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Abstract. In this paper, we propose an asymptotic preserving (AP) method for the
weakly nonlinear Klein-Gordon equation (NKGE). Firstly, we apply a multi-scale ex-
pansion for the weakly NKGE and obtain the equation for the leading-order term,
for which an error estimate has been provided. Secondly, by solving the equation
for the leading-order term numerically, we construct an AP method for the weakly
NKGE. Finally, numerical results in one spatial dimension are provided to show that:

(i) The method is asymptotic preserving, i.e., the error between the leading-order
term and the solution of the weakly NKGE behaves as O(¢) as ¢ — 0.

(ii) It is uniformly accurate since the numerical solution obtained by the method
is independent of the small parameter e.

(iii) It can make correct predictions about the solution of the original NKGE. More-
over, extension of the method to the two-dimensional weakly NKGE are also
provided.
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1. Introduction

Since the Klein-Gordon equation was derived in 1926 by Oskar Klein and Walter
Gordon, it is the most fundamental equation to describe the motion of spin-less parti-
cle in relativistic quantum mechanics and quantum field theory [11,12,33,46]. Mean-
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while, it plays an important role in mathematical physics, condensed matter physics
and plasma physics [13,23,27,52]. The nonlinear Klein-Gordon equation with differ-
ent types of nonlinearities appears in many scientific applications. For example, the
NKGE with power-type nonlinearity can be applied to investigate solid state physics,
nonlinear optics and quantum field theory [42,52,53]. The NKGE with cubic nonlin-
earity is widely used in studying the dynamics of relativistic Bose gas, superconductors
and other related systems [28,41].

Up to now, there are extensive numerical and analytical research in the standard
nonlinearity strength regime (i.e., ¢ = O(1)), but most of those results focus on study-
ing the short-time dynamics of the NKGE. Along with the attention of the life-span
of the solution to the NKGE, we find that the analysis and numerical computation of
the long-time dynamics of the NKGE in the weak nonlinearity strength regime (i.e.,
0 < e < 1) is rather important. In analytical aspect, the existence of global classical
solutions and the Cauchy problem with weak nonlinearity and the asymptotic behavior
of solutions have been considered in the literatures [18,19,37,39,43,44,48]. And the
analytical results in the literature have shown that the life-span of a smooth solution
is at least up to the time at O(¢~2), i.e., the final time for the existence of the solu-
tion is dependent on the value of the power-type nonlinearity, see [20-22,29,44] and
references therein.

There are several numerical methods have been applied and analyzed in the litera-
tures to the NKGE with weak nonlinearity [2-5,9, 30,36,47], e.g., the finite difference
time domain methods, exponential wave integrator Fourier pseudospectral method,
multiscale time integrator Fourier pseudospectral method and some asymptotic pre-
serving schemes, etc. However, the error bounds of those numerical results are nor-
mally valid up to the time at O(1). Recently, Bao et al. have proposed some numerical
schemes to resolve the weakly NKGE up to the time at O(¢2) and established er-
ror bounds of those numerical methods in the long time instead of the classical error
bounds which are only valid up to the time at O(1). For example, in [31], the fourth-
order compact finite difference method with h = O(e?/*) and 7 = O(¢P/?) has better
spatial resolution than the finite difference time domain methods [7], where h and 7
are the space and time steps and p € N7 is the value of the power-type nonlinear-
ity. Furthermore, with the help of Fourier pseudospectral methods in space [6, 32],
Bao et al. found that the technique of regularity compensation oscillation (RCO) can
improve the uniform error bounds for the second-order semi-discretization in time as
O(g27?) and for the full-discretization as O(h™ + &272). For more details related to
the RCO technique can be seen in [1] and references therein. Now, achieving a fixed
accuracy for varying values of ¢ requires maintaining e-scalability (or meshing strategy
requirements), which becomes prohibitively costly as ¢ — 0. The goal of this article is,
therefore, to develop new numerical schemes whose accuracy does not deteriorate for
vanishing e.

Following the validity of the nonlinear Schrodinger (NLS) approximation for the
NKG systems with a quasilinear quadratic nonlinearity illustrated in [16,17,24-26, 35,
38,40], it is a natural question to ask why the small spatio-temporal modulations of
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an underlying carrier wave can form the NLS approximation. And we take the cubic
nonlinearity of weakly NKGE as example in this paper to introduce how the asymptotic
preserve method can be constructed, and obtain one approximation result in terms of
e over a time interval [0, 7'/¢%]. Following [24,38,40], the error estimate of AP method
for the weakly NKGE can be established with proof in H!(R) x L?*(R) space.

The paper is organized as follows. In Section 2, based on multi-scale expansion,
we obtain a leading-order approximation and construct an AP method to the weakly
NKGE in one dimension. Following the existing analytical results, the error estimate
on the leading-order approximation can be rigorously showed again. Numerical results
are reported in Section 3 to confirm our error estimate. A conclusion is drawn in
Section 4. Throughout this paper, we directly adopt the fourth-order time-splitting
spectral (TSSP) method to get a reference solution of the weakly NKGE up to the time
at O(¢~?). And we also construct a TSSP method to solve NLS equation numerically,
the more details can be seen in Appendix A. Finally, we extend the AP method and its
rough error estimate to 2D weakly NKGE in Appendix B.

