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Abstract. The PDE approach is a popular technique for the demagnetizing field
calculation due to the flexibility in handling complex domains. However, it faces
a challenge on delivering desired accuracy due to the suboptimal convergence of the
function gradient and singularity on the boundary. In this work, a robust gradient
recovery technique is applied and analysed for fixing such an issue. An L? error
estimate of the finite element approximation for the demagnetizing field is derived,
which consists of two parts, i.e., of finite element discretization error and boundary
approximation error. A gradient recovery method based on the polynomial pre-
serving recovery technique is applied to enhance the accuracy of the finite element
approximation, and a superconvergence result is established. An idea of locally re-
fined surface meshes is applied to resolve the singularity in the boundary conditions,
thereby reducing boundary approximation errors. Extensive numerical tests are pro-
vided to verify our theoretical findings and the efficiency of our proposed method.
The results indicate that the proposed method achieves second-order convergence
for the approximate demagnetizing field, positioning it as a highly competitive tech-
nique to develop optimal algorithms in computational micromagnetics.
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1. Introduction

Computational micromagnetics has been playing a significant role in several ap-
plications, including new data storage, hyper-sound speakers, and neuronal simula-
tions [6,12,17,18]. A fundamental governing equation of micromagnetics is the fol-
lowing Landau-Lifshitz-Gilbert equation:

0 ~ - — o - 0 -
ot YA X Berr + 3V X

where M is the magnetization, M, is the saturation magnetization, ¢ is the Gilbert
gyromagnetic ratio, « is the dimensionless damping coefficient, and H, 71 is the effective
field. The effective field is composed of exchange field, anisotropy field, external field,
and the demagnetizing field, where the demagnetizing field (Hg.,,) is given by the
following equation and its calculation is very challenging [2,19, 24,28,29]:

() = ~0(0). 00 = - [ N(@) Ve (2 )ar, @
where 2 is a bounded domain with Lipschitz and piecewise smooth boundary 0f).

It is known that the direct calculation of the demagnetizing field using (1.1) will
cause O(N?) computational complexity, where N denotes the total amount of the mesh
nodes. In order to reduce the computational complexity, a variety of approaches have
been developed for the demagnetizing field calculation, including the fast Fourier trans-
form (FFT) method [2,19], the fast multipole method (FMM) [3, 4], and the PDE ap-
proach [15,28,29]. The PDE approach is popular for its flexibility in handling complex
domains and advantage in computational complexity. In this approach, the potential
¢(Z) is split into two parts, i.e., ¢ = ¢1+¢p2, where ¢; and ¢- are successively calculated
by the following two Poisson equations:

V2¢,(Z) = V - M(Z) in Q, (1.2)
¢1=0 on 09,
V2¢o(Z) =0 in Q,
= S I A, . (1.3)
D2(Z) = g(%) = N(Z — ) (M -1+ i_}) dy on 01,
o0 an
where N(Z — ) = —1/(4x|Z — 4]) is the Newtonian potential. Once ¢ is obtained,
the demagnetizing field Hy.,, is calculated by taking the negative gradient of it, i.e.,
Hgern = —V ¢, and then the following demagnetizing field energy which is important

in practice can be obtained:
= Ho = v ) - -
Egem = —7 Hgem - MdT = 7/ |V¢(£C)|2d£6,
Q Q

where g is the magnetic permeability of the vacuum.
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This approach changes the integral representation of the boundary contribution
from a double-layer potential to a single-layer potential (1.3) which has less singularity
and therefore can be handled numerically more easily. In this approach, the evalua-
tion of the integral is transferred into solving two PDEs, for which the finite element
method (FEM) is a competitive candidate for its mature theory and algorithms. The
accurate calculation is a non-trivial challenge for the calculation of the demagnetizing
field, because, on the one hand, the gradient of the finite element solution loses an
order of accuracy [10], and on the other hand, the singularity in the surface integral g
has to be treated carefully. However, evidence suggests that the former numerical issue
has received limited attention in the existing literature [1, 14,16, 25,26]. Although
Schrefl [25] recognized the loss of gradient accuracy and attempted to compensate
for this by employing quadratic elements to improve the convergence order, this ap-
proach fundamentally differs from recovering the gradient. Therefore, it is essential to
improve the accuracy of the gradient by some gradient recovery post-processing tech-
niques. Recently, Hu et al. [28] considered the PDE approach combining the linear FEM
with the superconvergence patch recovery (SPR) technique [30]. The numerical exper-
iments demonstrate that this methodology achieves higher-order approximation of V¢,
thereby enhancing the demagnetizing field calculation accuracy, while the theoretical
verification remains open.

Another popular gradient recovery technique is the polynomial preserving recovery
(PPR) method, proposed by Zhang and Naga [22] has been incorporated into com-
mercial software such as ANSYS, Abaqus, COMSOL Multiphysics. The PPR technique
recovers the gradient by local least-squares fitting directly to the finite element solution,
rather than utilizing its gradient as in the SPR approach. The PPR technique preserves
the polynomial of degrees one more than the order of the FEM, resulting in a more
robust theoretical framework [7,9,21-23,27]. There have also been comparison stud-
ies [21,22,27] between the SPR approach and the PPR technique, which show that the
PPR method works for more types of meshes than the SPR method.

