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Abstract. This paper focuses on the problem of recovering ternary sparse signals
with s nonzero entries of 1 and —1. We propose three novel algorithms: ternary
matching pursuit (TMP), ternary generalized orthogonal matching pursuit (TGOMP),
and piecewise ternary generalized orthogonal matching pursuit (PTGOMP). First, in-
spired by the binary matching pursuit algorithm, we introduce the TMP algorithm,
which assigns values of 1 or —1 based on the most correlated residual, and pro-
vide theoretical guarantees based on the mutual coherence, denoted by . and the
restricted isometry property of the measurement matrix, respectively. Second, we
propose the TGOMP algorithm, by selecting multiple (A/) indices at each iteration
in order to improve the performance of the TMP algorithm. We establish a sufficient
condition 1 < 1/(2s — 1) that ensures the TGOMP algorithm selects M correct in-
dices and corresponding entries of x in each iteration. Especially, all correct indices
and entries can be selected in the first iteration. Additionally, we present a sufficient
condition based on the restricted isometry property that guarantees all correct in-
dices are selected in at most s iterations. Third, we propose the PTGOMP algorithm,
which employs a piecewise selection strategy at each iteration, further improves re-
covery performance. Theoretical guarantees for the PTGOMP algorithm are derived
based on the mutual coherence, showing its advantages in ternary sparse signal re-
covery. Finally, we validate the effectiveness of our algorithms through simulations
and numerical experiments, demonstrating that combining appropriate matrix struc-
tures with suitable sparsity patterns can significantly improve recovery performance.
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1. Introduction

The problem of recovering sparse signals from an underdetermined noisy linear
model has attracted significant attention [12,13,20,44]. The model is typically for-
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mulated as
b= Az + v, (1.1)

where b € R™ denotes the observation vector, A € R"*"™ denotes the measurement
matrix with m < n, x € R" is the s-sparse signal to be recovered (with s denoting
the number of nonzero entries of x), and v € R™ is additive noise with ||v]j2 < e.
Several algorithms have been proposed to achieve either exact or robust recovery of
sparse signals, including basis pursuit (BP) [14], iterative hard thresholding (IHT) [7],
compressive sampling matching pursuit (CoSaMP) [35], and orthogonal matching pur-
suit (OMP) [9, 25,39], etc. Besides, a variant of the OMP algorithm, known as the
generalized orthogonal matching pursuit (GOMP) [36,40] algorithm or the orthogonal
multi-matching pursuit (OMMP) algorithm [17,18,45] has been widely studied.

The theoretical analysis of sparse recovery algorithms typically relies on two key
concepts: the mutual coherence and the restricted isometry property (RIP). The mutual
coherence of a matrix A is defined as [21]

p = max [(a;, aj)|
7/7]
where a; and a; are the unit-norm columns (or atoms) of the matrix A, for any i # j.
Additionally, the matrix A satisfies the RIP [13] if there exists a constant § € (0, 1) such
that
(1= 923 < [Azll} < (1 + )]

for any s-sparse signal. The minimal value of § is the restricted isometry constant (RIC),
denoted d;.

Moreover, the inherent properties of sparse signals play an important role in the
performance of recovery algorithms. Sparsity, the most widely studied property, is
often referred to as global sparsity and is characterized by a single sparsity s. However,
in many applications, such as magnetic resonance imaging (MRI) [24], computerized
tomography (CT) [16], helium atom scattering [27], and fluorescence microscopy [37],
signals exhibit additional structures that go beyond classical sparsity. Therefore, much
research has focused on more complex forms of sparsity, including block sparsity [22,
23], joint sparsity [6, 8], and local sparsity in levels model [1, 2], also referred to as
piecewise sparsity [30,47].

Additionally, some sparse signals with certain magnitude and distribution of non-
zero entries have been extensively studied. For instance, the binary sparse signals,
where the nonzero entries are equal to 1, are applied in applications such as gener-
alized space shift keying (GSSK) modulation detection [26] and massive connectivity
detection in the Internet of things [15]. Algorithms such as the binary matching pursuit
(BMP) [42] and the binary generalized orthogonal matching pursuit (BGOMP) [31]
have been proposed to recover such signals. Similarly, the ternary sparse signals, where
the nonzero entries are equal to 1 or —1, have been widely studied [28, 32-34, 38].
The ternary model is motivated by applications such as compressing neural networks
[4,19,46], and the transmission of sparse signals [3,5,41]. The randomly aggregated
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unweighted least squares (RAWLS) [32] and the refined least squares (ReLS) [33] al-
gorithms have been proposed for recovering the support of the ternary sparse signals.
However, the RAWLS and ReLS algorithms perform well in recovering ternary sparse
signals but are computationally expensive.

This paper focuses on the problem of recovering ternary sparse signals. Motivated
by the BMP algorithm in [42], we propose the ternary matching pursuit algorithm. Un-
like the BMP algorithm, which assigns the corresponding entry of the estimated sparse
signal to 1 based on the highest correlation with residual, the TMP algorithm assigns
the entry to 1 or —1 based on the sign of the most correlated column. Specifically, if the
correlation is positive, the entry is set to 1, and if the correlation is negative, it is set to
—1. We present theoretical conditions for the TMP algorithm based on the mutual co-
herence i and RIP of the measurement matrix A, which ensure that the TMP algorithm
recovers the support S and entries of sparse ternary signal « in s iterations. Based on
the TMP algorithm, we propose the ternary generalized orthogonal matching pursuit
algorithm, which improves performance by selecting multiple (M) indices in each iter-
ation. Based on the mutual coherence of the matrix, we present a sufficient condition
that ensures the TGOMP algorithm selects M indices and corresponding entries of « in
each iteration or recovers the support and entries of x in s/M iterations, where s/M
is an integer. In particular, when M = s, the TGOMP algorithm recovers the support S
and entries of « in the first iteration. Based on RIP, we present a sufficient condition
that ensures the TGOMP algorithm recovers the support of the sparse ternary signal in
at most s iterations.

We further propose the piecewise ternary generalized orthogonal matching pur-
suit algorithm, which employs a piecewise selection strategy in each iteration. We
provide a sufficient condition that ensures the PTGOMP algorithm selects M; correct
indices and corresponding entries of x in each component in each iteration. This con-
dition guarantees that the PTGOMP algorithm recovers the support and entries of x
in max;—1, n{s;/M,} iterations, where s;/M; denotes an integer. In particular, when
M; = s;, the PTGOMP algorithm recovers the support S and entries of x in the first it-
eration. Finally, we validate the effectiveness of our algorithms through simulations on
ternary sparse signals and experiments using sparse images from the MNIST dataset.
The results indicate that combining appropriate matrix structures with suitable sparsity
patterns can significantly improve recovery performance.

The rest of the paper is organized as follows. Section 2 provides some prelimi-
naries. Section 3 introduces the TMP, TGOMP, and PTGOMP algorithms along with
their theoretical results. Section 4 presents simulations and numerical experiments to
demonstrate the efficiency of the proposed algorithms. Finally, Section 5 concludes the

paper.
2. Notations and preliminaries

In this section, we introduce several notations, including the definitions of piecewise
sparse signals and the restricted orthogonality constant (ROC). Additionally, we present
some lemmas that will be used in later sections.
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Let the set S denote the support of an s-sparse signal x, i.e., S = supp(x) and
s = |S|. We define Q = S U S¢, where S¢ denotes the complement of S, i.e., S¢ = {j €
Q : z; = 0}. The inner product is defined as (z,y) = yTx. For a subset A C €, A is
an m X |A| sub-matrix consisting of the columns indexed by A from the matrix A, and
AT denotes the transpose of the matrix A.

Definition 2.1 ([30,47]). A signal x = (;clT, . ,m%)T € R" is partitioned into N
components, where every component x; € R™ is s;-sparse, i.e., containing s; nongero
entries, denoted as ||xi|lo = s; fori =1,...,N. Such a signal = is called a (s, ...,Sn)-
piecewise sparse signal.

Next, we consider the measurement matrix A = (A7],..., A%)T that corresponds
to the piecewise sparse signal z = (z{,...,z%)T. In this case, we can express (1.1)
as b = Zf\il A;x; + v. In this paper, we consider that the matrix A is normalized, i.e.,
each column (or atom) a; satisfies |la;|l» = 1 for j = 1,...,n. In the following, we
introduce the concepts of mutual coherence and cumulative mutual coherence of the

sub-matrices A;, as discussed in [30,47].

Definition 2.2 ([30,47]). The mutual coherence of the i-th sub-matrix A; is defined as

ut = max|(aj, aj)

. al a eA;,, i=1,2,...,N.

j? *

It is clear that when A is a union of orthogonal sub-matrices, we have u** = 0.
Lemma 2.1 ([30,47]). The mutual coherence ;" of the i-th sub-matrix satisfies
0 < p =aju < p,

where «; € [0,1] is a parameter that represents the ratio of the mutual coherence within
the i-th sub-matrix to the mutual coherence of the whole matrix.

Lemma 2.2 ([30,47]). The cumulative coherence within the sub-matrix A; is bounded by
the following inequality:

Lemma 2.3 ([30,47]). The cumulative coherence between two sub-matrices A; and A; is
bounded by the following inequality:

b3 (t) = ma ma ‘<a, > < tu,
i) = o %n]}z ! :

where I'; is the index set of t columns in sub-matrix A; and n; is the number of the columns
in A;.
J
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Definition 2.3 ([11,17]). The restricted orthogonality constant 6, s is defined as the
smallest quantity such that for all s-sparse signals x and s'-sparse signals x’ with disjoint
support sets, the following inequality holds:

[(Az, Az')| < O, |||2]|2]|2-

Lemma 2.4 ([11,17]). Let s, s’ be two positive integers and s < s'. For any ¢ > 1 such
that cs' is an integer; the following inequalities hold:

monotonicity: ds < g,
95,8’ < 65—}—5” (21)
shifting inequality: 0 .y < /5. (2.2)

Lemma 2.5 ([17]). Suppose the matrix A has the restricted isometry constant ds. Let A
and T" be two disjoint index sets, with the union of their cardinalities not exceeding s. Then
the following inequalities hold:

(1= da) lzlly < [|ARAnz]], < (1+0)a)) [lll,
HA’/I\‘A[‘$H2 § 9|A|7\F\ ||$H2 . (2.3)

Lemma 2.6 ([43]). Let A C Q = {1,2,...,n} be a set such that |A| = (k — 1)M and
ISNA| =1, where0 < k—1<I1<|S|—1 Let W C (SUA)®and |W| = M. If A satisfies
the RIP of order s + 1 and « is an s-sparse ternary signal, then the following inequality
holds:

||AT Agazs\all S| —1
145 s Asa@siall, — R 21— ‘lw 1001, 24

Note that Lemma 2.6 is a special case of [43, Lemma 1] when P/%AS\A$S\A is
replaced by Ag\yT g\ and z is an s-sparse ternary signal.

