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Abstract. Dirichlet-Neumann and Neumann-Neumann methods are not only the
parallel strategies in the spatial domain, but also can be used as a class of parallel
methods in time. In this paper, we propose the Dirichlet-Neumann and
Neumann-Dirichlet algorithms for time-periodic parabolic optimal control
problems. By the Lagrange multiplier approach, a coupled system is obtained
with a special time-periodic condition. For this coupled system, the Dirichlet-
Neumann and Neumann-Dirichlet algorithms and their three variants are derived.
We present the conver-gence analysis for all proposed algorithms. The numerical
performance of the con-vergence factors is shown to illustrate our theoretical
analysis. Based on our anal-ysis, there is a class of algorithms with the better
convergence compared with the natural Dirichlet-Neumann algorithm. Finally,
numerical experiments are provided to illustrate the theoretical results.
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1. Introduction

Optimal control problems governed by the time-periodic parabolic problem are
widely used in many different fields, such as Stokes problems [2], eddy current prob-
lems [3,25], power generating kite systems [24], and so on. Discretized parabolic
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optimal control problems lead to very large systems of equations in time and space.
Domain decomposition methods have been used to solve this difficulty [8,30]. In ad-
dition, parabolic optimal control problems can be described as a forward-backward
optimality system in time, like [6,38], and for this forward-backward optimality sys-
tem, the time variable plays a vital role. Therefore, it is very interesting to derive time
domain decomposition methods and parallel solvers in time for such systems. Differ-
ent parallel-in-time preconditioners have been developed and analyzed for this class of
optimal control problems, see, e.g., [32,39,40] and the references therein.

Recently, various kinds of time parallel strategies have been well developed, and the
development of time parallel methods has a history of more than five decades which
is completely reviewed in [14]. Parareal algorithm is a classical time parallel method
proposed by Lions et al. [33] has been analyzed or used in many different areas, like
Navier-Stokes equations [12], time-periodic problems [15], and optimal control prob-
lems governed by the initial-value parabolic problems [9,36]. And ParaOpt algorithm
is a new variant of parareal for optimal control problems, which has been derived
in [17]. Besides, several new algorithms parallel in time have been proposed, such as
PFASST [10], MGRIT [11,13], ParaDiag [19, 34]. Furthermore, these new parallel-in-
time methods have been applied to optimal control problems by some scholars, such as
PFASST [22,23], MGRIT [1], ParaExp [28].

Various parallel strategies have been developed both in space and time directions
for optimal control problems. For the elliptic optimal control problems, the domain
decomposition methods and their convergence analysis were discussed by Benamou in
[4,5]. And Dirichlet-Neumann waveform relaxation (DNWR) and Neumann-Neumann
waveform relaxation (NNWR) methods were constructed to solve the parabolic optimal
control problems in the context [35]. With regard to time-periodic parabolic control
problems, optimized Schwarz waveform relaxation (OSWR) method was studied and
analyzed in [7]. The context [29] presented time-domain decomposition method for
optimal control problems governed by the wave equation, and this method was ex-
tended to optimal control problems for semilinear hyperbolic systems in [26]. Time
domain decomposition methods can also be applied to solve initial-value parabolic op-
timal control problems. For example, Schwarz method as a time parallel algorithm was
proposed by Gander and Kwok [16], and optimized Schwarz method was discussed by
Kwok [27]. Furthermore, the Dirichlet-Neumann/Neumann-Neumann algorithms as
the time domain decomposition algorithms were presented for initial-value parabolic
optimal control problems in [20,21]. Furthermore, space-time decomposition method
applied to optimal control problems was studied in [31,41].

In this work, we propose several time domain decomposition algorithms based
on the Dirichlet-Neumann (DN) and Neumann-Dirichlet (ND) methods to solve time-
periodic parabolic optimal control problems. Different from [7] which introduced
OSWR for time-periodic parabolic optimal control problems, we use the DN and ND
methods as time domain decomposition algorithms to solve this problem. Compared
with initial-value parabolic optimal control problems [20,21], the time-periodic condi-
tion is more difficult to deal with, because the coupled system obtained by the Lagrange
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multiplier approach has the time-periodic condition rather than the initial-value con-
dition, and the initial and final values of time-periodic problem are unknown which
imposes the difficulty when solving the system. The DN and ND algorithms can change
the time-periodic structure of the original system, and transform it into Dirichlet con-
dition and Neumann condition on the subdomains. For the convergence analysis of
the DN and ND algorithms, we use the undetermined coefficient method to calculate
the convergence factors of the proposed algorithms. Besides, based on the analysis
and comparison of the convergence factors, we get a class of algorithms with better
convergence behavior than the natural DN algorithm. Several numerical experiments
illustrate our theoretical results.

The rest of our paper is organized as follows. In Section 2, we construct our new
time domain decomposition algorithms based on the DN and ND algorithms for time-
periodic parabolic optimal control problems. The convergence behavior of each algo-
rithm is analyzed in Section 3. In Section 4, we show the numerical behavior of the
proposed algorithms and the conclusions are presented finally in Section 5.