The purpose of this paper is threefold. Firstly, we derive the error estimates for the
PDE approach combining the linear FEM. Specifically, we proved the following error
estimate for the demagnetizing field:

|| Haem — ﬁdem,hHL2(Q) < Ch([o1lp2(qy + 102l g2y ) + Ch2||g — 9nll200), (1.4)

where the approximated demagnetizing field ﬁdem’h = =V(d1,n + P2,n), ¢ip is the
finite element approximation to ¢; (i = 1,2), g5, is some of the approximation to g.
Note that the above error bound consists of two parts: the finite element discretization
error and the boundary approximation error. The first part is only of order O(h) which
is one order lower than the error of the best approximation of the demagnetizing field
from the finite element space. And it is clear that the lower order convergence of ¢;
may also degrade the accuracy of ¢5. On the other hand, the boundary approximation
calculated on the uniform refined meshes may deteriorate the second part, i.e., the
boundary approximation error, due to the singularity in the surface integral. This might
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affect the numerical accuracy in the numerical simulation of the Landau-Lifshitz-Gilbert
equation.

Secondly, we apply the PPR technique [22] to improve the first part in the above
error estimate (1.4). Let GG}, be the PPR gradient recovery operator (see Section 3).
The following superconvergence result of the PPR approach is established:

| H e — (—Gh¢h)HL2(Q) < C<h2 ¢l gs (o) + WP (I 1llwsee @) + l1d2llwse ()

+h 2 g, — IhQHLQ(aﬂ))

for some p € (0, 1], see Theorem 3.2. We can see that the convergence order of ﬁdem,h
can be improved to O(h!**) by using the PPR technique when the boundary value is
approximated well. Particularly, the boundary term in the error bound can be removed
by taking ¢ = I, g. In contrast, the boundary term of the finite element approximation
in (1.4) usually cannot be removed.

Thirdly, we apply a locally refined surface meshes instead of the quasi-uniform sur-
face meshes used in [28] to reduce the error of the approximation for the boundary
integral, and hence improve the second part in the error estimate (1.4). The error es-
timate given above also shows that the approximation of the boundary condition does
impact the accuracy of the computation. In order to better approximate the numerical
solution, the correction of the boundary condition is needed.

To examine the numerical performance of our method, we code the algorithm us-
ing AFEPack [5, 28,29]. A number of numerical experiments are given to verify the
performance of the proposed methods.

This paper is organized as follows. In the next section, the FEM and the error
estimate of the finite element solution are shown in detail. In Section 3, the PPR tech-
nique with superconvergence properties is described. We also apply the PPR method
to improve the accurate calculation. In Section 4, in order to approximate the surface
integral in the boundary condition of (1.3), numerical quadratures using locally refined
surface meshes are described in depth. In Section 5, a variety of numerical experiments
are delivered to show the efficiency of the proposed method. In the last section, the
conclusion of the paper is proposed.

2. Finite element method and its error estimates

In this section, we first introduce the finite element discretization of Poisson equa-
tions (1.2) and (1.3) and then give the error estimates.

2.1. A brief on the finite element method

We use the linear FEM to solve (1.2) and (1.3). Let 7, be a regular and quasi-
uniform triangulation of Q2 and N}, be the set of all the vertices in the mesh 7. For any
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T € Tp, let hy := diam T, and h := max hp. The finite element space built on 7}, is
Vi i={vp, € C(Q) s vp|r € P(T), VT C Th},
where P;(T) is the set of polynomials of degree at most 1 on 7. We define
H'(Q) = {ue L*(Q): 0% € L*(Q) forall |af <1},

and the closure of C§°(2) in H'(Q) is denoted by H{ (9).
Introduce a bilinear form a : H'(Q) x H'(2) — R as

a(u,v) = / Vu - VodZ.
Q
Then the variational formulation for (1.2) isto find ¢, € V := H&(Q) such that
aér0) = (f.0) = [ fods, VeV, @1)
0

where f = -V - 1\_/[(92’) Similarly, the variational formulation for the problem (1.3)
reads: Find ¢» € HY(Q) and ¢2|spn = g such that

a(pa,v) =0, YveV. (2.2)
The FEM for the problem (1.2) is to find ¢; 5, € V}? := V},, N H}(Q) such that
a(é1n,vn) = (fyvn), Vop € V2. (2.3)
And the FEM for the problem (1.3) is to find ¢2 , € V3 and ¢2 4|a0 = g5 such that
a(gop,vp) =0, Vo, € V), 2.4)

where g, € V3]sq is an approximation to g.

Then the finite element approximation of ¢ is given by ¢, := ¢1, + ¢2,, and the
approximation of the demagnetizing field is given by ﬁdem,h = —V(é1,n+¢2,). Noting
that the bilinear form a(-, -) is continuous on H!(Q) x H1() and is coercive on H{ () x
H&(Q) From the Lax-Milgram Lemma [10], we know that both FEMs (2.3) and (2.4)
are uniquely solvable. We list three important estimates in FEM, which are needed in
the proofs in the Section 2.2. Their proofs and other properties can be found in [10,11].

Lemma 2.1 (Céa Lemma). Suppose ¢; and ¢; 5, i = 1,2, are the solutions of the varia-
tional problems ((2.1) and (2.2)) and their Galerkin approximations ((2.3) and (2.4)),
respectively. Then

[¢1 — d1ully <C inf g1 — vnllv,
U}LEV;

P2 — daplly < C  inf |2 — vp|lv.
vp€VY

vploQ=9n
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From the Céa Lemma, we know that the error of the finite element solution can be
bounded by the error of the finite element interpolant. Denote I;, by the standard finite
element interpolation operator onto V},.

Lemma 2.2 (Interpolation Error Estimate). For 0 < i < 1, there exists a positive constant
C such that ‘
H’U — Ih’UHHz(Q) < Ch?~t |U|H2(Q) , Yve HQ(Q)

With the quasi-uniform meshes, the following inverse estimate is also useful in the
error analysis of the finite element method (see, e.g., [11]).