The BMP and BGOMP algorithms are outlined in Algorithms 2.1 and 2.2, respec-
tively.

Algorithm 2.1 Binary Matching Pursuit Algorithm [42]
Input: b, A, s.
Output: & and A*.

Initialization: A° =,k =1, = 0,70 = b.

Repeat steps 1-5 when the stopping criterion is not met.

1: jF = arg MAX; o\ k-1 ]a;rrkfl\.
2: AP = AFLU (R,

3: i'jk =1.

4; pk =gkl @ikl k-

5: k=k+1.

Stopping criterion: k > s or ||r¥|]y <e.
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Algorithm 2.2 Binary Generalized Orthogonal Matching Pursuit Algorithm [31]
Input: b, A, s, M.

Output: & and A = arg maxyck |aj=s | Zall2, @ satisfying £; = 1, and &, 3 = 0.
Initialization: A° =0,k =1, = 0,7 = b.

Repeat steps 1-5 when the stopping criterion is not met.

Let T* be the set corresponding to the M largest magnitudes of |A
AF = AF-TU TR,

T = 1.
ko — k-1
k=k+1.
& = arg mingpp»)cak [|b — Az||2.

T k—1
o\Ak-1T B

- ATk Ii?Tk .

gLy

Stopping criterion: k > s or ||r¥|s < .

3. Theoretical analysis of recovery algorithms for ternary sparse signals

In this section, we present three novel algorithms for recovering ternary sparse sig-
nals: ternary matching pursuit, ternary generalized orthogonal matching pursuit, and
piecewise ternary generalized orthogonal matching pursuit. These algorithms employ
single, multiple (M), and piecewise selections, as demonstrated in Algorithms 3.1-3.3,
respectively. We derive the theoretical conditions for the TMP and TGOMP algorithms
based on the mutual coherence and the RIP, and for the PTGOMP algorithm based on
the mutual coherence.

3.1. Ternary matching pursuit algorithm

In this subsection, we introduce the TMP algorithm in Algorithm 3.1, and show
that the condition ¢ < 1/(2s — 1) ensures that the TMP algorithm selects one correct
index and corresponding entry in each iteration. Furthermore, we provide another
sufficient condition based on the RIP, which also guarantees the TMP algorithm selects
one correct index and corresponding entry in each iteration.

Algorithm 3.1 Ternary Matching Pursuit Algorithm

Input: b, A, s.
Output: & and A*.
Initialization: A =0,k = 1,2 = 0,7° = b.
Repeat steps 1-5 when the stopping criterion is not met.
1: j*F = arg MAX; o\ k-1 \a;rrkfl\.
2: AF = NP1 U {5F).
1, if a;.rk'rk_1 > 0,
-1, if a;.rk'rk_1 < 0.

4. ’I"k = b—AAkiﬁAk’.

3: xjk ==
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5: k=k+ 1.
Stopping criterion: k > s or ||[r¥|]y <e.

Unlike the BMP algorithm, the TMP algorithm assigns values based on the sign

of the highest correlation. Specifically, if akark_1 > 0, then 2, = 1. Conversely,
if aﬁr’“*1 < 0, then #;. = —1. We provide sufficient conditions to guarantee this

process.

3.1.1. Sufficient condition for the TMP algorithm based on the mutual coherence

Next, we present a theoretical condition based on the mutual coherence y of the mea-
surement matrix A, which ensures that the TMP algorithm recovers the support S and
entries of sparse ternary signal x in s iterations.

Theorem 3.1. Assume that x is an s-sparse ternary signal and noise vector v satisfies
|lv||2 < e If the mutual coherence u of the matrix A satisfies

1
— 3.1
S os—1 S
and e satisfies
1—-(2s—1
< (; )u7

then with the stopping criterion ||r¥||y < ¢, the TMP algorithm exactly recovers the support
S and entries of x in s iterations.

Proof. Let S be the support of an s-sparse ternary signal z € R" and S = ST U S,
where

© St ={iiz;=1i€S} 4 =5t
« S ={ita;=-1ieS} 8 =15

then the sparsity s = §; + $5. In Algorithm 3.1, let A*~1 = Al_fl U A1 where Al_fl
and A*~! denote the sets of indices selected for positive and negative entries of & in
the first k — 1 iterations, respectively. The residual vector *~! is given by

’l"k_1 = b—AAkALIAZAkﬂ.
Let
o = [|Ag aear™ Y| s A" = [ AGer T

We prove Theorem 3.1 in two parts. We first provide a sufficient condition for the
step 3 of Algorithm 3.1 in each iteration, and then establish a sufficient condition that
guarantees the TMP algorithm selects one correct index and corresponding entry of x
in each iteration.
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To ensure the validity of the step 3 of Algorithm 3.1 in each iteration, we need
to guarantee that the following inequalities are satisfied in the k-th iteration for k& =
1,...,s,i.e.,

alr*1 >0, if ;=1 ieST\AY (3.2)

alrh1 <0, if z;=-1, ie S\ AL (3.3)

Besides, to guarantee that the TMP algorithm selects a correct index and corresponding

entry of «, we need the following inequality to hold in the k-th iteration for k =1, ..., s,
ie.,

v > ok (3.4)

Assuming that the TMP algorithm selects k—1 correct indices and corresponding entries

of x in the first k — 1 iterations for k = 1,..., s, then we have Ai‘l c St A 5

and & x-1 = xr1. Let |Affl| = kp and |A*~1| = ks, then it follows that k; +ky = k—1.
The residual vector r*~! is given by

’l"ki1 =b— AAk—liAk—l = AS\Ak—le\Ak—l + v.

In the k-th iteration, for (3.2), when z;x = 1,58 e 5t \A’f[l, we have

T k-1_ T
a;r’ " =aj (As\Ak—1$S\AIc—1 +v)

_ T T T T
= ajkajk:njk + E ajkaj E a].ka] + ajk'v
FEST\(AETTU{GFY) JEST\AFT!

T T T
> Tk — > |ajia;| - > |ajia;| —[ajiv|
JEST\(AETTULFY) JES—\AFT!

> 14— (ST 4 [STVART ) e
:1—|—M—(§1—k‘1—|—§2—]€2),u—6

=l4+p—(s—k+1)pu—e (3.5)
Similarly, when x;» = —1,5% € S~ \ A*7!, we have
k—
a]Tkr 1= aﬁ (As\Ak—le'Bs\Akfl +v)
= a;rkajkxjk — Z a;rkaj + Z a;rkaj + a;rkv
JeST\(ATTU(iRY) jest\aLT!
Sapt )L lapagl+ 3L fapa]+ el
jes\(ALT Uik jest\ai!

< 1+ [T\ (AU R [+ [STAN AT [+ e
=14 (82— (k2 +1)+ 8 —ki)pu+e
=—1l-pu+(s—k+1p+e (3.6)
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Since s — (k — 1) < s, by (3.5) and (3.6), when

1
B < s 1 (3.7)
and e satisfies
e<1l—(s—1p, (3.8)
we have that (3.2) and (3.3) hold.
Besides, for the left-hand side of (3.4), let jo € S\ A*~1, we have
b = [ el
- jersriz}\}é—l |a;f (AS\Ak—le\Ak—l + ’U)‘
é |a}; (As\Akflﬂls\Akfl + ’U) ‘
> |a;[(;AS\A]€—1wS\A]€—1| - |CL"7I(;’U|
> |@jo| — > |aj,a;] =[]l
jeS\(AF=1u{jo})
>1—[S\ (AU {Go}) [ —e
=1—(s—k)u—e, (3.9
and for the right-hand side of (3.4), let j; € S¢, we have
P =l Ager
= jr/ne%)g a;r/ (AS\Ak—lms\Ak—l + 'U)‘
£ {a}; (AS\A]“—1$S\A]€—1 + 'v) {
S |a;~I‘1As\Ak71e’Bs\Ak71‘ + |CL]T1’U|
< Y. laja+ vl
JES\ARTL
<|S\AHu e
< (s—(k:—l)),u—ke. (3.10)

By (3.9), (3.10), and s — k < s — 1, in order to select a correct index and corresponding
entry, we need the following inequalities:

< 1

25 — 1’
14+ p—2su
—
Comparing (3.7) and (3.8) with (3.11) and (3.12), we obtain that (3.11) and (3.12)

are sufficient conditions for (3.7) and (3.8), respectively. That is, they guarantee that
(3.2)-(3.4) hold.

“ (3.11)

€< (3.12)
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Finally, we show that the TMP algorithm stops exactly under the stopping criterion
[7*|l2 < e when all correct indices are selected. When 1 < k < s, we have

S\AFL 20 |S\AF Y =s—|SnAF Y > 1.

Since Hxs\Ak—l ll2 > 1, by (3.11) and (3.12), we have

177 Hl2 = || Ag\ar-1Z gy 451 + 0],
> || Ag\ar-1g\ar-1], = llv]l2
> /1= (18 \ A1 = Dpallgpiifl2 — ¢
>V1—(s—ku—e
>1—(s—kp—e
>1+p—2sp—c¢
> 26— €e=c¢€.

