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Abstract. The PDE approach is a popular technique for the demagnetizing field

calculation due to the flexibility in handling complex domains. However, it faces
a challenge on delivering desired accuracy due to the suboptimal convergence of the

function gradient and singularity on the boundary. In this work, a robust gradient

recovery technique is applied and analysed for fixing such an issue. An L2 error
estimate of the finite element approximation for the demagnetizing field is derived,

which consists of two parts, i.e., of finite element discretization error and boundary
approximation error. A gradient recovery method based on the polynomial pre-

serving recovery technique is applied to enhance the accuracy of the finite element

approximation, and a superconvergence result is established. An idea of locally re-
fined surface meshes is applied to resolve the singularity in the boundary conditions,

thereby reducing boundary approximation errors. Extensive numerical tests are pro-

vided to verify our theoretical findings and the efficiency of our proposed method.
The results indicate that the proposed method achieves second-order convergence

for the approximate demagnetizing field, positioning it as a highly competitive tech-
nique to develop optimal algorithms in computational micromagnetics.
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1. Introduction

Computational micromagnetics has been playing a significant role in several ap-

plications, including new data storage, hyper-sound speakers, and neuronal simula-

tions [6, 12, 17, 18]. A fundamental governing equation of micromagnetics is the fol-

lowing Landau-Lifshitz-Gilbert equation:

∂

∂t
~M = −γG ~M× ~Heff +

α

~Ms

~M×
∂

∂t
~M,

where ~M is the magnetization, ~Ms is the saturation magnetization, γG is the Gilbert

gyromagnetic ratio, α is the dimensionless damping coefficient, and ~Heff is the effective

field. The effective field is composed of exchange field, anisotropy field, external field,

and the demagnetizing field, where the demagnetizing field (~Hdem) is given by the

following equation and its calculation is very challenging [2,19,24,28,29]:

~Hdem(~x) = −∇φ(~x), φ(~x) =
1

4π

∫

Ω

~M(~x′) · ∇~x′

(

1

|~x− ~x′|

)

d~x′, (1.1)

where Ω is a bounded domain with Lipschitz and piecewise smooth boundary ∂Ω.

It is known that the direct calculation of the demagnetizing field using (1.1) will

cause O(N2) computational complexity, where N denotes the total amount of the mesh

nodes. In order to reduce the computational complexity, a variety of approaches have

been developed for the demagnetizing field calculation, including the fast Fourier trans-

form (FFT) method [2, 19], the fast multipole method (FMM) [3, 4], and the PDE ap-

proach [15,28,29]. The PDE approach is popular for its flexibility in handling complex

domains and advantage in computational complexity. In this approach, the potential

φ(~x) is split into two parts, i.e., φ = φ1+φ2, where φ1 and φ2 are successively calculated

by the following two Poisson equations:

{

∇2φ1(~x) = ∇ · ~M(~x) in Ω,

φ1 = 0 on ∂Ω,
(1.2)







∇2φ2(~x) = 0 in Ω,

φ2(~x) = g(~x) :=

∫

∂Ω
N(~x− ~y)

(

~M · ~n+
∂φ1
∂~n

)

d~y on ∂Ω,
(1.3)

where N(~x − ~y) = −1/(4π|~x − ~y|) is the Newtonian potential. Once φ is obtained,

the demagnetizing field ~Hdem is calculated by taking the negative gradient of it, i.e.,
~Hdem = −∇φ, and then the following demagnetizing field energy which is important

in practice can be obtained:

~Edem = −
µ0
2

∫

Ω

~Hdem · ~Md~x =
µ0
2

∫

Ω
|∇φ(~x)|2d~x,

where µ0 is the magnetic permeability of the vacuum.
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This approach changes the integral representation of the boundary contribution

from a double-layer potential to a single-layer potential (1.3) which has less singularity

and therefore can be handled numerically more easily. In this approach, the evalua-

tion of the integral is transferred into solving two PDEs, for which the finite element

method (FEM) is a competitive candidate for its mature theory and algorithms. The

accurate calculation is a non-trivial challenge for the calculation of the demagnetizing

field, because, on the one hand, the gradient of the finite element solution loses an

order of accuracy [10], and on the other hand, the singularity in the surface integral g
has to be treated carefully. However, evidence suggests that the former numerical issue

has received limited attention in the existing literature [1, 14, 16, 25, 26]. Although

Schrefl [25] recognized the loss of gradient accuracy and attempted to compensate

for this by employing quadratic elements to improve the convergence order, this ap-

proach fundamentally differs from recovering the gradient. Therefore, it is essential to

improve the accuracy of the gradient by some gradient recovery post-processing tech-

niques. Recently, Hu et al. [28] considered the PDE approach combining the linear FEM

with the superconvergence patch recovery (SPR) technique [30]. The numerical exper-

iments demonstrate that this methodology achieves higher-order approximation of ∇φ,

thereby enhancing the demagnetizing field calculation accuracy, while the theoretical

verification remains open.

Another popular gradient recovery technique is the polynomial preserving recovery

(PPR) method, proposed by Zhang and Naga [22] has been incorporated into com-

mercial software such as ANSYS, Abaqus, COMSOL Multiphysics. The PPR technique

recovers the gradient by local least-squares fitting directly to the finite element solution,

rather than utilizing its gradient as in the SPR approach. The PPR technique preserves

the polynomial of degrees one more than the order of the FEM, resulting in a more

robust theoretical framework [7,9,21–23,27]. There have also been comparison stud-

ies [21,22,27] between the SPR approach and the PPR technique, which show that the

PPR method works for more types of meshes than the SPR method.

The purpose of this paper is threefold. Firstly, we derive the error estimates for the

PDE approach combining the linear FEM. Specifically, we proved the following error

estimate for the demagnetizing field:

∥

∥~Hdem − ~Hdem,h

∥

∥

L2(Ω)
≤ Ch

(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ Ch−1/2‖g − gh‖L2(∂Ω), (1.4)

where the approximated demagnetizing field ~Hdem,h := −∇(φ1,h + φ2,h), φi,h is the

finite element approximation to φi (i = 1, 2), gh is some of the approximation to g.
Note that the above error bound consists of two parts: the finite element discretization

error and the boundary approximation error. The first part is only of order O(h) which

is one order lower than the error of the best approximation of the demagnetizing field

from the finite element space. And it is clear that the lower order convergence of φ1
may also degrade the accuracy of φ2. On the other hand, the boundary approximation

calculated on the uniform refined meshes may deteriorate the second part, i.e., the

boundary approximation error, due to the singularity in the surface integral. This might
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affect the numerical accuracy in the numerical simulation of the Landau-Lifshitz-Gilbert

equation.

