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Abstract. The stationary Wigner equation (SWE) is often used to model the quan-
tum transport in semiconductor devices. The discrete stationary Wigner equation is
derived using the first-order upwind scheme and the sinc-Galerkin method [H. Jiang,
T. Lu, and W. Zhang, J. Comput. Appl. Math. 409 (2022), 114152]. Based on the
successive over relaxation (SOR) iterative method, we develop the basic SOR-like
(BSOR-like) and updated SOR-like (USOR-like) iterative methods for solving the dis-
crete stationary Wigner equation efficiently. The main difference between these two
iterative methods is that the USOR-like iterative method aims to make more use of
the updated components of the Wigner function by splitting the pseudo-differential
term. The convergence range of the relaxation parameter in the USOR-like iter-
ative method is numerically investigated. Compared with that of the BSOR-like
iterative method, this interval is significantly enlarged. Numerical results have also
shown that the USOR-like iterative method is more computationally efficient than
the BSOR-like iterative method. As an application, the resonant tunneling effect and
the effects of scattering are investigated by simulating a resonant tunneling diode
(RTD) using the USOR-like iterative method.
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1. Introduction

The Wigner equation was derived by Wigner [29] as a quantum correction of clas-
sical statistical mechanics for low temperatures. Given its similarity to the Boltzmann
transport equation [13,17], the Wigner equation can deal with the inflow boundary
conditions [8] and the scattering mechanism well. The Wigner equation has been ap-
plied in many fields, such as quantum optics [11] and semiconductor devices [8]. In
the steady-state simulation of a given quantum system, one needs to design schemes
with good stability and high precision when utilizing the transient Wigner equation. By
means of the stationary Wigner equation, one no longer pays attention to the transient
state. Solving the SWE numerically is equivalent to solving a large system of equations.
The computational complexity of direct solvers, such as the Gaussian elimination, could
be significantly larger than that of excellent iterative methods. Therefore, constructing
an efficient iterative method is crucial for numerically solving the SWE.

Numerical methods for solving the stationary Wigner inflow boundary value prob-
lem have been widely and deeply explored for decades. The finite difference meth-
ods [8,13] and a weighted essentially non-oscillatory (WENO)-solver [7] are proposed
for the discretization of the advection term in the Wigner equation. Many methods
with high accuracy, e.g., the spectral collocation method [24], the spectral element
method [25], and the sinc-Galerkin method [15], are adopted to discretize the Wigner
equation in k-space. By employing the Fourier pseudo-spectral method, the authors
derive the stationary discrete velocity Wigner equation and prove its well-posedness
in [1]. The parity decomposition is adopted in [2, 19] to reduce the SWE with the
inflow boundary conditions to an initial problem, and the partial problem is proved to
be well-posed. In [20], the moment system for the Wigner equation derived in [4] is
numerically solved using the NRxx method and the finite volume method. Considering
the singularity at zero velocity, a singularity-free numerical scheme based on an equiv-
alent form of the SWE is proposed, and the numerical convergence with respect to the
velocity mesh size is obtained [21]. The SWE can be solved together with a Poisson
equation. Convergence may be achieved via the decoupled Gummel method [3, 10]
or the fully coupled Newton iterative method [3,14]. Because of the similarity to the
Boltzmann equation, the Wigner equation can be solved with the Monte Carlo (MC)
method [18,22,27]. In [26], the authors model the stationary Wigner inflow boundary
value problem as an optimization problem, which is solved with the shooting algo-
rithm. The imaginary time propagation method combined the finite element method is
used to solve an eigenvalue problem for the stationary Wigner function [31].