After the s-th iteration, we consider S\ A* = () and
[7°]l2 = [[As\asTs\as + V]2 = [[v]l2 < e

Therefore, the TMP algorithm recovers the support S and entries of x in s iterations.
This completes the proof of Theorem 3.1. O

Remark 3.1. In [42], the authors showed that the BMP algorithm can exactly recover
the support S of the signal « in s iterations when the matrix A satisfies

< 1
H=9s 1
and if e satisfies
1—-—(2s—1
6<<+>M_

The TMP algorithm is a generalization of the BMP algorithm. If the s-sparse signal
x contains only nonzero entries of 1, the TMP algorithm reduces to the BMP algorithm,
and Theorem 3.1 corresponds to [42, Theorem 1].

In the noiseless case, we have the following corollary.

Corollary 3.1. Assume that x is an s-sparse ternary signal and noise vector v satisfies
|lv||2 = 0. If the mutual coherence  of the matrix A satisfies

o1
H=5s 1

then the TMP algorithm exactly recovers the support S and entries of x in s iterations.
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Next, we show that the condition (3.1) is sharp for recovering s-sparse ternary
signals.

Theorem 3.2. Let s be a positive integer. Let t > 0 be any integer, and set m = (2s — 1)t
and n = 2st. Then there exists an m x n matrix A with mutual coherence 1 = 1/(2s — 1),
and two nongero s-sparse ternary vectors x, and xo with disjoint supports such that

A:Bl = A:I}Q.

Proof. Following the approach of the proof of [10, Theorem 3.1], let G be a 2s x 2s
matrix such that each diagonal entry of G is 1 and each off-diagonal entry equals —p.
We define a 2s x 2s diagonal matrix 7', where the entries at the 2nd and (s + 2)-th
positions are —1, and all other diagonal entries are 1. We obtain that G = TGT is
a positive-semidefinite matrix with rank 2s — 1. That is

L . B = —p —p

poo1oop Booop %
—©oop 1 B = = —p
Grar—|—H* # —w - 1w —p —p
oy Uy R A N N L —p

poo—pp peop oopoeeop
oy N Uy ¥ —p o= gL —p

—up —p o ey A TRy ¥ 1

S S

Since G has two distinct eigenvalues 2s/(2s — 1) and 0, with the multiplicities of 25 — 1
and 1, respectively, there is an orthogonal matrix U such that

-~ - 2s 2s 2s ~
G = UDi 0p U™
lag{23—1’23—1’ 05— 10 }

Then the symmetric matrix G can be decomposed as G = AT A, where A is the follow-
ing (2s — 1) x 2s matrix of the rank 2s — 1:

2s 0 0
2s — 1
2
i 0 LA 0 ol .
A= 2s —1 UT7
2
0 0 )
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where U = (u1,ug,...,Usq1, Ust2,...,U5), Ul,U2,...,Uss—] A€ UNit eigenvectors
corresponding to eigenvalue 2s/(2s — 1) and

(1,-1,1,...,1,1,-1,1,..., )T e R*

S S

U2s =

Va)

is the unit eigenvector corresponding to eigenvalue 0. That is
Aug, = 0. (3.13)
We define an m x n matrix A by

A =Diag{4,4,... A},
N————

t

then the mutual coherence of A is u = 1/(2s — 1). Suppose x1, T» € R?*! are given by

x; =(1,-1,1,...,1,0,...,0)T,
N e N’
s (2t—1)s
x=(0,...,0,1,—-1,1,...,1,0,...,0)T,
—_——— —— — —
s s 2(t—1)s

then x; and x, are s-sparse ternary vectors.

Let z = x; — 2o € R?»!, By (3.13), we have Ax; — Axy = Az = 0. That is,
Axy = Axs. This implies that the model b = Ax is not identifiable within the class of
s-sparse ternary signals. O

3.1.2. Sufficient condition for the TMP algorithm based on RIP

We provide a sufficient condition based on the RIP that ensures the TMP algorithm
recovers the support S and entries of « in s iterations.

Theorem 3.3. Assume that x is an s-sparse ternary signal and noise vector v satisfies
|lv]|2 < e. If the RIP §41 of the matrix A satisfies

1
Vs+1’

55—}—1 <

and e satisfies

1— \/8+ 1(58+1
< —2 s

€

then with stopping criterion ||7*|s < ¢, the TMP algorithm exactly recovers the support S
and entries of x in s iterations.
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Proof. Similar to the proof of Theorem 3.1, we present a sufficient condition for
(3.2)-(3.4) based on RIP.

Assume that the TMP algorithm selects k£ — 1 correct indices and corresponding
entries of « in the first £ — 1 iterations for £ = 1,...,s. In the k-th iteration, when
zp = 1,55 € St \ Ak, we have

aﬁrk_l = aka (As\Ak—lxs\Akfl +v)
T
= @i (@ + Ag\(ne-10(rp T\ (k- 104k} T+ 0)
=z + a Aoto + ajv
>1- ‘a};A@az@‘ — ‘aﬁv!
> 1~ [lal oo, - <

(a)
> 1—019/llzellz —¢

>1—01s-1]|zell2 —¢€
>1—vs— 19175_1 —€
> 1= V5 D00t — €, (3.14)

where © = S\ (A*1U {j*}), 16| = s — k, ||zoll2 = \/|O], (a) is due to (2.3), and the
last inequality is obtained by (2.1).

Similarly, when z ;x = —1,j% € S~ \ A*"! we have
aﬁrk’l =z + aﬁA@w@ + aﬁv
< -1+ ‘aﬁA@m@| + ‘aﬁv!
< -1+ HaﬁA@m@HQ +€

IN

—1+0j0llzel2+e€
-1+ +vs— 191,371 +e€
—1++vVs+ 1611 t+e. (3.15)

IN N

By (3.14) and (3.15), if

e<1l—+s+ 10511

1
Ogr1 < ,
+1 T
are satisfied, we obtain that (3.2) and (3.3) hold.

Then, we present a sufficient condition for (3.4) based on RIP in the k-th iteration.
In the left-hand side of (3.4), we have

A EEVEL

> HAE\Ak_lAS\Ak—lxs\Ak—lHOO - HAE\AIC—IUHOO

2 HAE\A/C*IAS\Akfl"BS\AkflHOO — €, (316)
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and in the right-hand side of (3.4), we have
k T k-1
Pt =l Aser™

S HAEcAs\AkfllBs\Akfluoo + HAgc’U

oo

< ||ASe Ag\ar-1g\ g1 || + €. (3.17)
Combining (3.16) and (3.17), we obtain
1451 Asara@siaia [ = [AseAs\nimrzs\ni]| o > 26 (3.18)
is a sufficient condition for (3.4). From Lemma 2.6, we have
145\ ax-1 A i @siaia [l = [AseAgiar@sianall g > 1= Vo 100,
then, we obtain a sufficient condition for (3.18), i.e.,
1 — s+ 10,41 > 2e.

Hence, we obtain that

1 1—+/s4 16541
Osp1 < ———e, €< —— T
vs+1 2

are sufficient conditions for (3.4).
Similarly, when 1 < k£ < s, we have

S\AFL 20 S\ A =5 — [AFY > 1.
Since ([ g\px-1(2 > 1, we have

H""k_1||2 = HAS\Ak—lxs\Ak—l + ’UH2
> [[Ag\ar-1@gyar-1 ], = llvll2
> V1 =6 prilegaelle — e
>1— s+ 10541 — €
>2¢—€e=c¢.
After the s-th iteration, we have S\ A® = () and
[7°[l2 = [|As\aszs\as + |, = [lv]l2 <€

Therefore, the TMP algorithm recovers the support S and entries of x in s iterations.
This completes the proof of Theorem 3.3. O

Accordingly, we also consider a result based on RIP in the noiseless case.

Corollary 3.2. Assume that x is an s-sparse ternary signal and noise vector v satisfies
|lv||2 = O. If the RIP .1 of the matrix A satisfies

6s+1 <

Vst 1

then the TMP algorithm recovers the support S and entries of x in s iterations.
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3.2. Ternary generalized orthogonal matching pursuit algorithm

In this subsection, similar to the BGOMP algorithm, based on the TMP algorithm,
we obtain the following TGOMP algorithm by selecting multiple (}/) indices in each
iteration. Let s/M be an integer in the section. We establish the theoretical guarantees
for the TGOMP algorithm based on the mutual coherence and the RIP. Specifically,
based on the mutual coherence of the matrix, we present a sufficient condition that
ensures the TGOMP algorithm selects M correct indices and corresponding entries of
@ in each iteration, or recovers the support and entries of x in s/M iterations. In
particular, when M = s, the TGOMP algorithm recovers the support S and entries of
x in the first iteration. Besides, based on RIP, we present a sufficient condition that
ensures the TGOMP algorithm recovers the support of the sparse ternary signal in at
most s iterations.

Algorithm 3.2 Ternary Generalized Orthogonal Matching Pursuit Algorithm
Input: b, A, s, M, where s/M is an integer.
Output: I' = arg maxpck |rj=s ||2r[|2 and &, where zy = sign(2;) and Tq\f = 0.
Initialization: A =0,k = 1,2 = 0,7" = b.
Repeat steps 1-5 when the stopping criterion is not met.
1: Let T* be the set corresponding to the M largest magnitudes of |AT

2: AP = ALy TR,

Q\Ak— it
1 if aT rk=1 >0,
3: Forall j¥ € T%, 4. = ’
J 7" -1, if a;rk1<0
4: ’l"k :b—AAkZACAk’.
5: k=k+1.
2 = argming,nzycak [|b — Az|[2.

Stopping criterion: k > s or ||r¥|s < .

The TGOMP algorithm is a generalization of the TMP algorithm, improving recovery
performance by the selecting multiple (M) indices in each iteration. In Algorithm 3.2,
M denotes the number of indices selected in each iteration. For all j* € T* in step 3, if

]T rk=1 > 0, then Ty =1, if aT k=1 <0, then T =—1. After the iterations stop, the

current set A¥ contains all 1nd1ces selected in the first k iterations, hence, we need the
following two processes to retain s nonzero entries:

(1) Perform Least squares on A, i.e., 2 = arg mingy, )k [|b — Az|lo.