2. An AP method to the weakly NKGE

In this section, we consider the initial value problem for weakly NKGE [1,7,14,15,
35,49-51],

Opu(z,t) = Opgu(z,t) — u(x,t) + e2ud(x,t), z € (a,b), t>0, (2.1)
u(z,0) = ¢(x), x € [a,b], 2.2)
Ou(z,0) = 7 (x), x € |a,b], 2.3)

where the small parameter ¢ (0 < ¢ < 1) defines the weakly term. The initial condition
¢(x) is at O(1). The initial condition 7¢(z) depends on e. The unknown function
u = u(z,t) is real-valued function. In particular, if the NKGE (2.1) is considered on
atorus T (i.e., a = 0,b = 2m) and u(x,t) € HY(T), dyu(x,t) € L*(T), the NKGE will
become time reversible and its energy is conservative [1,6,7,18,31,32,34].

2.1. A multi-scale expansion for the weakly NKGE

On the one hand, Eq. (2.1) describes the motion of a wave packet with a constant
group velocity ¢ = k/w. On the other hand, inspired by the work [35] on ordinary
differential equations, we aim to expand the solution of the weakly NKGE (2.1) as
a perturbation series [25,26,35], i.e.,

o0
u(a,t) = &M (z0, 1, to,t1, ). 2.4
n=0

Here the fast spatial variable x, the slow spatial variables z; (j > 1), the fast temporal
variable ¢, and the slow temporal scales ¢; (j > 1) are defined respectively as follows:

1 j .
=z, T =¢cx,-, rj=¢cux,-, j=01,..., 00,
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to=t, ti=ce't,---, tp=&t,---, §j=0,1,...,00.
Noting that

Op = Opg + 04, + 200, + -+,
6t:8t0+€8t1+€28t2+"' .

When the ansatz (2.4) is inserted into Eq. (2.1), the weakly NKGE (2.1) can be rewrit-
ten as

0 = Oyu(x,t) — Oppu(x,t) +u(z,t) — 2u(x,t)
= {Gtotouo + (Ot u0 + Oy touo + Opgtoti1)
+ 62(at0t2u0 + Otyto U0 + Oy, U0 + Orgty U1 + Opy Ut + Ogrou2) + -+ - }
- {onxouo + £(Ongz; %0 + Oy zoU0 + Ogaotl)
+ 62(3;):012% + OrozoU0 + Oyzy U0 + Opgay U1 + OpyzoUl + Opgzou2) + - - }
+{uo+€u1+€2uQ+---}—52{u8+---}+---. (2.5)

At the same time, when the ansatz (2.4) is inserted into Egs. (2.2) and (2.3), the initial
conditions can be rewritten as

o0
Ze”un(xo,xl,--- atO,tla"')‘ _ :qb(x(),xl?"')?
n=0 -
o
atzgnun(x(]axla"' 7t0,t17'”)‘ o :’76('1:07'1:17"')'
n=0 -

Next we collect like powers of ¢ in Eq. (2.5),

(1) For leading-order terms, i.e., terms of order O(c?), one obtains a wave equation
for ()
atotouo — 6xO$OUQ + ug = 0. (2.6)

(2) Proceeding with our multi-scale expansion and obtaining at order O(e!) the first-
order equation for u;

atotoul - a{[’o:}:oul + Uy = _atotlu(] - atltouo + 81'01'1uo + 8:1311’0u0' (2-7)
(3) Continuing to consider the terms of order O(£?), i.e., u satisfies the second-order
equation
atot()UQ - 6x0$0u2 + u2
- —6t0t17,b1 - atlt()ul - 6t1t1u0 - 6t0t2u0
- atQtOUO + a:vol'lul + a:vll'oul + a:clxluo
+ a:rg:muo + a:rgmouo + Ug (2.8)
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We need to find u,, (n = 0,1,2) from the above three equations so as to obtain an
approximate solution of the weakly NKGE (2.1).
Firstly, considering the initial value problem for the leading-order equation (2.6),

atotouo - axoxouo + ug = Oa

ug(wo, T1, - ,toﬂfl,'“)‘ = ¢(x0, 1, ), (2.9)

Oruo(xo, 1, -+ ,to, b1, - )‘t =7 (xo, 21, ).