Secondly, we apply the PPR technique [22] to improve the first part in the above

error estimate (1.4). Let Gh be the PPR gradient recovery operator (see Section 3).

The following superconvergence result of the PPR approach is established:

∥

∥ ~Hdem − (−Ghφh)
∥

∥

L2(Ω)
≤ C

(

h2 |φ|H3(Ω) + h1+ρ
(

‖φ1‖W 3,∞(Ω) + ‖φ2‖W 3,∞(Ω)

)

+ h−1/2‖gh − Ihg‖L2(∂Ω)

)

for some ρ ∈ (0, 1], see Theorem 3.2. We can see that the convergence order of ~Hdem,h

can be improved to O(h1+ρ) by using the PPR technique when the boundary value is

approximated well. Particularly, the boundary term in the error bound can be removed

by taking g = Ihg. In contrast, the boundary term of the finite element approximation

in (1.4) usually cannot be removed.

Thirdly, we apply a locally refined surface meshes instead of the quasi-uniform sur-

face meshes used in [28] to reduce the error of the approximation for the boundary

integral, and hence improve the second part in the error estimate (1.4). The error es-

timate given above also shows that the approximation of the boundary condition does

impact the accuracy of the computation. In order to better approximate the numerical

solution, the correction of the boundary condition is needed.

To examine the numerical performance of our method, we code the algorithm us-

ing AFEPack [5, 28, 29]. A number of numerical experiments are given to verify the

performance of the proposed methods.

This paper is organized as follows. In the next section, the FEM and the error

estimate of the finite element solution are shown in detail. In Section 3, the PPR tech-

nique with superconvergence properties is described. We also apply the PPR method

to improve the accurate calculation. In Section 4, in order to approximate the surface

integral in the boundary condition of (1.3), numerical quadratures using locally refined

surface meshes are described in depth. In Section 5, a variety of numerical experiments

are delivered to show the efficiency of the proposed method. In the last section, the

conclusion of the paper is proposed.

2. Finite element method and its error estimates

In this section, we first introduce the finite element discretization of Poisson equa-

tions (1.2) and (1.3) and then give the error estimates.

2.1. A brief on the finite element method

We use the linear FEM to solve (1.2) and (1.3). Let Th be a regular and quasi-

uniform triangulation of Ω and Nh be the set of all the vertices in the mesh Th. For any
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T ∈ Th, let hT := diamT , and h := maxhT . The finite element space built on Th is

Vh :=
{

vh ∈ C(Ω̄) : vh|T ∈ P1(T ), ∀ T ⊂ Th
}

,

where P1(T ) is the set of polynomials of degree at most 1 on T . We define

H1(Ω) :=
{

u ∈ L2(Ω) : ∂αu ∈ L2(Ω) for all |α| ≤ 1
}

,

and the closure of C∞
0 (Ω) in H1(Ω) is denoted by H1

0 (Ω).
Introduce a bilinear form a : H1(Ω)×H1(Ω) → R as

a(u, v) =

∫

Ω
∇u · ∇vd~x.

Then the variational formulation for (1.2) is to find φ1 ∈ V := H1
0 (Ω) such that

a(φ1, v) = (f, v) =

∫

Ω
fvdx, ∀v ∈ V, (2.1)

where f = −∇ · ~M(~x). Similarly, the variational formulation for the problem (1.3)

reads: Find φ2 ∈ H1(Ω) and φ2|∂Ω = g such that

a(φ2, v) = 0, ∀v ∈ V. (2.2)

The FEM for the problem (1.2) is to find φ1,h ∈ V 0
h := Vh ∩H

1
0 (Ω) such that

a(φ1,h, vh) = (f, vh), ∀vh ∈ V 0
h . (2.3)

And the FEM for the problem (1.3) is to find φ2,h ∈ Vh and φ2,h|∂Ω = gh such that

a(φ2,h, vh) = 0, ∀vh ∈ V 0
h , (2.4)

where gh ∈ Vh|∂Ω is an approximation to g.
Then the finite element approximation of φ is given by φh := φ1,h + φ2,h and the

approximation of the demagnetizing field is given by ~Hdem,h := −∇(φ1,h+φ2,h). Noting

that the bilinear form a(·, ·) is continuous onH1(Ω)×H1(Ω) and is coercive onH1
0 (Ω)×

H1
0 (Ω). From the Lax-Milgram Lemma [10], we know that both FEMs (2.3) and (2.4)

are uniquely solvable. We list three important estimates in FEM, which are needed in

the proofs in the Section 2.2. Their proofs and other properties can be found in [10,11].

Lemma 2.1 (Céa Lemma). Suppose φi and φi,h, i = 1, 2, are the solutions of the varia-

tional problems ((2.1) and (2.2)) and their Galerkin approximations ((2.3) and (2.4)),

respectively. Then

‖φ1 − φ1,h‖V ≤ C inf
vh∈V

0

h

‖φ1 − vh‖V ,

‖φ2 − φ2,h‖V ≤ C inf
vh∈Vh

vh|∂Ω=gh

‖φ2 − vh‖V .
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From the Céa Lemma, we know that the error of the finite element solution can be

bounded by the error of the finite element interpolant. Denote Ih by the standard finite

element interpolation operator onto Vh.

Lemma 2.2 (Interpolation Error Estimate). For 0 ≤ i ≤ 1, there exists a positive constant

C such that

‖v − Ihv‖Hi(Ω) ≤ Ch2−i |v|H2(Ω) , ∀v ∈ H2(Ω).

With the quasi-uniform meshes, the following inverse estimate is also useful in the

error analysis of the finite element method (see, e.g., [11]).

Lemma 2.3 (Local Inverse Estimate). For 0 ≤ l ≤ m, there exists a constant C such that

for all vh ∈ Vh,

|vh|Hm(T ) ≤ Chl−m |vh|Hl(T ) , ∀T ∈ Th.

Lemma 2.4 (Trace Inequality). Suppose that Ω has a Lipschitz boundary. Then there is

a constant C such that

‖v‖L2(∂Ω) ≤ C‖v‖
1/2
L2(Ω)

‖v‖
1/2
H1(Ω)

, ∀v ∈ H1(Ω).

2.2. Error estimates

In the following, the error estimations for φ1,h and φ2,h will be introduced, respec-

tively. The error estimate of φ1,h in the following lemma is a direct consequence of the

Céa Lemma 1 and the interpolation error estimate Lemma 2.2, whose proof is omitted.