(2) Find the s entries with the largest values of , i.e., ' = arg maxpc k,p|—s |20 |2,
and set &, where @ = sign(2;) and ZTo\p = 0.

The algorithm outputs & and T.
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3.2.1. Sufficient condition for the TGOMP algorithm based on the mutual
coherence

We provide a sufficient condition that ensures the TGOMP algorithm selects M correct
indices and corresponding entries of « in each iteration, or recovers the support S and
entries of « in one iteration.

Theorem 3.4. Assume that x is an s-sparse ternary signal and noise vector v satisfies
lv|l2 <€ and M is the number of selected indices in each iteration by the TGOMP algo-
rithm. If the mutual coherence y of the matrix A satisfies

1

“

and e satisfies

€ < w, (3.20)

when M < s, the TGOMP algorithm selects M correct indices and corresponding entries of
x in each iteration, that is, the TGOMP algorithm recovers the support S and entries of x
in s/M iterations. In particular, when M = s, the TGOMP algorithm recovers the support
S and entries of x in the first iteration.

The detailed proof is presented in Appendix A. The following corollary considers
the noiseless case in Theorem 3.4.

Corollary 3.3. Assume that x is an s-sparse ternary signal and noise vector v satisfies
lvll2 = 0, and M is the number of selected indices in each iteration by the TGOMP
algorithm. If the mutual coherence . of the matrix A satisfies

1

<—
P=5s—1

when M < s, the TGOMP algorithm selects M correct indices and corresponding entries of
x in each iteration, that is, the TGOMP algorithm recovers the support S and entries of x
in s/M iterations. In particular, when M = s, the TGOMP algorithm recovers the support
S and entries of x in the first iteration.

3.2.2. Sufficient condition for the TGOMP algorithm based on RIP

Next, we provide a sufficient condition based on the RIP to ensure that the TGOMP
algorithm selects at least one correct index of « in each iteration.

Theorem 3.5. Assume that x is an s-sparse ternary signal and noise vector v satisfies
lv|l2 <€ and M is the number of selected indices in each iteration by the TGOMP algo-
rithm. If the RIP d,.1 of the matrix A satisfies

1

- Vs F1+/2(s—1)(M—1) (3.21)

58+1
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and e satisfies

€

_ L= VEH 100 = V26 - (M ~ Do
2 )

then the TGOMP algorithm exactly recovers the support S of x in at most s iterations.

(3.22)

The detailed proof is presented in Appendix B.

Remark 3.2. The TGOMP algorithm and conditions (3.21) and (3.22) are valid for
the case when « is an s-sparse binary signal. The condition (3.21) is stricter than the
sufficient condition

1
M >2

6S+1 < 9 =
VS/M+1+2M(s—1)

for the BGOMP algorithm in [31], since (3.21) ensures that (B.1) and (B.2) hold, that
is, the TGOMP algorithm can recover correct support for all entries 1 and —1 of an
s-sparse ternary signal x.

Corollary 3.4. Assume that x is an s-sparse ternary signal and noise vector v satisfies
lvll2 = 0, and M is the number of selected indices in each iteration by the TGOMP
algorithm. If the RIP §,.1 of the matrix A satisfies

1
- Vs +144/2(5 —1)(M —1)

5s+1

then the TGOMP algorithm exactly recovers the support S of x in at most s iterations.

3.3. Piecewise ternary generalized orthogonal matching pursuit algorithm

In this subsection, we introduce the piecewise ternary generalized orthogonal mat-
ching pursuit algorithm, as outlined in Algorithm 3.3 for solving the piecewise signal
recovery problem b = Ajxy + --- + Ayxy +v. Fori = 1,... N, let ¢; € R™ be
s;-sparse ternary signal and M; be the number of indices selected by the PTGOMP
algorithm in i-th component, where s;/M; are integer numbers in the section. The
PTGOMP algorithm enhances the TGOMP algorithm in three ways:

(1) The algorithm provides a piecewise structure for both the measurement matrix
and the signal. In each component A;, it selects the M; highest correlations
between the residual and columns of the measurement matrix.

(2) In the final step, it selects the largest entries based on the sparsity of each com-
ponent.

(3) The stopping criterion of the PTGOMP algorithm is defined as either & > sax =
max;—1 . nN{si} or |[7*|l2 < €, where € is a prespecified threshold.
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Algorithm 3.3 Piecewise Ternary Generalized Orthogonal Matching Pursuit Algorithm

Input: b, A = [A,...,An],s = [s1,...,sN],M = [M,...,My], where s;/M; is an
integer.

Output: z and A = UY | A;, where A; = Argmax; ki, s, 125,28 = 1,...,N, &

satisfying ¢ ; = sign(z;) and aEQ\;\ =0.
Initialization: AY =0,i =1,...,N,k=1,2=0,7"=b.
Repeat steps 1-5 when the stopping criterion is not met.
1: Let TF be the set corresponding to the M; largest magnitudes of | A
2: AF = UN AP AP = AFTUTE i =1,... N
1, if aﬁrk_l > 0,
-1, if a;rkrkfl < 0.

T k—1
A
Q\AF!

3: For all j* € TF, Tk = {

4. T‘k =b-— AAkZACAk.
5: k=k+ 1.
ZAk = A}r\kb
Stopping criterion: k > syax = max;—1 y{s;} or [[rF|]2 < e

Next, we provide a sufficient condition that ensures the PTGOMP algorithm selects
M; correct indices and corresponding entries of « in each component in each iteration.
This condition guarantees that the PTGOMP algorithm recovers the support and en-
tries of « in max;—; . n{s;/M;} iterations. In particular, when M; = s;, the PTGOMP
algorithm recovers the support S and entries of « in the first iteration.

Theorem 3.6. Assume that x is an (s1, ..., sy )-piecewise sparse ternary signal with s =
s1 + -+ + sy, noise vector v satisfies ||v||a < ¢ M; is the number of selected indices
in each iteration in the i-th component by the PTGOMP algorithm for i = 1,..., N and
M = My + ---+ My. Let oy = p*/u, where u** denotes the coherence of the sub-
matrix A;. If the mutual coherence . of the matrix A satisfies

1

< , (3.23)
H 2(8—(1—042)82)—0&2
where
20— ag)sz +az = ‘_qlinN{Z(l — ;)8 + oy},
and e satisfies
1—(@2s—(1- -
(o 1= 20— (1-az)sz) OZZ)M7 (3.24)

2
when M; < s;, the PTGOMP algorithm selects M correct indices and corresponding entries
of x in each iteration, that is, the PTGOMP algorithm recovers the support S and entries of
x in max;—1,__n{s;/M,} iterations. In particular, when M; = s;, the PTGOMP algorithm
recovers the support S and entries of x in the first iteration.

The detailed proof is presented in Appendix C.
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Corollary 3.5. Assume that x is an (si,...,sy)-piecewise sparse ternary signal, noise
vector v satisfies ||v||a = 0, M; is the number of selected indices in each iteration in the
i-th component by the PTGOMP algorithm fori=1,...,Nand M = My +---+ M. Let
a; = "/, where pi** denotes the coherence of the sub-matrix A;. If the mutual coherence
1 of the matrix A satisfies

1
2(8 — (1 — Oéz)Sz) - OéZ7

pw<

where
210 —az)sz +az = _71%1inN{2(1 — ;)8 + oy},

when M; < s;, the PTGOMP algorithm selects M correct indices and corresponding entries
of x in each iteration, that is, the PTGOMP algorithm recovers the support S and entries of
x in max;—1,. n{s;/M,} iterations. In particular, when M; = s;, the PTGOMP algorithm
recovers the support S and entries of x in the first iteration.

Remark 3.3. The PTGOMP algorithm is a generalization of TGOMP algorithm, Theo-
rem 3.6 aligns with the Theorem 3.4 when N = 1.

Next, we provide a sufficient condition to ensure that the PTGOMP algorithm selects
all correct indices and corresponding entries of « in the first iteration when N = 2,
where A; and A, are general matrices.

Corollary 3.6. Assume that x is an (si, s2)-piecewise sparse ternary signal with s =
s1 + s9, noise vector v satisfies ||v||o = 0, M; is the number of selected indices in each
iteration in the i-th component by the PTGOMP algorithm for i = 1,2 and M = My + Mo.
Let a; = p/p, where ™' denotes the coherence of the sub-matrix A; for i = 1,2. If the
mutual coherence 1 of the matrix A = [A;, Ao] satisfies

1 1
< min , , 3.25

H {2(0[181 +52) — 2(0[282 +51) —OéQ} ( )
when M; = s;, the PTGOMP algorithm exactly recovers the support S and entries of x in
the first iteration.

Moreover, we consider that A; and A, are orthogonal matrices.

Corollary 3.7. Assume that x is an (s, s2)-piecewise sparse ternary signal with s =
s1 + s9, noise vector v satisfies ||v||o = 0, M; is the number of selected indices in each
iteration in the i-th component by the PTGOMP algorithm fori = 1,2 and M = My + Mo.
Let pu be the mutual coherence of the matrix A = [Aj, As], where A; is an orthogonal
matrix for i = 1, 2. If the mutual coherence p of the matrix A = [A;, Ag] satisfies

1 1
inqg —,— 3.26
u<m1n{252,281}, ( )

when M; = s;, the PTGOMP algorithm exactly recovers the support S and entries of x in
the first iteration.
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Example 3.1. Suppose that A = [A;, A;] with the mutual coherence 1 = 1/v/256, o =
0.2, and a3 = 0.1, respectively. We consider the sparsity upper bounds (3.19), (3.25)
and (3.26),i.e., N = 1 and N = 2, respectively.

In Fig. 1, the blue solid line represents the general sparsity condition (3.19), the
blue dashed line represents the condition s < 1/u for a pair of orthogonal matrices,
the red line represents condition (3.25) for a pair of general matrices, and the green
line represents condition (3.26) for a pair of orthogonal matrices. Fig. 1 compares
the sufficient conditions (3.19) with (3.25) and (3.26). It shows that the sparsity con-
straints on the sparse ternary signal are relaxed by utilizing the piecewise structure of
the algorithm.

