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Abstract The purpose of this study is to examine the impact of fractional-
order chemotherapy drug diffusion on tumor-immune cell growth. To address
the proposed system of fractional-order tumor-immune cell dynamics, two dis-
tinct and robust methods have been employed. Initially, the Hybrid Natu-
ral Decomposition method, an analytical approach that merges two effective
techniques – Natural Transform and the Adomian Decomposition Method has
been applied. Subsequently, the Residual Power Series method, a numerical
technique, has been employed to derive the solution in series form. The graph-
ical comparison of the results obtained from both methods with those from
classical-order solutions has been provided. The findings clearly demonstrate
that the proposed approaches offer a reliable and accurate means of under-
standing the intricate interactions between tumor growth and immune cell
activity.
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1. Introduction

The current challenge of cancer, in terms of sickness and mortality, remains one of
the most crucial matters in modern medicine. Despite notable advancements in both
fields, the intricacy of tumor development and the complex interplay between can-
cer cells and the immune system continue to manifest significant obstacles in cancer
research and treatment [19, 21]. The emerging field of tumor-immune surveillance
has recently drawn surging attention due to its unique perspective on the body’s
natural defenses against cancer growth [2]. The exact cause of most tumors re-
maining unknown, specific risk factors like exposure to radiation, tobacco usage,
and genetic mutations have been linked to their development [23]. The interaction
between tumor cells and immune cells, such as cytotoxic T-cells (CD8+ T cells),
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natural killer (NK) cells, and drug cells, is a multifaceted and dynamic process that
plays a critical role in the progression of cancer and the response to treatment.
CD8+ T lymphocytes, also referred to as cytotoxic T cells, play a crucial role in the
adaptive immune system. They have the ability to identify and remove tumor cells
that exhibit particular antigens on their surfaces. This recognition process takes
place through antigen presentation, during which tumor cells present tumor-specific
antigens on their surface in association with major histocompatibility complex class
I (MHC-I) molecules.

Based on prior studies [7, 22], equation (1.1) depicts the fractional order rela-
tionship between tumor cells and the anti-tumor immune system, as well as the
impact of chemotherapy on both the tumor cells and the immune system in caputo
sense.

CDκ
t N(t) = (ϕN(1− λN)− µ1NT − δ1UN)) ,

CDκ
t L(t) = (αNT − βL− η1LT − δ2UL) ,

CDκ
t T (t) = (σT (1− τT )− µ2NT − η2LT − δ3UT ) , (1.1)

CDκ
t U(t) = (ξ − rU) .

The research affirms that the model explains how tumor cell and immune system
population change under chemotherapy. T represents the population of tumor cells
at time t, while N and L respectively represent the population of Natural-Killer
cells and cytotoxic T-cells, and U represents the amount of drug at the tumor
site. According to the model, the decrease in tumor population is caused by both
immune effector cells and chemotherapy. This decrease is a result of the degradation
process, which involves the consumption that occurs when tumor cells are killed
due to chemotherapy, leading to a subsequent decrease in the population of effector
cells. In addition, because chemotherapy drugs impact both tumor cells and immune
effector cells using a mass-action mechanism, administering a higher constant dosage
of the drug can lead to increased depletion of both the tumor and immune effector
cells. The description and values of the parameters used in Eq.(1.1) as per the
existing literature [7, 22] are given in Table 1.

By combining the two powerful techniques, Natural Transform(NT) and Ado-
mian Decomposition Method(ADM), the technique Hybrid Natural Decomposi-
tion Method(HNDM), offers a unique solution to the complex dynamics of tumor-
immune cell interactions, which has not been extensively explored in the existing
literature. The HNDM integrates the strengths of NT and ADM, providing an
analytical framework that is both efficient and precise for tackling fractional-order
differential equations. This allows for a deeper understanding of tumor growth and
immune response at fractional orders, a dimension that conventional integer-order
models fail to capture.