Lemma 2.5. If the solution φ1 ∈ H1
0 (Ω)∩H

2(Ω), then there exists a constant C indepen-

dent of h such that

‖φ1 − φ1,h‖H1(Ω) ≤ Ch |φ1|H2(Ω) .

The next lemma gives the error estimate of φ2,h.

Lemma 2.6. If the solution φ2 ∈ H2(Ω), then there exists a constant C independent of h
such that

‖φ2 − φ2,h‖H1(Ω) ≤ Ch |φ2|H2(Ω) +Ch−1/2‖g − gh‖L2(∂Ω).

Proof. Obviously, with Céa Lemma, we have

‖φ2 − φ2,h‖H1(Ω) ≤ C inf
vh∈Vh

vh|∂Ω=gh

‖φ2 − vh‖H1(Ω).

Let Nh be the set of all the vertices in the mesh Mh. For any point z ∈ Nh, let ψz be

a nodal basis function at z. We set

vh =
∑

z∈Ω

φ2(z)ψz +
∑

z∈∂Ω

gh(z)ψz

= Ihφ2 +
∑

z∈∂Ω

(

gh(z)− Ihg(z)
)

ψz

=: Ihφ2 + wh, (2.5)
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where

wh =
∑

z∈∂Ω

(

gh(z)− Ihg(z)
)

ψz.

Clearly, vh ∈ Vh and vh|∂Ω = gh. We have,

‖φ2 − φ2,h‖H1(Ω) ≤ C‖φ2 − Ihφ2 − wh‖H1(Ω)

≤ C‖φ2 − Ihφ2‖H1(Ω) + C‖wh‖H1(Ω)

≤ Ch |φ2|H2(Ω) + C‖wh‖H1(Ω).

It suffices to analyze ‖wh‖H1(Ω). By the inverse estimate Lemma 2.3, we have

‖wh‖
2
H1(Ω) ≤ ‖wh‖

2
L2(Ω) + C

(

h−1‖wh‖L2(Ω)

)2

≤ Ch−2‖wh‖
2
L2(Ω).

The discussion for the error estimate of last term ‖wh‖
2
L2(∂Ω) is given by

‖wh‖
2
L2(Ω) =

∑

K∈Th

‖wh‖
2
L2(K) =

∑

K∈Th

∫

K
|wh(x)|

2 dx

≤
∑

K∈Th

max
K

{

w2
h(x)

}

|K| ≤
∑

K∈Th

max
K

{

w2
h(x)

}

h3

≤ Ch3
∑

z∈Nh

w2
h(z) = Ch3

∑

z∈Nh∩∂Ω

w2
h(z)

≤ Ch‖wh‖
2
L2(∂Ω).

Then,

‖wh‖
2
H1(Ω) ≤ Ch−2‖wh‖

2
L2(Ω) ≤ Ch−1‖wh‖

2
L2(∂Ω). (2.6)

Obviously, by the triangle inequality, we have

‖wh‖L2(∂Ω) = ‖gh − φ2 + φ2 − Ihφ2‖L2(∂Ω)

≤ ‖φ2 − gh‖L2(∂Ω) + ‖φ2 − Ihφ2‖L2(∂Ω).

For φ1|∂Ω = 0, g|∂Ω = φ2|∂Ω. And by the Lemmas 2.2 and 2.4, we have

‖wh‖L2(∂Ω) ≤ ‖g − gh‖L2(∂Ω) + C‖φ2 − Ihφ2‖
1/2
L2(Ω)

‖φ2 − Ihφ2‖
1/2
H1(Ω)

≤ ‖g − gh‖L2(∂Ω) + C
(

Ch2 |φ2|H2(Ω)

)1/2(
Ch |φ2|H2(Ω)

)1/2

≤ ‖g − gh‖L2(∂Ω) + Ch3/2 |φ2|H2(Ω) .

Finally, the error estimate for φ2 is given by

‖φ2 − φ2,h‖H1(Ω) ≤ Ch |φ2|H2(Ω) + Ch−1/2‖wh‖L2(∂Ω)

≤ Ch |φ2|H2(Ω) + Ch−1/2
(

‖g − gh‖L2(∂Ω) + Ch3/2 |φ2|H2(Ω)

)

≤ Ch |φ2|H2(Ω) + Ch−1/2‖g − gh‖L2(∂Ω) + Ch |φ2|H2(Ω)

≤ Ch |φ2|H2(Ω) + Ch−1/2‖g − gh‖L2(∂Ω).

This completes the proof of the lemma.
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As a direct consequence of the above two lemmas, we have the following corollary,

which gives the H1 error estimate of φh.

Corollary 2.1. Under the conditions of Lemmas 2.5 and 2.6, we have

‖φ− φh‖H1(Ω) ≤ Ch
(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ Ch−1/2‖g − gh‖L2(∂Ω).

The following lemma gives the L2 error estimate of φh.

Lemma 2.7. Suppose Ω is convex. Then we have

‖φ− φh‖L2(Ω) ≤ Ch2
(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ C‖g − gh‖L2(∂Ω).

Proof. This lemma can be proved by the duality argument, Lemmas 2.5 and 2.6.

Here, we use duality argument to approximate the difference φ − φh in L2 norm. Let

u ∈ H1
0 (Ω) be the solution of the problem

−∆u = φ− φh in Ω.

Then the variational formulation of this problem is to find u ∈ H1
0 (Ω) such that

a(u, v) = (φ− φh, v), ∀v ∈ H1
0 (Ω).

It is clear that the above problem attains a unique solution, hence

‖φ− φh‖
2
L2(Ω) = (φ− φh, φ− φh) = (φ− φh,−∆u)

= a(φ− φh, u)−

∫

∂Ω
∇u · ~n(φ− φh)

= a(φ− φh, u− Ihu)−

∫

∂Ω
∇u · ~n(g − gh)

≤ C‖φ− φh‖H1(Ω)‖u− Ihu‖H1(Ω) + ‖∇u‖L2(∂Ω)‖g − gh‖L2(∂Ω)

≤ Ch‖φ− φh‖H1(Ω) |u|H2(Ω) + C‖u‖H2(Ω)‖g − gh‖L2(∂Ω),

where we used Lemma 2.4 to derive the last inequality. Since there holds the regularity

estimate ‖u‖H2(Ω) ≤ C‖φ− φh‖L2(Ω), then we have

‖φ− φh‖L2(Ω) ≤ Ch‖φ− φh‖H1(Ω) + C‖g − gh‖L2(∂Ω)

≤ Ch
(

h(|φ1|H2(Ω) + |φ2|H2(Ω)) + h−1/2‖g − gh‖L2(∂Ω)

)

+ C‖g − gh‖L2(∂Ω)

≤ Ch2
(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ C‖g − gh‖L2(∂Ω).