[N
o

T T T T T T T
N = general condition (3.19)
= = condition for pair of orthogonal matrices: s<1/u ||
A == condition for pair of general matrices (3.25) i
condition for pair of orthogonal matrices (3.26)

-
IS
7

N
w
7

B R P
o r N
T T T

N W M OO N ® ©
T T T T T T

Figure 1: Comparison of the conditions of sparsity.

4. Simulations and numerical experiments

In this section, we conduct simulations for ternary sparse signals and experiments
using images from the MNIST dataset to demonstrate the effectiveness of the proposed
algorithms. For each sparse signal, we generate a random matrix A € R™*" and
add noise v € R™*! sampled from a Gaussian distribution with standard deviation o.
Thus, the measurements can be represented as b = Ax + v. To evaluate the perfor-
mance of the proposed algorithms, we use the Gaussian random matrix and the partial
discrete cosine transform (pDCT) matrix as measurement matrices in Subsections 4.1
and 4.3. In Subsection 4.2, we use piecewise matrices [I, H|, [I, DCT]|, [DCT, O],
[H,G], |G, DCT], and [G, B] as measurement matrices, where I denotes the identity
matrix, H denotes the Hadamard matrix, DCT denotes the discrete cosine transform
matrix, and O denotes the orthogonalization of the random matrix, G represents the
Gaussian matrix with mean 0 and variance 1/m, and B represents a Bernoulli matrix.
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4.1. Reconstruction performance of the TMP and TGOMP algorithms

In this subsection, we compare the TMP and TGOMP algorithms with the OMP and
GOMP algorithms on the reconstruction performance and phase transitions, using the
Gaussian and the pDCT matrices as measurement matrices.

In the first set of simulations, we evaluate the reconstruction performance of the
OMP, GOMP, TMP, and TGOMP algorithms in the presence of noise. A ternary sparse
signal € R"*! with the support S is generated by randomly selecting s entries from

the set {1,2,...,n}. Noise vector v is also generated such that ||v||2 < 0.1. A successful
reconstruction is defined as

|2 — 2l

]2
where & is the sparse signal estimated by the algorithm. The sparsity is set to values
ranging from 2 to 80 in step size of 2, with m = 256, and n = 512. We conduct 500 tests

for each simulation and record the success rates and average running times, as shown
in Fig. 2.
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In Fig. 2, we compare the reconstruction performance of the TMP and TGOMP
with the OMP and GOMP algorithms, and present their running times. The GOMP(2)
and TGOMP(2) algorithms refer to the GOMP and TGOMP algorithms when M = 2,
respectively, which select two indices in each iteration. We run the OMP, GOMP(2),
TMP, and TGOMP(2) algorithms for s iterations. Besides, in order to verify that all
correct indices are selected in the first iteration, we define TGOMP(s) as the TGOMP
algorithm when M = s, which selects s indices in each iteration. The TGOMP(s)
algorithm is run for only one iteration.

From Fig. 2, we observe that:

(1) Figs. 2(a) and 2(c) show that the TMP algorithm outperforms the OMP algorithm,
and the TGOMP(2) algorithm is more effective than the GOMP(2) algorithm. It
can be seen that the TGOMP(s) algorithm is indeed able to select all the correct
indices in a single iteration when the sparsity is small. This result aligns with the
theoretical fact presented in Section 3.

(2) Figs. 2(b) and 2(d) illustrate the average running time corresponding to Figs. 2(a)
and 2(b), respectively. Specifically, the TMP and TGOMP algorithms are signifi-
cantly faster than the OMP and GOMP algorithms. This speed advantage arises
because the TMP algorithm avoids performing least squares during iterations,
while the TGOMP algorithm only requires a single least squares computation af-
ter the iteration stopping criterion is met.

In the second set of simulations, we explore the phase transitions for the OMP, TMP,
GOMP, and TGOMP algorithms with n = 500. We define m/n as the undersampling
rate and s/m as the sparseness. This allows us to create a two-dimensional phase space
(m/n,s/m) € [0,1]2, which describes the difficulty of achieving successful recovery.
We vary m/n from 0.05 to 1 in 30 steps, and s/m from 0.05 to 0.95 in 30 steps. We
summarize the average results from 100 tests. The phase transitions for these four
algorithms with the Gaussian matrix are shown in Fig. 3 and those with the pDCT
matrix are shown in Fig. 4.

In Figs. 3 and 4, the brightness of the colors represents the success probability,
with brighter colors indicating higher success probabilities and darker colors indicating
lower success probabilities. From these figures, it is evident that for recovering ternary
sparse signals, the TGOMP algorithm outperforms the GOMP algorithm, and the TMP
algorithm outperforms the OMP algorithm.

Besides, Figs. 3(d) and 4(d) show that the TGOMP algorithm can also recover some
sparse ternary signals when m/n € [0.9,1] and s/m € [0.5,0.95]. The reason is that
the TGOMP algorithm can select more indices than the GOMP algorithm, since the
residuals of these two algorithms are different. In this example, the TGOMP algorithm
selects two indices (or atoms) in each iteration, in some cases, all atoms of the mea-
surement matrix may be selected after s iterations when 2s is close to m and n. Hence,
it increases the probabilities to recover sparse ternary signals.
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Figure 3: Phase transitions for the OMP, TMP, GOMP, and TGOMP algorithms using Gaussian matrix with
n = 500.
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Figure 4: Phase transitions for the OMP, TMP, GOMP, and TGOMP algorithms using pDCT matrix with
n = 500.
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4.2. Reconstruction performance of the PTGOMP algorithm

For piecewise algorithms, we only test the case where NV = 2 in this subsection. The
PTGOMP (M) algorithm selects (M;, M) indices in each iteration with M = M; + Mo,
and the sparsity s is the multiple of M, where s = s; + so. Note that the piecewise
strategy of the PGOMP (M) algorithm is similar to that of the PTGOMP (M) algorithm.

We compare the TMP, TGOMP(s), PTGOMP(s), and PTGOMP(2) algorithms with
OMP, GOMP(s), PGOMP(s), and PGOMP(2) algorithms on the reconstruction perfor-
mance with m = 256, n = 512. The GOMP(s), TGOMP(s), PGOMP(s), and PTGOMP(s)
select s indices in each iteration and are run for one iteration. The PGOMP(2) and
PTGOMP(2) algorithms select two indices in each iteration and are run for sy.x =
max;—1 2 s; iterations. We present the success recovery rates of these algorithms under
different matrices and sparsity structures in Figs. 5 and 6.
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Figure 5: Reconstruction performance of the OMP, TMP, GOMP(s), TGOMP(s), PGOMP(s),
PTGOMP(s), PGOMP(2), and PTGOMP(2) algorithms versus three sparsity structures with biorthogo-
nal matrix.
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In Fig. 5, we present the reconstruction performance of the OMP, TMP, GOMP(s),
TGOMP(s), PGOMP(s), PTGOMP(s), PGOMP(2), and PTGOMP(2) algorithms for three
sparsity structures (A;, A2) = (s1/s, s2/s) = (0.8,0.2), (0.5,0.5), (0.2,0.8). The matrices
used in the experiments corresponding to Figs. 5(a)-5(c) are [I, H] in the first row. The
matrices corresponding to Figs. 5(d)-5(f) are [I, DCT] in the second row. The matrices
corresponding to Figs. 5(g)-5(i) are [DCT, O] in the third row.

From Fig. 5, we observe that:

(1) By comparing the three subfigures in each row, we observe that the piecewise
algorithms PGOMP(2) and PTGOMP(2) exhibit higher success rates under the
sparsity structure (0.5,0.5) compared to (0.8,0.2) and (0.2,0.8).

(2) The subfigures in the second column show that the TMP algorithm has better
recovery performance than the OMP algorithm when the sparsity increases under
the sparsity structure (0.5, 0.5).
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Figure 6: Reconstruction performance of the OMP, TMP, GOMP(s), TGOMP(s), PGOMP(s),
PTGOMP(s), PGOMP(2), and PTOGMP(2) algorithms versus three sparsity structures.
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This suggests that if A is a biorthogonal matrix, the TMP, PGOMP(2), and PTGOMP(2)
algorithms are more effective with a uniform sparsity structure.

In Fig. 6, we present the reconstruction performance of the OMP, TMP, GOMP(s),
TGOMP(s), PGOMP(s), PTGOMP(s), PGOMP(2), and PTGOMP(2) algorithms for the
three sparsity structures. The matrix combinations corresponding to Figs. 6(a)-6(c) are
[H,G] in the first row. The matrix combinations corresponding to Figs. 6(d)-6(f) are
[G, DCT] in the second row. The matrix combinations corresponding to Figs. 6(g)-6(i)
are [G, B] in the third row.

By comparing the three subfigures in each row, we observe that for the piecewise
algorithms PGOMP(2) and PTGOMP(2), the success rates can be improved with dif-
ferent matrix combinations when matched to the appropriate sparsity structure. This
suggests that selecting the proper matrix combinations with the sparsity structure can
significantly improve the recovery performance of these algorithms.

Specifically, we present success recovery rates from Figs. 5 and 6 when s = 12 in
Table 1. The matrices [I, H], [I, DCT], [DCT, O] are biorthogonal with parameters
(a1,2) = (0,0). The parameters of the combinations [H, G|, |G, DCT], |G, B] are
approximately (aq,a2) = (0,1), (1,0), and (1, 1), respectively.

From Table 1, we can obtain two key results:

(1) The piecewise strategy enhances the recovery performance of the algorithms.

(2) By combining different matrices with the appropriate sparsity structure, the re-
construction performance of these algorithms can be significantly enhanced un-
der the same conditions.

Table 1: The rates of success recovery for the OMP, TMP, GOMP(s), TGOMP(s), PGOMP(s), PTGMP(s),
PGOMP(2), PTGOMP(2) algorithms under different matrices and piecewise structures.

