Numer. Math. Theor. Meth. Appl. Vol. 19, No. 1, pp. 20-38
doi: 10.4208/nmtma.0A-2025-0010 February 2026

A Space-Time Extrapolation Cascadic Multigrid
Method for 2D Linear Parabolic Problems

Huaqing Wang'?, Kejia Pan', Jin Li' and Hongling Hu?*

1 School of Mathematics and Statistics, HNP-LAMA, Central South University,
Changsha 410083, China
2 School of Mathematics and Big Data, Jining University, Qufu 273155, China
3 MOE-LCSM, School of Mathematics and Statistics, Hunan Normal University,
Changsha 410081, China

Received 27 January 2025; Accepted (in revised version) 1 August 2025

Abstract. We present a new space-time extrapolation cascadic multigrid method
with SSOR preconditioned GMRES smoother for linear parabolic equations. This
method simultaneously solves all time steps of the system using an all-at-once ap-
proach, employing Crank-Nicolson discretization in time and central difference dis-
cretization in space. The key components of the new algorithm are the Richardson
extrapolation and Lagrange interpolation operators. By utilizing these techniques
with numerical solutions of current and previous grids, we generate a good initial
guess for the iterative solution on the next finer grid, greatly reducing the number of
required iterations and computational time. Finally, we explain how to implement
the new multigrid method and show its efficiency through numerical experiments.
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1. Introduction

In this paper, we seek an approximate solution for the general second-order para-
bolic equation under the initial and Dirichlet boundary conditions

du(x,t) = V- (a(x)Vu(x,t)) — b(x) - Vu(x,1)

—c(X)u(x,t) + f(x,1), (x,t) € Q x [0,T7, 1.1
u(x,t) = g(x,t), (x,t) € 09 x (0,77,
u(x,0) = ug(x), x € €, (1.2)
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where () is a rectangular domain in R?, and 7 is a positive constant. Here the co-
efficients a, b, c and forcing function f, and the unknown function u are sufficiently
smooth functions and have required regularities for the computation and analysis. The
functions ug and ¢ represent the initial and boundary conditions, respectively, which
characterize the exact solution .

The classical time-stepping method solves parabolic PDEs one-time step after one-
time step (i.e., in a fully sequential manner), which would be time-consuming if the
number of time steps is large. This challenge has driven the advancement of parallel-
in-time (PinT) numerical methods for solving evolutionary PDEs, for example, the
parareal algorithm [15, 24, 33], the multigrid-reduction-in-time (MGRIT) method [9,
12,19, 35], the preconditioned Krylov subspace method [13, 16,20, 28,36,39] and the
space-time multigrid (STMG) method [3,10, 14,21,27,29,37]. For an in-depth sum-
mary of the past 50 years of parallel-in-time research, please refer to [11]. In this paper,
we focus on the STMG method.

Multigrid solvers serve as optimal preconditioners for elliptic problems and, with
certain considerations, have demonstrated efficiency for space-time discretizations of
parabolic problems like the heat equation. By treating time as an additional spatial
dimension, STMG extends traditional multigrid paradigms to the temporal domain,
enabling simultaneous coarsening and refinement in space and time. Hackbusch [18]
first introduced the parabolic multigrid method, which achieved excellent convergence
when coarsening in space but struggled with temporal coarsening. Lubich and Os-
termann [26] later developed a continuous variant using waveform relaxation as a
smoother, which, when discretized, aligned with Hackbusch’s original method. Then,
Horton and Vandewalle [21] were the first to introduce a general multigrid method that
supports coarsening in both space and time, using semi-coarsening strategies to address
the strong anisotropy in the time direction. To overcome the time coarsening chal-
lenges caused by anisotropy, Gander and Neumuller [14] proposed an STMG method
with a block Jacobi smoother for the heat equation, enabling full space-time coarsening
to solve the global discrete system at once, with excellent convergence and scalability
properties. In recent years, multigrid methods have been used to solve various com-
plex problems, demonstrating remarkable flexibility and efficiency, see [22, 34, 38] for
details.