Analogous to solving a system of linear equations using an iterative method, con-
structing an iterative method for solving the discrete SWE is an alternative way. For
some problems, the successive over relaxation iterative method, which immediately re-
places the old component with the newly calculated one, could converge with a few
iterations. The choice of the relaxation parameter w has a significant influence on the
convergence of the SOR iterative method. For solving a system of non-smooth equa-
tions, the SOR-Newton method is proposed and the choice of the relaxation parameter



USOR-Like Iterative Method for the SWE 3

w for convergence is analyzed in [6]. In [28], the modified method is further inves-
tigated. For 3D Navier-Stokes equations on graphics processing units, a GPU-based
multi-color SOR method is proposed, noticing that each color only needs the infor-
mation of known values from either the already updated color or the previous itera-
tion [30]. In this paper, the first-order upwind scheme and the sinc-Galerkin method
are applied to discretize the SWE as used in [15], subsequently resulting in the fully
discretized system. Drawing inspiration from the core idea of the SOR iterative method,
which involves updating the computed components in real-time during calculations, we
design the updated SOR-like iterative method for the SWE. The proposed USOR-like it-
erative method updates only the pseudo-differential term in real-time, while an implicit
method is still adopted to discretize the advection term. This maintains the iterative
stability (with a large relaxation parameter) as much as possible while keeping the low
computational cost like an explicit scheme (without solving a system of equations).

The resonant tunneling diode is studied by utilizing the new iterative method, and
the main features of the RTD are explored successively. As one of the most important
quantum devices, an RTD [5,23] is usually simulated to explore some typical quantum
phenomena, such as the negative differential region (NDR) of I-V curves, the resonant
tunneling effect and the influence of scattering [3,9,12,13]. In [9], the effects of scat-
tering on I-V characteristics of the RTD are investigated using the Boltzmann collision
operator, which include the peak-to-valley ratio, the profile of the conduction band
edge, and the transient response [13]. In this paper, we compare the convergence
range between the basic SOR-like and the USOR-like iterative methods. The numerical
results show the USOR-like iterative method improves the convergence range and the
computational efficiency. By using the USOR-like iterative method, the resonant tun-
neling effect is simulated successfully. Meanwhile, we investigate how the scattering
affects I-V characteristics of the RTD. The effects of scattering are explained using the
Wigner distribution function, where contour lines of the Wigner function provide visual
assistance, as demonstrated in [12,13].

The rest of this paper is organized as follows. We introduce the SWE briefly in
Section 2. Section 3 presents the numerical methods to discretize the SWE and pro-
poses the BSOR-like and USOR-like iterative methods. In Section 4, we compare the
convergence of the two methods and simulate an RTD with the USOR-like method suc-
cessfully, where some typical quantum phenomena and relevant discussions are given.
The final conclusions are drawn in Section 5.

2. Mathematical model

The distribution of electrons in quantum devices can be described using the one-
dimensional SWE with phonon scattering

kh Of (@, k)
m*  Ox

—l—@[f](.%’,k) = S[f](ka)7 (.%',/{?) € [OvL] X (_00700)7
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where L denotes the total length of the device, f(z, k) denotes the Wigner function,
h represents the reduced Planck constant, and m* denotes the effective mass of the
electron. 6[f](x,k) represents the pseudo-differential term, which is related to the
potential energy V' (z). V(z) consists of the conduction band energy V.(z) and the
static electric potential energy V;(x), i.e.,

V() = Ve(x) + Vs(2),
Vi(z) = =U(2)q,

where ¢ denotes the charge of the electron, and U(z) denotes an external potential.
U(z) is usually set as constant at both ends of the device, which specifically reads
U(0) = 0(V) and U(L) = Uy, where U, denotes the applied bias. S[f](z, k) models
the effects of scattering, where 7 represents the relaxation time and f(x, k) denotes
the normalized equilibrium distribution under U, = 0(V). We equip (2.1) with inflow
boundary conditions proposed by Frensley in [8] at both ends, i.e.,

f(ka) = gl(k)7 k>0,
f(Lk) =gr(k), k<O

with

a(k) = m’kpTy log <1 +exp <M(0) — (W*K?)/(2m*) — V(O)>> ,

Th? ksTr
m*kgT, L) — (R*E%)/(2m*) — V(L
%@%:—E%Abgo+em<M) LEIVely ()))

where p(x) denotes the Fermi energy, kp represents the Boltzmann constant, and 77,
denotes the temperature. The density functions of the electron and the current are
derived by using the Wigner function f(z, k) as

nw) = 5= [ S,
q [ kh

=5 *
2 J_om

J(x) f(x, k)dk,

respectively.
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3. Methodology

We adopt the sinc-Galerkin/finite-difference method [15] to discretize (2.1) in
(z, k)-space, which leads to a large-scale sparse system of equations. A new iterative
method is naturally proposed to solve this system of equations. The core idea of this
method is to make greater use of the newly solved components during the process of
solving the SWE according to a certain direction or sequence.