A (M1, A2) |OMP|TMP|GOMP(s)[TGOMP(s)| PGOMP(s) | PTGOMP(s) | PGOMP(2) |PTGOMP(2)
(08,02 1 | 1] o098 0.98 (0.98,0.98) (1,0.98) (1,1) (1,1)
[I,H] [(05,05)] 1 | 1 1 1 1,1) (1,1) (1,1) (1,1)
(0.2,0.8)| 1 | 1 | 0972 | 0972 | (0.972,0.972) | (0.972,1) (1,1) (1,1)
(08,02)] 1 | 1 | 0986 | 0.986 | (0.986,0.986) | (1,0.986) |(0.994,0.994)| (1,0.994)
[I,DCT]|(05,05)| 1 | 1 1 1 1,1) (1,1) 1,1) 1,1)
(0.2,0.8)| 1 | 1 | 0986 | 0.986 | (0.986,0.986) | (0.986,1) |[(0.992,0.992)| (0.992,1)
(08,02)] 1 | 1 | 0954 | 0954 | (0.956,0.956) | (1,0.956) | (0.97,0.97) | (1,0.972)
[DCT,0][(0.5,05)| 1 | 1 | 0992 | 0.992 |(0.994,0.994)((0.998,0.998)| (1, 1) 1,1)
(0.2,08] 1 | 1| 096 0.96 | (0.964,0.964) | (0.964,1) | (0.97,0.97) | (0.974,1)
(08,02)] 1 | 1 | 0824 | 0824 | (0.850.85) | (1,0.85 [(0.968,0.968)| (1,0.97)
[H,G] |(05,05)| 1 | 1 | 0664 | 0664 | (0.722,0.722) | (1,0.722) (1,1) (1,1)
(0.2,0.8)| 1 | 1 | 057 0.57 | (0.632,0.632) | (0.97,0.64) | (0.997,0.99) | (0.99,1)
(08,02) 1 | 1 | 0568 | 0568 | (0.606,0.61) |(0.654,0.942)|(0.996,0.996)| (1,0.996)
[G,DCT]|(05,05)| 1 | 1 | 0678 | 0.678 (0.72,0.72) |(0.722,0.998) (1,1) (1,1)
(0.2,0.8)| 1 | 1 | 0812 | 0.812 |(0.824,0.824)| (0.824,1) |[(0.958,0.958)| (0.956,1)
(08,02)] 1 | 1 | 0446 | 0446 | (0.558,0.558) |(0.642,0.866)|(0.988,0.988)| (1,0.986)
[G,B] (05,05 1 | 1 | 046 0.46 (0.55,0.55) |(0.734,0.748) (1,1) (1,1)
(0.2,08)| 1 | 1 | 0452 | 0452 | (0.554,0.552) | (0.85,0.646) |(0.992,0.992)| (0.994,1)
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Specifically, firstly, by comparing the success rates in the 6-th column with those
in the 8-th and 10-th columns, we find that the piecewise algorithms PTGOMP(s) and
PTGOMP(2) achieve higher success rates across the three sparsity structures compared
to the TGOMP(s) algorithm. Similarly, comparing the 5-th column with the 7-th and
9-th columns, we observe that the piecewise algorithms PGOMP(s) and PGOMP(2)
outperform GOMP(s).

Secondly, for the piecewise matrix A = [H, G| and the three sparsity structures, the
success rates of the PGOMP(s) are (0.85,0.85), (0.722,0.722), and (0.632, 0.632), respec-
tively. The success rates of the PTGOMP(s) are (1,0.85), (1,0.722), and (0.97,0.64), re-
spectively. For the matrix A = [G, DCT| and the three sparsity structures, the success
rates of the PGOMP(s) are (0.606,0.61), (0.72,0.72), and (0.824,0.824), respectively.
The success rates of the PTGOMP(s) are (0.654,0.924), (0.722,0.998), and (0.824, 1), re-
spectively. From this, we conclude that different matrix combinations, when matched
with the appropriate sparsity structure, can significantly improve the recovery perfor-
mance of these algorithms under the same conditions. These numerical results align
well with the theoretical results.

4.3. Support recovery of handwritten digit images from MNIST dataset

Furthermore, we consider the support recovery of handwritten digit images from
the MNIST dataset [29]. The dataset consists of digit images, each with a pixel size
of 28 x 28. Most pixels in these images are inactive (0), and the nonzero pixels are
grouped together. Therefore, these images are naturally piecewise, allowing for ef-
fective recovery using the proposed algorithms. We use support matching (SM) to
measure how well the support of the recovered signal matches that of the original sig-
nal. The proposed algorithms TMP, TGOMP, and PTGOMP are compared with OMP,
BMP, GOMP, and BGOMP algorithms, focusing on support recovery and running time
(RT) efficiency. We only select the indices with the largest positive magnitude, i.e.,
Zj = maX;co\pk-1 a;-rrk_l > 0. We denote these algorithms as TMPM, TGOMPM, and
PTGOMPM2p, where PTGOMPM2p denotes the PTGOMPM algorithm when N = 2.

In the experiment, we vectorize the sparse image from Fig. 7 to be reconstructed as
x € R™>1 with N = 2. For each sparse signal, we use both a random Gaussian matrix

Support Image Support Image Support Image Support Image Support Image

CIdARE

§=239 5s=107 5=105 §=95

Support Image Support Image Support Image Support Image Support Image

HOMER

s=118 5=97 s =101

Figure 7: Original support images from the MNIST dataset. The number below each image represents the
sparsity s. The labels of the images are sequentially “0"-"9".
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and a pDCT matrix A € R40%78 and add noise v € R*9*! with standard deviation
o = 0.01. We conduct 100 tests, and the average SM and RT of each algorithm, using
the Gaussian and pDCT matrices, are shown in Tables 2 and 4, respectively.

Tables 2 and 4 show the average SM and RT for the OMP, BMP, TMPM, GOMP(4),
BGOMP(4), TGOMPM(4), and PTGOMPM2p(4) algorithms with the Gaussian matrix,
and pDCT matrix, respectively. The first row of two tables contains the labels of the
original support images from Fig. 7. The second to last row represents the average SM
and RT for each algorithm. Table 3 presents the average SM and RT for each algorithm
for ten images, as shown in Table 2. A similar analysis is conducted for the pDCT matrix
to evaluate the support recovery performance of the proposed algorithms, as shown in
Table 4. The average SM and RT for each algorithm using the pDCT matrix are shown
in Table 5.

From Tables 2-5, we can observe that:

(1) The OMP, BMP, and TMPM algorithms select one index each iteration. Among
these, the TMPM algorithm has the best average SM with the shortest running
time.

(2) The GOMP, BGOMP, TGOMPM, and PTGOMPM2p algorithms select four indices
each iteration. Among these, the PTGOMPM2p algorithm has the best average
SM.

Table 2: The average SMs and RTs for the OMP, BMP, TMPM, GOMP(4), BGOMP(4), TGOMPM(4),
PTGOMPM2p(4) algorithms with the Gaussian matrix.

Labels “0” “1” “27 “3” “q4” “5” “6” “7” “8” “9”
OMP 65.86% | 94.28% |91.78% | 92.36% | 95.48% | 94.92% |88.58% | 94.68% | 94.57% | 93.48%
1.5160s| 0.1694s |0.2052s|0.1981s| 0.1667s | 0.1707s | 0.2618s| 0.1735s | 0.1682s | 0.1828s
BMP 70.78% | 90.03% |88.51% | 88.97% | 90.48% | 89.77% |86.98% | 90.10% | 89.84% | 89.26%
0.0228s | 0.0094s | 0.0100s|0.0099s| 0.0095s | 0.0094s [0.0112s| 0.0093s | 0.0092s | 0.0096s
TMPM 78.57% | 98.31% |97.60%|97.70% | 98.97% | 98.40% |95.61% | 98.36% | 98.43% | 98.12%
0.0217s| 0.0091s | 0.0097s|0.0096s| 0.0094s | 0.0091s [0.0109s| 0.0092s | 0.0089s | 0.0094s
GOMP 65.65% | 99.63 % | 97.37% | 98.93% | 99.80% | 99.82% |91.54% | 99.67% |100.00% | 99.54%
1.5105s| 0.4461s |0.56115[0.5319s | 0.4272s | 0.4438s |0.7462s| 0.4529s | 1.3774s | 0.4778s
BGOMP 78.98% | 98.91% |97.30% | 97.86% | 99.27% | 98.89% |94.94% | 98.92% | 94.10% | 98.48%
0.2950s | 0.0304s | 0.0350s|0.0345s| 0.0302s | 0.0308s |0.0419s| 0.0311s | 0.0724s | 0.0315s
TGOMPM 81.94% | 99.92% |99.38% | 99.66% | 99.97% | 99.91% |98.33% | 99.88% | 99.27% | 99.79%
0.0810s | 0.0234s | 0.0264s|0.0257s| 0.0229s | 0.0237s [0.0309s| 0.0234s | 0.0502s | 0.0240s
PTGOMPM2p 82.95%100.00%|99.95% | 99.97% | 100.00% | 100.00% | 99.76% | 100.00% | 98.23% |100.00%
0.2251s| 0.0511s | 0.0575s|0.0561s| 0.0511s | 0.0518s [0.0678s| 0.0513s | 0.0504s | 0.0521s

Table 3: Evaluation of the algorithms for support recovery of real images in Fig. 7 using the Gaussian matrix,
with the average SMs and RTs summarized from Table 2.

Algorithms | OMP BMP TMPM | GOMP | BGOMP | TGOMPM | PTGOMPM2p
SM (%) 91.30 | 89.16 97.25 97.60 97.24 98.91 99.59
RT (sec) 0.3212 | 0.0110 | 0.0107 | 0.6975 | 0.0633 0.0332 0.0714
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Table 4: The average SMs and RTs for the OMP, BMP, TMPM, GOMP(4), BGOMP(4), TGOMPM(4),
PTGOMPM2p(4) algorithms with the pDCT matrix.