Inspired by the progress mentioned above, we aim to investigate a new space-time
extrapolation cascadic multigrid (EXCMG) method for solving all-at-once (AaO) sys-
tems derived from full space-time discretization. The EXCMG approach is known for its
exceptional efficiency in handling large linear systems, outperforming classical multi-
grid methods, especially in the context of elliptic problems [4, 6,30]. In this paper,
we first introduce a space-time extrapolation cascadic multigrid (STEXCMG) method
to solve parabolic PDEs across all time levels simultaneously. This method utilizes full
space-time discretization, resulting in an all-at-once system. Given the popularity of the
implicit Crank-Nicolson (CN) scheme [7] for parabolic PDEs due to its unconditional
convergence properties, we adopted this method in our study. Unlike existing multi-
grid methods (see Fig. 1), our method generates a high-quality initial guess for the pre-
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Figure 1: The four-level structure of the V- and W-cycles, CMG, and EXCMG methods [31].

conditioned GMRES smoother on the next finer grid by applying quadratic Lagrange
interpolation and completed Richardson extrapolation to the numerical solutions on
two levels of coarse grids (current and previous), significantly reducing the number of
iterations required at each grid level. As a result, AaO systems are solved efficiently
and robustly using the STEXCMG method.

The remainder of this paper is organized as follows. In the next section, we dis-
cretize the entire space-time domain for parabolic PDEs, resulting in an AaO linear
system. In Section 3, we develop an STEXCMG method to solve the AaO linear sys-
tem. Section 4 contains the numerical results to demonstrate the high efficiency and
accuracy of the proposed method. Finally, the conclusions are given in Section 5.

2. The CN scheme and its AaO system

To solve Egs. (1.1)-(1.2), we employ discretization in both spatial and temporal do-
mains. For clarity, we adopt a central finite difference scheme for spatial discretization
and the CN method for temporal discretization.

2.1. Temporal discretization

We divide the time interval [0,7] into N; equal subintervals of size 7 = T'/N;.
Denote ¢, = n7 and t,,; /5 = (n + 1/2)7. We discretize the temporal domain using the
CN method on a set of time levels with a constant time step size

Un+1 _yn _1

- 5 [LUn+1 —|—LU”] +fn+1/27

where
L=V (a(x)V)—=bx)- -V —c(x)

is the spatial operator on the right-hand side of the equation. U™ represents the ap-
proximation of u(-,,) at all points on the spatial grid. Similarly, f**1/2 represents the
approximation of f(-,t,,1/,) at all points of the spatial grid.
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2.2. Spatial discretization
Let the patial domain Q2 = [z, x;] X [yk, y;]. We construct a uniform grid as follows:

ri=x+1th, 1=0,1,..., Ny,
y]:yk+]h’ jZO,l,...,Ny

with

For function u, we denote

1
Uij = u(zi,y5),  Uit1/25 = §(Uz‘,j + Uiy1,5)-

Let
02Uiy1/2,5 = w,
5, — Uit1/2,5 ; Ui71/2,j,
00.Uij = %,

0yU; j+1/2, 0yUi; and 6o, U;; are defined analogously. Derivation of the finite difference
formula for §(adU); ;,

5(a5U),~j = 535(@(590(])1] + 5y(a5yU)ij
1
= E [az’+1/2,j5mUz‘+1/2,j - ai71/2,jémUi71/2,j]
1
+ 5 (00511720, Us 12 = @ijo1/28y Ui jro]

The second-order approximation of L is as follows:
LhUz’j = 6(Q6U)ij — bij((SO:vUij + 50inj) — Cz‘jUZ"
= 0:(a0,U)ij + 6y(adyU)ij — bij (002 Usj + doyUij) — ci5Ui
1
=7 [ait1/2,02Uis1 2,5 — @iz1/2,j0:Ui—1/2,5)
1
+ 3 (@120 g2 = @ijo1/20,Ui i o]
Uit1; = Ui1, L Uij+1 — Uij—1
2h 2h
=Aij1Uij1 +Aim1jUis1; + AijUsj + Aip1 jUip1 5 + Aij+1Uij, (2.1)

— bij — ¢ijUij

where

aij-1/2  bij ai—1/25 . bij

Aij1= =2 o' il T T 2h’
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Aivi/25 by Ao Bl bij
2 op’ hitl h2 2h
B Qir1/2,5  Qi—1/25  Qijy1/2  Qij—1/2

Ai,j = — ( 02 + 2 + % + % + Cz’j) .

Aiprj =

We denote U;} as the numerical approximation of u(z;,y;,tn), fZ.H/ % denotes

f(xi;Yj,tnq1/2)- The detailed numerical scheme for Egs. (1.1)-(1.2) is as follows:

Uinfi’l _ Un 1
J ij +1 n+1/2

2.2
UZ:g(:ﬂl,y],tn), n=0,1,..., Ny — 1, ( )

The unconditional stability and convergence of the CN scheme are given by the follow-
ing lemmas.

