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Abstract. Due to the nonlocal feature of fractional differential operators, the nu-
merical solution to fractional partial differential equations usually requires expen-
sive memory and computation costs. This paper develops a fast scheme for frac-
tional viscoelastic models of wave propagation. We first apply the Laplace transform
to convert the time-fractional constitutive equation into an integro-differential form
that involves the Mittag-Leffler function as a convolution kernel. Then we con-
struct an efficient sum-of-exponentials (SOE) approximation for the Mittag-Leffler
function. We use mixed finite elements for the spatial discretization and the New-
mark scheme for the temporal discretization of the second time-derivative of the
displacement variable in the kinematical equation and finally obtain the fast algo-
rithm. Compared with the traditional L1 scheme for time fractional derivative, our
fast scheme reduces the memory complexity from O(N,N) to O(NsNeyp) and the
computation complexity from O(NsN?) to O(NsNexpN), where N denotes the to-
tal number of temporal grid points, N.y, the number of exponentials in SOE, and
N the complexity of memory and computation related to the spatial discretization.
Numerical experiments confirm the theoretical results.
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1. Introduction

Assume that Q@ C R? (d = 2,3) is a bounded open domain with boundary 09,
T > 0 is the time length, and o € (0,1) is a constant. Consider the following frac-
tional viscoelastic model of wave propagation which was introduced by Caputo and

*Corresponding author. Email addresses: xpxie@scu.edu.cn (X.-P. Xie), drifteryuan@qq.com (H. Yuan)

http://www.global-sci.org/nmtma 129 ©2026 Global-Science Press



130 H. Yuan and X. Xie

Mainardi [12]:

puy —div o = f| (x,t) € Q x[0,T7, (1.1a)
O’—l—Tg& =D g(u)—l—Tfa £(u) , (x,t) € Q x[0,T], (1.1b)
ot ote
u=0, (x,t) € 9Q x [0,T7, (1.1¢0)
u(z,0) =ug, w(x,0)=vy,o(z,0) =09, z€. (1.1d)
Here u = (uq,...,uq)" is the displacement field, o = (0ij)dxd the symmetric stress
tensor, dive = (X0, 8i001, -, %, 8;00)7, e(u) = (u+(7u)T)/2 the strain tensor,
T, the relaxation time, 7. the retardation time, p(x) the mass density, and D the fourth
order symmetric tensor. f = (f1,..., f4) is the body force and uy(z), vo(x), oo(z) are

initial data. For any function v(z,t), denote v; := dv/0t and vy := 0?v/0t?, and for
0 < a < 1,let 9*v/0t™ be the a-order Caputo fractional derivative of v(x,t) defined by

v B 1 b vy (z, )
o () = F(l—a)/o (=)o

We note that the following three classical viscoelastic models correspond to differ-
ent choices of the relaxation/retardation time in the constitutive equation (1.1b) with
a = 1: the Kelvin-Voigt model (7, = 0, 7. > 0); the Maxwell model (7, > 0, 7. = 0)
and the Zener model (7, > 0, . > 0).

Many materials display elastic and viscous kinematic behaviours simultaneously.
Such a feature, called viscoelasticity, is commonly characterized by using springs, which
obey the Hooke’s law, and viscous dashpots, which obey the Newton’s law. Different
combinations of the springs and dashpots lead to various viscoelastic models, e.g. the
Zener model, the Kelvin-Voigt model and the Maxwell model. We refer the reader
to [10,15,16,19,24,26,41,42] for several monographs on the development and appli-
cation of the viscoelasticity theory.

In recent decades, fractional order differential operators, as extension of integer
order ones, have been widely used in many scientific and engineering fields such as
physics, chemistry, materials science, biology, finance and other sciences, due to their
ability to accurately describe states or development processes with memory and hered-
itary characteristics. As far as the viscoelastic materials with complex rheological prop-
erties are concerned, more and more studies indicate that, comparing with the integer
order models, time fractional viscoelastic models can more precisely characterize the
creep and relaxation dynamic behaviours and capture the effects of “fading” mem-
ory [5,6,9,11,22,23,36,40].

There are some works in the literature on the numerical analysis of time fractional
viscoelastic models. Enelund and Josefson [17] rewrote the constitutive equation of
fractional Zener model (Riemann Liouville type) as an integro-differential equation
with a weakly singular convolution kernel by Laplace transform and carried out finite
element simulation. Based on the integro-differential form of constitutive equation
from [17], Adolfsson et al. [1] proposed a piecewise constant discontinuous Galerkin
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method for a fractional order (Riemann Liouville type) viscoelastic differential equa-
tion. Subsequently, they applied a discontinuous Galerkin method in time and a con-
tinuous Galerkin finite element method in space to discretize the quasi-static fractional
viscoelastic model [2]. Yu et al. [46] adopted finite element simulation for a fractional
Zener model (Riemann Liouville type) with integro-differential form of constitutive
equation in 3D cerebral arteries and aneurysms. Lam et al. [32] presented a finite el-
ement scheme for 1D fractional Zener model (Caputo type) with integro-differential
form of constitutive equation. Liu and Xie [34] proposed a semi-discrete hybrid stress
finite element method for a time fractional viscoelastic model, where the corresponding
integro-differential equation is of a Mittag-Leffler type convolution kernel, and derived
error estimate for the semi-discrete scheme.