Labels “0” “1” “2” “3” “4” “5” “6” “7” “8” “9”
OMP 64.62% | 97.75% | 96.78% | 96.94% | 98.50% | 97.74% | 94.60% | 98.43% | 98.59% | 98.17%
1.46925(0.1617s| 0.1951s | 0.1885s | 0.1504s | 0.1584s | 0.2436s | 0.1612s |0.1594s| 0.1725s
BMP 77.47% | 96.55% | 95.47% | 95.37% | 96.68% | 95.87% | 93.92% | 96.36% |96.71% | 96.29%
0.0207s [0.0087s| 0.0096s | 0.0093s | 0.0084s | 0.0086s | 0.0105s | 0.0087s | 0.0087s | 0.0091s
TMPM 82.98%(99.57% | 99.49% | 99.68% | 99.65% | 99.73% | 99.19% | 99.82% [99.72% | 99.83%
0.0203s {0.0084s| 0.0093s | 0.0091s | 0.0081s | 0.0084s | 0.0101s | 0.0084s | 0.0084s | 0.0087s
GOMP 64.98% | 98.49% | 98.37% | 98.10% | 99.39% | 99.19% | 95.98% | 99.59% | 99.41% | 99.46%
1.4780s|0.4277s | 0.5428s | 0.5172s | 0.3940s | 0.4181s | 0.7102s | 0.4300s |1.3066s | 0.4657s
BGOMP 79.55% [ 99.81% | 99.03% | 99.99% | 99.99% |100.00% | 99.77% |100.00% |99.91% |100.00%
0.2773s[0.0288s| 0.0332s | 0.0324s | 0.0277s | 0.0284s | 0.0384s | 0.0290s | 0.0682s | 0.0304s
TGOMPM 80.89% | 99.80% | 99.99% | 99.99% |100.00% |100.00%| 99.74% |100.00% | 99.82% | 100.00%
0.0704s|0.0223s| 0.0251s | 0.0243s | 0.0213s | 0.0219s | 0.0287s | 0.0223s | 0.0399s | 0.0233s
PTGOMPM2p 84.74%99.95% | 100.00% | 100.00% | 100.00% | 100.00% | 100.00% | 100.00% | 99.58% | 100.00%
0.2215s[0.0640s| 0.0727s | 0.0678s | 0.0581s | 0.0593s | 0.0829s | 0.0628s | 0.0619s | 0.0647s

Table 5: Evaluation of the algorithms for support recovery of real images in Fig. 7 using the pDCT matrix,
with the average SMs and RTs summarized from Table 4.

Algorithms | OMP BMP | TMPM | GOMP | BGOMP | TGOMPM | PTGOMPM2p
SM (%) 96.01 | 95.24 | 99.17 | 98.00 99.21 99.42 99.92
RT (sec) | 0.3060 | 0.0102 | 0.0099 | 0.6690 | 0.0594 0.0299 0.0816

Note that the piecewise algorithm can achieve the best SM for almost all images in
Fig. 7, as shown in Tables 2 and 4, and it performs the best in terms of the average SM
for the ten images, as shown in Tables 3 and 5.

5. Conclusion

This paper addresses the problem of recovering ternary sparse signals and intro-
duces three novel algorithms: ternary matching pursuit, ternary generalized orthogo-
nal matching pursuit, and piecewise ternary generalized orthogonal matching pursuit.
These algorithms aim to recover ternary sparse signals efficiently, and we provide the-
oretical results based on mutual coherence and the restricted isometry property. The
TMP algorithm, inspired by binary matching pursuit, assigns values of 1 or —1 to the
most correlated residual. We establish theoretical results that ensure successful re-
covery under suitable conditions. The TGOMP algorithm improves upon the TMP al-
gorithm by selecting multiple (M) indices in each iteration, with theoretical results
guaranteeing the recovery of all correct indices under certain conditions. Specifically,
we derive a sufficient condition ¢ < 1/(2s — 1), which ensures that all correct indices
are selected in the first iteration. The PTGOMP algorithm further enhances TGOMP by
using a piecewise selection strategy, improving recovery performance. We also present
theoretical guarantees for PTGOMP based on mutual coherence. Finally, we validate
the effectiveness of our proposed algorithms through simulations and numerical exper-
iments.
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Appendix A Proof of Theorem 3.4

Proof. Let S be the support of an s-sparse ternary signal z € R and S = ST U S,
where

© St={itz;=1i€S}4 =51,
e S ={i:z;=-1,i€ S},8=|5|,

then the sparsity s = &1+ 82. Let A¥~1 = Ak~ UA*™! where A*~! and A"~ denote the
sets of indices selected for positive and negative entries of « in the first k£ — 1 iterations,
respectively, then |A*~!| = (k — 1) M. From Algorithm 3.2, we have

’T‘kil =b— AAk—liAk—l.

Leti; € {i1,...,in} C S\ AF~L, we define

b = [alfr ], o = At
Similar to the proof of Theorem 3.1, we provide the sufficient condition for the
step 3 of Algorithm 3.2 in each iteration. Then, we establish a sufficient condition that
guarantees the TGOMP algorithm selects M correct indices and corresponding entries
of « in each iteration.
To ensure the validity of the step 3 of Algorithm 3.2, we need to guarantee that the

following inequalities are satisfied in the k-th iteration for k = 1,...,s/M:
alr*1 >0, if ;=1 ieST\A (A1)
alr*t <0, if x;=-1, ieS \ AL (A.2)

Besides, to guarantee that the TGOMP algorithm selects M correct indices and corre-
sponding entries of x, we need the following inequality to hold in the k-th iteration for
k=1,...,s/M. Thatis, for any i; € {i1,...,ip} €S\ A*"L, we need

by, > p* (A.3)

to hold. In particular, when M = s, the TGOMP algorithm recovers the support S and
entries of x in the first iteration.
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Assuming that the TGOMP algorithm has selected (k — 1)M correct indices and
corresponding entries in the first k¥ — 1 iterations for k¥ = 1,...,s/M, then we have
A’_fl c S+, Ak ¢ S~ and &,.—1 = @ x—1. The residual vector 7#~! is given by

’T‘kil =b-— AAk—lﬂA:Akfl = As\Akflﬂls\Ak—l +v.

In the k-th iteration, when x; = 1,7 € ST\ Af‘fl, similar to (3.5), we have

alrht>14pu— <‘S+ \A]fl‘ + |5~ \Ali_lo Uw—€
=1+p—|S\AHu—e (A.4)

Similar to (3.6), when z; = —1, i € S~ \ A*"!, we obtain

afrhl < =1 =t (ST [STAAE ) e
:—1—M—|—{S\Ak71|,u—i—e. (A.5)
Since k > 1, we have |S\ A*"!| = s — (k — 1)M < s, by (A.4) and (A.5), if
(s—hu<l—e (A.6)

is satisfied, we obtain (A.1) and (A.2) hold. That is, (A.6) is a sufficient condition for
(A.1) and (A.2) in the k-th iteration.
For the left-hand side of (A.3), and any i; € {i1,...,ip} € S\ A*~L, we have

bf“‘j = |a;1;rk*1|

= la;; (A @g\ i + )

> aj, As\ner@s\ner| = ag ]

> || — > lala;] — [vll2
JES\(AF1U{4;})

>1- (JS\A Y = 1) -,
and for the right-hand side of (A.3), we obtain

o= Aser™
A

‘CL;I(‘) (As\Ak—le\Ak—l + 'v) ‘

‘O,J’-I(‘)As\/\kflﬂls\/\kfl‘ + ‘CL};’U‘
Y. lahag] + vl

jES\Akfl

< |S\Ak71{,u +e.

IN

IN
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Therefore, we can obtain that (A.3) holds if
2| S\ A+ 2e <14 . (A7)
Since k > 1, we have S\ A*~!| = s — (k — 1)M < s, we obtain

14+ p—2¢

<
s o

is a sufficient condition for (A.7).

Hence, if (3.19) and (3.20) are satisfied, when M < s, the TGOMP algorithm selects
M correct indices and corresponding entries of « in each iteration, that is, the TGOMP
algorithm recovers the support S and entries of « in s/M iterations. In particular,
when M = s, the TGOMP algorithm recovers the support S and entries of « in the first
iteration. This completes the proof of Theorem 3.4. O

Appendix B Proof of Theorem 3.5

Proof Let S be the support of an s-sparse ternary signal € R™, A*~1 = Affl U
AR~ where Ai‘l and A*~! denote the sets of indices selected for positive and negative
entries of & in the first k — 1 iterations, respectively. Let I = |S N A¥~!|, then |A*~1| =
(k—1)M and |S\ A* 1| =5 —1.

Let

0 = AT e e pF = min {JaT i e WL,

oo’

where W satisfies

T k—1 _ T k—1
AW = o 2 g 1AW

To ensure the validity of the step 3 of Algorithm 3.2, we need to guarantee that the

following inequalities are satisfied in the k-th iteration for k = 1,...,s:
alr* 1 >0, if ;=1 i€ST\AY (B.1)
alrh1 <0, if z;=-1, ie S\ AL (B.2)

Besides, to guarantee that the TGOMP algorithm selects at least one correct index and
corresponding entry of x, we need the following inequality to hold in the k-th iteration
fork=1,...,s,i.e.

v > pk. (B.3)

Assuming that the TGOMP algorithm selects at least one correct index and correspond-
ing entry of x in the first & — 1 iterations for kK = 1,..., s, and by the correctness of the
sign identification, we have & g x-1 = X g-pr-1, and

rFl = p— App—1 T pk—1 = As\Ak—1$S\Ak—1 — AAk—1\S.’ff:Ak—1\S + .
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In the k-th iteration, when x; = 1,4 € ST\ Ai‘l, we have

a1 = a (Agas-1Z g\ a1 — Aps-n\ g pi-1yg + V)
= a] (@i + Ag\(Av—10) s\ (A1) — Ank-1\5EAk-1\5 + V)
=2+ a} Ae, &0, + ajv
>1- ‘a;rA@a?@! - ‘a?v‘
>1-— Ha?A@j:@lHQ —€
> 1010, ey — ¢ (B.4)

where

1= (S\ (AU u (A ),

~ T -7 T
Lo, = (%\(Ak—lu{i})’ _xAk—l\S)
and the last inequality is due to (2.3).
When z; = —1,7 € S~ \ A*"!, we have

a?rk‘*l =x; + a;nglaE@l + a?v

-1+ |a;FA@1i@1| -+ |a?'v|
1480, [0 +e. ®.5)

IN A

By (B.4) and (B.5), we obtain a sufficient condition for (B.1) and (B.2), i.e.,
0110, Zo,lly +€ < 1. (B.6)
Since [ > k£ — 1, we have
Oil=s—1—-14+(k—-1)M—-1<s—1+(k—1)(M —2).