Lemma 2.1 ([1,2]). The CN scheme (2.2) is unconditionally stable, and satisfies
U™ — (- th)]|oo < C(72 + hz), n=0,1,...,N; — 1,

where C'is a positive constant.

2.3. AaO system

Let A € RN*N be the spatial discretization matrix of L, derived from Eq. (2.1).
Substituting (2.1) into (2.2), we derive the matrix form of the CN scheme for Egs. (1.1)-
(1.2) as shown below

yrtl _pn B pyntl +yun

A + 2 o =0,1,..., N, — 1.
T 2

For simplicity, we let 0 denote a zero vector or matrix of appropriate dimensions, and
I, represent an identity matrix of size N. Denote

T = T
Q—Is_iA, Q_Is+§A’

then, the AaO system can be written as

Q Ul QUO +Tf1/2
e U2 T 3/2
KU = v Q . .= f =: b,
. _é 0 U}Vt 7_fN,;—1/2

where K is a coefficient matrix and b represents the source term on the right-hand
side.
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It is obvious that the scheme often leads to a system of equations with a nonsym-
metric coefficient matrix K for general anisotropic cases, and the resulting scheme is a
10-point one. A general sparse direct solver can be computationally expensive, partic-
ularly for high-dimensional problems on fine meshes. Therefore, developing fast and
accurate methods to solve the large AaO systems arising from CN discretizations is both
crucial and challenging. This topic will be explored in the next section.

3. Space-time extrapolation cascadic multigrid method

This section outlines the key components of the new space-time multigrid method.
To simplify the explanation, we focus on the one-dimensional parabolic equation, which
corresponds to a two-dimensional space-time problem. The operators for the three-
dimensional space-time problem are defined similarly and are provided as follows.

3.1. Extrapolation and quadratic interpolation

The extrapolation technique is widely recognized as an effective approach for en-
hancing the accuracy of numerical solutions in various computational problems. In the
current and subsequent subsections, we assume that the exact solution w is sufficiently

smooth. We explain how to employ extrapolation and high-order interpolation to con-
()

struct a third-order accurate approximation W to the FD solution on the next finer grid.

Furthermore, we illustrate the construction of a fourth-order accurate extrapolated so-

0
lution U for problem (1.1)-(1.2).

3.1.1. Extrapolation for the FD solution

We begin with a two-dimensional space-time element on the uniform grid. Consider

a three-level nested grid Z; with step-length 7 = h = hy = ho/2!,1 =0,1,2,...,L and
(1)

corresponding numerical solutions U, as depicted in Fig. 2.

n 0 I
Assume u € C* and denote the error ¢ = U — u and the nodal value (e)j = e(xj).

There is an asymptotic expansion

l )
© = (U —w) () = Al)hi + O(hY), 1=0,1,2, 3.1)

where A(z) denotes a sufficiently smooth function independent of 4.
Consider the coarse element S, ,, = [2;, Zi+1] X [tn,tn4+1] shown in Fig. 2. Assume

(0) )
that U and U are given as follows:

(0)
{U;", s=1,i+1, w:n,n—i—l} on Zy,
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Figure 2: Three-level nested mesh.

o m (1) L)

1/2 n+1/2 ..
Uy, ﬁ_l/Q, U§+/, Ui+1//2’ s=t4,i+1, w=n,n+1 on 7.

Next, based on the midpoint extrapolation formula proposed in [4, 6], we can con-

(2) 2
struct a third-order approximation W to the numerical solution U'.

e Corner points s, The approximated results on 4 corner points ‘s’ determined using
an extrapolation formula

Ww:—Uw—ZUw, s=i4,1+1, w=mn,n+1. (3.2)

* Midpoints e. The approximated results on 4 midpoints ‘e’ are derived through the
midpoint extrapolation approach

& LI D L RS S )
Wi+1/2 = Ui+1/2 + g(Ui - U+ U — Ui, w=mn,n+1,

(2 1
¢ ! 1o o O ©
W= g S U U U, s =it L

(3.3)

* Central points a. The central points ‘a’ are treated as midpoints of two face diag-
onals, yielding two distinct extrapolated values through midpoint extrapolation.
These values are arithmetically averaged to determine the estimated values at the
central points ‘a’

2 (1) 1 (o) (1) (0)
+1/2 i1z 1L 1 1
Wine =Ulise + Ui — U+ Uiy — Uiy

LB O

+ 1—6(Uz‘n - U+ UL —Ul). (3.4)