3.1. Discretizations of the SWE in (z, k)-space

We give a brief review of spatial discretization of (2.1), where a rigorous derivation
could be found in [15]. Following [15], we use orthogonal basis {¢,(k)}n=12.. N,
to obtain the corresponding interpolation function f(x, k) as the approximation of the
Wigner function

Ny,
fla,k) ~ [, k) = f@,k)gn(k), 3.1
n=1
where . L
n(k) = sinc o
(k) = —zsine (“ )
with
. N sin(mc) N Lk 1 N Lk
sinc(z) = > kp = 5 + <2 n) Ak, n=1,...,N, Ak=—7 N,
Substituting (3.1) in (2.1) and applying the Galerkin method to project the equation in
span{¢1, ¢2,--- , ¢n, }, the following system is derived:
k; haf @, k;) % 5 )
m* i-i'(

= Ak:Zf(:U,kj/)feq(:n,kj)—f(ac,k:j) =1 N

where
iAE  [7/(Ak) .
n(z) = — Vaig (@, y) exp(inAky)dy. (3.2)
270 J o/ (ak)
Using the trapezoid rule, the discretized form of (3.2) is
N,
Ak:Ay J
En(z) ~ () & — Z Vaif§(, ym) sin(nAkyp,),
where
= tmAy, m=1,....N, NAy—-%
ym— Ak y7 b Yo Yy y_Ak
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Additionally, N;Ay = (27)/(Ak) must be satisfied in order to preserve the mass con-
servation. We denote by f;; the approximation of f(x,k;) at x = x;, where z; = iAx,
i=20,...,N;, Az = L/N,. The first-order upwind scheme is applied to discretize the
advection term, and the fully-discretized Wigner system (DWS) reads

k:h . .
where
fij — fifl,j’ k> 0,
Ax
[Df]ij =
Ax b ’

Ny
[©f)i; = Z & i@ figr,
j=1

1 all
[SF)ig = — | DRI D fir = 1
=1
At last, the discretized inflow boundary conditions are set as

. Ny,
foj = guks), =1,
. Ng
fNacj :gr(kj)7 ] = 7 +1,..., N

3.2. The USOR-like iterative method
The discrete Wigner function is denoted by
F= (Flv"' 7FNw—1)T7

where F; = (fi1, -+, fin,), i = 1,..., N, — 1. Denote by M,, Mp and Mg € RV*¥,
where N = (N, — 1)Nj, the coefficient matrices in front of F', corresponding to the
spatial discretization of ((kh)/(m*))((0f)/(0x)), 0[f] and S[f], respectively. In order to
discuss iterative methods in a general way, (3.3) is rewritten in a matrix-vector form as
follows:
(Ma + MP + MS)F = b’
where
K —K5
KB K -K5
-Ky K -K5

-KE K -K
-Ki K
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Mp = diag(¥1, %2, ,XN,-1),
Mg = %EN + Mg,
Mg = diag(S1,S2, -+ , SN, -1)s

and
b= (blaOa -+, 0, szfl)T )

where E is the N-th order identity matrix. Elements of M,, Mp and Mg are Nj-th
order matrices, where

K =K + Ks,
Ky = m*Amdlag (kly e aka/ZaO, e ’0) )
Ky = _’I’)’L*Aﬁdlag (Oa -, 0, ka/2+1a t ’ka) s
d d d d
&0 -1 G2 o &iin,
d d ¢ o
5, — i1 0,0 i1 02— Ny 7
d d d ' d
gi,Nk—l 51‘,N,€—2 gi,Nk—?, 51',0 Ny x Ny,
s g
VS IV
¢ T . . . . )
Five Tive o Tl ) woxm,
and ¢, = €Y (x;). Elements of b are N-th order vectors, viz.
h
by = m*Ar (k‘lfO,l,"‘ kg 2fo,ng 2,050 ,0) )
h
by,—1 = AL (0,0, kN, j21 fNe N 2415 5 KNG NG N ) -