In addition, the application of the Residual Power Series(RPS) method offers
an effective numerical technique to obtain solutions in series form. The use of these
methods introduces a new paradigm for solving fractional-order models, enabling
a more accurate representation of the dynamic and nonlinear processes governing
tumor-immune interactions. These novel approaches not only enhances the precision
of predictions in cancer research but also provides valuable insights into the complex
relationships among chemotherapy drug diffusion, tumor growth and immune cell
responses, opening new avenues for improving cancer treatment strategies.
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Table 1. Parameters, Descriptions, and their Values.

Parameter Description Value

φ Growth rate of NK cells 0.25/cell/day

δ2 CTL cell killed by drug 6× 10−1/cell/day

λ Inverse of NK cells capacity 3.17× 10−6/cell

δ3 Tumor cell killed by drug 8× 10−1/cell/day

σ Growth rate of tumor 5.14× 10−1/day

η1 CTL death rate 3.42× 10−10/cell/day

η2 Rate of CTL induced tumor death 3.5× 10−7/cell/day

τ Inverse of tumor capacity 1.02× 10−9/cell

ξ Influx of drug 0.23/dosage

µ1 NK cell death rate 1.0× 10−7/cell/day

r Drug decay rate 9× 10−1/cell/day

µ2 Tumor death rate of NK 6.41× 10−11/cell/day

α Activation rate of CTLs 1.1× 10−7/cell/day

δ1 NK cell killed by drug 6× 10−1/cell/day

β CTL death rate 2.0× 10−2/day

Fractional-order models, which incorporate non-integer derivatives, provide a
more realistic representation of tumor-immune system interactions by capturing
complex dynamics such as memory effects, hereditary processes, and long-range in-
teractions. These models are particularly suited for biological systems like immune
responses and tumor growth, where behaviors such as immune evasion, tumor pro-
gression, and immune activation are critical. By using methods like HNDM and
RPS, fractional-order models can incorporate time delays, feedback mechanisms,
and nonlinearities, providing deeper insights into immune exhaustion, checkpoint
dynamics, and therapeutic effects, including immunotherapy.

This approach allows for more accurate predictions of tumor evolution, resis-
tance to therapy, and the impact of the tumor micro environment (e.g., oxygen
levels, acidity) on immune function. By modeling these dynamics, fractional-order
models bridge the gap between mathematical theory and biological reality, aiding
the development of better therapeutic strategies and improving predictions of tumor
recurrence and immune escape mechanisms. In contrast to traditional integer-order
models, fractional-order models are more flexible, capturing the intricacies of real-
world tumor-immune system behaviors and providing a deeper understanding of
cancer progression and immune responses.

Recent developments in fractional calculus have significantly advanced mathe-
matical modeling. Pasayat and Patra (2023) applied the Shehu transform to solve
the fractional-order foam drainage equation, demonstrating its utility in complex
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systems [8]. Additionally, their work on fractional sight analysis of the generalized
Zakharov-Kuznetsov equation using the Elzaki transform further explored nonlinear
wave dynamics [9]. Patra and Pasayat also investigated traveling wave solutions for
the generalized fractional-order Fokas equation through the Residual Power Series
method, emphasizing the role of fractional methods in nonlinear phenomena [10].
These studies build on foundational texts like Podlubny’s work on fractional differ-
ential equations [11] and on numerical methods for fractional neutron kinetic and
diffusion equations [20]. The theoretical framework provided by Samko, Kilbas, and
Marichev also underpins these advancements [6]. Together, these contributions en-
hance the understanding and application of fractional calculus across various fields.

Mathematical modeling has proven to be an indispensable tool in understand-
ing and predicting complex systems across a variety of domains. For example,
a computational stochastic framework has been developed to model the mathe-
matical behavior of severe acute respiratory syndrome coronavirus [3]. Addition-
ally, Bayesian regularization neural networks have been employed to solve language
learning systems [15]. The effects of hard water consumption on kidney function
have been modeled using radial basis neural networks [1], while fractional-order
mathematical models of robots for coronavirus detection have been simulated using
Levenberg-Marquardt backpropagation [13]. A novel radial basis neural network
was designed for modeling the spread of the Zika virus [17], and hyperbolic tangent
sigmoid deep neural networks have been applied to model hepatitis B virus dynam-
ics [16]. Furthermore, scale conjugate gradient neural networks have been used to
model the relationship between hard water consumption and kidney function [4].
Gudermannian neural networks, optimized by genetic algorithms, have been ap-
plied to ecological models such as three-species food chains and nonlinear smoke
dispersal [12, 18]. Finally, artificial neural networks have been used to model the
nonlinear dynamics of diseases like influenza [14], further showcasing the versatility
of mathematical modeling in both public health and environmental systems.