The nonlocal feature of fractional differential operators usually means expensive
computational cost and memory cost in the numerical simulation of fractional models.
To tackle such difficulties, Lubich and Schéadle [35] proposed a new algorithm for the
evaluation of convolution integral when solving wave propagation problems. The algo-
rithm is based on local SOE approximation for the inverse Laplace transform of kernel
function by applying trapezoidal rule to the contour integral. Li [33] presented a locally
SOE approximation for the integral representation of the kernel function by using an
efficient Q-point Gauss-Legendre quadrature. Yu et al. [46] considered an SOE approx-
imation of Mittag-Leffler function by applying trapezoidal rule to the contour integral
and applied it to the fractional Zener model. Jiang et al. [30] and Yan et al. [44] split the
convolution integral in the Caputo fractional derivative into a local part and a history
part, and presented fast algorithms for time fractional diffusion equations by adopting
the SOE approximation (using Gauss-Jacobi quadrature and Gauss-Legendre quadra-
ture) for the history part and L1 (L2-1,) formula for the local part. Baffet [3] divided
the fractional integral of a function f into a history term (convolution of the history of
f and a regular kernel) and a local term, and gave a method for fractional differential
equations by using SOE approximation (by Gauss-Jacobi quadrature) for the history
part and an implicit scheme for the local part. Zeng et al. [47] developed a unified fast
time-stepping method for both fractional integral and derivative operators by using
truncated Laguerre-Gauss quadrature for the kernel function in history part and a di-
rect convolution method for local part. Lam et al. [32] gave an SOE approximation (by
Gauss-Legendre quadrature) for the integral representation of Mittag-Leffler function
and applied it to a 1D fractional Zener model. We refer to [4,7,13,18,28,29,43,45,48]
for some other fast algorithms for time fractional order PDEs.

In this paper, we present an efficient numerical scheme for solving the fractional
viscoelastic model (1.1). Our contribution lies in the following aspects:

* The constitutive equation (1.1b) is converted to an integro-differential form with
Mittag-Leffler function as the convolution kernel.

* An efficient SOE approximation (different from that of [32]) is proposed for the
Mittag-Leffler function and applied to accelerate the evaluation of the convo-
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lution. For a given tolerance error e¢ of the proposed SOE approximation, its
computation complexity is Neyx, = O(|log e|?).

* An estimate of the truncation error of the SOE approximation is derived. We note
that there is no truncation error estimation in [32].

* The proposed SOE approximation is applied to the fractional viscoelastic model
to get a fast numerical scheme.

e The resulting fast scheme requires O(N;Nexp,) memory complexity and
O(NsNexpN) computation complexity, in contrast to O(N;N) and O(N;N?) for
the traditional L1 scheme. Here N denotes the total number of temporal grid
points and N, represents the complexity of memory and computation related
to the spatial discretization. In particular, if the tolerance error of the SOE ap-
proximation is taken as ¢ = At = T/N, we will have No, = O(log? N) (cf.
Remark 2.5).

The rest of this paper is arranged as follows. Section 2 introduces some preliminar-
ies on the SOE approximation of Mittag-Leffler function. Section 3 gives two numerical
schemes: the L1-Newmark scheme and the fast scheme with the SOE approximation.
Finally, numerical examples are provided in Section 4 to verify the performance of the
SOE approximation and the fast scheme.

2. Preliminary results

2.1. Alternative form of the constitutive law and weak formulations

We note that the constitutive equation (1.1b) is of the following differential form:

(e}

o+ T“Q =D <5(u) + 78 aaa(u)> . 2.1)

7 ot ote

In this subsection we shall convert it to an explicit expression of o when 7, # 0. To this
end, we first introduce two basic tools: the Laplace transform and the Mittag-Leffler
function.

Let f(t) be a function defined in R™. The Laplace transform of f(¢) is defined by

f(s) = E(f(t);s) = /000 f(t)e_“dt,

where s € C and Re s > 0. There holds the following property of the Laplace transform
for the Caputo fractional derivative [14,39]:

L (%(t); s) = s“f(s) — s*7Lf(0), ae(0,1). (2.2)
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For o > 0, and § € R, the two-parameter Mittag-Leffler function is defined by
E, 5(2) := — zeC.
In particular, the one-parameter Mittag-Leffler function is given by
E = = _.
a(2) = Faa(2) ]go T(ja + 1)

There hold the following properties (cf. [14,31]).
Lemma 2.1. (1) For o, 3 > 0 and z € C, there holds

1
E,p(2) = 2By 018(2) + ——. (2.3)
(2) For o, >0,A\>0andt > 0, there holds
L(tP By g(—M); )—ﬂ Res >0 (2.4)
0.3 ] = es > 0. .

It has been shown in [25,37] that the following integral identity for the Mittag-
Leffler function of —¢t® holds for¢ > 0 and 0 < a < 1:

sin(am) [ P -
Eo(—t%) = *ds. 2.5
a(=1%) T /0 §2 + 252 cos(am) + 1 o (2.5)

We are now at a position to derive the explicit expression of o from the constitutive
equation (2.1). To begin with, we Laplace-transform (2.1) and apply (2.2) to obtain

D! (& + 75 (s% — 50‘7100)) =c(u) +1¢ (sae(ﬁ) — safle(uo)),

which yields
1. L (Tes)* o1 o .
D710 = e (@) 15 s (9D 0+ )
@ a—1 1
= (Z) e (se(@) — 1 -
o <7-0_> (Tg)fa + g« (88(11) 8(110)) + Tgf (Tg)fa e (86(11) 6(110))
P S Y S N
CAR iy e L)

Applying classical convolution theorem in Laplace transform [14,39], Egs. (2.3), (2.4)
and the inverse-Laplace-transform, we finally get the explicit expression

2= ((2) 1) [ £ (- () ) ctutenar s s

+ E, (- <—>a> (D™ 'og — e(uy)) . (2.6)
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In what follows we shall give a weak problem of (1.1) based on the alternative con-
stitutive relation (2.6). Let L?(f2) be the space of square integrable functions defined
on , and let L?(Q) and L?(Q2) be its vector and tensor analogues. We use (-,-) to

denote the inner product on these three spaces. Define
H(div, 2, S) :== {X = (Xij)axd € L*(Q) | xij = xji» divx € LZ(Q)} :

In light of Eq. (2.6), we have the following weak formulation for (1.1): Find o €
H(div,Q, S) and u € L?() such that

(puy,v) — (divo,v) = (f,v), Vve L),
SN (el
« /: E, <_ (’tj)a) (divy, y(r))dr + (div x, u) @2.7)
=FE, <— (%)Ol) ((D~1og, x) + (divx,ug)), Vx € H(div,Q,5),
u(z,0) =ug, w(z,0)=vy.