Constructing a system of equations with the same solution and determining the
iteration matrix is a key to the development of iterative methods for the system of
linear equations. We denote by

_ (g™ m \'
pn) _ <F1" ,FNT;?I) ,
the discrete Wigner function for the DWS (3.3) at the n-th iteration, where

F™ = <fl.(§>,... f“}v)k) i=1,...,N, - L
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The BSOR-like iterative method for the DWS (3.3) is designed as
FtD) — pO) g, [—MQF("“) ~ MpF®™ — MgF™ 4 b] , (3.4)

where w denotes the relaxation parameter, superscripts (n + 1) and (n) denote the
current and previous iteration, respectively. If the effects of scattering are not included,
the corresponding iterative method is

FOD) = o) [ p, FOHD Z ppp pO) 4 b] . (3.5)

At each iteration, the sequence of solving is as illustrated in Fig. 1. For k£ > 0, we solve
fi; in sequence from ¢ = 1 to ¢ = N, — 1 for each k; from j = 1 to j = N;/2; for
k < 0, we solve f;; in sequence from i = N, — 1 to i = 1 for each k; from j = N}, to
j = Ni/2 + 1. In Fig. 1, black points represent values of the Wigner function at the
boundaries, corresponding to the inflow boundary conditions. Red and brown points
are components that need to be solved at the current iteration. Green points are already
updated elements at the same iteration, while blue points represent the elements that
have not yet been solved at the current iteration. To improve the convergence, we make
greater use of the already solved components from the same iteration when computing
each component at the new iteration. These changes are reflected in the term MpF(™),
When solving fi(jnﬂ) corresponding to red and brown points, values of already updated
components at the current iteration corresponding to green points replace values of
these components at the previous iteration in MpF (™. Therefore, Mp splits into two
separate matrices, i.e., Mp and Mp — Mp. As a result, the USOR-like iterative method
for the DWS (3.3) is obtained as follows:

FtD — pt) 4y [( — M, — Mp)F" ) — (Mp — Mp + Mg)F™ + b] . (3.6)

where

~ . e - - S < = T

Mp =diag(Z1,-- , Sn,—1), = (Zi1, %02, Sing)
kio o T F o o bR B ki A N a2 ¥y ]
IR EE ﬁ 111 i D T ot i
B Sibani el
kwize & 444 4 444 4 ke & 444 44 444 4 |
e === S N B ==
¥ ﬁ D F Pttt 1
R A S S A A G U S S S O 0 e 0 ) ) D R s
ky, L s 7:717 % b % e kai L & oL 4% b3 4 e
Xg Xy XNy-1 XNy+1 XNy—1%N, %o Xy XNy—1 XNyp+1 XNy—1Xn,

Figure 1: The order of solving the DWS at each iteration.
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and -
(
d d d d
<£z‘,j—1a"' ’£i7150"" ?Oagi,Qj_Nk,_Qa"' ’gi,j—Nk> )

1§Z§_, 1§]§_5
2 2

T
d d d d
< Z’,jflf" 7§i,2ijk71707”' 70751‘,717"' 7§i7j*Nk) 5
N, N, )
~ 1§2S7x7 7k<]<Nk7
Ei’j - d d 0 0 d d T
gi,j—la"' ,£i715 y Ty 5512]_Nk_1a ’gi,j—Nk )
N, N,
5 <i<Ni 1<j<o
d d d d T
<i7j717"' 7§i72j_Nk707”' 70751‘,717"' 7§i7j_Nk> )

N, N,
2 <i< N, —<j<N.
2 <1 X Ny, 5 <J s Vg
And the USOR-like iterative method in the absence of scattering is obtained as follows:
Pt — pO) 4 [(= M, = Mp)FOD — (Mp — Nip) F) + b 3.7)