* Quarter points e. Once the extrapolated values on the finest grid are obtained,
then the interpolated values at the 16 quarter-division points ‘e’ are derived using
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bi-quadratic Lagrange interpolation, for example,
(n2) 3 (2% 3 (2) 1 (%)
i+1/a = gUi + 7 12— g Uit
2
WT(LJ21/4 1 <9 @ 9 @ 3 0 _Un(+)1/2

i+1/4 T g U

Ui +Z i+1/2 7 i1t (3.5)

(2) (2) 2 2 2)
9Un+1/2 B 3Un+1/2 3U("3rl 3UT(L421 1U(n+1>

9 7i+1/2 4 i+l 4 i+1/2 i+1

The expressions for the remaining points can be derived in a similar manner.
2

Once the initial guesses %4} at the corner points m, midpoints e, and central points
A in Fig. 2 are obtained from Egs. (3.2)-(3.4), the initial guesses at the 16 quarter-
division points e can be obtained using bi-quadratic interpolation, as in Eq. (3.5). This
extrapolation-interpolation procedure defines a prolongation operator EXP¢y as fol-
lows:

(2) (1) (0)
W < EXPen(U,U).

Based on the theory of polynomial interpolation, it is straightforward to demon-
strate that the extrapolation expressions (Eq. (3.5)) offer a third-order approximation
to the finite difference solution, i.e.,

(2) (2)
iv1/a = Uiy +0 (h5)
&) )

ntl/d _ 1ont+1/4 3
Wi a =Uijs +0(hg),

see numerical verification of Tables 1-6 in the next section.

Remark 3.1. Our extrapolation technique relies on the asymptotic error expansion
(3.1), which requires certain regularity of the exact solution to guarantee high-order
accuracy. However, as numerically demonstrated in [30], the proposed method still
performs well when the solution has lower regularity.

3.1.2. 3D case

The operators for the three-dimensional space-time problem on the embedded hexahe-
dral grid, as illustrated in Fig. 3, can also be derived using a similar approach to that
in [31], allowing us to obtain a reliable initial approximation on the finer mesh for the

iterative solver.
(2)
The procedure for constructing the approximation W is as follows:

Corner points (1, 5, 21, 25, 101, 105, 121, 125): The approximated results on 8
corner points ‘e’ determined using an extrapolation formula (Eq. (3.2))

(2) 5 (1) 10
WY =-U% —-U¥, s=i,i+1, r=4j+1, w=n,n+1.

s,r 45T 45T
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z
Z, 2

Figure 3: 3D nested rectilinear meshes.

Edge center (3, 11, 15, 23, 51, 55, 71, 75, 103, 111, 115, 123): The approxi-
mated results on 12 midpoints ‘e’ can be determined using the extrapolation formulas
(Eq. 3.3))

O L 1m0 o g

Witijo, = Wilijo, + g(Ui,r U8 +US,, —U4y ), r=47+1 w=nn+l,
@ o 1O O © N

Ws,j+1/2 = Us,j+1/2 + g(Us,j - Us,j tUsjt1 — US,jH)v s=41+1, w=nn+l,
(2)

) 1 0
TO IO NG ©
Uy S, — UL UL U, s=did L r=ggtL

Remaining 105 points: The remaining 105 (5% — 20) grid points can be approxi-
mated through tri-quadratic serendipity interpolation, utilizing the known values of 20
nodes, which include 8 corner nodes and 12 mid-side nodes. This procedure of con-
structing initial guess on grid Z, defines an prolongation operator EXP¢y as follows:

(2) (1) ()
W <« EXPon (U, U).

In Cartesian coordinates, the tri-quadratic serendipity interpolation function can be
expressed as

w(&n,¢) =D Nen(&,, ),

where the interpolation functions N,,, are defined as follows [25]:

1
g(l + fmf)(l + 77m77)(1 + CmC)(§m§ + Nmn + Cmc - 2)7
m =1,5,21,25,101, 105, 121, 125,

N (€,1,0) = i(l =&)AL+ ) (1 +CnC),  m = 3,23,103,123,

i(l — )L+ 261 + GnC), m=11,15,111,115,

i(l = (A +&m&) (A + ), m =51,55,71,75

with (&5, 7m, () denotes coordinate position for the point m.
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3.1.3. Extrapolation for the true solution

(M
Based on the asymptotic expansion (3.1), the Richardson extrapolated solution UY at
points (zs,ty) (s =4,i + 1,w = n,n + 1) can be written as