Remark 2.1. From the original model (1.1), we easily have the following weak formu-
lation: Find o € H(div, 2, S) and u € L?(Q2) such that

( <puttyv> - <le g, V> = <f’ V>’ Vve LQ(Q),
ay—1
(D~1o, x) + 78 <7a gjﬁa 07x>
. (2.8)
+<diVX> u> + Tea <diV X5 %> = 0’ \V/X € ﬂ(diva Q> S)’
u(z,0) =ug, w(z,0)=vy, o(x,0)=o0.

2.2. Efficient SOE approximation of Mittag-Leffler function

Notice that there is a term E,(—((t —7)/7,)) involved in the weak formula-
tion (2.7). As the Mittag-Leffler function is an infinite series, how to compute such
a term efficiently is crucial to the design of fast algorithm for the fractional viscoelastic
model (1.1). In this section we aim to construct an efficient sum-of-exponentials ap-
proximation of the Mittag-Leffler function E,(—t“) based on the Gaussian quadrature
rule.

2.2.1. Gaussian quadrature approximation

For a constant [ > 1, let ¢g(z) be a function of one complex variable which is meromor-

phic in an open set containing the closure B(l) of the disc B(l) = {z € C : |z| < I} and
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has only a finite number of simple poles p,, in B(l). Consider the following Gaussian
quadrature of g(x) on interval [—1,1] C (—,1):

1 J

| st@yde = 3 w(6) = 3 Vil Res(a), + Ralo) 2.9)
- Jj=1 m

Here w; and ¢; denote respectively the Gaussian quadrature weights and nodes for
j=1,2,...,J, Res(g)p,, is the residue of g at the pole p,,. It follows from [21] that

Ry(g) = 1 Yi(2)g(2)dz,

21 \z\:l

where
11 Pyx)

Yi(z) ::P—J B

dz, zeC\[-1,1]

and Py is the Legendre orthogonal polynomial of degree J.

Remark 2.2. If ¢g(z) is analytic in B(l), the Gaussian quadrature (2.9) can be written
as follows:

1 J
/ g(@)ds =3 w;g()) + Ry(g): 2.10)

The following estimate of R ;(g) is from [3].

Lemma 2.2. There exists a positive integer .J, and a positive constant C, independent of
such that

[Rs(g)] < CL+ V12 —-1)" max |g(=)l, VJ > . (2.11)

2.2.2. SOE approximation of £, (—t%)

Applying the variable substitution x = s~ in the integral (2.5), we get
Ey(—t%) = / flz,t,a)dz (2.12)
0

with
sin(ar) et/

flz,t,a) :=

ar  x?+2zcos(am)+ 1

In order to derive an efficient SOE approximation for E,(—t*), we truncate the
integral (2.12) to a finite interval, then subdivide the finite interval into a set of non-
overlapping intervals

(ck—rk,ck—{—rk), k=0,1,...,K. (2.13)
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Specifically, we decompose (2.12) into a summation form

K

cp+TL oo
E,(—tY) = Z/ f(z,t,a)dx +/ f(z,t,a)dx (2.149)

k=0 Ck—Tk CrtTk

and apply the Gauss quadrature discussed in Section 2.2.1 for the integral over each
subinterval (c; — ry,cx + ). Following a similar strategy as outlined in [3, 44], we
determine the centers ¢y, ¢y, - -+ , cx and radii rg, rq,- - - , 7 for the intervals defined in
Eq. (2.13) as follows: Let ¢ > 1 be a constant,

1 (g4 Dgr! ~(g—1g!
CO_TO__, Ck‘_f’ Tk_f’

5 k=1,2....K (215

Remark 2.3. Note that the choice of an exponential function ¢* in Eq. (2.15) leads to an
exponential increase in subinterval length. This then allows, as shown in Lemma 2.3,
as few subintervals (¢, — 7k, ¢ + 1) in Eq. (2.14) as possible while keeping the re-
quired approximation accuracy of the finite sum. In addition, when applying the Gauss
quadrature formula to each term fci’“jr’;’“ f(z,t,a)dz, as shown in Lemma 2.4, the re-

maining term can be controlled uniformly.
We now at a position to compute the integral term
CrtTE
/ f(z,t,a)dx
Ck—Tk

for each k so as to get the desired SOE approximation. To this end, we apply the
integration variable substitution = = ry + ¢, to obtain

CrL+Tk 1
/ f(z,t,a)dx = / gk (y, t)dy, (2.16)
Cr—Tk —1

where

. _ -1/«
sin(ar) e treyten) !
t) = L k=0,1,...,K. (217
9r(y:1) ar  (rpy + cx)? + 2(rgy + k) cos(am) + 1 ( )