Remark 3.1. The design of the USOR-like iterative method, including (3.6) and (3.7),
is reasonable. Firstly, if the operators Mp and Mg act on F("+1) entirely and directly,
solving a system of equations will be unavoidable and time-consuming, which is caused
by the existence of the integral terms in #[f] and S[f]. Secondly, we do not split the
operator Mg to make more use of the newly solved components as that done on Mp, as
seen in (3.6). Considering the integral in S[f], if we continue to split the operator Mg
to maximize the use of the newly solved components, we must recalculate the integral
value after solving each component, which obviously increases the computational cost.
Additionally, the second version of the USOR-like (USOR-like2) iterative method is
proposed for comparison

i+l — pn)
+ w K—Ma — Mp — lEzv) FOHY) _ (Mp — Mp 4+ Mg)F™ +b|. (3.8)
T

Though (3.8) does not increase the computational cost, such operations do not relax
the convergence condition significantly compared with (3.6), which is verified by nu-
merical simulations in Section 4.1.

4. Numerical results

In this section, we verify the good convergence of the USOR-like iterative method
for the DWS and investigate the effects of scattering by simulating an RTD with the
USOR-like iterative method. An RTD with parameters chosen by Jensen and Buot in
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0eV

Gai_,AlAs

GaAs

Figure 2: An RTD structure.

[13] is simulated, which has a heterostructure as shown in Fig. 2. We denote by L,,,
the distance between L,, and L,,. As depicted in [13], the total length of the device is
L = Ly; = 55(nm), the length of two n*GaAs regions (heavily doped) is Ly = Lo =
Lg7 = 19(nm). The length of the two spacer regions is L1, = Lss = 3(nm), the length
of the two potential barriers is Loz = L45 = 3(nm), and the length of the quantum well
region is L3, = 5(nm). The doping concentration takes the value of 2 x 1073 (nm—3)
inside two heavily doped regions while vanishes inside other regions (undoped). The
conduction band energy is 0.3(eV) in Ga;_,Al,As and 0(eV) in GaAs. The temperature
of the lattice 77, is set as 77(K), the relaxation time 7 is 525.2(fs), the effective mass m*
is 0.0667m( with mg the free electron mass and the permittivity e is 12.9¢o with ¢y the
vacuum permittivity.
A linear constant external potential is equipped to the device, which reads

0’ OSxSLda
- L
Ulz) = g_iﬂfldx(]b, Ly<az<L—Ly
Ub, L—Ld<x§L,

and we solve the DWS (3.3) iteratively for each applied bias till the steady-state so-
lution is obtained. Specifically, the simulation proceeds for increasing U,, from 0(V)
to 0.4(V), with AU, = 0.01(V). When U, = 0(V), iterations start from the equilibrium
distribution

m* x) — (h2k? m*) — V(x
FOa, k) = 7:;% log <1 + exp <M( ) -k kk:l;/g, )=V )>> :

and when U, > 0(V), iterations start from the steady-state solution which corresponds
to the last bias voltage U, — AU,,.
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For arbitrary grid function v = (vy,--- ,vy,) € RY™ we define the L2-norm of v as

m
Ax E VZZ.
i=1

The steady-state solution for each U, is obtained when the following conditions:

llle =

[JOFD — gm0, <1072, |n0tY — M|, <1077 (4.1)

are satisfied, where

n+1) _ (n+1) (n+1)
T = (00 )
with
Ni/2 Ny,
(n+1) qhAk (n+1) (n+1)
Jz+1/2 T 2rm* Z kj f Z k; f2+1j )
j:Nk/2+1
and
nn+) — (ngnﬂx . ggjw)
with

n+1) Z f(n+1 .

Once (4.1) is satisfied, we may regard the steady—state solution is obtained, and denote
the corresponding current density by J = (J;3,-+ ,Jy,—1/2). Parameters associated
with mesh grids are set as N, = 72, N, = 110 and Ay = 2Az. To show electrical
properties of the RTD, we study varying of the stable average current density versus
increasing bias voltage, i.e., the I-V characteristic curve. Specifically, the stable average
current density is defined according to

| Namt
J = N, ; Jit1)2-

4.1. Convergence of the USOR-like iterative method

We compare the convergence of the USOR-like iterative method and two other
methods proposed in Section 3. In the experiments, the stable average current den-
sities .J for U, € [0,0.4](V) with AU, = 0.01(V) are simulated with different w. The
interval of the relaxation parameter w reflects the convergence condition. The required
CPU times are collected in Tables 1 and 2.