In the theory of waves, under the most cases that the corresponding initial datum can
be viewed as a single wave packet or finite sums of wave packets. For simplicity, we
consider the following single wave packet with a right-moving velocity as the solution
of Eq. (2.9):

UO(IEO, L1, ath tl? e ) = AO('Ila o atl? e )ei(kmo—wto) + c.C., (210)

where the complex number : = /—1, c.c. denotes ‘complex conjugate’. The wave
number & and the frequency w satisfy the following dispersion relation:

w=w(k) =1+ k2
Secondly, substituting (2.10) into the right-hand-side of Eq. (2.7), we solve
atotoul - amomoul +up = 2(1'("}8251 AO + Z.kam1140)61'(]610ﬂﬂto) +c.c.,

ur (o, 1, ,to, by, )‘t—o =0,

atul(x()axla e ,thtla e )‘t*O = —(9t1u0(:60,:61, e 7t0?t1’ o ) t*O‘

Using the idea from Remark 2.1, we can easily cancel the secular terms 2(iwd;, Ag +
ik, Ag)e’kFmo—wt) t ¢ ¢ by removing them so that u; is bounded, i.e.,

k
2(z‘w8t1Ao + ikaxle) =0 & atle = ——83[;1140,
w
1 (2.11)
2(iwdy, Ag + k0, Ag) =0 & 0y Ag = —;%A_o-
It is interesting to find that u; is the solution of the following wave equation:
atotoul — onmul +u; = 0.
For simplicity, we choose
u1(.%'07.7;17"' 7t07t17”'):0' (2‘12)

Thirdly, plugging Egs. (2.10) and (2.12) into (2.8), we obtain
6t0t0U2 - axox()UZ + uo
= {(2iwdh, Ao — Opyty Ao + 20k, Ao + Oy Ao + 3| Ag|? Ag)elhro—wto)
+ Age?’i(kx‘)*wto)} + c.c. (2.13)
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with the initial conditions

UQ(QEO,(El,‘ o 7t05t1,' o )‘t*O = Oa

Opuz (0, 1, - 7t0,t17"')‘t_0 = =0 uo(wo, x1,+ ,to,t1, ) o

Similar to the process that we get the analytical solution for u;, we must find the secular
terms and eliminate them to keep the solution u, bounded. Therefore, postulating that

2iw8t2A0 — 8,51,51140 + 2i/<?(3x2A0 + 8351351140 + 3‘140‘2140 =0,

i (2.14)
—22&)8,52140 — 8,51,51140 — 21/?(3962140 + 8351351140 + 3‘A0‘ Ag=0.

Since w(3k) # 3w(k) for almost all k in the mathematical field, the remaining terms
ABedilkro=wlo) 4 ABe=3i(kro—wlo) in Eq. (2.13) are not solutions to the homogeneous
equation

atOtOUQ — 8$0$0u2 +ug = 0.

So Eqg. (2.13), the equation for uy can be simplified into,
OrotoU2 — OzgaoUa + Uz = Age‘?’i(kmo*‘”to) +c.c..

We do not seek the equation for the higher-order term w,, (n > 3) in (2.4) since we
only consider the leading-order term

Uz, t) = Ag(x1, @9, -+ 1, by, - )elFT0wt0) L (2.15)

for approximating the solution of the weakly NKGE (2.1). The remaining task now is
left to find Ay defined in (2.15).

Remark 2.1 (Secular Term). If the terms as the solutions to the homogeneous equation
contribute to the inhomogeneity, we will think that the terms maybe lead to the solution
of the inhomogeneous equation grows unboundedly with the time evolution. And these
terms are also called secular terms [10, 45].

2.2. Construction of an AP method for the weakly NKGE

We assume that
A(.%',t) EAO(I'th’-" 7t17t27”')7 (216)

where A(x,t) satisfies both Egs. (2.11) and (2.14). Then we find
£(2iwdy, A + 2ik0y, A) + €%(2iwdy, A — Ogy4y A + 2ik0py A+ Opy2y A + 3|A]2A) = 0.
Rearranging it, the above equation can be rewritten as,

2iw (g, 4 €0p, + 204,) A + 2ik(Dyy + €0y, + 20,) A
— (Opy + €01, + €201,))? A + (0y + €04, + €%05,)? A + 3%|APA = 0.
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Noting that z; = e/, t; = &/t, j =0, 1,..., 0o, the above equation can be reformulated
as
ik 1 1 3e?
A = — "9, A+ — Oy A — — 8y A — | AP A. (2.17)
w 2w 2w 2w

Taking the first-order time derivative of both sides of Eq. (2.11), one get

2
oud= (L) 0.a
w

Finally, by replacing d;; A with (k/w)?0,, A in Eq. (2.17), the amplitude of the leading-
order term satisfies the following equation:

. 2
ioA=-"0,a- L o,a- 3 apa (2.18)
w 2w 2w

Although Eq. (2.18) may have a unique solution when a given initial-boundary condi-
tion is provided, the weak self-interaction (32 /2w)|A|* A still exists and hinders further
approximation and analysis.

If we define

Az, t) = Z(g,a), E=¢ (m — %t) , o =¢t, (2.19)

then from Eq. (2.18) we find A = A(¢, o) satisfying the following nonlinear Schrédinger
equation (NLSE):
Z'aUAV = Vlaggg + I/Q’AVP;{, (2.20)

where the coefficients v; = —1/(2w3) < 0 and v, = —3/(2w) < 0.
Summing up, from Egs. (2.15), (2.16) and (2.19), we can construct a leading-order
approximation u(x,t) for u(z,t) which is the solution of the weakly NKGE (2.1), i.e.,

U(x,t) = A&, 0)e!F*=wt) L e A satisfies Eq. (2.20). (2.21)

According to the above two subsections, we know the reason why the small spatio-
temporal modulations of an underlying carrier wave can form the NLS approximation.
Next, we show a theorem to illustrate that the leading-order approximation u(z,t)
makes correct predictions about the dynamics of the solutions of Eq. (2.1).