Lemma 2.3 (Local Inverse Estimate). For 0 < | < m, there exists a constant C such that
fOT all vy, € Vi,

|Uh|Hm(T) < Cp'™ |Uh|Hl(T) , VT €T
Lemma 2.4 (Trace Inequality). Suppose that Q2 has a Lipschitz boundary. Then there is
a constant C' such that

1/2 1/2
lollz200) < Cllollagy ol Yo € HY(Q).

2.2. Error estimates

In the following, the error estimations for ¢ j, and ¢, , will be introduced, respec-
tively. The error estimate of ¢; ;, in the following lemma is a direct consequence of the
Céa Lemma 1 and the interpolation error estimate Lemma 2.2, whose proof is omitted.

Lemma 2.5. If the solution ¢, € HE(Q) N H?(N2), then there exists a constant C indepen-
dent of h such that

[é1 = d1nllar @) < Chld1]p2(q) -
The next lemma gives the error estimate of ¢, ;.
Lemma 2.6. If the solution ¢ € H?(S2), then there exists a constant C independent of h
such that
¢z = danllmr (@) < Chldal i) + Ch ™ llg — gnll2(00)-

Proof. Obviously, with Céa Lemma, we have

[¢2 — P2.nllm) < C inf [¢2 — vnll g ()
vplo@=9n
Let N}, be the set of all the vertices in the mesh M. For any point z € N}, let ¢, be
a nodal basis function at z. We set

v =Y () + > gn(2)e

zeQ 2€082
=Tnga+ Y (9n(2) — Ing(2)) -
2€002
=: Ipg2 + wp, (2.5)
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where

wy, = Z (9n(2) — Ing(2)) 1z

z€00
Clearly, vy, € Vj, and v |90 = gn- We have,

|¢2 — d2.nllm1) < Cliga — Ing2 — whll a1 (o)
< Cllpa = Ind2ll () + Cllwnll g (o)
< Chlg2| () + Cllwnllm)-
It suffices to analyze |[wy|| g1 (o). By the inverse estimate Lemma 2.3, we have
HwhH%{l(Q) = HwhH%Q(Q) + C’(}171\|11)iz||L2(52))2
< Ch™2[|whl[72(q-

The discussion for the error estimate of last term ||wy, ||, 09 is given by

lonlZae = 3 lwnlZege, = S /K ()2 d

KeTh KeTh
<y max {wj(x) } [K]| < > m}gx{wi(m)}h?)
KeTh KeTh
<Ch? Z wi(z) = Ch? Z w3 (2)
2€N 2E€NRNON

< Chllwn 250
Then,
lwnllF 0y < Ch™2wnl72i) < Ch™ w2 (a0)- (2.6)
Obviously, by the triangle inequality, we have
lwrllz2@0) = lgn — ¢2 + d2 — Ingall 12 (00
< |2 — gnllzz(a0) + 92 — Ing2llr2(00)-
For ¢1]aq = 0, gloa = ¢2]aq. And by the Lemmas 2.2 and 2.4, we have

1/2 1/2
lwnll 200 < lg = gnllz2(00) + Cllde = Indall}ziq) 62 — Ind2ll i g,

< llg = gnllza0) + C(CR [0l iz ) 7 (Ch |62l 2y )2
< llg = gnllz2o0) + CB¥? |d2l 20y -
Finally, the error estimate for ¢, is given by
b2 — b2l (@) < Chldal ga(qy + Ch ™ [wnll 1200
< Chlgalyz iy + Ch ™ (Ilg — gnllr2(00) + CH*? |62l 2 )
< Ch¢2| ) + Ch™'2|lg = gnllr2(o0) + Ch P2l 12 (0)
< Ch|¢al () + Ch™2Ilg = gnllz290)-
This completes the proof of the lemma. O
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As a direct consequence of the above two lemmas, we have the following corollary,
which gives the H'! error estimate of ¢,.

Corollary 2.1. Under the conditions of Lemmas 2.5 and 2.6, we have
16 = ¢nll @) < Ch(161]p2(q) + 162lp20) ) + Ch (g = gnll2(00)-
The following lemma gives the L? error estimate of ¢,.
Lemma 2.7. Suppose 2 is convex. Then we have
¢ = onllz2i) < Ch?(1d1] g0y + b2l m2i) ) + Cllg — gl L2 (o)

Proof. This lemma can be proved by the duality argument, Lemmas 2.5 and 2.6.
Here, we use duality argument to approximate the difference ¢ — ¢, in L? norm. Let
u € H}(£2) be the solution of the problem

—Au=¢—¢, in Q.
Then the variational formulation of this problem is to find u € H{(2) such that
a(u,v) = (¢ — ¢n,v), Vv € Hy(Q).
It is clear that the above problem attains a unique solution, hence
16 — dnlliz(q) = (& — Gy & — dn) = (¢ — dn, —Au)
= at= o)~ [ Vu-ilo—a)

= a(¢ — én,u — Ipu) —/(9 V- 1i(g — gn)
Q
< Cll¢ = dnllarllu — Inull gy + IVullz200) 19 — grll2200)
< Chll¢ = dnllmia) [ulpz) + Cllullmz@)llg — gnllz200)
where we used Lemma 2.4 to derive the last inequality. Since there holds the regularity
estimate ||ul| g2() < C||¢ — ¢nl 12(q), then we have
¢ — onllrz) < Chlld — dullar ) + Cllg — grllz200)
< Ch(h(|1l g2 + 102020 + 1119 — anllL2 (o))
+Cllg = gnllr200)
< OB (11|20 + 192l 200y ) + Cllg = 9nllz200)-
This completes the proof of the lemma. O
Remark 2.1. When the domain has re-entrant corners, locally refined meshes of 2 to-

gether with the adaptive technique [20] will be more efficient, which will be considered
in a future work.
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As a consequence of Lemma 2.7, we have the following theorem which gives the
error estimates of the demagnetizing field approximation and the discrete energy.