For the case of no scattering, the results are shown in Table 1. The maximum of
the allowed w with the BSOR-like iterative method (3.5) is smaller than that with the
USOR-like iterative method (3.7), which indicates that the latter relaxes the conver-
gence condition compared with the former. When scattering is included, CPU times
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Table 1: Comparison of the CPU times between the BSOR-like and USOR-like iterative methods when
scattering is not included.

w 2 1 0.5 0.2 0.1 0.05 0.02 0.01
BSOR-like - - - - 484.914s | 550.645s | 1034.3s | 1491.94s
USOR-like | 51.2893s | 68.2471s | 113.626s | 163.549s | 383.056s | 425.238s | 1150.43s | 1582.48s

Table 2: Comparison of the CPU times among the BSOR-like, USOR-like and USOR-like2 iterative methods
when scattering is included.

w 2.5 2 1 0.5 0.2 0.1 0.05 0.02 0.01
BSOR-like | - - - - - 331.084s|513.566s|972.891s|1510.11s
USOR-like | - |31.77425|44.06185|94.4738s|219.1195|344.588s|454.4595|993.149s|1479.38s
USOR-like2| - |32.78365[48.19415|93.4895s|196.2035|336.2575|535.2825|981.4575|1514.34s

are listed in Table 2. From the results in Table 2, the USOR-like (3.6) and USOR-like2
(3.8) iterative methods relax the convergence condition compared with the BSOR-like
iterative method (3.4), while there is no significant difference between the intervals of
w allowed by the USOR-like and USOR-like2 iterative methods. Actually, it verifies that
splitting Mp into Mp — Mp and Mp significantly enhances its convergence. In con-
trast, splitting Mg into Mg and (1/7)EN according to (3.8) does not notably improve
the convergence, which highlights the effectiveness of operations on Mp. From the
CPU times displayed in Tables 1 and 2, the USOR-like iterative method shows higher
computational efficiency than the BSOR-like iterative method.

To provide more details on the convergence, we present the number of iterations
required by the USOR-like and BSOR-like iterative methods to attain the same accuracy
for different values of w in Tables 3 and 4. These tables consider four distinct U, values,
namely 0.1(V), 0.3(V), 0.35(V) and 0.4(V). Specifically, Table 3 displays the results for
the scattering-free case, while Table 4 outlines the results for the scattering-included

Table 3: Comparison of the iteration steps required by the BSOR-like and USOR-like iterative methods to
attain the same accuracy when scattering is not included.

Up =0.1(V) Iterations Up = 0.3(V) Iterations
w BSOR-like | USOR-like w BSOR-like | USOR-like
0.05 8160 8162 0.05 3541 3097
0.1 4923 4927 0.1 2264 2102
0.5 - 1286 0.5 - 670
2 - 384 2 - 314
Uy = 0.35(V) Iterations Up = 0.4(V) Iterations
w BSOR-like | USOR-like w BSOR-like | USOR-like
0.05 3503 3179 0.05 3485 3020
0.1 2281 1939 0.1 2329 2050
0.5 - 660 0.5 - 649
2 - 463 2 - 629
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Table 4: Comparison of the iteration steps required by the BSOR-like and USOR-like iterative methods to
attain the same accuracy when scattering is included.

Up =0.1(V) Iterations Up =0.3(V) Iterations
w BSOR-like | USOR-like w BSOR-like | USOR-like
0.05 7104 7105 0.05 3094 2746
0.1 4021 4018 0.1 2086 1885
0.5 - 1032 0.5 - 626
2 - 324 2 - 293
Up = 0.35(V) Iterations Up = 0.4(V) Iterations
w BSOR-like | USOR-like w BSOR-like | USOR-like
0.05 3180 2286 0.05 4017 3974
0.1 2126 1939 0.1 2544 2517
0.5 - 631 0.5 - 778
2 - 332 2 - 434

case. For any of the methods mentioned here, the number of iterations required under
a fixed applied bias voltage decreases with increasing w. Whether or not scattering
is included, the USOR-like iterative method takes fewer iterations than the BSOR-like
iterative method with the same w under large U,, i.e., U, >0.3(V). In addition, under
the same applied bias voltage Uy, the iteration steps required by the USOR-like iterative
method for large w > 0.1 are fewer than those required by the BSOR-like iterative
method for small w < 0.1. The results in Tables 3 and 4 demonstrate the superior
convergence rate of the USOR-like iterative method.

