
Numer. Math. Theor. Meth. Appl. Vol. 19, No. 1, pp. 80-105

doi: 10.4208/nmtma.OA-2025-0043 February 2026

A Gradient Recovery Technique for Enhancing

the Convergence of Demagnetizing Field

Based on PDE Approach

Jing Wu1, Zixuan Cui2, Lei Yang2,3 and Guanghui Hu4,5,*

1 School of Mathematical Sciences, Soochow University, Suzhou 215006, China
2 School of Computer Science and Engineering, Macau University of

Science and Technology, Macau SAR 999078, China
3 Macau University of Science and Technology Zhuhai MUST Science and

Technology Research Institute, Zhuhai 519031, China
4 State Key Laboratory of Internet of Things for Smart City and Department

of Mathematics, University of Macau, Macau SAR 999078, China
5 Zhuhai UM Science & Technology Research Institute, Zhuhai 519031, China

Received 27 April 2025; Accepted (in revised version) 3 September 2025

Abstract. The PDE approach is a popular technique for the demagnetizing field

calculation due to the flexibility in handling complex domains. However, it faces
a challenge on delivering desired accuracy due to the suboptimal convergence of the

function gradient and singularity on the boundary. In this work, a robust gradient

recovery technique is applied and analysed for fixing such an issue. An L2 error
estimate of the finite element approximation for the demagnetizing field is derived,

which consists of two parts, i.e., of finite element discretization error and boundary
approximation error. A gradient recovery method based on the polynomial pre-

serving recovery technique is applied to enhance the accuracy of the finite element

approximation, and a superconvergence result is established. An idea of locally re-
fined surface meshes is applied to resolve the singularity in the boundary conditions,

thereby reducing boundary approximation errors. Extensive numerical tests are pro-

vided to verify our theoretical findings and the efficiency of our proposed method.
The results indicate that the proposed method achieves second-order convergence

for the approximate demagnetizing field, positioning it as a highly competitive tech-
nique to develop optimal algorithms in computational micromagnetics.
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1. Introduction

Computational micromagnetics has been playing a significant role in several ap-

plications, including new data storage, hyper-sound speakers, and neuronal simula-

tions [6, 12, 17, 18]. A fundamental governing equation of micromagnetics is the fol-

lowing Landau-Lifshitz-Gilbert equation:

∂

∂t
~M = −γG ~M× ~Heff +

α

~Ms

~M×
∂

∂t
~M,

where ~M is the magnetization, ~Ms is the saturation magnetization, γG is the Gilbert

gyromagnetic ratio, α is the dimensionless damping coefficient, and ~Heff is the effective

field. The effective field is composed of exchange field, anisotropy field, external field,

and the demagnetizing field, where the demagnetizing field (~Hdem) is given by the

following equation and its calculation is very challenging [2,19,24,28,29]:

~Hdem(~x) = −∇φ(~x), φ(~x) =
1

4π

∫

Ω

~M(~x′) · ∇~x′

(

1

|~x− ~x′|

)

d~x′, (1.1)

where Ω is a bounded domain with Lipschitz and piecewise smooth boundary ∂Ω.

It is known that the direct calculation of the demagnetizing field using (1.1) will

cause O(N2) computational complexity, where N denotes the total amount of the mesh

nodes. In order to reduce the computational complexity, a variety of approaches have

been developed for the demagnetizing field calculation, including the fast Fourier trans-

form (FFT) method [2, 19], the fast multipole method (FMM) [3, 4], and the PDE ap-

proach [15,28,29]. The PDE approach is popular for its flexibility in handling complex

domains and advantage in computational complexity. In this approach, the potential

φ(~x) is split into two parts, i.e., φ = φ1+φ2, where φ1 and φ2 are successively calculated

by the following two Poisson equations:

{

∇2φ1(~x) = ∇ · ~M(~x) in Ω,

φ1 = 0 on ∂Ω,
(1.2)







∇2φ2(~x) = 0 in Ω,

φ2(~x) = g(~x) :=

∫

∂Ω
N(~x− ~y)

(

~M · ~n+
∂φ1
∂~n

)

d~y on ∂Ω,
(1.3)

where N(~x − ~y) = −1/(4π|~x − ~y|) is the Newtonian potential. Once φ is obtained,

the demagnetizing field ~Hdem is calculated by taking the negative gradient of it, i.e.,
~Hdem = −∇φ, and then the following demagnetizing field energy which is important

in practice can be obtained:

~Edem = −
µ0
2

∫

Ω

~Hdem · ~Md~x =
µ0
2

∫

Ω
|∇φ(~x)|2d~x,

where µ0 is the magnetic permeability of the vacuum.