2. Preliminaries

Let ψ be a non-negative real such that n−1 ≤ ψ < n and f be an integrable function
in the interval [b, t], b ≥ 0. Then the definitions of fractional order derivative
provided by Riemann-Liouville (R-L) and Caputo for order ψ are presented below.

(i) R-L derivative:

(RLDψ
b f)(t) =

dn

dtn

∫ t

b

(t− ℏ)n−ψ−1

Γ(n− ψ)
f(ℏ)dℏ, (t > b). (2.1)

(ii) Caputo derivative(CD):

(CDψ
b f)(t) =

∫ t

b

(t− ℏ)n−ψ−1

Γ(n− ψ)
f (n)(ℏ)dℏ, (t > b), (2.2)

where, Γ(.) represents the gamma function, f (n)(ℏ) = dn

dℏn f(ℏ) and [ψ] denotes the
integral part of ψ. The correlation between R-L and CD can be given as below:

Remark 2.1. For a differentiable function f(t) and t > b, we have

(RLDψ
b f)(t) = (CDψ

b f)(t) +

n−1∑
k=0

(t− b)k−ψ

Γ(k − ψ + 1)
f (k)(b),
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and in specific if f(t) = (t− b)ω, ω /∈ {−1,−2,−3, . . . } and t > b, we have

RLDψ
b f(t) =

C Dψ
b f(t) = Dψ

b f(t) =
Γ(ω + 1)

Γ(ω + 1− ψ)
(t− b)ω−ψ.

Remark 2.2. For ψ > 0, f(t) = (t− b)ω with ψ − ω − 1 ∈ N0 and t > b,

RLDψ
b f(t) =

C Dψ
b f(t) = Dψf(t) = 0.

Next, in the context of the Caputo-Farizio derivative, some definitions and find-
ings about Fractional power series(FPS) are provided [5].

Definition 2.1. FPS at t = t0 can be described as below

∞∑
b=0

sb(t− t0)bκ = s0+s1(t− t0)κ +s2(t− t0)2κ + . . . ;n−1 < κ ≤ n, n ∈ N, t ≤ t0,

where, the coefficients of the power series sb represent the constants, b = 0, 1, 2, . . . .

Theorem 2.1. Let g possess a FPS presentation at t = t0 as

g(t) =

∞∑
m=0

cm(t− t0)
mκ ; t0 ≤ t < t0 + ρ.

If Dmκ
t0 f(t),m = 0, 1, 2, . . . are continuous on (t0, t0 + ρ), then it is found that

cm =
Dmκ

t0
f(t0)

Γ(1+mκ) .

Definition 2.2. The NT can be described over the set of the functions

§ =
{
ℏ(t) : ∃ Υ, ,1ג 2ג > 0, |ℏ(t)| < Υ e

(
|x|
jג

)
, if t ∈ (−1)j × [0,∞)

}
,

and is given by the following formula

N{ℏ(t)} = ℜ(v, u) =
∫ ∞

0

ℏ(ut)e−vtdt, (2.3)

where, the operator N is called the Natural transform operator.

Definition 2.3. The inverse Natural transform of ℜ(v, u) is defined as

N−1{ℜ(v, u)} = ℏ(t) =
1

2πi

∫ γ+i∞

γ−i∞
ℜ(v, u)e−vtdv, (2.4)

where the operator N−1 is called the inverse Natural transform operator, v and u
are the Natural Transform variables, γ is a real constant and the integral in Eq.
(3.3) is taken along v = γ in the complex plane v = x+ iy.