~ 1 (0
(1) AUW — [Jw
Uw .= % = u(zs,ty) + OY), s=ii+1, w=n,n+1 (3.6)

At fine grid points, Chen and Lin [5] proposed midpoint extrapolation formulas

O N A N R
Uik jo 1= Ui+1/2+g<Ui — U + Uiy — i+1>

= w(Tiq1/2,tw) + oMY, w=n,n+1,

(1) (1)

g et (0) 1 (0)

1 /@)
(Ug —Ur Ut - Ug“)

6
— u(w87tn+1/2) + O(h’4)7 s = 271 + 17

) & (1) )
! ! ORI
Ui = UL + O = UF + U7 — U

i+1/2 i+1/2
1 (0) 1) . (0) .
+ E(Uﬁi-l Ul + Ui’fl — Ui’fl ). (3.7)

The extrapolation formulas (3.6)-(3.7) can be easily generalized to 3D case [31]. We
denote this procedure by

(1) (1) (0)
U <= EXPiyre (U, U).

3.2. Description of STEXCMG algorithm

The core components of the STEXCMG method are extrapolation and quadratic
interpolation (see Fig. 1), which are employed to generate a more accurate initial ap-
proximation for the iterative solver on the subsequent finer grid compared to the one
obtained through linear interpolation in CMG. The steps of the algorithm are as follows.

Algorithm 3.1 Space-Time Extrapolation Cascadic Multigrid Method

1: procedure STEXCMG(mp, L), my denotes the maximum number of iterations on

the finest grid 7.
) (1) .
2: Calculate the solutions U and U by a direct solver.

3: for! =2to L do
(1-1) (1-2)

(1)
4:  Calculate an initial guess: W < EXPcen( U , U ), EXPoy is the prolongation
operator.
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5: ml:mL-yL_l.
) ) (ORON0)
6:  Run the GMRES method for m,; times: U < GMRES,,..(K, b, W).
! ) (-1
7:  Calculate extrapolated solution: (U) = EXPtrue((Uz, ( U )). Optional step EXP;;.,. is
the extrapolation operator.
8: end for B
(L) (L)
9: return U and U.
10: end procedure

In Algorithm 3.1, a direct method is applied to the first two coarse grids because the lin-
(1-1) (1-2)
ear systems involved are relatively small. Using the numerical solutions U and U ,

Richardson extrapolation and quadratic interpolation provide a third-order approxima-
(I-1) (1-2) ()
tion EXPon( U , U ) for the finite difference solution U. This approximation is used

as the initial guess for the GMRES solver, helping to reduce the number of iterations.
() (-1
Meanwhile, EXP;,... (U, U ) offers a more accurate extrapolation on the finest grid.

Generally, the number of GMRES iteration m; is the same as in the CMG method [32]
my :mL-WLfl, 1=2,3,...,L,

my, represents the maximum number of iterations on the finest grid, where 2 < v < 29,
with d denoting the spatial dimension. In such a case, optimal multigrid complexity is
easily achieved.

Remark 3.2. In Algorithm 3.1, GMRES with an SSOR preconditioner is used as the
multigrid smoother, replacing the conjugate gradient iteration in the traditional cas-
cadic multigrid method [30]. The SSOR preconditioner is computationally efficient,
requiring no additional storage, and is well-suited for the non-symmetric linear sys-
tems (2.3) arising from the CN scheme, as shown in Section 4.

Remark 3.3. The matrix-vector product KU required in each iteration of GMRES can
be efficiently computed by exploiting the sparsity of K. Specifically, K is stored in com-
pressed sparse row (CSR) format, and the sparse matrix-vector multiplication (SpMV)
operation is optimized to reduce both memory usage and computational time. This
ensures that the cost per iteration remains low even for large-scale AaO systems estab-
lished in Section 2.3.

4. Numerical experiments

In this section, six typical numerical examples without particular settings are dis-
cussed to demonstrate the convergence rates and computational efficiency of our multi-
grid solver for one- and two-dimensional linear parabolic partial differential equations.
The SSOR-preconditioned GMRES smoother (with a restart number of 50) is employed



A Space-Time Extrapolation Cascadic Multigrid Method for Parabolic Problems 31

to solve the discretized AaO system, using the initial guess W constructed in Sec-
tion 3.1. The iteration is terminated based on a stopping criterion that the relative
residual norm is reduced below the tolerance tol. By “Its” we denote the number of
iterations of the preconditioned GMRES smoother in step 6 of Algorithm 3.1. It can be
observed that the proposed solver is simple and easy to implement. Our code is written
in MATLAB R2023a and all programs are carried out on a server with Intel(R) Xeon(R)
Gold 6248R CPU (3.0 GHz) and 192 GB RAM.
The order of convergence of the method is computed by

U, —
order — log, JZn =l
[Uny2 — ull
where || - || denotes some norm (for instance, L?-norm or the L*>°-norm), u and U, are

the exact and the numerical solutions, respectively. In all computational experiments,
the initial and Dirichlet boundary conditions are extracted from the exact solution.