Notice that 0 < o < 1 and
22 4+ 2z cos(am) + 1 = (2 + cos(am) + isin(ar)) (2 + cos(am) — isin(ar)),

then we easily know that for any k, gx(y, t) has two simple poles

Cop = Gk i(cos((l — a)m) +isin((1 — a)7)),
Tk Tk

i .1 N (2.18)
Cho2 = Cp1 = T + E(cos((l —a)m) —isin((1 — a)w)).
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Denote
q1 := /5 —4cos((1 — a)7),
g2 = #\/(q +1)2 —4(g+ 1) cos((1 — a)m) + 4.
For 0 < a < 1 we easily have
@ >Vh—4=1,

1
@>aj7¢@+1ﬁ_4q+n+4:L

Thus, it is reasonable to make the following assumption on [ and ¢:

2
1<l<min{1—|—;,q1,q2}. (2.19)

Remark 2.4. From (2.15) we easily know that, for £k =0,1,..., K

) )

2
|Ch,1] = [Cr2| = \/<—Zi——1 + 1 cos((1 — a)w)) + % sin?(1 — a)rm

Tk Tk‘

(q+1)2 4(¢+1) 4
= \/(q T g 1) cos((1 — a)m) + 26—

This relation, together with 0 < o < 1, ¢ > 1 and the assumption (2.19), further
implies that

Vbh —4cos((1 —a)m) =q1 > 1, if k=0,

|Gk | = |Chy2| = q—%\/(q +1)2 —4(¢g+1)cos((1 —a)m) +4

qg+1 2 ' g+1 2
— 1 2 —
qg—1 ¢ Hg-1)] " qg-1 gqlg—1)
2
=1+=>1 if k>2.
q

Ck,1| = G2l > '

By (2.20) it is easy to see that g (-, t) has no poles in the disk B(!) for any k. Thus,
from the Gaussian quadrature formula (2.10) we have

1 J
/ gi(x,t)de =3 byje "% + Ry(gr), k=0,1,....K, (2.21)
-1 -
7j=1
where, for k=0,1,...,Kand j=1,...,J,

arj = (ri&; + cx) "V,

sin(am) WiTk (2.22)
arm  (rp& + cx)? + 2(rp& + c) cos(am) + 17

brj =
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We recall that w; and &; are the Gaussian quadrature weights and nodes, respectively.
Substituting (2.21) and (2.16) into (2.14), we finally get the sum-of-exponentials
approximation of the Mittag-Leffler function

K J oo
E,(—t%) = Z Z brje " + Ry(gr) | + /K f(z,t,a)dx
q

k=0 \ j=1
K J
=D e "™+ Reoe(t), (2.23)
k=0 j=1
where
soe Z RJ gk / f(xa ta O‘)dx (224)

In what follows we shall estimate the remaining term R,,.(¢). For the truncation inte-
gral term of (2.24), we easily obtain the following conclusion.

Lemma 2.3. For 0 < a < 1,q > 1 and t > 0, there holds

/OO flz,t,a)dz| <
qK

Proof. Notice that

/ f(z,t,0)d sm(om') /OO 2 G dz.
ar  J,x 2%+ 2z cos(am) +1

For 0 < a < 1 and ¢,z > 0, we have

0 < eta /o < 1 0< sin(ar)

<1,
QT

and then

dx

[e.e]
/q 24+ 2z CO&(ONT) +1

& 1
/K x2—2x+1dx:qK—1'
q

This finishes the proof. O

/ f(z,t,a)dx
qK

IN

For the term R;(gx) in (2.24), we have the following result.

Lemma 2.4. For 0 <t <T,0< a <1, ¢ > 1and satisfying (2.19), there holds

|Rs(gk)| < Corgl+VI2-1)"% k=01,... K, (2.25)
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where ) .
2qe .
k=0
E I
2qu .
Corg = , k=1,
T4 = D 1) ¥
2qe™ .
> 9.
EN R R

139

Proof. In light of Eq. (2.11), for each R;(gx) we only need to estimate the term

max|,|—; lgk(z,t)]. By (2.17) and (2.18) we have

_ -1/
maX\z\:l |6 t(T’kZ-f—Ck) @ |

max |gr(z,t)] < -
|2|=L 19:(,)] Teming—; |2 — Cral |2 — Cr2l

max|, _ |e "% Y2 D) /(g 1) 7

Teming,—; [z — Ce 1l [2 — Cr2l

From (2.15) and (2.20) we easily know that

1 2 2 2
Socmaxd2, 2 beoy 2 2 p 12,
Tk q—1 qg—1 qg—1
and
(ql—l)Q, if /{320,
ImliIHZ—Ck,ﬂ 2 = ol > { (2= 1) ) if k=1,
. (1+2-1), if k=2

. /e
To estimate the term max,—; [e~""

z=1I(cosf +isinf), —rmT<O<m

and obtain
1 1
z+i =[cosf + & + il sin 6
qg—1 g—1
1/2
1\? . _
= [(lcosH—F&l) —|—l28in29] (cosf +isin ),
q —
where
i ¢ [sinf
= arctan .
lcosO+(¢g+1)/(g—1)
This means

1 —1/a 1 2
<z+&> = [(lcos@%—i) —|—l251n29]
q—1 q—1

(=+(a+1)/(a=1))"| ' we assume that

~1/(20)

(2.26)
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X (cos| —— | +2smn| ——
« o
and
_ —1/(2c) ~
1 1/a 1 2
—Re <z + i) = — [(l cos + i) + 12 sin? 9] CoS <—§>
qg—1 q—1 «

~1/(20) o
1\? 1
< [<lcos€+%> +l28in29] < (H—i) .