Theorem 2.1. Suppose ¢; € H?(2), i = 1,2. Then we have

HHdem - Hdem hHL2 Q) < Ch(\¢1!H2(g + ’¢2‘H2 ) +Ch™ 1z Hg thL2 o0)»
‘Edem - Edem,h‘ < Ch( ’(bl‘H? o) T ‘¢2’H2 Q ) +Ch™ UZHQ - thL2 o0)-
Q) (©) (

Proof. It is easy to get the proof for the first part,

[Faer — Haemnll 20y = IV6 — Vonllrz) < 6 — énllm )
<|l¢1 = d1ullar) + lld2 — P2nllar (@)
< Ch(11lpz(q) + 19202y ) + C 2 llg — gnll L2 00)-

Then, by the definition of the demagnetizing field energy and Holder inequality, we
have

—@ (ﬁdem - ﬁdem,h) : de

|Edem - Edem,h| =

< %HHdem ﬁdem hHLQ : ||1\7[HL2(Q)

CHHdem - Hdem hHLQ(Q

then, obviously, we can get the proof. O

Note that the above error bound consists of two parts, i.e., the finite element dis-
cretization error and the boundary approximation error. The first part is only of order
O(h), which is one order lower than the error of the best approximation of the demag-
netizing field from the finite element space. To improve the finite element discretiza-
tion error, in Section 3, we apply the PPR technique [22] to recover the gradient of the
numerical solution. On the other hand, the boundary approximation calculated on the
uniform refined meshes may deteriorate the second part, i.e., the boundary approxima-
tion error, due to the singularity in the surface integral. To solve this issue, in Section 4,
we apply locally refined surface meshes to compute the boundary integral.

3. The PPR gradient recovery

In this section, we apply the PPR technique to improve the finite discretization error
of V¢, and hence improve the first part the error bound of the discrete demagnetizing
field. The superconvergence of the PPR technique has also been developed, based on
the result in [8].
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3.1. PPR formulation

In this part, the PPR technique is defined under the following simple observations:
The basis functions of V}, are the nodal basis functions. Therefore, each function in V},
is uniquely defined by its values at the mesh nodes. Let {vs : s € N},} be the Lagrange
basis of V},, and let G1,¢, € V), x V}, denote the gradient recovery operator.

We begin with the definition of the PPR-recovered gradient G ¢;, at a node s € N},
by the following three steps, where G}, : C(f2) — V}, x V},. Roughly speaking, first we
select n > 10 sampling nodes s; = s,s9, -, s, in an element patch w,. Then, find
a quadratic polynomial p € P»(w,) which best fits ¢, at those sampling nodes, in the
least squares sense. Here P,(w,) denotes the space of quadratic polynomials defined
on w,. Finally, the recovered gradient at s is given by

Gron(s) = (Vp)(s)-

Furthermore, the PPR-recovered gradient G¢; has the following properties [13,
23]:

1. By definition, G}, is linear.
2. Gy, satisfies the consistency condition, i.e., G, (Iyp) = Vp, Vp € P5(Q).
3. Gy, satisfies the approximation property, i.e.,

IVu = Gr(Inu)l 2 () < CB? |ulpsqy,  Yu € H(Q). (3.1)

4. (G}, is bounded, i.e.,
1Grullr2@) < C'lul g gy - (3.2)

In implementation, the sampling nodes can be first selected from s and its immedi-
ately neighboring nodes (i.e., the nodes directly attached with s, see, e.g., Fig. 1(a)). If
the number of them is less than 10, then we can select more sampling nodes from the
immediately neighboring nodes of some of the immediately neighboring nodes of s,
and so on, until the number of the sampling nodes n > 10 (see, e.g., Fig. 1(b)).

Regard to the gradient recovery of the ¢; with the PPR technique, we would find
the quadratic polynomial p best fits ¢, which is to find p € P,(w;) such that

n n

> (= én)*(s5) = min Y (p— ¢n)*(s;)-

cP.
j= PER

Denote by (z;,y;, z;) the coordinates of the node s;. To reduce the round-off error, we
introduce a constant hs which denotes the maximum distance between the sampling
node s; (i = 2,...,n) and the node s = s;, and write the quadratic polynomial p as

2
- r — T Yy—1y Z— 2 Tr — T
p—ao+a1< I >+a2< P )—i—ag( » >+a4< I >
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2 2
— zZ—Z r—XT —
can (1) e (5) e () (522)
r—x Z2—2 Yy—mu zZ—2z
() () e ) (5)

Let
T
a= [ao ay a3 a4 as ag ar as ag] )
5':962‘—560 _ Y%~ Y _ AT A
i A y T n Yi n
and
2 2 .2
L & om o m & m o7 &m &m mm Pn(s1)
1 & m e & o v L Sy mpe | #n(s2)
A_ . . . . . . . . . . ’ Qh_ .
I & o 57% 77121 ’7721 Enlln En T Mnn nx10 ®n(sn) nxl
It is easy to find that
a=(ATA) AT, (3.3)
and the recovered gradient at s
T 1 T
thbh(s):[amp(s) ayp(S) azp(S)] :_[al a2 a3]

h

If det(AT A) = 0 or is excessively small, for instance, |det(AT A)| < 1078, the existence
or stability of the least square solution may not be guaranteed. In such a case, it
is necessary to incorporate additional sampling nodes, selected from the neighboring
nodes of the existent sampling nodes as described above, and then solve the Eq. (3.3)
with the updated group of sampling nodes.