4.1. Convergence behavior

4.1.1. One-dimensional parabolic equation

Example 4.1 ([8]). Consider a(x) = 1, b(x) = —1, ¢(x) = 0, f(x,¢) = 0 in Egs. (1.1)-
(1.2). We get the following linear parabolic equation with constant coefficient:

with exact solution

t

u(z,t) = e "sin (z — t).

Using a six-level hierarchy of embedded spatial grids, ranging from the coarsest
grid of 64 x 64 to the finest grid of 2048 x 2048, the numerical results obtained from
the STEXCMG method are summarized in Table 1. In this table, “Its” represents the

Table 1: Convergence of the STEXCMG method for Example 4.1 with tol = 107'° and 7 = h.

N, X Ny Its |U —u|loc | Order | |W —Ullz | Order
64 x 64 15 2.17e-06 1.71e-06

128 x 128 53 5.42e-07 | 2.0015 | 2.16e-07 | 2.9840

256 x 256 126 1.36e-07 | 2.0001 | 2.72e-08 | 2.9918

512 x 512 32 3.39e-08 | 2.0000 | 3.41e-09 | 2.9972
1024 x 1024 20 8.56e-09 | 1.9859 | 4.17e-10 | 3.0292
2048 x 2048 1 2.23e-09 | 1.9434 | 2.49e-11 | 4.0660

305.31s% | 10.19 WUP

? The time taken by the STEXCMG method to solve the entire system all at once.

> WU (work unit) is defined as the computational cost of performing one SSOR-
GMRES iteration on the finest grid. Here, the STEXCMG computational cost
=1+20x272432x27 " +126x27%+53 x 27% + 15 x 2719 = 10.19.
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number of iterations required by the iterative solver to achieve the specified relative
residual at all time steps. The computational cost of our solver is typically expressed as
the equivalent work required for one relaxation sweep on the finest grid. The notations
used in all subsequent tables are consistent with those described here.

Table 1 lists the iteration numbers, the errors between the numerical solution and
the exact solution (||U — u||~), and the errors between the numerical solution and
its initial values (||WW — U||2) for the STEXCMG method. It is clear that the numer-
ical solution U achieves second-order approximation and the initial value W, which
is obtained by Richardson extrapolation and quadratic interpolation, achieves almost
third-order approximation to the numerical solution U. On the finest mesh with parti-
tion 2048 x 2048, the maximum error between the initial guess W and the numerical
solution U is O(10~!!), and only one iteration is needed to process the numerical solu-
tion with second-order convergence, which is particularly important for solving large
linear systems efficiently. In terms of the efficiency of the STEXCMG method, one can
find that the computational cost of performing one SSOR-GMRES iteration on the finest
grid is 10.19 WU and the time required to solve the entire system all at once is less than
6 minutes.

Example 4.2 ([8]). Consider problem (1.1)-(1.2) with a(x) = 1, b(x) = —sin(x),
c(x) = —cos(z) and f(x,t) = e 'sin(2z), we get the following 1D equation with vari-
able coefficient:

U = Ugy + sin(z)uy + cos(z)u+ f, 0<zx<1l, 0<t<I1

with exact solution
u(x,t) = e 'sin (z).

Again, from Table 2, one can see that the numerical solution U achieves second-
order accuracy for all mesh. It is once again proved that the smooth property of the
initial condition is vital to derive high-accuracy approximation without too many iter-
ations. On the finest mesh with partition 2048 x 2048, it happens to be the same that
only one iteration is needed to obtain the second-order convergence rate because the
initial guess W already is an extremely good approximation of the numerical solution
U, which significantly reduces the computational time.

Table 2: Convergence of the STEXCMG method for Example 4.2 with tol = 107'° and 7 = h.