Figs. 3 and 4 show I-V curves simulated by the USOR-like and BSOR-like iterative
methods with different w. In Fig. 3(a), I-V curves under different w using the BSOR-like

10
6=
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= —+— =002
S5 w=0.05 J
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Figure 3: |-V curves with different w in the absence of scattering. (a) The green line represents the |-V curve
simulated using the USOR-like iterative method when w = 0.1, while the other curves are simulated using
the BSOR-like iterative method with different w. (b) |-V curves simulated using the USOR-like iterative

method.



14 Y. Wang et al.
5 .
L 1
61 0 6= 0
w=0.01 =001

o iy & —+—w=01

! r w=0.05 \ L oy
E5 i ) E5 =,
< w=0.1 & USORlike | /* c Y4
< A/ < p
b Vd S 4r P,
o p D ‘ )

< i ~ 2 A A

g ') ~ P

23r N ¥ >3 . )‘/

D % P s \ p

o N e et \ }:(‘(

[} 7 ~y g S F **,4

E 2 / NWMN* E 2r 7/ \‘M—H—k*‘

= / = /

o / g ;

Sl / gl

] 1 ?g Q ’!

4 /
/ /
0 - . . 0 . . .
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4

Bias (V)
(a) BSOR-like iterative method

Bias (V)
(b) USOR-like iterative method
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method.

method almost coincide. Moreover, I-V curves obtained by the USOR-like and BSOR-
like iterative methods are almost identical when w = 0.1. These observations can also
be noticed in Fig. 4(a). The I-V curves simulated by the USOR-like iterative method, as
presented in Figs. 3(b) and 4(b), are consistent for different values of w. Considering
the convergence rate, the USOR-like iterative method is employed, and the relaxation
parameter w is fixed to be 2 in the following numerical experiments. Additionally, the
negative differential region is observed in each I-V curve.

4.2. The resonant tunneling effect of the RTD

In this section, we study the resonant tunneling effect of the RTD with and without
scattering. We simulate I-V curves with (3.6) and (3.7) for U, € [0,0.4](V) in Fig. 5.
Uy, = 0.12(V) and U, = 0.21(V) are bias voltages corresponding to the peak and the
valley of the I-V curves, respectively. The other two bias voltages, i.e., U, = 0.05(V)
and U, = 0.16(V), correspond to reaching half the height needed to climb to the peak
from U, = 0(V) and U, = 0.21(V), respectively. In Fig. 5, compared to the case of
no scattering, the peak current density decreases when scattering is included. In the
higher bias region, where U, > 0.21(V), scattering has no significant impact on the
current density. This can be attributed to the fact that the distribution of electrons
deviates greatly from the equilibrium distribution in high electric fields, making the
relaxation time of electrons less well-defined [16].

Fig. 6 depicts the potential energy and the electron density under four bias val-
ues, i.e., 0.05(V), 0.12(V), 0.16(V) and 0.21(V), in both the presence and absence of
scattering. From the top two panels of Fig. 6, one observes that the number density
of electrons in the quantum well gradually rises as U, increases. The number density
of electrons reaches its maximum when U, = 0.12(V), which corresponds to the peak



USOR-Like Iterative Method for the SWE

5 x10° ‘
No scattering

— ——+— Scattering
Y 5t O U,=0.05v i
g *  U=0.12v

< o U016V
S _4r A U021V ]
o

)

>3/ 1
‘0

c

()

Tol ]
1=

o

SRR ]
3 1

O L L L
0 0.1 0.2 0.3 0.4
Bias (V)