2.3. The error estimate for the solution u(z,t)

Referring to the analytical techniques in the literature [24, 38, 40], we know the
residual Res(u) = O(e?) and provide a long-time error estimate in Y = H!(R) x L?(R)
space.
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Theorem 2.1. Let A = A(£,0) be a solution of the NLS equation (2.20) and 6?8},2 €

C([0,Tp], L?), n+l < 2. Then u(z, t) = A(£, 0)e!k*=wt) 4 ¢ c. is the approximated solution
to the weakly NKGE (2.1). For every Ty < T, there exists ¢y € (0, 1] and a constant C' > 0
such that for all € € (0,¢¢) there holds that if u = u(z,t) be the solution of the weakly
NKGE (2.1) and

(-, 0), Bpu(-,0)) = (a(-, 0), dya(-, 0)|ly < de'/,

then
[(u(-, 1), Ou(-, ) — (G-, 1), 0i(-, 1))y < Ce'/?, vt e [0,Ty/e?.

Proof. Similar to the idea in [24,38,40], we can show that the error u(z,t) — u(z, t)
remains of order O(c'/?) for time t < Ty/e%. We omit the details here, the more
information can be found in the literature and reference therein. O

Remark 2.2. From Theorem 2.1, it follows that u(z,t) is an approximation to u(z,t)
for t € [Tp/€?]. Specially,

sup  |Ju(-t) — (-, t)|| g < Ce/2.
t€[0,To /2]

Here, the constant C is independent of €. Furthermore, the error estimate in the L*>
norm behaves as O(¢) (c.f., [40, Remark 3.6]).

Notations. C([0,Tp], L?) is a space of continuously differentiable function from time
t = 0 to Ty and where the function belongs to the space L?. The energy space

Y = H'(R) x L*(R)
is equipped with the norm
1/2
I, o)y = (Il + [loll22) 2.

Here, the space
LP(R) = {u R—R ‘ Lebesgue measurable and/ lu(x)|P do < +oo}
R

is equipped with the norm

1/p
ul </R |u(x)|P d:r:) , 1<p<oo,
Lr =

esssup |u(z)], p =00
z€eR

the Sobolev space

H™(R) = {u € I*(R) | dju € L*(R) for 0<j<m}
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is equipped with the norm

lullzzm = . max |9u(

In the upcoming section, we numerically show that the leading-order approxima-
tion u(z,t) is asymptotic preserving, and the error between u(x,t) and u(x,t).

2| -

3. Numerical results

In this section, we firstly verify the leading-order approximation (2.21) is an AP one
in 1D and provide some long-time numerical simulation based on this leading-order
approximation. Secondly we provide some 2D numerical simulation results based on
the leading-order term of a 2D multi-scale expansion which is derived in Appendix B.

In order to obtain the AP results for different values of ¢, we choose the error
estimate in the [*° sense, i.e.,

Hu("t) - a('vt)Hloo = Imax |u('vt) - ﬂ(’t”

3.1. Numerical results for the 1D weakly NKGE

We solve the following initial-boundary value problem for the weakly NKGE (2.1),
ie.:

Onu(z,t) = Opgu(z,t) — u(x,t) + e2ud(z,t), x € (a,b), 0<t<2/e
u(z,0) = ¢(x), Owu(x,0) =~(z), x € [a, b], (3.1
u(a,t) = u(b,t), Oyula,t) = Opu(b,t), 0<t<2/e?,

where [a, b] = [-524, 524].
Case I. We consider the following 1-soliton solution of NLSE (2.20):

A(¢,0) = \/ —2nvy tsech < —nu11£> e neRT,

and construct the following initial conditions:

¢(x) = 2Re {\/jy;lsech@)em} 7

—/<:77\/ v1v9) " sinh(7)
S(p) — /
¥ (z) = —2Re{ —2nvy tsech(T) ocosh2 (@)
1 . 19~
n/—2nvy (1 — sinh?(7)
+ ig? 2 ( )

cosh3(Z)

+i£2ug(—2771/21)3/2sech3(5)] eikx} .
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Case II. We choose another initial condition for the NLSE (2.20), i.e.,

A(,0) = 7”_247%1 {1 — tanh <\/Tu;1(5 — 1177)) tanh <\/Tu;1(5 + 1177)) } .

And we set the initial data ¢(x) and ~* as
¢(z) = 2Re {goe“m} ,

ko~ - ~ o\ .
,ye = —2Re { (ion + ;585140 + i€2V1355A0 + iEQ‘A0’2A0> ezka:} .

Here, Re(-) denotes the real part of its complex quantity. 7 = (—nv; )Y 2ex,v; =
—1/(2w?), 15 = —3/(2w), n = 0.5, the wave number k = 0.3 and Ay = A(¢,0).