N, x Ny Its lU —u|looc | Order | ||W —Ull2 | Order
64 x 64 15 7.32e-07 8.66e-07

128 x 128 46 1.83e-07 | 2.0005 | 1.10e-07 | 2.9829

256 x 256 89 4.57e-08 | 2.0005 | 1.38e-08 | 2.9914

512 x 512 25 1.14e-08 | 2.0008 | 1.73e-09 | 2.9962
1024 x 1024 3 3.02e-09 | 1.9207 | 1.86e-10 | 3.2116
2048 x 2048 1 8.93e-10 | 1.7576 | 2.31e-11 | 3.0139

108.34 s 4.90 WU
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4.1.2. Two-dimensional parabolic equation

Example 4.3 ([8]). When a(x) =1, b(x) = 1, ¢(x) = 0 and f(x,t) = 0 then Egs. (1.1)-
(1.2) becomes parabolic equation with constant coefficient given by

Ou=Au—u, —uy, 0<z,y<1l 0<t<1

with exact solution

2t

u(z,y,t) =e “sin(z +y— 2t).

Using 5 embedded space-time grids starting from the coarsest grid 32 x 32 x 32, the
corresponding numerical results by the STEXCMG method are tabulated in Table 3. It
is evident that the numerical solution U reaches second-order accuracy, and the initial
guess W is almost a third-order approximation to the numerical solution U, which is
in agreement with the theoretical results in Section 3.1. This significantly reduces the
number of iterations required, thereby lowering the computational cost necessary to
achieve the desired accuracy.

Table 3: Convergence of the STEXCMG method for Example 4.3 with tol = 1072 and 7 = .

N, x Ny x Ny Its lU —u|lco | Order | |[W —Ulls | Order
32 x 32 x 32 4 3.80e-05 5.76e-05
64 x 64 x 64 11 9.24e-06 | 2.0381 | 7.45e-06 | 2.9515
128 x 128 x 128 24 2.30e-06 | 2.0066 | 9.48e-07 | 2.9743
256 x 256 x 256 25 5.79e-07 | 1.9910 | 1.20e-07 | 2.9801
512 x 512 x 512 1 1.80e-07 | 1.6851 | 3.50e-09 | 5.0997
2322.62 s 3.37 WU

Example 4.4 ([8]). Consider Egs. (1.1)-(1.2) with a(x) = 1, b(x) = (y,—z), ¢(x) = 0
and the source term

f(X, t) _ 6—(x2+3y2+2t) (6 — Ay — 4(562 + 9y2))’
we get the following linear parabolic problems:
Ou=Au—yu, +zuy + f, 0<z,y<1l, 0<t<1

with exact solution
w(z,y,t) = o~ (@ +3y°+2t)

As shown in Table 4, it is clear that the numerical solution U reaches second-order
convergence with only one iteration on the finest mesh, thanks to the initial value W,
which provides an exceptionally accurate approximation. This plays a key role in the
efficient solution of large linear systems. Also, this reaffirms the applicability of our
proposed method for handling the convection-diffusion equation with variable coeffi-
cients.
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Table 4: Convergence of the STEXCMG method for Example 4.4 with tol = 10™° and 7 = h.

Ny x Ny x Ny Its lU —u|loc | Order | |[W —Ullz | Order
32 x 32 x 32 5 1.26e-04 5.44e-05
64 x 64 x 64 12 3.14e-05 | 2.0112 | 6.80e-06 | 2.9993
128 x 128 x 128 24 7.83e-06 | 2.0025 | 8.43e-07 | 3.0117
256 x 256 x 256 14 1.95e-06 | 2.0041 | 1.05e-07 | 3.0041
512 x 512 x 512 1 4.92e-07 | 1.9898 | 1.22e-08 | 3.1107
1863.21 s 3.15 WU

Example 4.5 ([23]). Consider Egs. (1.1)-(1.2) with a(x) =
¢(x) = 0 and the source term

107% sin(rxy), b(x) =

fxt) =e'2(l —z)[2x 107 sin(ray) — y(1 —y) — 7 x 1072 cos(may)z(1 — 2y)]
+ eyl —y) [2 x 107° sin(rzy) — 7 x 107° cos(mzy)y(1 — 230)] ,

defined as a homogeneous heat equation given as follows:

ou=V- (10_5 sin(w:vy)Vu) +f, 0<z,y<1l, 0<t<l1

with exact solution
u(z,y,t) = e ‘el —x)y(l —y).

One more time, we use 5 embedded space-time grids with the finest grid 512 x 512 x
512, the numerical simulations obtained by the STEXCMG method are enumerated in
Table 5. From Table 5, we observe that only a few iterations are needed to process nu-
merical solution U with second-order convergence because the initial value W already
is an extremely good approximation of the numerical solution. This means that our
proposed method is also suitable for the diffusion equation with variable coefficients.