This completes the proof of the lemma.

Remark 2.1. When the domain has re-entrant corners, locally refined meshes of Ω to-

gether with the adaptive technique [20] will be more efficient, which will be considered

in a future work.
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As a consequence of Lemma 2.7, we have the following theorem which gives the

error estimates of the demagnetizing field approximation and the discrete energy.

Theorem 2.1. Suppose φi ∈ H2(Ω), i = 1, 2. Then we have

∥

∥~Hdem − ~Hdem,h‖L2(Ω) ≤ Ch
(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ Ch−1/2‖g − gh‖L2(∂Ω),

|Edem − Edem,h| ≤ Ch
(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ Ch−1/2‖g − gh‖L2(∂Ω).

Proof. It is easy to get the proof for the first part,

‖~Hdem − ~Hdem,h‖L2(Ω) = ‖∇φ−∇φh‖L2(Ω) ≤ ‖φ− φh‖H1(Ω)

≤ ‖φ1 − φ1,h‖H1(Ω) + ‖φ2 − φ2,h‖H1(Ω)

≤ Ch
(

|φ1|H2(Ω) + |φ2|H2(Ω)

)

+ Ch−1/2‖g − gh‖L2(∂Ω).

Then, by the definition of the demagnetizing field energy and Holder inequality, we

have

|Edem − Edem,h| =

∣

∣

∣

∣

−
µ0
2

∫

Ω

(

~Hdem − ~Hdem,h

)

· ~Mdx

∣

∣

∣

∣

≤
µ0
2

∥

∥~Hdem − ~Hdem,h

∥

∥

L2(Ω)
· ‖~M‖L2(Ω)

≤ C
∥

∥~Hdem − ~Hdem,h

∥

∥

L2(Ω)
,

then, obviously, we can get the proof.

Note that the above error bound consists of two parts, i.e., the finite element dis-

cretization error and the boundary approximation error. The first part is only of order

O(h), which is one order lower than the error of the best approximation of the demag-

netizing field from the finite element space. To improve the finite element discretiza-

tion error, in Section 3, we apply the PPR technique [22] to recover the gradient of the

numerical solution. On the other hand, the boundary approximation calculated on the

uniform refined meshes may deteriorate the second part, i.e., the boundary approxima-

tion error, due to the singularity in the surface integral. To solve this issue, in Section 4,

we apply locally refined surface meshes to compute the boundary integral.

3. The PPR gradient recovery

In this section, we apply the PPR technique to improve the finite discretization error

of ∇φh, and hence improve the first part the error bound of the discrete demagnetizing

field. The superconvergence of the PPR technique has also been developed, based on

the result in [8].
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3.1. PPR formulation

In this part, the PPR technique is defined under the following simple observations:

The basis functions of Vh are the nodal basis functions. Therefore, each function in Vh
is uniquely defined by its values at the mesh nodes. Let {vs : s ∈ Nh} be the Lagrange

basis of Vh, and let Ghφh ∈ Vh × Vh denote the gradient recovery operator.

We begin with the definition of the PPR-recovered gradient Ghφh at a node s ∈ Nh

by the following three steps, where Gh : C(Ω) 7→ Vh × Vh. Roughly speaking, first we

select n ≥ 10 sampling nodes s1 = s, s2, · · · , sn in an element patch ωs. Then, find

a quadratic polynomial p ∈ P2(ωs) which best fits φh at those sampling nodes, in the

least squares sense. Here P2(ωs) denotes the space of quadratic polynomials defined

on ωs. Finally, the recovered gradient at s is given by

Ghφh(s) = (∇p)(s).

Furthermore, the PPR-recovered gradient Ghφh has the following properties [13,

23]:

1. By definition, Gh is linear.

2. Gh satisfies the consistency condition, i.e., Gh(Ihp) = ∇p, ∀p ∈ P2(Ω).

3. Gh satisfies the approximation property, i.e.,

‖∇u−Gh(Ihu)‖L2(Ω) ≤ Ch2 |u|H3(Ω) , ∀u ∈ H3(Ω). (3.1)

4. Gh is bounded, i.e.,

‖Ghu‖L2(Ω) ≤ C |u|H1(Ω) . (3.2)

In implementation, the sampling nodes can be first selected from s and its immedi-

ately neighboring nodes (i.e., the nodes directly attached with s, see, e.g., Fig. 1(a)). If

the number of them is less than 10, then we can select more sampling nodes from the

immediately neighboring nodes of some of the immediately neighboring nodes of s,
and so on, until the number of the sampling nodes n ≥ 10 (see, e.g., Fig. 1(b)).

Regard to the gradient recovery of the φh with the PPR technique, we would find

the quadratic polynomial p best fits φh, which is to find p ∈ P2(ωs) such that

n
∑

j=1

(p− φh)
2(sj) = min

p∈P2

n
∑

j=1

(p − φh)
2(sj).

Denote by (xi, yi, zi) the coordinates of the node si. To reduce the round-off error, we

introduce a constant hs which denotes the maximum distance between the sampling

node si (i = 2, . . . , n) and the node s = s1, and write the quadratic polynomial p as

p = a0 + a1

(

x− x1
hs

)

+ a2

(

y − y1
hs

)

+ a3

(

z − z1
hs

)

+ a4

(

x− x1
hs

)2
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+ a5

(

y − y1
hs

)2

+ a6

(

z − z1
hs

)2

+ a7

(

x− x1
hs

)(

y − y1
hs

)

+ a8

(

x− x1
hs

)(

z − z1
hs

)

+ a9

(

y − y1
hs

)(

z − z1
hs

)

.

Let

a =
[

a0 a1 a3 a4 a5 a6 a7 a8 a9
]T
,

ξi =
xi − x0
h

, ηi =
yi − y0
h

, γi =
zi − z0
h

,

and

A =













1 ξ1 η1 γ1 ξ21 η21 γ21 ξ1η1 ξ1γ1 η1γ1

1 ξ2 η2 γ2 ξ22 η22 γ22 ξ2η2 ξ2γ2 η2γ2
...

...
...

...
...

...
...

...
...

...

1 ξn ηn γn ξ2n η2n γ2n ξnηn ξnγn ηnγn













n×10

, Φh =













φh(s1)

φh(s2)
...

φh(sn)













n×1

.