Thus, we have

max et EHaHD/@-1)

|z|=1

e i

= max ‘e try
|z|=t

< oT(2a/(a=1))"*((g+1)/(g=1)+1) =1/

Re(ZJer/Tk)_l/o“

< T a/(a+1+(g=D)YV £ T (2.27)

Finally, combining Eq. (2.11) and the inequalities (2.26)-(2.27) gives the desired esti-
mate (2.25). O

Recalling (2.22), we give a compact form of the SOE approximation (2.23) as fol-
lows:

(K+1)J
Eo(—t*) = Y bje " + Ryoe(t), (2.28)
j=1
where a; and b; are the j-th elements of
lao1, age, - - -, aos,a11,a12,. .. ,017, . .. Y A(K4+1)15 - -+ QK1) (J-1)» a(K—f—l)J]a
[bo1,b02, - -+, bos, b1ty b1z, - ooy b1y oo b1y -5 D 1) (1-1)) D +1) )
respectively.

Denote Ny, = (K + 1)J, we are now at a position to estimate the SOE approxima-

tion error
Nexp

Rage(t) = Bo(—t*) = Y bje ', 0<t<T. (2.29)
j=1

In light of Lemmas 2.3 and 2.4 and the relation (2.24), we immediately get the follow-
ing main conclusion.

Theorem 2.1. For0 < a <1, ¢ > 1and 1 <l < min{l 4+ 2/q,q1,q2}, there holds

1
|Rsoe ()] < Corg(K + 1)1+ V12 =1)" + — 5 0<t<T. (2.30)
q
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Moreover, for any 0 < € < 1 there holds
[Rsoe(t)] = O(e), 0<t<T, (2.31)

provided that
K =0(lloge]), J=0(log(c|loge])])- (2.32)

Remark 2.5. Theorem 2.1 means that for a given tolerance error ¢, the computation
complexity of the SOE approximation (2.28) is

Nexp = (K +1)J = O(|log €]?).

Furthermore, denote N := T'/At with At < 1 being the temporal step size, then for
e = /At we have

Nexp = O(log? N).

Remark 2.6. In view of (2.30) and (2.32), we shall select

1 log (e741
K= logel) -, _ |losle[loge]) (e [logel) (2.33)
log q 2log qlogl

in the numerical implementation (cf. Section 4), where [-| denotes the ceiling function,
which rounds up to the nearest integer.

3. Numerical schemes for the fractional viscoelastic model

In this section, we present two fully discrete mixed finite element schemes for the
fractional viscoelastic model (1.1). One is based on the weak form (2.8) and applies
the traditional L1 scheme and the Newmark scheme to discretize the time-fractional
derivative and the second time derivative, respectively. The other one is based on the
weak form (2.7) and adopts the SOE approximation for the Mittag-Leffler function.

Let H, C H(div,Q,S) and V,, C L?(Q2) be two finite-dimensional spaces for stress

and displacement approximations, respectively. For any positive integer NV, let
{tn: tha=nAt, 0<n< N}

be a uniform partition of the time interval (0, 7"] with the time step size At = T'/N.

3.1. L1-Newmark mixed finite element scheme

In view of the weak form (2.8), the generic semi-discrete mixed conforming finite
element scheme for the fractional viscoelastic model (1.1) reads: Find oy,(t) € Hj and
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uy,(t) € Vy, such that

(pup i, Vi) = (div oy, vi) + (£, va), Vv, € Vy,
0°D~ o
(D~ top, xn) + 78 <Th,Xh>
(3.1
. . Bauh
+<leXh,11h> + Tg leXh, a? = 0, \V/Xh € H__h,
[ u,(0) = Iy, ug, up4(0) = Iy, vy, 04(0) = Im, 00,

where Iy, and Iy, denote the projection operators onto Vj and Hy, respectively.
Let {¢;};_, and {x;};_, be bases of H and V},, respectively, and introduce matrices
A = (Ajj)rxr, B= (Bij)rxs, C = (Cij)sxs with
Aij = (D7 i, p5),  Bij = {dives,r;),  Cij = (pri, ;).
We write o, = > i Bi(t)pi, un = 35— Uj(t)kj, nj = (£(t), k;), and denote
Bt) = (B1, B2, B) T, U(t) := (Ur, Uz, U, () i= (s, ,ms) T

Then we can rewrite (3.1) in the matrix form

CUy — BTﬂ =1,
0B 0U (3.2)
A “A——= +B °B =
B+1iAG s +BU+70B - =0

with the initial data U(0) = Iy, ug, U(0) = Iy, vo, 5(0) = In, 00.
To discretize the term Uy in (3.2), we choose the Newmark scheme [38] as follows:
Unn(tn) = ;<U(t ) Uts) — MU t) — 25 (1 26Ut )>
tt\tn) — At292 n n—1 t\tn—1 2 2)Ytt\tn—-1) ) » (33)
U(tn) = Up(tn—1) + At [(1 — 61)Up(tn—1) + 01Un(ty)],

where the choice of parameters (6;,62) depends on the requirement of accuracy and
stability for the scheme (cf. Remark 3.1). In our numerical experiments in next section
we choose 6; = 1/2 and 6, = 1/4.

Remark 3.1. We list four well-known members of the Newmark method [8, 38] in
Table 1.

Table 1: Members of the Newmark method.

Method 04 0o Accuracy
Newmark explicit method 1/2 0 second order
Fox-Goodwin method 1/2 | 1/12 | third order
Linear average acceleration method 1/2 | 1/6 | second order
Constant average acceleration method | 1/2 | 1/4 | second order
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We note that the constant average acceleration Newmark method (0; = 1/2, 6, = 1/4)
is second-order accurate and unconditionally stable.

