A2(0 = pp(Agw(i,j — 1)) = 0.
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By contradiction, we suppose that there exists (ig, jo) € Z[1, ] x Z[1, 8] such that

w(io, jo) = 0. (3.10)
Thus, by Lemma 3.2, w = 0, which is a contradiction.
O
Proof of Theorem 2.1. Let w,, € H \ {0} be a minimizing sequence for Ay ,,. We
have
B «
ZZng lwn (i, 5)]P =1
j=11i=1
and
a+l B B+1 «
L L T
M = lim 2; Zl |Avwn (i = 1,5)P + Zl Zl |Agw, (i, j — D).
i=1 j= j=1i=

In view of Lemma 2.2, we infer that (w,) is bounded in H. That information
together with the fact that H is a finite dimensional Hilbert space, implies that
there exists a subsequence, still denoted by (w,), and wy € H such that (w,)
converges to wg in H.

Consequently,
a+l B B+1 «
=D > IAwo(i = LA+ DD [Agwo(i,j — )P = ®(wp),  (3.11)
=1 j=1 j=1 =1
and

MQ

=Y
j=1i
Thus, Ay, > 0; otherwise, from (3.11
diction is derived from equality (3.12).
Therefore, from (2.4), for all v € H,

m(%, j)|wo(Z, 5)|P = 1. (3.12)
1

<.
Il

, wo is constant, then wy = 0 and a contra-

f (i, )] (w0 + t0) (i, )P

||M@

4 o
ot \ atl B B+l o O_ )
2. [Ax(wo +tv)(i = 1, 5)P + Z > |Ag(wo +tw) (i, j — 1)[P
i=1 j=1 j=11i=1
Thus,

a B
ZZ 7] Pp UJ()Z])) (a])
iy
=0 (o) ( 33 en(Buuoli =~ Li)Aweli ~1,5)

B+l «
+D 0D wp(Dawo(iyj — 1)) Agu(iy j — 1)) .

j=1i=1

The above relation combined with (2.4) shows that A ,,, is the first eigenvalue of
problem (Py).
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Proof of Theorem 2.2. Let w be an eigenfunction associated with Ay ,,. For all
y € H, we have

B atl a [+1
ZprAlwz—ly))Alyz—ly ZZ (Aow(i, j — 1)Aay(i, j — 1)
a p
=M Y > mli, §)ep(w(i, 1))y, §). (3.13)
i=1 j=1

If w™ # 0, we take y = —w™ in (3.13), and we get

a B a+1

Almzzmum @GP == ep(Aiw(i —1,7)As(w™ (i — 1,5))

j=11i=1 j=1i=1
a o+1

SN eu(Aow(i,j — 1) As(w (i, j — 1)).

i=1 j=1

According to Lemma 3.1,

B a+l a p+1
S A (i =L+ YD [Agw (6,5 — 1)
j=11i=1 =1 j=1
S/\Lmzzm i, 7)|w™ (4, 9)|P. (3.14)
j=1 i=1

By (2.4), we deduce that

B
5 3 m )l )

HMQ

1
)\l,m B

B a+l ' ) a B+1 o '
21 21 [Arw= (i =1, )[P + > > [Aow™ (0,5 — 1)
J=1i=

i=1j=1
Therefore, w™ is an eigenfunction with eigenvalue A; ,,, and by Lemma 3.3, w™ > 0.

If w™ =0, so, w=w" >0, by using Lemma 3.3, w = w > 0.

Proof of Theorem 2.3. Consider two eigenfunctions, u and v, associated with
A1,m. By Theorem 2.2, we can assume that v > 0 and v > 0. Let o = min vlig)

Z[1,0)x2Z[1,5] “(1:)
Then au < v and there exists (ig,jo) € Z[1,¢] x Z[1, 8] such that au(ip,jo) =
(4o, Jo)-
On the other hand, if v(4, j) = au(i, j), we have
—A1(pp(A1v(i = 1,7))) = Da(pp(A20(i, j — 1)) =A1mep(v(i, 5))
:Al,mwp(au(imj))
== Au(pp(Arau(i —1,7)))
= Da(pp(Aau(i,j — 1))).