In Appendix A, we provide a fourth-order time-splitting Fourier spectral method for
solving Eq. (3.1) and also a fourth-order TSSP method for the NLSE (2.20). We use
these two numerical methods and obtain our numerical results:

(1) u(z,t): the numerical solution obtained by a TSSP method for Eq. (3.1) (i.e.,
Algorithm A.1 in Appendix A).

(2) U(x,t) = AINT (¢, g)e!F=wD) 4 c.c. and here AINT' (¢, o) is the numerical solution
of the NLSE (2.20) obtained by the TSSP method (c.f. Remark A.1).

Fig. 1 shows us u(xz,t) and u(x,t) with different initial conditions, two approx-
imated solutions to the 1D weakly NKGE (3.1) for fixed ¢ = 0.1 at different times

soliton solution at t =0
’ ' ' —u(,t)
- Uz, t)

soliton solution at ¢ = 100
’ ' ' —u(,t)
- Uz, t)

soliton solution at t = 200
' ' ’ T —u(z, t)
--- Uz, t)

- 2 2
80 -40 0 40 80 120 160 80 -40 0 40 80 120 160 80 40 0 40 80 120 160
X

(a) Casel

t=100 t=200

-100 -50 0 50 100 150 ".100 50 0 50 100 150 “100 -50 0 50 100 150
X X X

(b) Case II

Figure 1: u(z,t) vs. u(x,t) at different times (¢ = 0,100, and 200 respectively). Here ¢ = 0.1 is chosen.
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107 X h=1/2 107 [] At—4e—03
h=1/4 X At=2e-03
* h=1/8 At=1e—03

——Slope 0.245 —— Slope 0.241

X . = =
10725 1078

107 107
0.04 0.06 0.08 0.1 0.04 0.06 0.08 0.1

€ €

@ (b)

Figure 2: The error ||u(z,2/e?) — @(x,2/e%)|/i> varies against different €. (a) The spatial grid size h
changes but the time step At keeps fixed. (b) The temporal size At changes but the spatial grid size h
keeps fixed.

t = 0,100, and 200, respectively. Based on the initial condition Case I, the shape of
the envelope remains nearly unchanged. However, the nonsoliton initial value (i.e.,
Case II) causes the shape of the envelope to change from an almost rectangular form
to a completely different outline. Last but not least, from it, compared with the numer-
ical solution of the 1D weakly NKGE (3.1), we find that the leading-order term of the
multi-scale expansion provides well a good approximation.

Furthermore, for different spatial mesh size h and fixed time step At = 1e-03, we
show that the error |[u(x,t) — u(z,t)[j;= = Ce (C' € (0.2413,0.253)) in Fig. 2(a). For
different temporal size At and fixed spatial step h = 1/8, we also show that the error
lu(z,t) —u(z,t)]j;= = Ce (C € (0.24,0.243)) in Fig. 2(b). Here u(z, t) is the numerical
solution obtained by a TSSP method for Eq. (3.1) with a very fine spatial and temporal
mesh size, which is used as a reference solution. Fig. 2 shows that the leading-order
approximation with Case I initial condition is asymptotic preserving one for different ¢.

From Fig. 2, we have seen that the leading-order approximation gave us a good
result. Moreover, the method is asymptotic preserving and its time step and spatial grid
size do not depend on the small parameter . Finally we use it to simulate the long-time
behavior of the wave function of the weakly NLKG when ¢ goes near to zero. Fig. 3
gives us the approximation solution u(x,t) for some small parameters ¢ = 0.016,0.008
and 0.004, respectively. In this simulation, we choose the wave number £ = 0.05 and
the spatial domain [a, b] = [-3142, 3142].

3.2. Numerical results for the 2D weakly NKGE
We consider the following initial-boundary problem for the weakly NKGE (B.1), i.e.:
Opu(z,t) = Au(x,t) —u(x,t) + 2ud(x,t), x=(r,y)€Q, t>0,

u(xv 0) = ¢(x)’ 825”(567 0) = 7€($)7 T = [:C,y] € ﬁ, (3.2)
u, Oyu and dyu are periodic at O, t>0.
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t=0
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Figure 3: Time evolution of the approximation solution u(z,t) for different small parameters: (a) e = 0.016;

(b) e = 0.008; (c) e = 0.004.

In 2D simulation, the spatial domain Q = [~1164,1164]> when the wave number
k = 0.135, and we construct the following initial datum:

6(x,y) = 2Re {Wsech( f()ez‘k(w)} ,

Ve (z,y) = —2Re ] |iwy/—2nv; tsech(X) +
M/ —2nvy (1 — sinh2()?))

weosh?(X)

—2kn+/2(1v2) Tsinh(X)
5

+ 1€ =
cosh3(X)

+icvy(—2nmvy 1) 2sech’ (X)| eF@ty)
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Figure 4: Time evolution of the approximated solution @(z,0,t) with different values of &: (a) ¢ = 0.05;
(b) e =0.025; (c) e = 0.0125.

for (3.2). Here,

14 k2 3
— , V) = ——.
2w

X = —nul_le(m +y), 1= =3

The more information can be found in Appendix B.