For the discretization of Caputo fractional derivative 9*U /dt“, the following L1
scheme is commonly used:

oU VAN A

n—1
B ) = Ta—w =Y (a1 —an_ ) Uty) —an_UO0)|,  (3.4)

Ed

where af = (k+ 1)!7* — k= for k=0,1,...,n — 1.
Substituting the L1 scheme (3.4) and the Newmark scheme (3.3) into (3.2) leads
to the following fully discrete linear system:

( C 1+ L.
2 +
At“6, 1+ L,

L, L.
=1(tn) + LBKan1+ T — _BTA'BK,, 1
g

BTA_1B> Ultn)

At?
( tn— 1 +AtUt(n 1)+T(1_202)Utt(n 1))7 n:1727"'7N7

where
Ta n—1
Lo Atar((; )’ Ko = ] (an—r1 — aq_y) Bltr) + an_18(0)
Ta n—1
L : = Kyn-1:= o —ad ) U(t U(0
€ Atar( )7 1 r (an k—1 — QGp k) (k)+an 1 ( )
Define

H, =—<= BTA"'BK,,_ ° BYK,,
n—1 1+La u,n 1+1+La on—1,

we easily have the following recurrence relation:

L —
Hyo = 777 BIA BRun + 4 [Z as_) 6<tk>+a3_1ﬁ<o>]
k=1
Le  orai —
:1+L B AT BKun- 1+ kz fk)kal
Lo(1+L B s
— MBTA B ( a1 — ay k) Ulty) + a®_,U(0)
(14 Ly)? P
L.—-L . ol
— e Ho pTA—-1 o
- m13 ATBK w1+ 1 > (a1 —afy) Hes. (3.5)
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In conclusion, we have the following L1-Newmark mixed finite element algorithm.

Algorithm 3.1 L1-Newmark MFE Scheme
Require: U(0), U;(0),7(0), Ho, U (0) = C ' (n(0) — (1 + Le)/(1 + Ly)B"AT'BU(0)).
Ensure: U(ty)

1: forn < 1, N do

2: Solve U (t,,) with the scheme

( C 1+ L,

At%6, 1L BTAlB) Ultn)

2

=n(ty,) + Hp—1 + LQ <U(tn1) + AtU(tn—1) + A—t(l - 292)Utt(tn1)> .
At“0s 2

3: Calculate and store history variable H,,.

4 Compute Uy(t,,) and Uy (t,,) through Eq. (3.3).

5: end for

6: Return U(ty).

Note that at each time step we need to calculate and store the history variable H,,.
This means that Algorithm 3.1 requires O(N,N) memory complexity and O(N,N?)
computation complexity. Here we simply denote by O(Ns) the complexities of memory
and computation related to the spatial discretization. As N is large, the complexities
of memory and computation of Algorithm 3.1 may create obstacles for a long time
simulation. Therefore, in the following subsection we shall provide a fast numerical
scheme based on the weak form (2.7).

3.2. Fast numerical scheme with SOE approximation

In view of the weak form (2.7), we have the following semi-discrete mixed conform-
ing finite element scheme for the fractional viscoelastic model (1.1): Find oy, (t) € Hy

and u(t) € V), such that
(pup i, Vi) = (divoy, vy) + (£, vy), Vv, € Vi,

() )

y /t . <_ (t - T>a> (div xp, W (7)) dr + (div g, up.)

0 To

_ £, (- (Tt—)a) (D100, x1) + Ea (- <%>a> (div o), Vi € Hy,

llh(O) = IthO, uh,t(O) = [tho.
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Using the same notations as in Section 3.1, we rewrite this system as the following
matrix form:

CUy — BTﬂ =1,

« t Q@
AS+ ((%) B 1) B/ E, <_ (t;7> ) U,(7)dr + BU, =, 50
o 0 o

v = (AB(0) + BU(0)) Eq <— <i>a>

To

where

with the initial data U(O) = Ith07 Ut(O) = IV}LVO, ,8(0) = [HhO'Q.
According to the SOE approximation (2.31) in Theorem 2.1, we have

Nexp

t—7\"
E, (- - o= ((t=7)/70)
a< ( To > ) > bje™™ +0(e),

j=1

which, together with integration by parts, gives

(- (57) Yo
Nexp

) t
=> b <U(t) —U(0)e 4t/ X / e—aJ'((t—T)/To)U(T)dT) + O(e). (3.7)
j=1

To 0

Introduce the auxiliary variable
t
G,(t) = / efaj((th)/T")U(T)dT,
0
and we have the following simple recurrence relation at ¢ = ¢,

tn
Gj(tn) = eiaj/TaAth(tn—l) + / efaj((tn’T)/Ta)U(T)dT

tn—1

~ B_GJ/T”Ath(tnf1) + T ;U (tn—1) + T2, jUs(tn—1) + T3,jUs (tn—1), (3.8)

where

J

At? 2 At
T3; = (T - AtT_U, + T—‘;) Ty + %Ate‘“ﬂﬁm <— — E) .

Ty = T <1 — e_aj/T”At) , Ty, = %Ate—af/“m + (At - ;_J> T,
j

a; ag j 2 aj
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Finally, we apply the Newmark scheme (3.3) to the semi-discrete scheme (3.6) and use
(3.8) and (3.7) to obtain the linear system

TaA—1 (]
[C ha eﬁ';}; AR, <<5> - 1) BTA_lB] Ult,)
2

To
=n(tn) + E(ty) + Q1U(tn—1) + Q2Us(tn—1) + Q3Us(tn—1)
(63 Nexp b
T\ TpA-1 %% cx.
+ <<Tg> 1)13 A szl = Gi(t), (3.9)
where
Nexp «
—aitn/To T, _
Bt = | 3 b (8150 + (=) B2 B00)).
]:
0, = &F 0:\tBTA™'B 0, = & (6, — 62) AtBTA™'B
L= At26, bW N7 ’
0 (1 —26,)C + At(; —20,)BTA™'B
3= )

20,

and the history variable G (t,,) is computed by using the approximation formula (3.8),
i.e.