Definition 2.4. NT for nth order derivative can be described as

N [ℏn(t)] = ℜn(v, u) =
vn

un
ℜ(v, u)−

n−1∑
k=0

vn−(k+1)

un−k
ℏk(t)

∣∣∣∣
t=0

. (2.5)
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Definition 2.5. NT for arbitrary order κ derivative due to caputo sense is given
as

N [Dκℏ(t)] =
vκ

vκ
ℜ(v, u)−

κ−1∑
k=0

vκ−(k+1)

uκ−k ℏk(t)
∣∣∣∣
t=0

. (2.6)

Some basic properties of NT are summerized below

• 1. Linearity : N{mℏ(t) + nℓ(t)} = mN{ℏ(t)}+ nN{ℓ(t)}.
• 2. Change of scale : If N{ℏ(mt) = 1

mℜ(v, u).

NT of some fundamental functions

S N ℏ(t) N{ℏ(t)} = ℜ(v, u)

1 1 1
v

2 t u
v2

3 eat 1
v−au

5 sinat au
(v2+a2u2)

6 cosat v
v2+a2u2

7 sinhat au
(v2−a2u2)

8 coshat v
v2−a2u2

3. Proposed methodology

3.1. Hybrid Natural Decomposition Method(HNDM)

In this segment, the basic idea of HNDM is given briefly. To explore the concept of
HNDM, consider a general nonlinear fractional order differential equation as follows:

Dκ
t Ψ+R(Ψ) + S(Ψ) = H, n− 1 < κ ≤ n, (n ∈ N), (3.1)

with initial condition

Ψ(x, 0) = G(x), (3.2)

where, Dκ
t denotes the CD,Ψ = Ψ(x, t) is the function to be determined, R and S

represent linear and nonlinear differential operators and H = H(x, t) is the source
term. Employing NT to Eq. (3.1), we obtain

N[Dκ
t Ψ] = N[H − {R(Ψ) + S(Ψ)}]. (3.3)

Implementing the properties of differentiation for NT we get,

vκ

uκ
N[Ψ(x, t)]− vκ−1

uκ
Ψ(x, 0) = N[H − {R(Ψ) + S(Ψ)}]. (3.4)

N[Ψ(x, t)] =
G(x)

v
+
uκ

vκ
N[H − {R(Ψ) + S(Ψ)}]. (3.5)
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By employing the initial source (3.2), together with the properties of inverse
NT, we get,

Ψ(x, t) = G(x) + N( − 1)

[
uκ

vκ
N[H − {R(Ψ) + S(Ψ)}]

]
. (3.6)

Then we obtain

Ψ(x, t) = H(x, t)− N−1(
uκ

vκ
{N[R(Ψ(x, t)) + S(Ψ(x, t))]}), (3.7)

where, the term H(x, t) arises by executing the source term with the given initial
condition.

Then the infinite series solution can be written by using HNDM as follows

Ψ(x, t) =

∞∑
n=0

Ψm(x, t). (3.8)

To decompose the nonlinear terms, Adomian polynomials are used as

Q(Ψ(x, t)) =

∞∑
m=0

Am, (3.9)

where, Am represents the Adomian polynomials for Ψ0,Ψ1, . . .Ψm and the formula
for Adomian polynomial can be given as

Am =
1

m!

dm

dλm

[
N

( ∞∑
p=0

λpΨp

)]
λ=0

,m = 0, 1, 2, . . .. (3.10)

Substituting Eq. (3.8) and Eq. (3.9) into Eq. (3.7), we have

∞∑
m=0

Ψm(x, t) = H(x, t)− N−1

[
uκ

vκ

[
N

[
R

∞∑
m=0

(Ψm(x, t))

]
+ N

[ ∞∑
m=0

Am

]]]
.

(3.11)

From Eq.(3.11), the solution can be written as

Ψ0(x, t) = H(x, t).

Then we can define the recursive relation for the solution as follows

Ψm+1(x, t) = −N−1(
uκ

vκ
[N[R(Ψm(x, t)) + Am]]), (3.12)

where, κ ∈ R and m ≥ 0.