In Fig. 4, we show the leading-order approximation u(z,y = 0,t) for e = 0.05,0.025
and 0.0125, respectively. From it, we can observe an interesting phenomenon that the
wave is right-moving from time ¢ = 0 to ¢ = 2000. In the large time, the solution is
highly oscillatory.

4. Conclusion

Based on a multi-scale expansion, we construct an asymptotic preserving method
for the nonlinear Klein-Gordan equation with a weak cubic nonlinearity. We find that
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the leading-order term of the multi-scale expansion can be used to predict the dynam-
ics governed by the weakly nonlinear Klein-Gordan equation both in 1D and in 2D,
respectively. We have shown that the method is indeed asymptotic preserving one. We
have provided the error estimate for the approximated solution in 1D. However, we
have not yet given the error estimate for the method in 2D, which will be left as our
future work.

Acknowledgements

The first author thanks the Yunnan University of Finance and Economics for hosting
her visit during Year 2024.

The research of H. Wang is supported in part by the Natural Science Foundation of
China (Grant Nos. 11871418, 12461081), and by the Yunnan Fundamental Research
Projects (Grant No. 202101AS070044). This work is also supported by the research
fund from Yunnan University of Finance and Economics (Grant No. 2025H29).

Appendix A A fourth-order TSSP method to 1D NKGE

As we know, the TSSP method has been widely applied to numerically solve dis-
persive partial differential equations. And it is more efficient than finite difference
methods. We use a fourth-order TSSP method [8, 54] with fine mesh size and small
temporal step to obtain the ‘exact’ solution of the weakly NKGE

Opu(z,t) = Oppu(z,t) —u(x,t) + 2ud(z,t), x € (a,b), 0<t<T/e?, (A.1)
u(z,0) = ¢(z), Jwu(x,0) =~ (), x € [a,b], (A.2)
u(a,t) = u(b,t), Oyula,t) = 0yu(b,t), 0<t<T/e% (A.3)
Defining operator (A) = (1 — d,,)"/? and utilizing the following ansatzs [1,6,30]:
wi(z,t) = u — i{A) "o,
wo(z,t) =T — i{N) oy,

we transform Eq. (A.1) into a first-order differential equations in time, i.e.,
2
. € — __
10wy = —(A)ywy + §<A> 1(w1 + w2)3 = Aw; + B(wy, ws),
e (A.4)
10wy = —(A)wy + g(AYl(w_l + w2)3 = Awg + B(wy, ws).
Here, notation A denotes the linear operator, and B is the nonlinear operator. When
ansatzs wq(x,t) and ws(x, t) are inserted into Eq. (A.1), the initial conditions (A.2) and

(A.3) can be rewritten as,

wi(z,0) = p(z) — i(A) "' (2)

wa(z,0) = p(x) — (L) 1yE (@

8
m
B
>

:_/
8
m

B

=
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We choose the spatial mesh size h = (b — a)/N for N an even positive integer and
the time step At = T'/M for M a known constant, and we let the grid points and the
time step be

d=a+1lh, t"=nAt, 1=0,1,...,N, n=0,1,..., M.

The approximation solution vector w} = {wy (z!,#")} o1, w8 =~ {wa (2!, %)}
In order to get more efficient numerical results, we develop a fourth-order TSSP
method to Eq. (A.4). Setting z = {z(!)}] !, we define the operator (A)*! in Fourier

space, i.e.,
{(a)F2h }

We summarize the fourth-order TSSP method for the 1D weakly NKGE in the fol-
lowing algorithm.

N-1

3 .
1=0 ~ ]:71{ (1 +,Ut%;):|:2 ]:(Z)k‘} Wlth Mg = fa

Algorithm A.1 A Fourth-Order TSSP Method to the 1D Weakly NKGE (A.1)
1: Setting

N-1 N-1 N/2-1
o= {d)(xl) 1=0 > 76 = {VE(xl) =0 > M= { 1 +'ui}k:—N/2‘
Based on initial values w{ = {w1(2!,0)}; ;! and w3 = {wa(2!,0)}}',", we set

F(w)) = F(¢) —ip ' F(y°), F(wy) = F(¢) —ip ' F(7°).
2: Coefficients

1 1 1—23 21/3
NI o oy T o o 202 — 21/3) 993
forn=0,1,...,M — 1 do

wgl) _ f—l{f(w?)eiuAtoq}7

w§) = F{F(wp)enater .
Setting u* = (w!" +@)/2 and u* = (w; w4 wit)) /2,
Wl = F- { (w") - iAtars?u F((u')?)

