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THE DAWNING OF A NEW ERA IN APPLIED MATHEMATICS
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?Paul A. Dirac, Quantum mechanics of many-electron systems,
Proc. Roy. Soc. London Ser. A 123 (1929), no. 792.
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1. The Keplerian and Newtonian Paradigms

Ever since the time of Newton, there have been two
different paradigms for doing scientific research: the
Keplerian paradigm and the Newtonian paradigm. In
the Keplerian paradigm, or the data-driven approach,
one extracts scientific discoveries through the analysis
of data. The classical example is Kepler's laws of
planetary motion. Bioinformatics provides a compelling
illustration of the success of the Keplerian paradigm in
modern times. In the Newtonian paradigm, or the first-
principle-based approach, the objective is to discover the
fundamental principles that govern the world around us
or the things we are interested in. The best example is
theoretical physics through the work of Newton, Maxwell,
Boltzmann, Einstein, Heisenberg, and Schrodinger. It is
still a major playground for some of the best minds today.

The data-driven approach has become a very powerful
tool with the advance of statistical methods and machine
learning. It is very effective for finding the facts, but less
effective for helping us to find the reasons behind the
facts.

The first-principle-based approach aims at
understanding at the most fundamental level. Physics, in
particular, is driven by the pursuit of such first principles.
A turning point was in 1929 with the establishment of
?, with
quantum mechanics, we already have in our hands the

quantum mechanics: as was declared by Dirac

necessary first principles for much of engineering and the
natural sciences except physics at exceptional scales.
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However, as was also pointed out by Dirac, the mathe-
matical problem that describes the laws of quantum me-
chanics is exceptionally complicated. One of the difficul-
ties is that it is a many-body problem: with the addition
of one electron, the dimensionality of the problem goes
up by 3. This is the dilemma we often face in the first-
principle-based approach: it is fundamental but not very
practical. Consequently in practice we often have to
abandon the rigorous and elegant theories and resort to
ad hoc and nonsystematic approximations. The price we
pay is not just the lack of rigor and elegance, but also the
reliability and transferability of the results.

Applied math has developed along a similar line. Since
the first principles of physics are formulated in terms of
partial differential equations (PDEs), the analysis and nu-
merical algorithms for PDEs has occupied a central role
in applied math, particularly during the period from the
1950s to the 1980s. The objective is three-fold: solving
practical problems, understanding the mathematics be-
hind them, providing physical insight into these practical
problems. A very compelling success story is fluid
mechanics. Not only has fluid mechanics been a major
driving force for the study of PDEs, the fact that fluid
mechanics research has largely become a computational
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discipline is also testimony to the success of the numerical
algorithms that have been developed. The study of these
PDEs and the numerical algorithms have been a central
theme in applied math for many years and it is still an
active area today.

When I was a graduate student at UCLA, we were
proudly told that we belonged to the camp of “Courant-
style applied math.” This term was coined to make a
distinction with the “British-style applied math.” Both
focused on fluid mechanics. The British-style championed
physical insight and asymptotics. The leaders, Taylor,
Batchelor, C. C. Lin, Lighthill, et al., were not only great
applied mathematicians but also leading theoretical fluid
dynamists. It is also known that they generally did not
hold numerics and rigorous analysis in very high regard.
The Courant-style championed numerics and theorems
( “theorem provers” ). Its philosophy was that as long as
the underlying PDEs and numerical algorithms are solid,
much can be learned through computing. After all, the
physical processes are very complicated; one cannot go
very far without computing. Some of their leaders, such
as von Neumann, Courant, Friedrichs, and Lax, are not
only great applied mathematicians, but also great pure
mathematicians. The fact that the feud between these two
schools was considered the main animosity in applied
math speaks for the dominance of fluid mechanics during
those times.

The card-carrying data-driven research community has
been statistics. For whatever reason, until quite recently,
statistics has developed pretty much independently of ap-
plied math, and in fact, independently of mathematics. It
was very rare that a math department or applied math pro-
gram contained statistics. It is only in recent years that
there has been a call for change.

This does not mean that the applied math community
has not been interested in the data-driven approach. To
the contrary, since the late 1980s, with research work on
wavelets and compressed sensing, signal and image pro-
cessing has taken a center stage in applied math. In fact,
this applied math version of a data-driven approach has
been among the most productive areas of applied math in
the last thirty years.

Neither does it mean that fluid mechanics was the only
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successful area for applied mathematicians interested in
PDEs. In fact, some would argue that solid mechanics was
equally successful: after all it was from solid mechanics
that the finite element method, one of the most important
success stories in applied mathematics, was originated.
Another success story is numerical linear algebra: one
just has to look at how popular Matlab is to appreciate its

widespread impact. This list goes on.

2. Crisis for the “Courant-style Applied Math”

Unfortunately for my generation of “Courant-style” ap-
plied mathematicians, the dominance and success in fluid
mechanics presented more of a challenge than an opportu-
nity. The ground work for PDEs and fluid mechanics was
already laid down by the generations before us. We were
left to either address the remaining problems, such as tur-
bulence, or conquer new territory. Both have proven to be
difficult, not to mention reproducing the kind of success
that applied math had before in fluid mechanics.

Indeed after fluid mechanics, the Courant-style applied
math has spread to many other scientific and engineer-
ing disciplines, such as material science, chemistry, biol-
ogy, neuroscience, geoscience, and finance, with a lot of
success. But generally speaking, the degree of success
in these areas has not matched what we saw in fluid me-
chanics. Our contributions are welcomed, but they tend
to be incremental rather than transformative. As a result,

to deal with the central issues that they face, scientists or
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