It is easy to find that

a = (ATA)−1ATΦh, (3.3)

and the recovered gradient at s

Ghφh(s) =
[

∂xp(s) ∂yp(s) ∂zp(s)
]T

=
1

h

[

a1 a2 a3
]T
.

If det(ATA) = 0 or is excessively small, for instance, |det(ATA)| < 10−8, the existence

or stability of the least square solution may not be guaranteed. In such a case, it

is necessary to incorporate additional sampling nodes, selected from the neighboring

nodes of the existent sampling nodes as described above, and then solve the Eq. (3.3)

with the updated group of sampling nodes.

(a) (b)

Figure 1: Sampling nodes in PPR: The red node represents the target node s, the blue nodes correspond to
the immediately neighboring nodes of s, and the black nodes indicate the immediately neighboring nodes
of two immediately neighboring nodes of s. (a) s has at least 9 immediately neighboring nodes; (b) s has
fewer than 9 immediately neighboring nodes.
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3.2. Superconvergence estimates

In general, a point-symmetric domain for the triangulation Th is not frequently

formed by two adjacent tetrahedra sharing a face. For the 3-dimensional case, based

on the tips for the PPR and the framework in [8, 9, 23], the following constraint is

required for the triangulation in order to achieve the superconvergence performance

for 3D problems.

Definition 3.1 ([8]). In the 3-dimensional space, the triangulation Th = T1,h ∪ T2,h is

said to satisfy the condition (α, σ) if there exist positive constants α and σ such that the

lengths of each pair of opposite edges in each 3-face of every 3-simplex inside T1,h differ

only by O(h1+α) and

Ω̄1,h ∪ Ω̄2,h = Ω̄, |Ω2,h| = O(hσ), Ω̄i,h =
⋃

τ∈Ti,h

τ̄ , i = 1, 2.

Since it is the tetrahedron and belongs to the good region, then the edge lengths must

satisfy the following condition:

max
{

|dkl − dmo| , |dkm − dlo| , |dko − dlm|
}

. h1+α,

where dij denotes the edge length between si and sj. If (α, σ) = (∞,∞), the mesh is said

to satisfy the exact edge pair condition, i.e., each pair of opposite edges in each 3-face of

a 3-simplex has the same length.

Then two neighboring tetrahedrons are essentially similar and do not have incred-

ibly tiny angles because of the constraints mentioned above on the mesh. The super-

convergence estimate between the finite element approximation and the interpolant of

φ1 is given in the following lemma, due to [8, Theorem 3.6].

Lemma 3.1 ([8]). Let the solution φ1 ∈ W 3,∞(Ω). Assume that the tetrahedralization

Th satisfies the edge pair condition with parameters (α, σ). Then

‖φ1,h − Ihφ1‖H1(Ω) ≤ Ch1+ρ‖φ1‖W 3,∞(Ω), ρ = min
(

α,
σ

2
, 1
)

,

where C is a constant.

Similar to the above lemma, the superconvergence estimate between φ2,h and Ihφ2
is given in the following theorem.

Theorem 3.1 ([8]). Let the solution φ2 ∈ W 3,∞(Ω). Assume that the tetrahedralization

Th satisfies the edge pair condition with parameters (α, σ). Then

‖φ2,h−Ihφ2‖H1(Ω) ≤ Ch1+ρ‖φ2‖W 3,∞(Ω)+Ch
−1/2‖gh−Ihg‖L2(∂Ω), ρ = min

(

α,
σ

2
, 1
)

.
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Proof. First we consider

‖φ2,h − Ihφ2 − wh‖H1(Ω)

≤ C sup
vh∈V

0

h

a(φ2,h − Ihφ2 −wh, vh)

‖vh‖H1(Ω)

≤ C sup
vh∈V

0

h

a(φ2 − Ihφ2 − wh, vh)

‖vh‖H1(Ω)

≤ C sup
vh∈V

0

h

(

a(φ2 − Ihφ2, vh)

‖vh‖H1(Ω)
+
a(wh, vh)

‖vh‖H1(Ω)

)

≤ C
(

h1+ρ‖φ2‖W 3,∞(Ω) + ‖wh‖H1(Ω)

)

,

where the definition of wh is given in (2.5). From the estimate (2.6), we obtain

‖φ2,h − Ihφ2 − wh‖H1(Ω) ≤ C
(

h1+ρ‖φ2‖W 3,∞(Ω) + h−1/2‖wh‖L2(∂Ω)

)

.

Obviously, we have

‖φ2,h − Ihφ2‖H1(Ω) ≤ ‖φ2,h − Ihφ2 − wh‖H1(Ω) + ‖wh‖H1(Ω)

≤ C
(

h1+ρ‖φ2‖W 3,∞(Ω) + h−1/2‖wh‖L2(∂Ω)

)

≤ C
(

h1+ρ‖φ2‖W 3,∞(Ω) + h−1/2‖gh − Ihg‖L2(∂Ω)

)

.

The proof is complete.

With the interpolation error estimates we have gotten, the superconvergence prop-

erty of the PPR technique for φ can be given in the following theorem.

Theorem 3.2. The polynomial preserving recovery Ghφh satisfies the following estima-

tion:

∥

∥ ~Hdem − (−Ghφh)
∥

∥

L2(Ω)
≤ C

(

h2 |φ|H3(Ω) + h1+ρ(‖φ1‖W 3,∞(Ω) + ‖φ2‖W 3,∞(Ω))

+ h−1/2‖gh − Ihg‖L2(∂Ω)

)

,

where ρ = min(α, σ/2, 1).

Proof. Obviously,

∥

∥ ~Hdem − (−Ghφh)
∥

∥

L2(Ω)

= ‖∇φ−Gh(Ihφ) +Gh(Ihφ)−Ghφh‖L2(Ω)

≤ ‖∇φ−Gh(Ihφ)‖L2(Ω) + ‖Gh(Ihφ)−Ghφh‖L2(Ω).

The first term can be easily estimated by using (3.1), so that

‖∇φ−Gh(Ihφ)‖L2(Ω) ≤ Ch2 |φ|H3(Ω) .
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For the second term, it is easy to get that

Gh(Ihφ)−Ghφh = Gh(Ihφ− φh),

and with the boundedness of Gh, see (3.2), we have

‖Gh(Ihφ)−Ghφh‖L2(Ω)

≤ ‖∇(Ihφ− φh)‖L2(Ω)

≤ ‖Ihφ1 − φ1,h‖H1(Ω) + ‖Ihφ2 − φ2,h‖H1(Ω).