(a) (b)

Figure 1: Sampling nodes in PPR: The red node represents the target node s, the blue nodes correspond to
the immediately neighboring nodes of s, and the black nodes indicate the immediately neighboring nodes
of two immediately neighboring nodes of s. (a) s has at least 9 immediately neighboring nodes; (b) s has
fewer than 9 immediately neighboring nodes.
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3.2. Superconvergence estimates

In general, a point-symmetric domain for the triangulation 7; is not frequently
formed by two adjacent tetrahedra sharing a face. For the 3-dimensional case, based
on the tips for the PPR and the framework in [8, 9, 23], the following constraint is
required for the triangulation in order to achieve the superconvergence performance
for 3D problems.

Definition 3.1 ([8]). In the 3-dimensional space, the triangulation T, = Ty, U Top, is
said to satisfy the condition («, o) if there exist positive constants « and o such that the
lengths of each pair of opposite edges in each 3-face of every 3-simplex inside Ty, differ
only by O(h'*%) and

Ql,h U Qg’h = Q, |Qg7h| = O(ha), Qi,h = U 7, 1=1,2.
T€Tin

Since it is the tetrahedron and belongs to the good region, then the edge lengths must
satisfy the following condition:

max { |di — dmol s |dkm — dio] s |dko — dim| } S AT,

where d;; denotes the edge length between s' and s'. If (a,0) = (00, 00), the mesh is said
to satisfy the exact edge pair condition, i.e., each pair of opposite edges in each 3-face of
a 3-simplex has the same length.

Then two neighboring tetrahedrons are essentially similar and do not have incred-
ibly tiny angles because of the constraints mentioned above on the mesh. The super-
convergence estimate between the finite element approximation and the interpolant of
¢1 is given in the following lemma, due to [8, Theorem 3.6].

Lemma 3.1 ([8]). Let the solution ¢; € W3>(Q). Assume that the tetrahedralization
T, satisfies the edge pair condition with parameters («, o). Then

. g
|61 = Indllims (o) < CR b lwscey,  p=min (@ 3,1,
where C is a constant.

Similar to the above lemma, the superconvergence estimate between ¢, and I}, ¢2
is given in the following theorem.

Theorem 3.1 ([8]). Let the solution ¢y € W3>°(Q). Assume that the tetrahedralization
T, satisfies the edge pair condition with parameters («, o). Then

_ . o
p2,n—Ind2ll i () < CR g2 llws.co @) +Ch 2 lgh—Ingllr2(00), p = min (067 5 1) :
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Proof. First we consider

p2,n — Inga — wall g ()
a(pa,n — Inga — wh,vp)

< C sup
v, VP HUhHHl(Q)
<O sup a(p2 — Inga — wp, vy)
T el lvrll (o)
< C sup a(p2 — Ing2,vp) n a(wp,vp)
el [vnll @) lvnll @)

< C (R p2llws. () + llwnll g1 (e)),

where the definition of wy, is given in (2.5). From the estimate (2.6), we obtain

lp2,n — Ind2 — will iy < C (B || g2llwace ) + B2 lwal L2 a0) ) -
Obviously, we have
p2.n — Ind2ll () < ld2,n — Ind2 — wrllm (@) + llwnllg (o)
< C (W) dallwseq) + h ™2 [wnllL200)
< C(thH@HW&OO(Q) + h*”zth - Ihg”L2(BQ))-
The proof is complete. O

With the interpolation error estimates we have gotten, the superconvergence prop-
erty of the PPR technique for ¢ can be given in the following theorem.

Theorem 3.2. The polynomial preserving recovery Gy, satisfies the following estima-
tion:

|| Haer — (=Gron)| 2y < C(h2 16153 () + B ([ d1llws.e ) + | 92llwse ()
+ B2 gy — IthLQ(BQ)>7
where p = min(a, 0/2,1).
Proof. Obviously,
Hﬁdem - (_Gh(bh)HLQ(Q)

=[|[V¢ — Gr(In9) + Gr(Ingd) — GronllL2(0)
<|[[V¢ = Gr(In®)llL2) + |IGh(Ind) — GronllL2()-

The first term can be easily estimated by using (3.1), so that

IVé = Gr(Ind) |20y < CP* 6l -
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For the second term, it is easy to get that

Gr(Ino) — Gron = Gr(Ing — ¢n),

and with the boundedness of G}, see (3.2), we have

1Gr(Ind) — Grénllr2(a)
< NVIno — én)ll2 (o)
< |nop1 — d1ullar ) + 1nd2 — d2.ull 51 ()-

Then, by Lemma 3.1 and Theorem 3.1, we have

Vo — Gronllr2(a) < C<h2 1613 () + B (D1 lwse ) + 192 llws.e ()

+h 12 gy — IthLQ(aﬁ))7

where p = min(a, 0/2,1). This completes the proof. O

Remark 3.1. From Theorem 3.2, we know that the convergence order of ﬁdem’h can
be improved to O(h!**) by using the PPR technique when the boundary value is ap-
proximated well. Particularly, the boundary term in the error bound can be removed
by taking g = I;,g. By contrast, the boundary term of the finite element approximation
in Theorem 2.1 usually cannot be removed.

4. Reconstruction for surface meshes

In order to guarantee the superconvergence property of the PPR recovery in The-
orem 3.2 in numerical simulations, it is necessary to accurately calculate the singular
boundary integral in (1.3). For simplicity, we write g at a point Zy € 952 as

9(Fo) = /8 F(@o,0)dE, F =N ~7) (1\7[(3?) i(F) + ai?(f)) . (4.1)

Clearly, F'is singular at 7. Although the triangulation 7}, of 2 induces a surface mesh of
the boundary 01, it is quasi-uniform and not suitable for computing the above singular
integral. This motivated us to reconstruct a locally refined surface mesh to improve the
calculations on the boundary. However, it is not easy to reconstruct a proper locally
refined mesh on the surface of a general domain. For simplicity, we only show the idea
of reconstruction in detail and present quadrature formula for approximating (4.1) for
two cases, i.e., a unit sphere and the surface of a unit cube, respectively, in the following
subsections.
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4.1. A unit sphere case

Firstly, we introduce an approach to improve the numerical integral on the bound-
ary 0f) of a sphere. For simplicity, we use the unit sphere as an example. Obviously,
it is more convenient to compute the integral on the sphere by using the spherical
coordinate system. For a given node (r,6,¢) in spherical coordinates, its Cartesian
coordinates (z,y, z) is given by

r=rsinfcosp, y=rcosfsiny, z=rcosb,

where r is the radius of the sphere, 0 < # < 27 is the angle from the z-axis to the line
between the projection of the node on the zy-plane and the origin, and 0 < ¢ < 7
denotes the angle from the line between the node and the origin to the positive z-axis.