Therefore,

—A1(pp(Ar(au(i = 1,5))) = @p(A1(v(i = 1,5)))) = = Da(pp(Az(v(i, j —1)))
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= pp(Ag(au(i,j - 1)))).

Thus, by Lemma 3.2, v = au.
The following result has been proved in the one-dimensional case, where u de-
pends on only one variable; see [6].

Lemma 3.4. If ) is an eigenvalue of (Py) and it admits an eigenfunction with a
constant sign, then

B a+1 a B+1
_1nf{ZZ|Alu (i —1,7) |p+ZZ|Agvzy—1|

j=111=1 i=1 j=1
B« a B
+AY Y m (Dl )P v e Hoand Y Y m (i), )P = 1}7
j=1i=1 i=1 j=1
where m~ = max{—m,0} and m* = max{m,0}.

Proof. Let ug be an eigenfunction with a constant sign associated with A. We

put
Uo
w = .
5 a . . . . ;
(£ £ mtitar)
j=1li=1
and
B a+l a B+1
) _inf{z Z [Av(i —1,7)P + ZZ |Agv(i,j— 1)
j=11i=1 i=1 j=1
B «@ o ﬁ
FAY D T m ()@ )P rv e Hand Y Y m (6, 4)|u(i, )P = 1}.
j=1i=1 i=1 j=1
B «a
We have w € H and Y > m™(i,5)|w(i,5)[P = 1, then
j=1li=1
a+1 a B+1
6§ZZ|A1U}Z_1 J |p+ZZ|A2w i,j—1) |p+/\ZZm i, 5)|w(i, 7)P
j=1 i=1 i=1 j=1 i=1 j=1
1 B a+l a p+1
e (ZZ [Aqug(i — 1,7)1P + > 1Agug(i,j — 1)
> > mt (i, g)|ug(d, §) P I =L i=1 j=1
i=1j=1
a B
+>‘ZZW+(Z o (i, )P )\ZZmZJ lug (i, 5) P )
i=1j=1 i=1 j=1
=\
Let v € H \ {0} such that
[
DD mti ) =1 (3.15)

j=1i=1
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and
B a+l a B+1

6—ZZ\A1UZ—1J |p+ZZ\A2v2]—1|p+)\ZZm i, 7)|v(i, 5)|P.

j=11i=1 =1 j=1 j=11:i=1

(3.16)

Since,

B a+l a B+1 B8 a+l

D WISHEIIES 3 oI SHREREED v oSN
j=11=1 =1 5=1 j=111=1

a B+1

ZZ Aqv(iyj—1)P,

then, we can suppose that v > 0.
Since v achieves the infimum, then in the same way as in the proof of Theorem
2.1, for all y € H, we obtain

a+1

B
522771 i,7)ep(v(i, §)) ZZ% (Arv(i —1,75))Ary(i — 1,5)
=1

=1 j=1 j=1
a B+1

)0 en(Bovli,j — 1)) Agy(i, j — 1)

i=1 ]:1
+A> Zm*(@j)w(v(i,j))y(i,j). (3.17)
i=1 j=1
Thus, according to (3.17), Proposition 2.1 and the fact that v > 0, we have

om* (i, )i, )P = = Ar(pp(Arv(i — 1,5))) — Aa(pp(Aav(i j — 1))
+Am (i, )| (, )P (3.18)

If up > 0, we put c = max v(4,5) then cup > v and there exists
(i.j)€Z1,0)x2[1,5] “0(:7)

(i0,Jo) € Z[1,a] x Z[1, 3], such that ¢ = % From (3.18) and the fact that
d <\ if v(i,5) = cuo(i, 7), then

— A (pp(A1v(i — 1,5))) = Aa(pp(Agv(i, j — 1)) + Am~ (i, §) (i, )P~
<xm* (i, g)|euo (i, 4)[P~
=— A1(pp(Arcuo(i — 1,5))) — Aa(pp(Agcug (i, j — 1)) + Am™ (i, j)|cuo (i, §) [P~