After that, the analytical approximate solution Ψ(x, t) can be written as

Ψ(x, t) = lim
n→∞

n∑
m=0

Ψm(x, t). (3.13)
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3.2. Residual Power Series method(RPSM)

To explore the theory of RPSM, let us consider the FPS for N(t), L(t), T (t) and
U(t) for t0 = 0 as below

N(t) =

∞∑
ω=0

aω
Γ(1 + ωκ)

tωκ ,

L(t) =

∞∑
ω=0

bω
Γ(1 + ωκ)

tωκ ,

T (t) =

∞∑
ω=0

cω
Γ(1 + ωκ)

tωκ ,

U(t) =

∞∑
ω=0

dω
Γ(1 + ωκ)

tωκ ,

(3.14)

where, 0 ≤ t < n for some n > 0.

Then, the nth truncated series of N(t), L(t), T (t) and U(t) can be defined as
follows

Nn(t) =

∞∑
ω=0

aω
Γ(1 + ωκ)

tωκ ,

Ln(t) =

∞∑
ω=0

bω
Γ(1 + ωκ)

tωκ ,

Tn(t) =

∞∑
ω=0

cω
Γ(1 + ωκ)

tωκ ,

Un(t) =

∞∑
ω=0

dω
Γ(1 + ωκ)

tωκ .

(3.15)

For n = 0, we have N0(t) = a0 = N0(0) = N0, L0(t) = b0 = L0(0) = L0,
T0(t) = c0 = T0(0) = T0 and U0(t) = d0 = U0(0) = U0 by using the given initial
condition. Then, the nth truncated series in Eq.(3.15) can be defined as follows

Nn(t) = N0 +

n∑
ω=1

aω
Γ(1 + ωκ)

tωκ ,

Ln(t) = L0 +

n∑
ω=1

bω
Γ(1 + ωκ)

tωκ ,

Tn(t) = T0 +

n∑
ω=1

cω
Γ(1 + ωκ)

tωκ ,

Un(t) = U0 +

n∑
ω=1

dω
Γ(1 + ωκ)

tωκ .

(3.16)
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Now the residual functions for the model Eq.(1.1) can be defined as:

ResN(t) =
C Dκ

t N(t)− (ϕN(1− λN)− µ1NT − δ1UN)) ,

ResL(t) =
C Dκ

t L(t)− (αNT − βL− η1LT − δ2UL) ,

ResT (t) =
C Dκ

t T (t)− (σT (1− τT )− µ2NT − η2LT − δ3UT ) ,

ResU(t) =
C Dκ

t U(t)− (ξ − rU) .

(3.17)

Therefore, the nth residual functions of S(t), E(t), I(t) and R(t) are given as
follows

ResNn(t) =
C Dκ

t Nn(t)− (ϕN(1− λN)− µ1NT − δ1UN) ,

ResLn(t) =
C Dκ

t Ln(t)− (αNT − βL− η1LT − δ2UL) ,

ResTn(t) =
C Dκ

t Tn(t)− (σT (1− τT )− µ2NT − η2LT − δ3UT ) ,

ResUn(t) =
C Dκ

t Un(t)− (ξ − rU) .

(3.18)

Clearly, ResN(t) = ResL(t) = ResT (t) = ResU(t) = 0, for all t ≥ 0. We know that
the derivative of any constant in Caputo-Fabrizio sense is zero. So we can deduce

CD
(k−1)κ
0 ResN (0) =C D

(k−1)κ
0 ResN,k(0),

CD
(k−1)κ
0 ResL(0) =

C D
(k−1)κ
0 ResL,k(0),

CD
(k−1)κ
0 ResT (0) =

C D
(k−1)κ
0 ResT,k(0),

CD
(k−1)κ
0 ResU (0) =

C D
(k−1)κ
0 ResU,k(0).

(3.19)

Then, substitute the nth truncated series of N(t), L(t), T (t) and U(t) into Eq.(3.19)
to obtain the co-efficients of aω, bω, cω and dω, ω = 1, 2, 3, ..., n and then apply
Caputo fractional operator to the Residual functions. As a result we obtain the
equations

CD
(n−1)κ
0 ResN,n(0) = 0,

CD
(n−1)κ
0 ResL,n(0) = 0,

CD
(n−1)κ
0 ResT,n(0) = 0,

CD
(n−1)κ
0 ResU,n(0) = 0,

(3.20)

for n = 1, 2, 3, . . .

Then by solving the system Eq.(3.20) we obtain the nth residual power series
approximation for the values of ak, bk, ck, dk, k = 1, 2, 3, . . . , n.