First, for simplicity, we suppose that the singular node is located at the North Pole,
and construct a mesh which is locally refined at the node (0,0,1) (in Cartesian coor-
dinates). Given a positive integer n, let §; = i7/n and ¢; = jn/n. We introduce the
following partition of the unit sphere:

T:={Kij : Kijj={(r,0,0): 7=1, 0,1 <0<0;, ¢;_1 << ¢;},
i=1,....2n, j=1,...,n}.

Although the partition is uniform in spherical coordinates with respect to 6 and ¢, it is
locally refined in Cartesian coordinates at the pole (see Fig. 2).

Then, for the general case, suppose the singular node is located at ¥, with Cartesian
coordinate (xg, yo, z0) and spherical coordinate (1, 6y, py). We just need to use a rota-
tion transformation to rotate the North Pole to Z; and use the above mesh instead of
having to construct a new mesh. This can be done by using the Rodrigues’ rotation
formula as follows.

Figure 2: The construction for the unit sphere (n = 10 as an example).
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We choose the axis of rotation to be the following unit vector on the zy-plane, which
is perpendicular to (xg, yo, 20):

Wy 1 Yo
w= |wy| = ——=—= |20

W, V.%'%"Fy% 0

It is clear that the North Pole can be rotated to the node Z; by rotating the unit
sphere by the angle —yy around the axis w. Meanwhile, by Rodrigues’ rotation formula,
any node ¥ = (z,y, z)7 on the sphere can be rotated to the node ¥ = (&, 7, 2)”

&>

= R(—wo0)

ISTINSY
IS EINSE

where the rotation matrix

R(9)=[ Rl R2 R3 |

and

cos 6 + w?(1 — cos ) i
Rl = | wywy(l —cosf)+w.sinf |,
Wewz(1 — cos @) —wysinf) |
wawy (1 — cos ) — wysind |
R2 = | cosf+w?2(1 — cosh) ,

y
wyw (1 — cos ) + w, sinf) |

Waw (1 — cos 0) 4 wy sin §
R3 = | wyw;(1 —cosf) —w,sinf
cos  + w?(1 — cos )

Next, we calculate the integral in (4.1). Let A@ = Ay = 7/n := h. Each element Kj; is
a curvilinear trapezoid, we take its centroid point Z;; : (r, 6;;, ¢;;) as the integral node,
where Hl-j = (91‘_1 + 91)/2 and Yij = ((pj_l + ij)/Q. The height of Kij ~ rAyp, and its
two bases ~ rAfsin (¢;; £ Ap/2). So the area of this element can by approximated by

1 A A
| K| =~ 5(7"Agp) <7"A9 sin <g0,~j - T@> + rAfsin (Lpij + 7¢>>
A
= r%sin ;j COS TSDAHAQD
~ r%sin i A Agp.
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Then the integral in (4.1)

oN 0N
Ki;eT Kij Ki;eT
= Z F(fo,:%}j)rz sin ;; A0 Ap
Ki; €T
= Z F(fo, U%Z'j)’I“Q sin gDith = gh(fo).
Ki; €T

Finally, we demonstrate the convergence order of the corrected approximation g,
by a numerical example from Section 5.1. Fig. 3 shows that the convergence order
for the original approximation using a quasi-uniform surface mesh is about O(h) in
L?-norm, while the convergence order of the corrected approximation using the above
locally refined mesh is about O(h?).

——— original bound
corrected bound

-
o
0

L? error of gy,

=
o
&

107 ¢

10° 10*

DoFs

10

Figure 3: L? error of gp.

4.2. A unit cube case

Spherical coordinates are not appropriate anymore for the cube case. In this sub-
section, we focus on the Cartesian coordinate system. Here, we introduce the way to
reconstruct the boundary integral, in which a unit cube is chosen as an example.

The notations for the faces of the unit cube are shown in Fig. 4(a). Suppose that
the singular integral node sq : (¢, %0, 20) is on the bottom of the cube (zp = —0.5),
but not on any edge of the cube. In order to resolve the singularity at sy, we construct
a locally refined mesh as follows.
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We first divide the bottom of the cube into four triangles (AA, AB, AC, AD), by
connecting sq to the 4 vertices of the bottom, as shown in Fig. 4(b).

Then we construct a locally refined mesh for each triangle, taking the AA as an
example, which is shown in Fig. 4(b). The construction will be done in two steps. First,
we divide the base of A A into n = 2m parts equally with nodes {s; : (0.5, y;,—0.5) ;Lill,
where y; = —0.5+ (j — 1)k and h = 1/n, and connect the node sy with each s;. Then,
divide the triangle equally into m parts in the other direction by drawing m — 1 lines

parallel to the base
x = x; =z + 2ih(0.5 — z9), 2z = —0.5,

where i = 1,...,m. Therefore, the triangle has been divided into mn elements, which
is shown in Fig. 4(b). Denote K;; as the element in the i-th volume and the j-th row,
that is the quadrilateral surrounded by four lines: © = z;_1, * = x4, 505;, 505;41. By
simple calculations, we find that the area of K;; is |K;;| = 2h3(2i — 1) and the center
point of Kij is 1)?]‘ : (1‘2‘3‘, Yij Zz‘j), where

Ti—1+ x;
2

L5 =

h
, Y= yo+h(2i—1) <—0-5 + jh —yo — §> , o zij = —0.5.