)
1)) iAtone? = F((uF)?) },
)
Je

2)

(1)

1
F( w!

2

g ez,uAtag }

(

2

HSA
"
NI
,—M,—/:,—M
i
O

2) iuAtag }
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Setting u** = (w§3> + @)/2 and u** = (wf’) + w;?’))/z,

wl = FHF) - idtan? i F((w)?) |
wl?) = F A Fuf?) — ittosc F@T) ).
wf) _ f*l{]:(wgél))ewmas},
w§5) _ }-_1{}-(w§4))emma3}

Setting u*** = (wg‘:’) + w§5))/2 and u** = (w§5) + w§5))/2,

{F

(6) ( }
{f(wQ ) — iAtagesQ,u_l]-"((W)g)},

w® = FL wf)) — iAtae? L F((w)3) ¢,
6) _ -1 (5)

w,

w?ﬂ _ ]ffl{f(wgﬁ))ei“mm },
{

witt = 1 .F(wéﬁ))ei“mal}.
end for
1 3 N—-1
3:uM = 5(1”{\4 +wyl) = {u( M)} 1

Iiema~rk A.1 (A Fourth-Order TSSP Method to 1D NLS). The complex-valued function
A = A(&,0) is governed by the following NLSE:

105 A =110 A+ | APA= (A+ B)A, €€ (-L,L), 0<o<T, AS5)
Az, t =0) = A°, ¢e[-L, L. '

For the given constant M and N, we take time step
No=T/M
into account to yield the time discretization

oc"=nlANo, n=0,1,..., M.

)

The spatial discretization can be got as
g =—L+ lhe with step size he =2L/N, 1=0,1,...,N.

(1) The linear part is solved in Fourier space, and we get

, o€ lo™ o™

L -1 Any 0201 Ao : 21k /21
Ak = F {f(A )eif*n } with 6=

2L J ——ny2
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(2) The nonlinear part can be solved exactly as
ANL = 7ol AP An with g € [0, 0" ).

Finally, the fourth-order TSSP method to 1D weakly NLSE (A.5) can be summarized

as
12{(5,0') %AL OANL OAL OANL OAL OANL OAL

a1 No o No agNo g No azN\o o No a1 No

Here, the coefficients oy, a2, 3 and oy are the same as in Algorithm A.1.

Appendix B An AP scheme to the weakly NKGE in 2D

We consider the weakly NKGE in 2D

Onu(x,t) = Au(x,t) — u(x,t) + 2ud(x,t), £€Q, t>0, (B.1)
u(zx,0) = ¢(x), x €, (B.2)
Owu(x,0) = 7 (x), x € Q. (B.3)

Here, 0 < ¢ < 1 is the small parameter. The given initial conditions ¢(x) € Ris at O(1)
and 7°(x) € R depends on e. The unknown wave u = u(x,t) = u(x,y,t) € R? x R is
a real-valued function.

Similar to the 1D weakly NKGE (2.1), we expand the solution of (B.1) as a pertur-
bation series, i.e.,

o0
u(:]:,t) = Zenun(:pO,xla"' > Yo, Y1, )thtla"')' (B4)
n=0

Here, the slow spatial variables x;,y; (j > 1) and slow temporal scales ¢; (j > 1) can
be defined as

Ty =T, xlzslx,---, :Uj:ejac,---, 7=0,1,...,00,
Yo=Y, ylelyv"'v y]:€jy77 j:O,l,...,OO,
to=t, ty=ce't,---, tj=e&lt,--, j=0,1,... 00,

So
O = Oug + €00, + %00y + -+,
Oy = Oy + €0y, +%0y, +--,
atzato +€8t1+€28t2+"' .

When the ansatz (B.4) is inserted into Eq. (B.1), we get the following partial differential
equations with respect to different orders of ¢:

1. ¢l-order:
8150150“0 - al'o:l:ouo - ayoyouo + Uup = 07
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2. g2-order:
atotoul - a{[’o:}:oul - ayoyoul + U1
— _atotluo - 8t1t0u0 + a{[’oxluo + al'll'ouo
+ 8y0y1 ug + 8y1y0u0,
3. g3-order:

atoto U — a:vozvo U — ayoyo U2 + U2
= —(9150151 uy — atltoul - (9151151 Ug — atotguo
- atmuo + 6900901“1 + aarlxoul + aazlxluo
+ Opgza U0 + Ozggto + Oygy, Ut + Fy,youn

3
+ Oy U0 + gy o + oy o + g,

Meanwhile, the initial conditions (B.2) and (B.3) can be rewritten as

[e.e]
> &M un(wo, w1, Yo, Y1, 7t07t17"')‘ = d(wo, 1, Yo, Y1, ),
n=0 N
o
00> e"un(T0, 21, Yo, Y1, - 71507751,"')‘ =7 (@0, 21, Yo, Y1, )
~ t=0

Next we solve the leading-, first- and second-order equations with different initial
conditions, respectively, and obtain ug,u; to approximate the solution of the weakly
NKGE (B.1).

