
Numer. Math. Theor. Meth. Appl. Vol. 19, No. 1, pp. 129-154

doi: 10.4208/nmtma.OA-2025-0030 February 2026

A Fast Fully Discrete Mixed Finite Element

Scheme for Fractional Viscoelastic Models

of Wave Propagation

Hao Yuan and Xiaoping Xie*

School of Mathematics, Sichuan University, Chengdu 610064, P.R. China

Received 14 March 2025; Accepted (in revised version) 19 November 2025

Abstract. Due to the nonlocal feature of fractional differential operators, the nu-

merical solution to fractional partial differential equations usually requires expen-

sive memory and computation costs. This paper develops a fast scheme for frac-
tional viscoelastic models of wave propagation. We first apply the Laplace transform

to convert the time-fractional constitutive equation into an integro-differential form

that involves the Mittag-Leffler function as a convolution kernel. Then we con-
struct an efficient sum-of-exponentials (SOE) approximation for the Mittag-Leffler

function. We use mixed finite elements for the spatial discretization and the New-
mark scheme for the temporal discretization of the second time-derivative of the

displacement variable in the kinematical equation and finally obtain the fast algo-

rithm. Compared with the traditional L1 scheme for time fractional derivative, our
fast scheme reduces the memory complexity from O(NsN) to O(NsNexp) and the

computation complexity from O(NsN
2) to O(NsNexpN), where N denotes the to-

tal number of temporal grid points, Nexp the number of exponentials in SOE, and
Ns the complexity of memory and computation related to the spatial discretization.

Numerical experiments confirm the theoretical results.
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1. Introduction

Assume that Ω ⊂ R
d (d = 2, 3) is a bounded open domain with boundary ∂Ω,

T > 0 is the time length, and α ∈ (0, 1) is a constant. Consider the following frac-

tional viscoelastic model of wave propagation which was introduced by Caputo and
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ρutt − div σ = f, (x, t) ∈ Ω× [0, T ], (1.1a)

σ + τασ
∂ασ

∂tα
= D

(

ε(u) + ταε
∂αε(u)

∂tα

)

, (x, t) ∈ Ω× [0, T ], (1.1b)

u = 0, (x, t) ∈ ∂Ω× [0, T ], (1.1c)

u(x, 0) = u0, ut(x, 0) = v0, σ(x, 0) = σ0, x ∈ Ω. (1.1d)

Here u = (u1, . . . , ud)
T is the displacement field, σ = (σij)d×d the symmetric stress

tensor, divσ = (
∑d

i=1 ∂iσi1, · · · ,
∑d

i=1 ∂iσid)
T , ε(u) = (▽u+(▽u)T)/2 the strain tensor,

τσ the relaxation time, τε the retardation time, ρ(x) the mass density, and D the fourth

order symmetric tensor. f = (f1, . . . , fd) is the body force and u0(x), v0(x), σ0(x) are

initial data. For any function v(x, t), denote vt := ∂v/∂t and vtt := ∂2v/∂t2, and for

0 < α < 1, let ∂αv/∂tα be the α-order Caputo fractional derivative of v(x, t) defined by

∂αv

∂tα
(x, t) =

1

Γ(1− α)

∫ t

0

vt(x, s)

(t− s)α
ds.

We note that the following three classical viscoelastic models correspond to differ-

ent choices of the relaxation/retardation time in the constitutive equation (1.1b) with

α = 1: the Kelvin-Voigt model (τσ = 0, τε > 0); the Maxwell model (τσ > 0, τε = 0)

and the Zener model (τσ > 0, τε > 0).

Many materials display elastic and viscous kinematic behaviours simultaneously.

Such a feature, called viscoelasticity, is commonly characterized by using springs, which

obey the Hooke’s law, and viscous dashpots, which obey the Newton’s law. Different

combinations of the springs and dashpots lead to various viscoelastic models, e.g. the

Zener model, the Kelvin-Voigt model and the Maxwell model. We refer the reader

to [10,15,16,19,24,26,41,42] for several monographs on the development and appli-

cation of the viscoelasticity theory.

In recent decades, fractional order differential operators, as extension of integer

order ones, have been widely used in many scientific and engineering fields such as

physics, chemistry, materials science, biology, finance and other sciences, due to their

ability to accurately describe states or development processes with memory and hered-

itary characteristics. As far as the viscoelastic materials with complex rheological prop-

erties are concerned, more and more studies indicate that, comparing with the integer

order models, time fractional viscoelastic models can more precisely characterize the

creep and relaxation dynamic behaviours and capture the effects of “fading” mem-

ory [5,6,9,11,22,23,36,40].

There are some works in the literature on the numerical analysis of time fractional

viscoelastic models. Enelund and Josefson [17] rewrote the constitutive equation of

fractional Zener model (Riemann Liouville type) as an integro-differential equation

with a weakly singular convolution kernel by Laplace transform and carried out finite

element simulation. Based on the integro-differential form of constitutive equation

from [17], Adolfsson et al. [1] proposed a piecewise constant discontinuous Galerkin