2. Dirichlet-Neumann and Neumann-Dirichlet algorithms in time for
time-periodic optimal control problem

2.1. Construction of the algorithms

In this paper, we consider the following optimal control problem:

. 1 T
min J(y, u) := 5 lly - yallT2x .y + 5”“”%2(Q><(0,T))7 2.1)

where Q C R%, d = 1,2,3 is a bounded domain with boundary 99, » > 0, J(y,u) is
the cost function, y is the state variable, and y, is the target function. This problem
seeks the input control « to minimize the cost functional .J(y, «), which measures the
deviation of y from a desired target y,. Here, the state y is governed by the following
time-periodic parabolic state equation:

Oy —Ay=wu in Qx (0,7),
y=0 on 90 x (0,7), (2.2)
y(0) =y(T) in Q.

Using the Lagrange multiplier approach to the model problem (2.1)-(2.2), one can
derive the adjoint problem as follows [18,37], which is backward in time:

N+ AN=y—yyg in Qx(0,T),
A=0 on 00 x (0,7), (2.3)
AT) = \0) in Q,
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where the control u and the adjoint state \ satisfy the relation A = ru in Q x (0,7).
Then, the solution of the original model problem (2.1)-(2.2) is equivalent to the prob-
lem (2.2)-(2.3). By the semi-discretization in the spatial direction to (2.2)-(2.3), we
get the following forward-backward system in time:

{1)+Ay=u in (0,7),

1.1(0) =y(T), 2.4
A—ATX=y—yq in (0,7),
{A(T) = X(0),

where ¢, A denotes the time derivative of y, A\, A € R™*™ is the matrix obtained by
discretizing the —A operator, and the vectors y(t), A(t),u(t) € R™*! are obtained by
the discretization of y, A, u in space.

Eliminating the control u, the Egs. (2.4) can be rewritten as the following forward-

backward system:
] A —lI 0
05 ) Q)-() e
-1 —-A —Yd (2.5)

y(0) = y(7),
A(T) = A(0).

Assuming that A is symmetric, i.e., A = AT, then the matrix A can be diagonalized
as A = QDQT, with QTQ = I and D = diag(dy,...,dn), d; is the eigenvalue of A.
By the transformations z = QTy, u = QT \, and z4 = Q7 yq4, the system (2.5) can be

written as follows:
. 1
z D —-1 z 0 .
f —I -D ) \m —2d 2.6)
)

z(0) = z(T),
u(T) = (0).

Remark 2.1. For the general parabolic PDE ¢ + Ly = u, when it is semi-discretized in
space, we get the equation y + Ay = u, where the matrix A is obtained by discretizing
the £ operator. Our work is applicable to any case where the matrix A is symmetric,
not only for the above heat equation (2.2).

2.2. Dirichlet-Neumann and Neumann-Dirichlet algorithms in time

We now consider the Dirichlet-Neumann and Neumann-Dirichlet algorithms in time
to solve the system (2.6). Firstly, we divide the time interval (0,7") into two non-
overlapping subintervals I; = (0, «) and /> = (a, 7). We use z; and p; to indicate the
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solutions z and p of (2.6) in I;, 7 = 1,2. Since the initial and final conditions of the
forward-backward system (2.6) are periodic, we propose a natural Dirichlet-Neumann
algorithm in time for the coupled system (2.6) as follows:

( 1
2k D —-I k 0
(Z}c> + T Z:}c = in I; = (0, ),
-7 _ —z
Hy I D 1220 d 2.7)

2¥(0) = 25(7),
ph(a) = fR1,

1
2k D —=I k 0
(’2) + 2] = in I = (,T),
_ _ —Z
Ko I D Ko d 2.8)

5 (o) = 2§ (a),

p5(T) = pk(0),
and then update the value along the interface using
fr=0-0)r 1 4 opk(), 2.9)

where 6 € (0, 1] is a relaxation parameter.

Given an initial guess f2 along the interface ¢t = o, we solve the above DN algorithm
for the iteration index k = 1,2,.... However, due to the initial condition value z%§(T)
in subdomain 7; and the final condition value p¥(0) in I are unknown for the &-th
iteration, we find the Egs. (2.7) and (2.8) can not be solved which leads to the failure
of decoupling the original system (2.6). Then it is easy to see that the natural algorithm
(2.7)-(2.9) can not be realized in practice. Therefore, in order to solve this problem,
we propose the following algorithm (2.10)-(2.12) by changing the conditions in (2.7)
and (2.8) to ensure that the proposed algorithm can be realized:

( 1
k k
D —-I 0
(ﬁﬁ) + r <Z:}c> = < ) in I = (0,q),
_ _l) —Z
H I M d (2.10)

28(0) = 25 1(T),
ph(a) = -1,

1
2k k
D —=I 0
(’2) + r (’2) = ( ) in Iy = (a,T),
_ _ —Z
M I -D B d 2.11)

5 (o) = 2§ (a),

ps(T) = pf(0),
and then update the value along the interface using
fa=(1=0)f5" +0u5(a), (2.12)

where 6 € (0, 1] is a relaxation parameter.
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Remark 2.2. When we change the condition 2¥(0) = 2%(7') in (2.7) to the condition
zk(0) = z;“ ~H(T) in (2.10), we can find that the new algorithm can be realized, and
the initial and final conditions in (2.10) are Dirichlet conditions, the conditions in
(2.11) are mixed Dirichlet-Neumann conditions, so the new algorithm (2.10)-(2.12) is
a natural DN algorithm.