Then, by Lemma 3.1 and Theorem 3.1, we have

‖∇φ−Ghφh‖L2(Ω) ≤ C
(

h2 |φ|H3(Ω) + h1+ρ(‖φ1‖W 3,∞(Ω) + ‖φ2‖W 3,∞(Ω))

+ h−1/2‖gh − Ihg‖L2(∂Ω)

)

,

where ρ = min(α, σ/2, 1). This completes the proof.

Remark 3.1. From Theorem 3.2, we know that the convergence order of ~Hdem,h can

be improved to O(h1+ρ) by using the PPR technique when the boundary value is ap-

proximated well. Particularly, the boundary term in the error bound can be removed

by taking g = Ihg. By contrast, the boundary term of the finite element approximation

in Theorem 2.1 usually cannot be removed.

4. Reconstruction for surface meshes

In order to guarantee the superconvergence property of the PPR recovery in The-

orem 3.2 in numerical simulations, it is necessary to accurately calculate the singular

boundary integral in (1.3). For simplicity, we write g at a point ~x0 ∈ ∂Ω as

g(~x0) =

∫

∂Ω
F (~x0, ~x)d~x, F := N(~x0 − ~x)

(

~M(~x) · ~n(~x) +
∂φ1
∂~n

(~x)

)

. (4.1)

Clearly, F is singular at ~x0. Although the triangulation Th of Ω induces a surface mesh of

the boundary ∂Ω, it is quasi-uniform and not suitable for computing the above singular

integral. This motivated us to reconstruct a locally refined surface mesh to improve the

calculations on the boundary. However, it is not easy to reconstruct a proper locally

refined mesh on the surface of a general domain. For simplicity, we only show the idea

of reconstruction in detail and present quadrature formula for approximating (4.1) for

two cases, i.e., a unit sphere and the surface of a unit cube, respectively, in the following

subsections.
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4.1. A unit sphere case

Firstly, we introduce an approach to improve the numerical integral on the bound-

ary ∂Ω of a sphere. For simplicity, we use the unit sphere as an example. Obviously,

it is more convenient to compute the integral on the sphere by using the spherical

coordinate system. For a given node (r, θ, φ) in spherical coordinates, its Cartesian

coordinates (x, y, z) is given by

x = r sin θ cosϕ, y = r cos θ sinϕ, z = r cos θ,

where r is the radius of the sphere, 0 ≤ θ ≤ 2π is the angle from the x-axis to the line

between the projection of the node on the xy-plane and the origin, and 0 ≤ ϕ ≤ π
denotes the angle from the line between the node and the origin to the positive z-axis.

First, for simplicity, we suppose that the singular node is located at the North Pole,

and construct a mesh which is locally refined at the node (0, 0, 1) (in Cartesian coor-

dinates). Given a positive integer n, let θi = iπ/n and ϕj = jπ/n. We introduce the

following partition of the unit sphere:

T :=
{

Kij : Kij = {(r, θ, φ) : r = 1, θi−1 ≤ θ ≤ θi, φj−1 ≤ φ ≤ φj},

i = 1, . . . , 2n, j = 1, . . . , n
}

.

Although the partition is uniform in spherical coordinates with respect to θ and ϕ, it is

locally refined in Cartesian coordinates at the pole (see Fig. 2).

Then, for the general case, suppose the singular node is located at ~x0 with Cartesian

coordinate (x0, y0, z0) and spherical coordinate (1, θ0, ϕ0). We just need to use a rota-

tion transformation to rotate the North Pole to ~x0 and use the above mesh instead of

having to construct a new mesh. This can be done by using the Rodrigues’ rotation

formula as follows.

Figure 2: The construction for the unit sphere (n = 10 as an example).
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We choose the axis of rotation to be the following unit vector on the xy-plane, which

is perpendicular to (x0, y0, z0):

ω =





ωx

ωy

ωz



 =
1

√

x20 + y20





y0
−x0
0



 .

It is clear that the North Pole can be rotated to the node ~x0 by rotating the unit

sphere by the angle −ϕ0 around the axis ω. Meanwhile, by Rodrigues’ rotation formula,

any node ~x = (x, y, z)T on the sphere can be rotated to the node ~̂x = (x̂, ŷ, ẑ)T





x̂
ŷ
ẑ



 = R(−ϕ0)





x
y
z



 ,

where the rotation matrix

R(θ) =
[

R1 R2 R3
]

and

R1 =





cos θ + ω2
x(1− cos θ)

ωxωy(1− cos θ) + ωz sin θ
ωxωz(1− cos θ)− ωy sin θ)



 ,

R2 =





ωxωy(1− cos θ)− ωx sin θ
cos θ + ω2

y(1− cos θ)

ωyωz(1− cos θ) + ωx sin θ)



 ,

R3 =





ωxωz(1− cos θ) + ωy sin θ
ωyωz(1− cos θ)− ωx sin θ
cos θ + ω2

z(1− cos θ)



 .

Next, we calculate the integral in (4.1). Let ∆θ = ∆ϕ = π/n := h. Each element Kij is

a curvilinear trapezoid, we take its centroid point ~xij : (r, θij , ϕij) as the integral node,

where θij = (θi−1 + θi)/2 and ϕij = (ϕj−1 + ϕj)/2. The height of Kij ≈ r∆ϕ, and its

two bases ≈ r∆θ sin (ϕij ±∆ϕ/2). So the area of this element can by approximated by

|Kij | ≈
1

2
(r∆ϕ)

(

r∆θ sin

(

ϕij −
∆ϕ

2

)

+ r∆θ sin

(

ϕij +
∆ϕ

2

))

= r2 sinϕij cos
∆ϕ

2
∆θ∆ϕ

≈ r2 sinϕij∆θ∆ϕ.
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Then the integral in (4.1)

g( ~x0) =

∫

∂Ω
F (~x0, ~̂x)d~̂x =

∫

∂Ω
F (~x0, ~̂x)d~x

=
∑

Kij∈T

∫

Kij

F (~x0, ~̂x)d~x ≈
∑

Kij∈T

F (~x0, ~̂xij) |Kij|

=
∑

Kij∈T

F (~x0, ~̂xij)r
2 sinϕij∆θ∆ϕ

=
∑

Kij∈T

F (~x0, ~̂xij)r
2 sinϕijh

2 =: gh(~x0).

Finally, we demonstrate the convergence order of the corrected approximation gh
by a numerical example from Section 5.1. Fig. 3 shows that the convergence order

for the original approximation using a quasi-uniform surface mesh is about O(h) in

L2-norm, while the convergence order of the corrected approximation using the above

locally refined mesh is about O(h2).