Gj(tn) = 67aj/T"Ath(7fnf1) + T ;U(tn—1) + T2 jUs(tn—1) + T3,;Un (tn—1).  (3.10)

In particular, G;(0) = 0. The resulting fast algorithm, i.e. Algorithm 3.2, is given as
follows:

Algorithm 3.2 Fast Scheme

Require: U(0),U;(0),G;(0) = 0,Uy(0) = C(n(0) + BT3(0)).

Ensure: U(ty).

1: Calculate Neyp,a;,05,T55,Qi,5 =1,..., Nexp, @ = 1,2,3.

: forn < 1, N do
Calculate by (3.10) and store the history variable G,(t,,), j =1, ..., Nexp.
Solve U (t,,) with the scheme (3.9).
Get Uy (t,,) and Uy(t,,) through Eq. (3.3).

end for

: Return U(tn).

Noua ke

Comparing with the L1-Newmark Algorithm 3.1, we easily see that, due to N >>
Nexp (cf. Remark 2.5), Algorithm 3.2 reduces the costs of memory and computation
from O(N,N) and O(N,N?) to O(NexpNs) and to O(NgNexp, N), respectively.
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4. Numerical results

In this section, we provide some numerical results to verify the efficiency of both the
SOE approximation (2.28) (or (2.23)) and the fast scheme (3.2). All the algorithms are
implemented by using MATLAB 2023a and executed on a PC equipped with a 3.40GHz
processor, 32GB of RAM, and running Windows 10.

Example 4.1 (Test of SOE Approximation Accuracy). In this example, we evaluate the
SOE approximation (2.28) for the Mittag-Leffler function E,(—t*) under two distinct
scenarios:

1) Varying the parameters [ and ¢ while keeping the fractional order a and the
tolerance error ¢ fixed.

2) Varying the tolerance error € while keeping «, [, and ¢ fixed.

According to Theorem 2.1, the parameters ¢ and [ are required to satisfy

2
qg>1, 1<l<min{1+g,Q1,Q2} 4.1)

with

q = \/5 —4cos((1 — a)m),

2 = — VG + 1P = A(q + Deos((1 = a)m) + 4

The values of g3 := min{1 + 2/q,q1, g2} with « = 0.2,0.5,0.7 and ¢ = 2,8,9, 10,11 are
listed in Table 2, based on which we compute the following cases: (¢ = 2,1 = 1.5), (¢ =
8,1=1.1), (¢q=9,1=1.1), (g=10,1 = 1.1), (¢ = 11,1 = 1.09).

As mentioned in Remark 2.6, for given ¢, [ and ¢ the number Ney, = (K + 1)J of
the SOE approximation is determined by (2.33), i.e.

K |log | - log (e7!|loge]) '
log ¢ 2log glogl
Table 3 lists the results of N, in different cases. It is noteworthy that, under the same
level of tolerance error, the case with (¢ = 10, [ = 1.1) yields the smallest Neyy,.

Table 2: The values of g3 with different g and a: 1 <1 < gs.

q 2 8 9 10 11
a=02 2 125 | 12222 1.2 | 1.1818
a=05 2 1.25 | 1.2222 | 1.2 | 1.1818
a=0.7|1.6275 | 1.1414 | 1.1214 | 1.1063 | 1.0945
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Table 3: Values of Nexp, = (K + 1)J for different levels of tolerance error € and different choices of ¢, [.

q,1 e=10"2 e=10"3 e=10"4

q=2 1=15 [88(K =7, J=11)]176 (K = 16, J = 16)|315 (K = 14, J = 21)
g=8, 1=11[64(K=3, J=16)|115 K =4, J=23)|174 (K =5, J =29)
g=9, 1=11 60K =3, J=15)[110 (K =4, J=22)|168 (K =5, J=28)
g=10, =11 [42(K =2, J=14)|84 (K =3, J=21)|135 (K =4, J=27)
g=11, 1=1.09[45(K =2, J=15)|88 (K =3, J=22)|140 (K =4, J=28)

Numerical results of the SOE approximation error |R,..(¢)| in different cases are
demonstrated in Fig. 1. Note that by (2.29) Ry.(t) is of the form

and

Nexp
Rioe(t) = Ba(—t%) = > bje™ ",
j=1

in our actual computation the term E,(—t“) is quantified by using the optimal

parabolic contour algorithm [20].

From Fig. 1 we have the following observations:

* Figs. 1(a), 1(c), 1(e), 1(g), 1(h), 1(i) plotted the results of R,.(¢) against t. We

can see that for fixed o and tolerance error ¢, the obtained SOE approximation
with different choices of ¢ and [ satisfying (4.1) is of the accuracy R,.(t) = O(e).
This is conformable to the theoretical prediction (2.31) in Theorem 2.1.

* In particular, the case with (¢ = 10, [ = 1.1) has the smallest N, among all the

cases (cf. Table 3). As far as the complexity is concerned, this is the best choice
of ¢ and [ in comparison.

* Figs. 1(b), 1(d), 1(f) also give results of Ry () in the case (¢ = 10, [ = 2) not

satisfying the condition (4.1). We can see that the approximation accuracy in this
case is not as good as that in other cases.