15
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value of current density. However, when U, further increases, the number density in the
well decreases instead, which can be seen from the bottom two panels of Fig. 6. When
Uy increases to 0.21(V), the current density reaches its minimum and the corresponding
number density of electrons in the well approaches zero. Whether scattering is included
or not, the above changes of the electron density can be observed, which demonstrates
the resonant tunneling effect. Meanwhile, the electron density in the quantum well de-
creases in the presence of scattering, which corresponds to the reduction of the current
density caused by scattering as shown in Fig. 5. For a more detailed observation, we
provide an enlarged view of the electron density in the well for U, = 0.12(V) in Fig. 6,
where this phenomenon is more evident.

4.3. Influence of the scattering mechanism on the RTD

To deeply explore the effects of scattering depicted in Figs. 5 and 6, we simulate the
stationary Wigner function. By applying equations of motion to the SWE, the SWE can

be rewritten as of (x,k) . 0f(z,k)
) x, . Z,
T o +k Ok

:07

where & = kh/m* and
Of (z,k)/0k '

0, f vanishes in the reformulated SWE since we do not distinguish between the solution
of the SWE and the steady-state solution of the transient Wigner equation. Therefore,
analogous to the Liouville’s theorem in classical mechanics, the Wigner distribution
function in the phase-space remains constant along the statistics of trajectories of elec-
trons [12,13]. In Figs. 7 and 8, we show contour lines of the Wigner function corre-
sponding to the solution of the SWE, which can be regarded as long-time statistics of
trajectories of electrons described by the transient Wigner equation, according to the
discussion made before.

wave number (nm'l)

0 10 20 30 40 50
position (nm)

Figure 7: Contour lines of the steady-state distribution function f(z, k) when U, = 0(V).
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Figure 8: Six specific contour lines of the steady-state solution when U, = 0.12(V). The number following
the 'wn' is a trajectory label.

Fig. 7 presents the steady-state solution f(z, k) when U, = 0(V). Four vertical solid
black lines mark the edges of the double potential barriers, consistent with the RTD
described in Fig. 2. The magnitudes of the wave numbers of phase-space trajectories,
which can cross the potential barriers and the quantum well, increase both before
reaching the first barrier and upon entering the quantum well. As displayed in Fig. 7,
there are closed loops in the barriers and the doping regions, where some trajectories
are trapped. Specifically, closed loops in the barriers indicate that the wave number &
of the corresponding trajectories suddenly changes from positive to negative or from
negative to positive. The positivity or negativity of k represents the direction of the
trajectories. Meanwhile, some phase-space trajectories with low wave numbers that
are unable to cross the device are reflected back.

To clearly explore the reasons for changes in the current density and the number
density caused by scattering, we observe the steady-state solution, specifically when
U, = 0.12(V). As displayed in Fig. 8, trajectories with six incident wave numbers are fo-
cused on, and only the half-plane with k£ > 0 is shown. The blue line marked with ‘wn4’
crosses the whole region of the device continuously without scattering, which suggests
that the corresponding phase-space trajectories reach the other boundary. Whereas, the
blue line is broken with scattering, and the trajectories do not cross the second barrier.
This comparison implies two points in the presence of scattering: (1) trajectories that
can cross the device decrease, thus, the current density decreases, which is consistent
with the observation seen in Fig. 5; (2) the incident wave number & required for cross-
ing the device increases with scattering, and the probability that trajectories which have
crossed the first barrier can also cross the second barrier increases. Consequently, the
number density of electrons in the quantum well decreases, which is observed in Fig. 6.

5. Conclusion

The USOR-like iterative method is proposed for the SWE in this paper. The proposed
method, which still keeps the explicit computational cost, uses as many updated val-



18 Y. Wang et al.

ues of the Wigner function as possible when calculating the pseudo-differential term,
and the advection term is considered implicitly. It is numerically validated that the
USOR-like iterative method significantly improves the convergence range and the com-
putational efficiency. We study an RTD with double barriers by the USOR-like iterative
method. The typical phenomena of the RTD, including the NDR, the resonant tunneling
effect and the effects of scattering, are simulated successfully.
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