Then the integral in (4.1) on A A is

m n m n

Flao, Ddi=3"% / P, BdE~ Y S P ) Kyl (42)

AA i=1 j=1

This construction is also applied to the other three triangles. The partition for the
bottom has been finished.

Since the top face is faraway from the singular node sy, we just use a uniform
partition to separate it into n? small squares.

05
5

— .
C /
. |

0 4 s B A | .

———
1 ) b S0 w\
b A
05 L
o>~ -

(@ (b)

Figure 4: (a): notation for each face of the unit cube, (b): the approach to separate the Face 6 (the bottom
one) into 4 parts and the partition for Part A, n = 2m = 6 as an example.
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Next, we consider the partition for the other faces. We take Face 4 (see Fig. 5) as
an example, which shares the same edge b of the bottom. Because the singular node s
may close to the edge b, we construct a locally refined mesh for this face as follows.

Let s;, be the foot of sy perpendicular to the edge b. Then we split the face into
three triangles by connecting the vertices on the opposite edge of b with s{,, as shown
in Fig. 5. Then we construct a locally refined mesh for these three triangles in the same
way that we have done to A A. The integral on each triangle can be approximated in
a similar way to (4.2). We omit the details.

If the singular node is situated on a face other than the bottom one, a rotation
transformation can be applied to move the singular node to the bottom face, allowing
the integral to be calculated as described above. The validation of the proposed method
in this subsection will be done in next section.

Face 4 S0 Face 6

Figure 5: The partition for proximal faces of the bottom.

5. Numerical experiments

To numerically check the proposed methods in previous sections, three numeri-
cal experiments will be done in this section. We first solve a model problem with
a homogeneous magnetization in a unit sphere, where the exact solutions to both the
demagnetizing field and its energy are known. The second problem is the case with ho-
mogeneous magnetization on a unit cube, whose demagnetizing field energy is known.
The last problem is a vortex state of the magnetization field on a unit cube. For the
last problem, we use the approximate solution on the mesh with 1 million degrees of
freedom as the reference result.

We will, from the following aspects, show the effectiveness of the proposed meth-
ods, i.e., i) the recovered gradient from our method is superior to the one from SPR,
which confirms results from [22], implying that the proposed method and the code
work well, and ii) the correction introduced in Subsection 4 works well for deliver-
ing the desired convergence of the demagnetizing field, and iii) the superconvergence
order of the demagnetizing field using our proposed PDE approach can be obtained
smoothly.
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It is noted that the code is developed based on AFEMAG [5,28,29], and all numeri-
cal simulations are implemented using a MacBook Pro with an Apple M2 Pro CPU, and
16 gigabytes memory.

5.1. The homogeneous magnetization field in a unit sphere

The homogeneous magnetization in this part is M = (0,0, 1). The computational
domain is a unit sphere with center point at (0, 0,0). It is known that the demagnetizing
field factor for this problem is 47/3. Hence, the demagnetizing field for this example
is also a homogeneous one with Hg,,,, = —M/3 and the analytical demagnetizing field
energy is 27 /9.

The following table demonstrates a comparison of the errors for the demagnetizing
field energy from the SPR and the PPR, respectively. From Table 1, it is observed that
both the error and the convergence from two methods are very similar, which can
be explained by the good configuration of the problem. It can also be observed that
the convergence order becomes first order with the increment of mesh grids, which
can be explained by the inaccurate calculation of the boundary conditions in the PDE
approach, according to Theorem 2.1 in Subsection 2.2.

We have proved that the method which has been shown in Subsection 4.1 is to
reconstruct the surface meshes improved the accurate calculation of the boundary in-
tegral in this example. Then we turn to the calculation for the demagnetizing field
energy with different methods, and the results are shown below.

To show the efficiency of the method for the correction of the boundary, the perfor-
mances for the convergence properties of different methods are shown in Fig. 6. Three
conclusions will be bravely given from the results. First, we can obviously find out that
the results of the demagnetizing field energy are the same under both the SPR and
the PPR techniques in Fig. 6(a), for the problem is a linear element problem and the
solution given by the finite element method is good enough. Second, in Fig. 6(b), the
error convergence orders achieved using the techniques with corrected boundary inte-
grals exceed second-order and exhibit a trend toward second-order superconvergence.
Finally, the results with the corrected boundary integral are better than those with the
original boundary integral under both the SPR and the PPR techniques.

Table 1: The numerical results for the problem in this subsection. The error and the order for computing
the Fg4em by SPR and PPR techniques on a unit sphere.

Mesh(Dofs) errspr | Order | errppr | Order
Ball0(141) 0.07588 0.11745
Ball1(805) 0.02590 | 1.8512 | 0.02759 | 2.4949
Ball2(5329) 0.00976 | 1.5492 | 0.00970 | 1.6594
Ball3(38529) | 0.00407 | 1.3256 | 0.00410 | 1.3047
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Figure 6: The numerical convergence of the calculated demagnetizing field energy on a unit sphere with

homogeneous magnetization M(0,0,1). (a): The comparison of the demagnetizing field energy. (b): The
comparison of the error.

5.2. Cases in a unit cube

In this subsection, two states of the magnetization field in a unit cube are consid-
ered, i.e., the homogeneous case and the vortex case, shown in Fig. 7.