Therefore,

A (sopmw(i C1.9) — pn(Aseu(i - u)))

< = B iylBacunling = 1)) = plBaoliei = 1) ). (3.19)

Since, * — ¢p(z) is increasing in R for p > 1, v(4, j) = cuo(i, j) and v < cug, then

—Aq (gop(Alv(i —1,5)) —op(Arcup(i — 1,j))> >0 (3.20)
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and
BEAY: (%(Azcw(m = 1)) = op(Aav(i,j — 1))) <0. (3.21)

From (3.19), (3.20) and (3.21),

A (%(Aw(i 1) — en(Areugli - Lj))) ~0

and
A, (@p(AzCU(i,j 1)) — op(Davli,j - 1>>> 0.

So, by Lemma 3.2, v = cu.
Thus, using the inequality (3.18), we obtain

om™ (i, 7)|cug (i, 7) [P~ = Am™T (i, 5)|cuo (i, 5) [P

Hence, A\ = 6.

If te= L)
upg < 0, we put ¢ = (z,g)ezgla}](xz[l 5 w0l
(i0,jo) € Z[1,a] x Z[1,B], such that ¢ = vliowo) - [Using the same techniques

u(i0,70)
mentioned above, we prove that A = 4. O

then —cug > v and there exists

Proof of Theorem 2.4. Let A > Ay ;,, be an eigenvalue of (Py) and w a positive
eigenfunction with A;(m) such that

Zza:m+ (4, NH|w(, 5P = 1.

j=11i=1

Since m = mT — m™, then

a+l B A+l «
ZZ\AHU i—1,75) |p+ZZ|A2UMJ—1 |p+)\1mzzm i) |w(i, 5)IP
=1 j=1 Jj=111=1 Jj=11i=1
B«
:/\17mzzm+(za])‘w(27])‘p
j=1i=1
L.
So,
« B a+1
)\17m(1722m Zj |wZ] |p ZZ‘A1w2717]|
j=11i=1 j=11i=1
a fB+1
£33 (Asu(in— )P
i=1 j=1
0. (3.22)

By contradiction, assume that A admits an eigenfunction that keeps a constant sign.
According to Lemma 3.4,

B a4+l a B+1
A =inf { SN Al = L)+ >0 [ Aguli, j - 1)

j=1i=1 i=1 j=1



2312 M. Abderrahim, A. Ayoujil, M. Barghouthe & M. Berrajaa

B« B«
)\ZZ (4, 4)|u(i, §)P :uw e H and ZZm (2, 7)|u(i, ])|p—1}

j=11i=1
Then
B a+l a p+1
§ZZ Aqw(i—1,7) |p+ZZ|A2w13—1|p+)\ZZm i, 9)|w(i, j)P.
=1 i=1 i=1 j=1 =1 j=1

(3.23)
Combining (3.22) with (3.23), we obtain

«

B« B
L= > m (G )w(if)P) < A (1= m™ (@ h)w(i )P).

j=1i=1 j=1i=1

Hence, from (3.22), we obtain A < Ay ,,,, which is a contradiction.

Proof of Theorem 2.5. Let m,m’ € M, such that m < m’ and w; an eigen-
function associated with Ay ,,,. We have

8
> m(i, j)|u(i, j)|P

MQ

1 — sup { i=17=1 }
A m - a+1 a B+1
1’HW}§§WWAMHQZMMHAN
Jj=11 =1y

B
55 3% mli e

HM;

B a+1 a Atl
D z [Aqwi (i = L7)P 4+ > 2 [Agws (4,5 — 1)[P
j=1i=1 i=1j=1

]
; m' (i, j)|w (i, 5) [P

ii MQ

S B a+l1 a B+1 o
-21 1 |Aywy (i —1,5) P + Z _Z |Agwy (i, — 1)[P
j=11i= i=1j=1
@ ﬁ / . . . .
> > m (i, ) u(i, §)IP
i=1j=1
< P { o Atl }
“}QZAWAmwgszrm
J T T J
1
< .
- >\1,m’
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