Table 5: Convergence of the STEXCMG method for Example 4.5 with tol = 107° and 7 = h.

Ny x Ny x Ny Its lU —u|loc | Order | |[W —Ullz | Order
32 x 32 x 32 1 1.61e-06 4.39e-06
64 x 64 x 64 1 4.02e-07 | 2.0000 | 2.84e-07 | 3.9492
128 x 128 x 128 2 1.01e-07 | 2.0000 | 1.83e-08 | 3.9549
256 x 256 x 256 4 2.51e-08 | 2.0000 | 1.22e-09 | 3.9060
512 x 512 x 512 1 6.28e-09 | 1.9998 | 6.03e-11 | 4.3417
1354.05 s 1.55 WU

Example 4.6 ([17]). Finally, consider the case when a(x) = 1, b(x) = (— sin(z) sin(y),
—cos(z) cos(y)), ¢(x) = 1 and f(x,t) = 0. Then Egs. (1.1)-(1.2) takes the following
form:

Opu = Au + sin(z) sin(y)u, + cos(z) cos(y)uy + u,

0<z,y<1l 0<t<l1



A Space-Time Extrapolation Cascadic Multigrid Method for Parabolic Problems 35

Table 6: Convergence of the STEXCMG method for Example 4.6 with tol = 107'° and 7 = h.

Ny x Ny x Ny Its lU —u|loc | Order | |[W —Ullz | Order
32 x 32 x 32 5 2.31e-06 5.91e-06
64 x 64 x 64 12 5.76e-07 | 2.0057 | 7.65e-07 | 2.9506
128 x 128 x 128 24 1.44e-07 | 1.9989 | 9.74e-08 | 2.9739
256 x 256 x 256 15 3.64e-08 | 1.9852 | 1.23e-08 | 2.9836
512 x 512 x 512 1 1.09e-08 | 1.7407 | 1.34e-09 | 3.1962
2054.64 s 3.27 WU

with exact solution

u(x,t) = e sin(z) cos(y).

Last, the results in Table 6 agree with our analysis. Table 6 shows that the numerical
solution U obtained by the STEXCMG with only one iteration on the finest 512 x 512 x
512 grid has the full second-order accuracy in the L°°-norm, and the initial guess W is
a third-order approximation to the numerical solution. This means that our proposed
method is also suitable for the AaO system from the CN temporal scheme.

4.2. Computational efficiency

Due to the high computational cost of SSOR-GMRES on 512x512x 512, an efficiency
comparison is made between our method and SSOR-GMRES for Examples 4.3-4.6 on
256 x 256 x 256. The number of iterations and CPU time are provided in Table 7.
We observe that the STEXCMG method exhibits a considerably higher speed compared
to the SSOR-GMRES method across all four examples. In detail, our method is more
than 30 times faster than the SSOR-GMRES method for Example 4.4, while it is about
19 times, for Example 4.6 on a grid of 256 x 256 x 256. These results indicate that
the STEXCMG method, when combined with the SSOR-GMRES smoother, is capable
of generating highly effective initial guesses for the preconditioned GMRES iteration,
thereby achieving a substantial reduction in both the iteration count and the overall
computational time.

Table 7: Comparison of the two iterative solvers on 256 x 256 X 256.

SSOR-GMRES STEXCMG
Iters | CPU time(s) | Iters | CPU time(s)
Example 4.3 | 1071° | 311 | 30898.35 15 1775.84
Example 4.4 | 107° 251 25031.01 7 825.42
Example 4.5 | 107? 12 1089.88 4 390.77
Example 4.6 | 10711 | 350 | 34466.30 15 1781.22

Examples tol
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5. Conclusions

In this paper, we introduce the STEXCMG method as an efficient solver for the AaO
system arising from linear parabolic partial differential equations. Namely, we provide
an effective initial guess using Richardson extrapolation and Lagrange interpolation,
enabling the SSOR-preconditioned GMRES to handle a wide range of nonsymmetric
AaO systems arising from discretizing the underlying equation. The method’s perfor-
mance and convergence are analyzed through various test problems, encompassing
both one- and two-dimensional linear equations in Section 4. Furthermore, this novel
space-time multigrid algorithm is not limited to the heat equation but is broadly appli-
cable to general parabolic problems. In view of the advantages of high-order compact
schemes and extrapolation, extensions of our algorithm to hyperbolic equations will be
investigated in our future research work.
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