4. Applications

4.1. Solution by HNDM

In this segment we apply NT to the fractional order system of differential equation
in Caputo sense to acquire the analytical result. Applying NT to model Eq.(1.1)
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we obtain

vκ

uκ
NN(t)− v(κ−1)

uκ
N0 = N (ϕN(1− λN)− µ1NT − δ1UN) ,

vκ

uκ
NL(t)− v(κ−1)

uκ
L0 = N (αNT − βL− η1LT − δ2UL) ,

vκ

uκ
NT (t)− v(κ−1)

uκ
T0 = N (σT (1− τT )− µ2NT − η2LT − δ3UT ) ,

vκ

uκ
NU(t)− v(κ−1)

uκ
U0 = N (ξ − rU) .

(4.1)

The nonlinear terms can be decomposed by using the following formula of Ado-
mian polynomials:

Am =
1

m!

dm

dλm

[
n∑
p=0

λpNp

n∑
p=0

λpTp

]
λ=0

,m = 0, 1, 2, . . .. (4.2)

By using Eq.(4.2), and simultaneously applying inverse NT to Eq.(4.1) we obtain
the result as follows

[N0(t)] = N0, [L0(t)] = L0, [T0(t)] = T0, [U0(t)] = U0.

[N1(t)] =
tκ

Γ(1 + κ)
N [ϕN0(1− λN0)− µ1N0T0 − δ1U0N0] .

[L1(t)] =
tκ

Γ(1 + κ)
[αN0T0 − βL0 − η1L0T0 − δ2U0L0].

[T1(t)] =
tκ

Γ(1 + κ)
[σT0(1− τT0)− µ2N0T0 − η2L0T0 − δ3U0T0].

[U1(t)] =
tκ

Γ(1 + κ)
[ξ − rU0].

[N2(t)] =
t2κ

Γ(1 + 2κ)
[ϕN1(1− 2λN0)− µ1(N0T1 +N1t0)− δ1(U0N1 + U1N0)] .

[L2(t)] =
t2κ

Γ(1+2κ)
[α(N1T0+N0T1)−βL1−η1(L1T0+L0T1)−δ2(U1L0+U0L1)].

[T2(t)] =
t2κ

Γ(1 + 2κ)
[σT1(1− 2τT0)− µ2(N1T0 +N0T1)− η2(L1T0 + L0T1)

− δ3(U1T0 + U0T1)].

[U2(t)] =
t2κ

Γ(1 + 2κ)
[ξ − rU1].

...
(4.3)
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Thus the series solution along with three terms can be written as

N(t) = 1× 105 − 682925
tκ

Γ(1 + κ)
+ 5.9933157835× 106

t2κ

Γ(1 + 2κ)
,

L(t) = 1× 102 − 109397.658
tκ

Γ(1 + κ)
+ 2.23368× 106

t2κ

Γ(1 + 2κ)
,

T (t) = 1× 107 − 7.4913× 107
tκ

Γ(1 + κ)
+ 6.3136× 108

t2κ

Γ(1 + 2κ)
,

U(t) = 10− 8.77
tκ

Γ(1 + κ)
+ 8.123

t2κ

Γ(1 + 2κ)
.

(4.4)

4.2. Solution by RPS

Here, we explore the RPS method to obtain the numerical result of model Eq.(1.1).
Consider the following fractional model for tumor immune cells:

CDκ
t N(t) = (ϕN(1− λN)− µ1NT − δ1UN)) ,

CDκ
t L(t) = (αNT − βL− η1LT − δ2UL) ,

CDκ
t T (t) = (σT (1− τT )− µ2NT − η2LT − δ3UT ) ,

CDκ
t U(t) = (ξ − rU) ,

(4.5)

subject to N(0) = 1×105, L(0) = 1×102, T (0) = 1×107, U(0) = 10 and 0 < κ ≤ 1.
By following the steps of RPS as discussed in the previous section we obtain the
first truncated power series approximation in the form

N0(t) = 1× 105 +
a1

Γ(1 + κ)
tκ ,

L0(t) = 1× 102 +
b1

Γ(1 + κ)
tκ ,

T0(t) = 1× 107 +
c1

Γ(1 + κ)
tκ ,

U0(t) = 10 +
d1

Γ(1 + κ)
tκ .