102 103 104

DoFs

10 -4

10 -3

10 -2

10 -1

original bound
corrected bound

h2

h1

h2

Figure 3: L2 error of gh.

4.2. A unit cube case

Spherical coordinates are not appropriate anymore for the cube case. In this sub-

section, we focus on the Cartesian coordinate system. Here, we introduce the way to

reconstruct the boundary integral, in which a unit cube is chosen as an example.

The notations for the faces of the unit cube are shown in Fig. 4(a). Suppose that

the singular integral node s0 : (x0, y0, z0) is on the bottom of the cube (z0 = −0.5),
but not on any edge of the cube. In order to resolve the singularity at s0, we construct

a locally refined mesh as follows.
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We first divide the bottom of the cube into four triangles (△A,△B,△C,△D), by

connecting s0 to the 4 vertices of the bottom, as shown in Fig. 4(b).

Then we construct a locally refined mesh for each triangle, taking the △A as an

example, which is shown in Fig. 4(b). The construction will be done in two steps. First,

we divide the base of △A into n = 2m parts equally with nodes {sj : (0.5, yj ,−0.5)}n+1
j=1 ,

where yj = −0.5 + (j − 1)h and h = 1/n, and connect the node s0 with each sj. Then,

divide the triangle equally into m parts in the other direction by drawing m − 1 lines

parallel to the base

x = xi := x0 + 2ih(0.5 − x0), z = −0.5,

where i = 1, . . . ,m. Therefore, the triangle has been divided into mn elements, which

is shown in Fig. 4(b). Denote Kij as the element in the i-th volume and the j-th row,

that is the quadrilateral surrounded by four lines: x = xi−1, x = xi, s0sj, s0sj+1. By

simple calculations, we find that the area of Kij is |Kij | = 2h3(2i − 1) and the center

point of Kij is ~vij : (xij , yij, zij), where

xij :=
xi−1 + xi

2
, yij := y0 + h(2i − 1)

(

−0.5 + jh− y0 −
h

2

)

, zij := −0.5.

Then the integral in (4.1) on △A is

∫

△A
F (~x0, ~x)d~x =

m
∑

i=1

n
∑

j=1

∫

Kij

F ( ~x0, ~x)d~x ≈
m
∑

i=1

n
∑

j=1

F ( ~x0, ~vij) |Kij | . (4.2)

This construction is also applied to the other three triangles. The partition for the

bottom has been finished.

Since the top face is faraway from the singular node s0, we just use a uniform

partition to separate it into n2 small squares.

(a) (b)

Figure 4: (a): notation for each face of the unit cube, (b): the approach to separate the Face 6 (the bottom
one) into 4 parts and the partition for Part A, n = 2m = 6 as an example.
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Next, we consider the partition for the other faces. We take Face 4 (see Fig. 5) as

an example, which shares the same edge b of the bottom. Because the singular node s0
may close to the edge b, we construct a locally refined mesh for this face as follows.

Let s′0 be the foot of s0 perpendicular to the edge b. Then we split the face into

three triangles by connecting the vertices on the opposite edge of b with s′0, as shown

in Fig. 5. Then we construct a locally refined mesh for these three triangles in the same

way that we have done to △A. The integral on each triangle can be approximated in

a similar way to (4.2). We omit the details.

If the singular node is situated on a face other than the bottom one, a rotation

transformation can be applied to move the singular node to the bottom face, allowing

the integral to be calculated as described above. The validation of the proposed method

in this subsection will be done in next section.

Figure 5: The partition for proximal faces of the bottom.

5. Numerical experiments

To numerically check the proposed methods in previous sections, three numeri-

cal experiments will be done in this section. We first solve a model problem with

a homogeneous magnetization in a unit sphere, where the exact solutions to both the

demagnetizing field and its energy are known. The second problem is the case with ho-

mogeneous magnetization on a unit cube, whose demagnetizing field energy is known.

The last problem is a vortex state of the magnetization field on a unit cube. For the

last problem, we use the approximate solution on the mesh with 1 million degrees of

freedom as the reference result.

We will, from the following aspects, show the effectiveness of the proposed meth-

ods, i.e., i) the recovered gradient from our method is superior to the one from SPR,

which confirms results from [22], implying that the proposed method and the code

work well, and ii) the correction introduced in Subsection 4 works well for deliver-

ing the desired convergence of the demagnetizing field, and iii) the superconvergence

order of the demagnetizing field using our proposed PDE approach can be obtained

smoothly.
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It is noted that the code is developed based on AFEMAG [5,28,29], and all numeri-

cal simulations are implemented using a MacBook Pro with an Apple M2 Pro CPU, and

16 gigabytes memory.

5.1. The homogeneous magnetization field in a unit sphere

The homogeneous magnetization in this part is ~M = (0, 0, 1). The computational

domain is a unit sphere with center point at (0, 0, 0). It is known that the demagnetizing

field factor for this problem is 4π/3. Hence, the demagnetizing field for this example

is also a homogeneous one with ~Hdem = −~M/3 and the analytical demagnetizing field

energy is 2π/9.

The following table demonstrates a comparison of the errors for the demagnetizing

field energy from the SPR and the PPR, respectively. From Table 1, it is observed that

both the error and the convergence from two methods are very similar, which can

be explained by the good configuration of the problem. It can also be observed that

the convergence order becomes first order with the increment of mesh grids, which

can be explained by the inaccurate calculation of the boundary conditions in the PDE

approach, according to Theorem 2.1 in Subsection 2.2.

We have proved that the method which has been shown in Subsection 4.1 is to

reconstruct the surface meshes improved the accurate calculation of the boundary in-

tegral in this example. Then we turn to the calculation for the demagnetizing field

energy with different methods, and the results are shown below.

To show the efficiency of the method for the correction of the boundary, the perfor-

mances for the convergence properties of different methods are shown in Fig. 6. Three

conclusions will be bravely given from the results. First, we can obviously find out that

the results of the demagnetizing field energy are the same under both the SPR and

the PPR techniques in Fig. 6(a), for the problem is a linear element problem and the

solution given by the finite element method is good enough. Second, in Fig. 6(b), the

error convergence orders achieved using the techniques with corrected boundary inte-

grals exceed second-order and exhibit a trend toward second-order superconvergence.

Finally, the results with the corrected boundary integral are better than those with the

original boundary integral under both the SPR and the PPR techniques.

Table 1: The numerical results for the problem in this subsection. The error and the order for computing
the Edem by SPR and PPR techniques on a unit sphere.