5.2.1. Homogeneous magnetization

The homogeneous magnetization here is also M = (0,0,1). Let Q = [<0.5,0.5]>. In
this case, demagnetizing field energy for the configuration is known as 1/6, which can
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Figure 7: Magnetization is on a 1 X 1 x 1 cube. (a) homogeneous magnetization, (b) vortex state [1].
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Table 2: The error and the convergence order for computing the Egc.,, by SPR and PPR technique.

Mesh(Dofs) errspr Order | errppr | Order
Cube0(365) 0.01001 0.01098

Cubel(2457) 0.00424 | 1.3509 | 0.00415 | 1.5301
Cube2(17969) 0.00188 | 1.2246 | 0.00179 | 1.2706
Cube3(137313) | 0.00087 | 1.1366 | 0.00083 | 1.125

be used as a reference value for checking the convergence. Table 2 shows the results
for the demagnetizing field energy calculation using PPR and SPR with the original
boundary integral.

Similar to observations from the previous subsection, it can be seen from Table 2
that results from SPR and PPR are comparable, due to the good configuration of the
problem. Once again, the degeneration of the convergence order towards order 1 is
also observed, which again confirms our theoretical results.

To show the effectiveness of the PPR technique, as well as the correction method we
introduced, the behavior of the numerical solutions on the uniformly refined meshes
is shown in Fig. 8. Two observations can be made from the results. From Fig. 8(a),
with the refined surface mesh, the better approximate the demagnetizing field energy
is obtained. It can also be observed that the PPR technique has a more precise result
than the SPR technique wherever the method is with the corrected boundary integral or
with the original boundary integral. Then the error, in Fig. 8(b), shows that the order
of the convergence with the PPR technique under the corrected boundary integral has
better behavior and has a tendency of a second-order convergence property.
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Figure 8: The comparisons of the SPR and the PPR with the corrected boundary integral for the homo-

geneous magnetization M = (0,0,1). (a): The comparison of the demagnetizing field energy. (b): The
comparison of the error.
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5.2.2. Vortex state

Let Q = [-0.5,0.5]3. Suppose that the magnetization is the one in the vortex state with
M = (my, my, m.) given by

y 2\ 0\ /2
my=—=|1—exp| -4 ,
r re
2
m, = exp <—2%> ,

/rC

where r = /22 + y? and r. = 0.14.

The configuration in this example is also discussed in [1]. In our work, we respec-
tively use the approximate demagnetizing field energies for both the SPR technique
(0.021774508) and the PPR technique (0.021787669) as the reference values, which are
obtained on a mesh with 1073345 degrees of freedom.

From Table 3, the analysis in Section 2 is again confirmed that the accurate cal-
culation of the boundary integral is essential for an optimal convergence. However,
the feature of PPR on superior accuracy than SPR, which is not shown clearly in the
previous two examples, can be observed well in this example. It can be seen that on all
meshes, the numerical accuracy from PPR is better than that from SPR.

With the correction method proposed in the previous section, the demagnetizing
field and corresponding energy are recalculated. From Fig. 9(a), it is obvious that the
calculation of demagnetizing field energy with corrected boundary has an extremely
expected result since we can get the approximate solution with less than 2500 mesh
grids which the SPR technique cannot achieve, and also shows that the computational
complexity could also be reduced by the PPR technique. Moreover, the performance of
the SPR technique with the corrected boundary integral has similar behavior to the PPR
technique with the initial boundary condition, which also shows the advantage of the
PPR technique. From Fig. 9(b), the orders of the convergence with different approaches
are shown. Both the techniques with better boundary integrals have better behaviors
than that with original boundary integrals. After the first refined mesh, the PPR tech-
nique under the corrected boundary conditions has excellent superconvergence prop-

Table 3: The error and the convergence order for computing the Egern, on unit cube with vortex by SPR
and PPR technique.

Mesh(Dofs) errspr | Order | errppr | Order
Cube0(365) 0.00492 0.00296
Cubel(2457) 0.00210 | 1.3408 | 0.00122 | 1.3912
Cube2(17969) 0.00089 | 1.2938 | 0.00064 | 0.9741
Cube3(137313) | 0.00039 | 1.2277 | 0.00033 | 0.975
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Figure 9: The comparisons of the SPR and the PPR with the original and the corrected boundary integrals
for the vortex. (a): The comparison of the demagnetizing field energy. (b): The comparison of the error.

erties. Even though the SPR method with the optimized boundary integrals has the
expected order of the superconvergence, the PPR technique with corrected boundary
integrals performs better. In addition, compared to the previous two cases, the PPR
approach on challenging models with better approximation boundary conditions may
have improved behavior.

6. Conclusion

In this paper, a gradient recovery method has been proposed for improving the ac-
curacy of demagnetizing field calculation based on PDE approach, which has nearly
second-order accuracy. The error estimate of the finite element solution and the super-
convergence property of the PPR technique have been demonstrated theoretically and
numerically. The locally refined surface meshes are offered exhaustively to compensate
for the lack of information on the boundary integral, as indicated in the error estimates.
The approach for developing the code for the numerical experiments is also detailed.

In the numerical experiments, the validity of the proposed work is tested numeri-
cally using examples on a unit sphere with homogenous magnetization, on a unit cube
with homogenous magnetization and vortex state, as demonstrated in Sections 5.1
and 5.2. Numerical simulations on both simple and complicated domains proved the
possibility of applying the suggested technology to actual problems. In addition, the
PPR approach could be a quality candidate on dealing with challenging models with
better approximation boundary conditions.

In our forthcoming work, the issue on the computational complexity of the demag-
netizing field calculation will be discussed in depth, in which a treecode algorithm will
be proposed to handle the boundary integral. In this case, an optimal complexity can
be obtained. Together with the gradient recovery method proposed in this paper, an
efficient solver for the demagnetizing field can be expected.
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