(4.6)

By applying the values of all the parameters and solving by RPS we obtain the
values of a1, b1, c1, and d1. Hence,

N1(t) = 1× 105 − 682925

Γ(1 + κ)
tκ ,

L1(t) = 1× 102 +
109397.658

Γ(1 + κ)
tκ ,

T1(t) = 1× 107 − 7.4913× 107

Γ(1 + κ)
tκ ,

U1(t) = 10− 8.77

Γ(1 + κ)
tκ .

(4.7)
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By continuing the same process we obtain the values of a2, b2, c2, and d2. Thus,

N2(t) = 1× 105 − 682925

Γ(1 + κ)
tκ +

5.993316× 106

Γ(1 + 2κ)
t2κ ,

L2(t) = 1× 102 +
109397.658

Γ(1 + κ)
tκ − 2.23368× 106

Γ(1 + 2κ)
t2κ ,

T2(t) = 1× 107 − 7.4913× 107

Γ(1 + κ)
tκ +

6.313637× 108

Γ(1 + 2κ)
t2κ ,

U2(t) = 10− 8.77

Γ(1 + κ)
tκ +

7.893

Γ(1 + 2κ)
t2κ .

(4.8)
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Figure 1. Plots for the influence of fractional order chemotherapy drugs on cells at the tumor site by
using HNDM method
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Figure 2. Plots for the influence of fractional order chemotherapy drugs on cells at the tumor site by
using RPS method

5. Discussion

This section provides a detailed overview of the results obtained using the pro-
posed techniques. The experimental outcomes are visually represented in Figs. 1
and 2. Figs. 1a and 2a illustrate the effect of chemotherapy drugs on NK-cell count
throughout the treatment period, focusing on the influence of time-fractional orders
on the drug’s efficacy, as analyzed through HNDM and RPS. The results reveal that
the NK-cell count, which initially peaked before drug administration, declined sig-
nificantly as the treatment continued beyond one month. Similarly, Figs. 1b and 2b
show comparable trends in CD8+ T-cells, while Figs. 1c and 2c present a contrast-
ing response in tumor cells under the same chemotherapy regimen. The tumor cell
count exhibited an unchecked increase at a constant rate, indicating that improper
time-fractional dosage regimens may exacerbate tumor growth. Furthermore, Figs.
1d and 2d highlight a significant reduction in cells carrying chemotherapy drugs over
time, particularly at specific intervals. These findings underscore the importance of
carefully determining optimal dosage schedules for chemotherapy, as inappropriate
time intervals could potentially lead to adverse effects, such as drug resistance and
accelerated tumor cell proliferation. Overall, the results depicted in Figs. 1 and 2
emphasize the necessity of tailoring treatment strategies for individual patients to
improve therapeutic outcomes. It is noteworthy that, to the best of our knowledge,
the solution presented herein is novel and has not been previously established. By
leveraging the HNDM and RPS techniques, we are able to attain significantly more
accurate results with a reduced computational effort, outperforming the classical
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methods documented in the existing literature [7, 22].

6. Conclusion

This study employs the Caputo fractional-order differential operator to model a
nonlinear four-dimensional system of differential equations, capturing the intricate
dynamics of disease progression through interactions between tumors and immune
cells. By incorporating diffusion effects, the proposed system provides a more com-
prehensive understanding of cellular behavior and disease spread.

The approximate solutions obtained using both analytical and numerical tech-
niques exhibit strong convergence, as confirmed by our Mathematica simulations. A
key contribution of this work lies in the effective application of fractional calculus,
which not only enhances the accuracy of the model but also enables a more realistic
representation of the fractional kill rate of cells using abstract datasets.

Furthermore, a series of detailed graphical simulations illustrate the impact of
various dosage regimens on disease progression, reinforcing the theoretical findings
and offering valuable insights for future studies. Although this study relies on
abstract data, a natural progression of this research will involve validating the model
with real-world clinical data, paving the way for more precise and personalized
therapeutic strategies in oncology.
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