Mesh(Dofs) errSPR Order errPPR Order

Ball0(141) 0.07588 0.11745

Ball1(805) 0.02590 1.8512 0.02759 2.4949

Ball2(5329) 0.00976 1.5492 0.00970 1.6594

Ball3(38529) 0.00407 1.3256 0.00410 1.3047
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Figure 6: The numerical convergence of the calculated demagnetizing field energy on a unit sphere with

homogeneous magnetization ~M(0, 0, 1). (a): The comparison of the demagnetizing field energy. (b): The
comparison of the error.

5.2. Cases in a unit cube

In this subsection, two states of the magnetization field in a unit cube are consid-

ered, i.e., the homogeneous case and the vortex case, shown in Fig. 7.

5.2.1. Homogeneous magnetization

The homogeneous magnetization here is also ~M = (0, 0, 1). Let Ω = [−0.5, 0.5]3. In

this case, demagnetizing field energy for the configuration is known as 1/6, which can

(a) (b)

Figure 7: Magnetization is on a 1× 1× 1 cube. (a) homogeneous magnetization, (b) vortex state [1].
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Table 2: The error and the convergence order for computing the Edem by SPR and PPR technique.

Mesh(Dofs) errSPR Order errPPR Order

Cube0(365) 0.01001 0.01098

Cube1(2457) 0.00424 1.3509 0.00415 1.5301

Cube2(17969) 0.00188 1.2246 0.00179 1.2706

Cube3(137313) 0.00087 1.1366 0.00083 1.125

be used as a reference value for checking the convergence. Table 2 shows the results

for the demagnetizing field energy calculation using PPR and SPR with the original

boundary integral.

Similar to observations from the previous subsection, it can be seen from Table 2

that results from SPR and PPR are comparable, due to the good configuration of the

problem. Once again, the degeneration of the convergence order towards order 1 is

also observed, which again confirms our theoretical results.

To show the effectiveness of the PPR technique, as well as the correction method we

introduced, the behavior of the numerical solutions on the uniformly refined meshes

is shown in Fig. 8. Two observations can be made from the results. From Fig. 8(a),

with the refined surface mesh, the better approximate the demagnetizing field energy

is obtained. It can also be observed that the PPR technique has a more precise result

than the SPR technique wherever the method is with the corrected boundary integral or

with the original boundary integral. Then the error, in Fig. 8(b), shows that the order

of the convergence with the PPR technique under the corrected boundary integral has

better behavior and has a tendency of a second-order convergence property.
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Figure 8: The comparisons of the SPR and the PPR with the corrected boundary integral for the homo-

geneous magnetization ~M = (0, 0, 1). (a): The comparison of the demagnetizing field energy. (b): The
comparison of the error.
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5.2.2. Vortex state

Let Ω = [−0.5, 0.5]3 . Suppose that the magnetization is the one in the vortex state with
~M = (mx,my,mz) given by

mx = −
y

r

(

1− exp

(

−4
r2

r2c

))1/2

,

my =
x

r

(

1− exp

(

−4
r2

r2c

))1/2

,

mz = exp

(

−2
r2

r2c

)

,

where r =
√

x2 + y2 and rc = 0.14.

The configuration in this example is also discussed in [1]. In our work, we respec-

tively use the approximate demagnetizing field energies for both the SPR technique

(0.021774508) and the PPR technique (0.021787669) as the reference values, which are

obtained on a mesh with 1073345 degrees of freedom.

From Table 3, the analysis in Section 2 is again confirmed that the accurate cal-

culation of the boundary integral is essential for an optimal convergence. However,

the feature of PPR on superior accuracy than SPR, which is not shown clearly in the

previous two examples, can be observed well in this example. It can be seen that on all

meshes, the numerical accuracy from PPR is better than that from SPR.

With the correction method proposed in the previous section, the demagnetizing

field and corresponding energy are recalculated. From Fig. 9(a), it is obvious that the

calculation of demagnetizing field energy with corrected boundary has an extremely

expected result since we can get the approximate solution with less than 2500 mesh

grids which the SPR technique cannot achieve, and also shows that the computational

complexity could also be reduced by the PPR technique. Moreover, the performance of

the SPR technique with the corrected boundary integral has similar behavior to the PPR

technique with the initial boundary condition, which also shows the advantage of the

PPR technique. From Fig. 9(b), the orders of the convergence with different approaches

are shown. Both the techniques with better boundary integrals have better behaviors

than that with original boundary integrals. After the first refined mesh, the PPR tech-

nique under the corrected boundary conditions has excellent superconvergence prop-

Table 3: The error and the convergence order for computing the Edem on unit cube with vortex by SPR
and PPR technique.

Mesh(Dofs) errSPR Order errPPR Order

Cube0(365) 0.00492 0.00296

Cube1(2457) 0.00210 1.3408 0.00122 1.3912

Cube2(17969) 0.00089 1.2938 0.00064 0.9741

Cube3(137313) 0.00039 1.2277 0.00033 0.975
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Figure 9: The comparisons of the SPR and the PPR with the original and the corrected boundary integrals
for the vortex. (a): The comparison of the demagnetizing field energy. (b): The comparison of the error.

erties. Even though the SPR method with the optimized boundary integrals has the

expected order of the superconvergence, the PPR technique with corrected boundary

integrals performs better. In addition, compared to the previous two cases, the PPR

approach on challenging models with better approximation boundary conditions may

have improved behavior.

6. Conclusion

In this paper, a gradient recovery method has been proposed for improving the ac-

curacy of demagnetizing field calculation based on PDE approach, which has nearly

second-order accuracy. The error estimate of the finite element solution and the super-

convergence property of the PPR technique have been demonstrated theoretically and

numerically. The locally refined surface meshes are offered exhaustively to compensate

for the lack of information on the boundary integral, as indicated in the error estimates.

The approach for developing the code for the numerical experiments is also detailed.

In the numerical experiments, the validity of the proposed work is tested numeri-

cally using examples on a unit sphere with homogenous magnetization, on a unit cube

with homogenous magnetization and vortex state, as demonstrated in Sections 5.1

and 5.2. Numerical simulations on both simple and complicated domains proved the

possibility of applying the suggested technology to actual problems. In addition, the

PPR approach could be a quality candidate on dealing with challenging models with

better approximation boundary conditions.

In our forthcoming work, the issue on the computational complexity of the demag-

netizing field calculation will be discussed in depth, in which a treecode algorithm will

be proposed to handle the boundary integral. In this case, an optimal complexity can

be obtained. Together with the gradient recovery method proposed in this paper, an

efficient solver for the demagnetizing field can be expected.
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