(1) Solving the initial value problem for the leading-order equation u satisfies

6t0t0u0 - 8$0x0u0 - ayoyouo + up = 07

uo‘tzo = ¢(x07x17' Yo, Y1, )7
6tu0‘t:0 = 76(1.07'7;17' Y0, YL, )
Here, up = ug(zo,z1,--* ,Y0,Y1, "+ ,to,t1, -+ ). For the sake of simplicity, we

choose one single linear model with right-moving disturbance as its solution, i.e.,
i (kzwo+kyyo—wt
ug = Ag(x1, - Y1, by, elherothuomwlo) 4o e

where k, and k, represent the wave numbers in the z- and y-direction, respec-
tively. And the frequency w satisfies the following dispersion relation:

w = w(kyg, ky) = /14 k2 + k2.
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(2) Solving the initial value problem for the first-order equation wu; satisfies

8totou1 - axoazoul - ayoyoul + uy

= 2(iwdy, Ag + ik O, Ag + iky Dy, Ag)etFerothuvo=wlo) ¢ o

u1|t:0 =0,
5tu1|t:0 = _8t1u0|t:0'
Here, u(xo, 21, ,Y0,y1, - ,to,t1,---). Using idea from Remark 2.1, we de-

mand that A satisfies

ke k
O, Ao = =01, Ay — 20, Ao,

S S
O Ag = — 200, Ao — L0, Ay,

(B.5)

so as to make u; bounded. Then the first-order equation can be simplified into
the following 2D wave equation:

Btotoul — 8350960211 — 8y0y0u1 +u; = 0.

And we choose
Uy = 0

for simplicity.
(3) Solving the initial value problem for the second-order equation u, satisfies
OrotoU2 — Ozgaot2 — OygyoU2 + U2
- {(mam Ag — Dyyp, Ao + 2ikp 0y, Ay
+ Opy2, Ao + 2tk 0y, Ao + Oyyyy Ao
i 3|A0|2A0)ei(kzmoJrkyyofwto)

+Age3i(k1xo+kyy0*wto)} tee.,

U’Q‘t:O =0,
atUQ‘t:O = _6t2u0‘t:0'
Let ug = ua(xo,21,** ,Y0,Y1, " ,t0,t1,- -+ ) bounded in a similar way (c.f. Re-

mark 2.1), we need to remove the secular terms and postulate that,
2iw6t2A0 — 6t1t1A0 + 2’L'kimax2A0 + amxle
+ 2ikyOyp Ao + Oyyyy Ao + 3| 49> A = 0,
—22(,«)8,5214_0 - 8t1t1A_0 - 2Zk$ax2A_0 + 8J111‘1A_0
- 22‘kyayzA_O + 8y1y1A_0 + 3’140‘214_0 =0.

(B.6)

Finally, the ¢2-order equation can be simplified to

OrotoU2 — OpgaoU2 + Uz = Age&(kmof‘”to) + c.c.
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From the analytical solutions of u; and us, we get the leading-order approximation
term of the solution u(x, t), i.e.,

@, 1) = Aoy, gyt )0t 8.7)
We utilize the following assumption to define amplitude A, in Eq. (B.7),
A(Zc,t)EAo(Il,--- s Yyttt ,to,tl,"-). (B8)

Here, A(x,t) is governed by the combination of Egs. (B.5) and (B.6). Then we find
that

_ i 1 1 3?5
A=~V kA4 Oy A— —AA- 2 |APA, (B.9)
w 2w 2w 2w
where V = (0,,0,)", k = (k, ky)". By replacing 0, A with (k2 /w)0ps A + (k. /w)dy, A
in (B.9) and using notation k = (1 + k2,1 + k2T, Eq. (B.9) can be reformulated as

. 1 - 2
A= -1V kA— L k. Aa— 2 4paAl
w 2uw3 2w

Based on the definition

—q T km ky r 2
A(ZIZ,t) = A(€7U)7 £ = (E%Ey) =£& (I’ — ;t,y — ;t) , o =¢"1, (B.10)

and the same wave number in different spatial directions (i.e., k¥ = k, = k,), we find
that the small spatio-temporal modulation A = A(&, o) satisfies the following NLSE:

i0, 4 = éylzm Vol A[2A. B.11)

Here, A = (Og,¢,,0¢,¢,)" and coefficients vy = —(1 + k?)/w?® < 0, vy = —3/(2w) < 0.
In summary, from Egs. (B.7), (B.8) and (B.10), the leading-order approximation
u(x, t) for the solution of 2D weakly NKGE (B.1) can be constructed as

U(x,t) = A€, 0)e'F®D)  cc. A satisfies Eq. (B.11).
And the amplitude A(&, o) also exist one soliton solution, i.e.,

Remark B.1 (Soliton Solution).

A(€,0) = A&, &y, 0) = \/ —2nvy 'sech <\/—null<£m + gy)> e, neRt.

In our numerical experiments, we construct the initial conditions based on the 2D
soliton solution for Eq. (B.11) and apply the fourth-order TSSP method to solve 2D
NLSE numerically. Following [26], we give a remark to state the error bound of the
asymptotic preserving method in two dimension, i.e.,
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Remark B.2. With the appropriate assumption of the wave vector k and a space W,
let A € C([0,Tp], W) be the solution of the NLSE (B.11). Then there exist g > 0, T} €
(0,Tp], and a constant C' > 0 such that for all € € (0,2¢) we have solutions of Eq. (B.1)
satisfying

sup Hu(vt) - a(7ZL/)HVV < Ce.
tE[O,T1/62]

Of course, this is just a crude conclusion. It will be our future work to prove the
above result and to provide the corresponding numerical results.
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