Next, we consider the values of M. When M = 1,2, we have |©;] < s — 1 and
lZo,|l2 < v/s — 1. By (2.1), we obtain

1—c¢

vs+1

(58_;,_1 < (B7)

is a sufficient condition for (B.6).
When M > 3, we have

O] <(s =DM —1), [Ze,l2<V(s=1)(M-1).
By (2.1) and (2.2), we have

0110, < b1, (s—1)(m—1) < VM — 101 51 < VM — 145,
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then we obtain )
— €

Vs—1(M —1)

55+1 < (B.8)

is a sufficient condition for (B.6).
Therefore, when M = 1,2, if (B.7) is satisfied, (B.1) and (B.2) hold in the k-th
iteration. When M > 3, if (B.8) is satisfied, (B.1) and (B.2) hold in the k-th iteration.
Then, we prove (B.3) in the k-th iteration. For the left-hand side of (B.3), we have

b = [ Ag asa™
= HAE\Ak_l (As\Ak—lws\Akfl — AAk—l\Sii:Akfl\S + ’U) HOO
> HAg\Ak,lAS\AkA:I:S\AkAHOO - |’Ag\Ak*1AAk71\SZACAk71\SHOO —€

= HAE\Ak_lAs\Ak—1$S\Ak—1 Hoo - |GI%AAk—1\SiAk—1\S| - 6, (B9)
where iy € S\ A*~! such that
@i Ax-nsaens| = [[Ag a1 A s@arns o

For the right-hand side of (B.3), we have

= min{|a;rr’“‘1 i€ Wf}
1 1 A
< ﬁHAEVkaﬂ‘h - M“Aa/f (AS\/\’“_ImS\A’@—1 - AAk—l\s(EAk—l\S + 'U)H1
1 1 A 1
< AR As kg el + AR Ak s@aens 77 Aol
1 A
S M“ATWfAS\Ak*1$S\Ak*1|’1 + ‘a%AAk—l\S:BAkfl\S‘ + ‘a’?{v|
1
< 7lAws Az || + lagApensBans| +e, (B.10)

where Iy € W such that
‘a%AAk—l\SiﬁAk—l\S| é HA’IE/fAAkfl\S‘%Akfl\SHoo

and [, € W} such that
‘ a;l; v
1

= [[Awsoll-

Since I > k — 1, by (B.9) and (B.10), we have
b — b = [ AT g, — min { |al Pt i e Wi

1
> [[ A5 arr A\ s\t | = 7AW Asiar-1@sian-a |, - 2€

— <|CL;I(;AA1€71\SLIAJA1€71\S| + |alT0AAk*1\SaA3Ak*1\SD
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(@) -1 7

> 1=+ e = [[ AT, iy Ansns@aeng |, — 26
s—1 7

> 1=\ 10 = V2[AT 1 Anenysae-ns]l, — 2

(b) /s —1
>1- SM + 16541 — \/5 |Ak_1 \S|927|Ak—1\s‘ — 2¢,

where (a) is due to inequality (2.4), (b) is because of (2.3).
Since [ > k — 1, we have

AP\ S| =(k—1)M -1 < (k—1)(M - 1),
then we obtain

s—1

M

S
> 157+ 1004 - V2+y/(M = 1)(k — 1)0s (21— 1) (k1) — 2€

>1- % F 10501 — /205 — 1)(M — 1)8,41 — 2e.

1— + 10511 — V24/|AF=1N S0y niory g — 2

Hence, (B.3) holds if

5 < 1—2¢
S SIM 1+ /20— (M —1)
Comparing
1—e€ 1—e€ 1—2¢
Vs+ 1 Vs =1(M = 1) \/s/M +1+4+/2(s — 1)(M — 1)’
if

1—2¢
- Vs F14+4/2(s - 1)(M —1)

is satisfied, then (B.1), (B.2) and (B.3) hold when M > 1.
Hence, if the RIP ¢, of the matrix A satisfies

58-‘,—1

5s+1

1
< )
Vst 14420 —1)(M—1)
and e satisfies
- 1—+s+ 10541 — /2(s — 1)(M — 1)ds41
2 )
then the TGOMP algorithm exactly recovers the support S of « in at most s iterations.
The Theorem 3.5 is proved. O

€



74 H. Liu and C. Li

Appendix C Proof of Theorem 3.6

Proof. Let S be the support of an (si,...,sy)-piecewise sparse ternary signal x
and S = Ui]ilSZ-, where S; is the support of «; fori = 1,...,N. Fori = 1,..., N,
S; = S;r U S;, where

© SF={jlz; =1, €S},
« S; = {jlz;=-1,j € Si}.

Let AP~ = Af(jrl) U Af(jl), where Af(jrl) and Af(jl) denote the sets of indices selected for
positive and negative entries of & in the first £ — 1 iterations, respectively.

Fori=1,2,...,N,leti; € {i1,...,ip} € S; \Af‘l, we define

k k— k k—
b, = lagr™ ol =[lAsert
Similar to the proof of Theorem 3.4, we provide the sufficient condition for the step 3
of Algorithm 3.3 in each component in each iteration. Then, we establish a sufficient
condition that guarantees the PTGOMP algorithm selects M; correct indices and corre-
sponding entries of x in each component in each iteration.

To ensure that the validity of the step 3 of Algorithm 3.3, we need the following
inequalities to hold in the k-th iteration for k = 1,...,max;—;  n{s;/M;}. That is, for
1=1,2,...,N, we need
ajr* >0, if z;=1, jeSf \Af(;l), (C.1)
ajrFl <0, if x;=-1, jeS; \Af(:l) (C.2)

to hold. Besides, to guarantee that the PTGOMP algorithm selects M correct indices
and corresponding entries of x in each iteration, we need the following inequality to
hold in the k-th iteration for & = 1,...,max;—1, n{s;/M;}. That is, for any i; €
{it, . ying} €S\ AF1, we need

by > pf (C.3)

to hold. In particular, when M; = s;, the PTGOMP algorithm recovers the support S
and entries of « in the first iteration.

Assuming that the PTGOMP algorithm has selected (k — 1)M; correct indices for
i-th component in the first £ — 1 iterations for i = 1,..., N, then we have Af(jrl) c S,
Af(:l) C S, &pyr-1 = xpr-1, and

W = o A | = (=D,
where M = Zf\il M;. By Algorithm 3.3, we have

’l"ki1 =b— AAk—liAk—l = AS\Ak—lﬁcs\Ak—l + v.
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For step 3 of Algorithm 3.3, when z;, = 1, ip € S;° \AZ(Jr we have

G,ZTO k— 1 %(As\Akflws\Akfl + ’U)
N
>mig = ) apl = > lagag| -l
JESAAFT U0} i#i jles\ Akt
N
>1—(s;— (k=DM = Daip— Y (s, — (k=1D)Mj)u—e,  (C4
J#i
and when z;, = —1, iy € S; \Af(jl), we have
a;I(; k=1 = CI,;I(; (As\Akflws\Akfl + ’U)
N
= a,T <AS \Ak 1T g \Ak 1 +ZAS \Ak 1:)35 \Ak 1) +a o
J#i
< iy + > i |aj,a;, 2
7'€S\(A; T U{io}) I jres;\AF
g—l—i—(si—(k: 1)M, OézM"i‘Z )u—i—e (C.5)

JF#i

Since (k —1)M; > k—1>0fori=1,...,N, by (C.4) and (C.5), then (C.1) and (C.2)
hold if

1 —
—a; + Z 55 < E. (C.6)
J#i

Besides, for the left-hand side of (C.3) and any i; € {i1,...,ia,} € S; \ Af’l, we have

bf“‘j = ;1;<AS \AE 1T, \AE- —|—ZAS \A'“ 1Zg, \A'“ ! +v>
J#
N
> o, | — Z {a;l;ai/ — Z Z —[vll2
eS\(AF Uiz} i# jres\Ay !

N
> 1 =[S\ (AF Ui} i =D 1S5\ AE T —e

J#i

N
=1—(si — (k—1)M; — 1) ajp — Z(sj—(k—l)Mj),u—e,
J#i
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and for the right-hand side of (C.3), we have
k= A

é |a;]i (As\Akflills\Akfl + ’U)|

N
Yo alag|+> Y lalay]+ vl

i'eS;\AF1 J# jreS;\AET!

IN

< (si = (k = 1)M;)evipu + Z (sj — (k=1)M;)p+e.
J#i

Therefore, we obtain that

< 14 oz — 2

N
(si— (k= DMi)as + Y (55— (k— 1)M;) 2

J#i

(C.7)

is a sufficient condition for (C.3) for : = 1,..., N. Since (k — 1)M; > k—1 > 0 for
i=1,...,N, we obtain that

1e% N 1—2¢
S0 — EZ + ; §5 < 2 (C.8)

is a sufficient condition for (C.7). Let

21 —az)sz +az = min {2(1 — a;)s; + s},
=1...,
then we obtain that
2(3—(1—az)sz)u—azu< 1—2¢ (C.9

is a sufficient condition for (C.8).

By comparing (C.6) with (C.8), we obtain (C.9) is a sufficient condition of (C.8).
Hence, if (3.23) and (3.24) are satisfied, when M; < s;, the PTGOMP algorithm se-
lects M; correct indices and corresponding entries of x in each component in each
iteration, that is, the PTGOMP algorithm recovers the support S and entries of x in
max;—1 . n{si/M;} iterations. In particular, when M; = s;, the PTGOMP algorithm
recovers the support S and entries of « in the first iteration. This completes the proof
of Theorem 3.6. O
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