* Fig. 1(i) shows results of Ry, (t) at different « and ¢. In the relatively best case

(¢ =10, | = 1.1). We can see that for each «, the smaller the tolerance error ¢
becomes, the more accurate the SOE approximation will be.

* Fig. 1(j) demonstrates that the logarithmic error of the SOE approximation is

proportional to |log(e)| when « is fixed. We can also observe that R, (t) de-
creases over t. This indicates that the SOE approximation is particularly suitable
for long-time simulations in fractional viscoelastic models.

Example 4.2 (Efficiency Test of Fast Scheme). In the model problem (1.1), we take
Q=10,1] x [0,1], T =1, « = 0.5, 7, = 1, and 7. = 1. The elastic medium is assumed
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Figure 2: Nodal degrees of freedom for Hu-Man-Zhang's element.

to be isotropic, with material properties p = 1, © = 1, and A = 1, and the exact
displacement field u(z, y, ¢) of the model is also assumed to take the form

- e™!(2? — 2)*(4y® - 6y + 29)
u(z,y,t) = .
Y —e H(y? — y)? (423 — 622 + 27)

In Algorithm 3.2 we use 1/h x 1/h square meshes and N uniform grids for the
spatial domain (2 and the time region [0, 7'|. For the spatial discretization, we apply the
Hu-Man-Zhang rectangular element [27] spaces, i.e.

Hy = {X € H(div,,9); x11 € Poo(T), x22 € Po2(T),x12 € Q1(T), VT € 771} ;

ﬂ = {U) S LQ(Q); w1 € PLO(T),U)Q S Po’l(T), VT € ﬂl} .

The local nodal degrees of freedom for the stress tensor 7 are shown in Fig. 2.
In the SOE approximation, we set ¢ = 10, [ = 1.1, and ¢ = 10~2. Numerical results
of the error
U =t = max [U(t) = u(ts) 120

the memory cost of the history variables H,, in Algorithm 3.1 and G; in Algorithm 3.2,
and the wall time of the total runtime of the algorithms are given in Tables 4-6 (All
timings are measured in wall-clock seconds using MATLAB’s tic/toc mechanism). Here,
the wall time does not include the time required to solve the linear system.

From Tables 4-6 we can see that when the spatial mesh is fixed, the errors of the L1-
Newmark MFE scheme and the fast scheme are close. However, the wall time and the
memory (Mem) cost of the fast scheme are much less than those of the L1-Newmark
MFE scheme. In particular, the memory cost of the fast algorithm remains almost
constant as the time step size becomes smaller. This is because the fast algorithm only
requires Ny, pieces of information from the (/N — 1)-th level (cf. (3.8)) to compute the
N-th time level, whereas the L1-Newmark MFE scheme needs all historical information
from the previous NV — 1 time levels (cf. (3.5)). Fig. 3 gives results of the wall time and
the memory cost of the two algorithms at different time steps when h = 1/8, showing
that the fast scheme performs excellently.
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Figure 3: A comparison of wall time and memory cost between the two algorithms for different time steps
when h =1/8.

Table 4: Results of wall time, memory cost and error [|[U — ul|e for h = 1/8.

At L1-Newmark Fast Scheme
time (s) | Mem (MB) U —ul|; time (s) | Mem (MB) U —ul|;
0.01 0.062 0.411 1.816 104 be—3 0.002 0.086 1.815976 3e—3
0.005 | 0.130 0.821 1.815941 3e—3 0.004 0.086 1.815 867 4e—3
0.001 | 0.976 4.098 1.815957 3e—3 0.026 0.086 1.815934 5e—3
0.0005 | 2.777 8.194 1.815952 3e—3 0.043 0.086 1.815936 5e—3
0.0001 | 49.261 40.962 1.815946 8e—3 0.212 0.086 1.815937 1le—3
Table 5: Results of wall time, memory cost and error ||[U — ul|;e for h = 1/16.
At L1-Newmark Fast Scheme
time (s) | Mem (MB) U —ul|;= time (s) | Mem (MB) U —ul|;=
0.01 0.351 1.647 1.308 384 1e—3 0.034 0.344 1.308 333 7e—3
0.005 | 0.742 3.285 1.308 378 6e—3 0.067 0.344 1.308 349 5e—3
0.001 | 5.264 16.392 1.308 429 2e—3 0.343 0.344 1.308 419 9e—3
0.0005 | 13.839 32.776 1.308 424 5e—3 0.666 0.344 1.308 418 1e—3
0.0001 | 216.673 | 163.848 | 1.308421 3e—3 3.276 0.344 1.308 417 2e—3
Table 6: Results of wall time, memory cost and error ||U — ul|;ee for h = 1/32.
At L1-Newmark Fast Scheme
time (s) | Mem (MB) U — u|;= time (s) | Mem (MB) U — u|;=
0.01 2.824 6.586 1.140 568 1e—3 1.153 1.376 1.140 552 9e—3
0.005 5.688 13.141 1.140 580 8e—3 2.152 1.376 1.140572 3e—3

0.001 | 33.486 65.569 1.140 729 9e—3 10.728 1.376 1.140 727 2e—3
0.0005 | 82.683 131.114 | 1.140696 8e—3 21.532 1.376 1.140 694 9e—3
0.0001 | 1003.425 | 655.387 | 1.140686 6e—3 | 107.819 1.376 1.140 685 8e—3
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5. Conclusions

We proposed an efficient SOE approximation for the Mittag-Leffler function, with
a rigorous error analysis, and applied it to develop a fast fully discrete mixed finite
element scheme for the fractional viscoelastic wave propagation model. Numerical ex-
periments have demonstrated the excellent performance of the developed fast scheme
in storage and computing efficiency.
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