Remark 2.3. By the first equation in (2.6), we can get the following identities for z
and p:

z—2zq=p0—Dp,

p=r(2+ Dz).
Then we can find z and p can be transformed into each other. Based on the above
relationships, we can propose some new algorithms using the DN technique.

(2.13)

For the DN and ND algorithms, there are some other approaches to implement for
the model problem (2.6), by changing the conditions at the interface ¢ = o. We can
apply the DN technique to both states (z, pt) just like in (2.10)-(2.11). Also, based on
the identities (2.13) in Remark 2.3, we know that the variables z and p are mutually
convertible, so we can apply the DN technique just to one of these two states. More-
over, we can exchange the order of the Dirichlet and Neumann conditions. Then, we
can divide the algorithms into three strategies, and each of them contains two parts,
namely the DN and ND techniques. Based on this analysis, we list all six time domain
decomposition algorithms in Table 1.

Table 1: Variants of the DN algorithm for time-periodic parabolic optimal control problems.

Problem | I; | I
Category I: (z,

gory I: (2, p) NDy | | =

DN
Category 1I: 2 2 Z o
N Do zZ | z

DN.
Category III: p 3 ,u ®
NDs B p

3. Convergence analysis

3.1. Category I

We consider Category I firstly which applies the DN and ND techniques to the pair
states (z, 1) to the model problem (2.6), and analyze their convergence.

3.1.1. DN,

Since the model problem (2.6) is linear, we can analyze the convergence of the algo-

rithm by studying the error equation. Thus, we can set y; = 0, and study how y;.“q
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and )\;? *t1(j = 1,2) converge to zero as k — co. Under the above assumption, we can
obtain m independent 2 x 2 systems by (2.10)-(2.12) fori = 1,2, ..., m as follows:

([ :k 1 k
<%2(”> G <Z};(”> = <0> in Iy,
1,) -1 —d;i) M) \0

+

3.1)

and then update the value along the interface using
wi = (=0 R+ 0us (), (3.2)

where z;?(l.), I iy f& ; are the i-th components of z¥, u¥, f& for j = 1,2.
Furthermore, according to the above assumption of z; = 0 and the identities (2.13)

in Remark 2.3, we obtain the following relationships between z; ;) and p; ;), 7 = 1, 2:

ko -k ok
Zj () = M,y — dib ) (3.3a)
k o -k ) k
Hja) =T (Zj,(z‘) + dzzj,(z‘)) . (3.3b)

By observing Egs. (3.1), we find that the DN, algorithm maintains the forward-back-
ward structure of the original model problem (2.6). To facilitate the convergence anal-
ysis, we substitute the above identities (3.3) into the systems (3.1)-(3.2), the following
system is obtained:

2{?7(i) — szf(i) =0 in I,

2 (0) = 255 (D), (3.42)
2’1“7(1.) () + dl-z]f,(l) (o) = 5;1’

B ~ot%e =0 in Iy

2oy (@) = 2 (), (3.4b)
5w (1) + dizg () (T) = 2 ;) (0) + iz} (0),

and then update the value along the interface using

fhoi= Q=05 +0 (25 (@) + dizh (@)

where o; := /d? + 1.
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The solutions of (3.4) can be written as follows:

Zlf,(i) = Alf,z’ sinh(o;t) + A’g,i cosh(o;t),

3.5
z;(i) = Bfi sinh (O’i(T - t)) + B;i cosh (O'Z'(T — t)), (3.5)

where A, ;, Ay; and B, ;, Bs; are four coefficients.
To simplify the notation in the following analysis, we define a; := 0;a, b; := 0;(T —
a), i.e., a; + b; = 0;T, and the periodic condition value is unknown, so we set

mk = zfﬁ&%(O) = 212“7@) (T). (3.6)

Substituting identities (3.5) into (3.6), we can get the following relations:

zfﬁ&%(()) = A’;;rl =mb, zgv(i) (T) = By, = mb.

Furthermore, according to the initial and final conditions of the Egs. (3.4a), we find

Zf(i) + dizi(i) li—a = (Ui cosh(a;) + d; sinh(ai))A’ii
k—1 _ fkfl

7 a,t

+ (o sinh(a;) + d; cosh(a;))m
Thus, we get the expression of A]f,i with fj;l and mf’l as follows:

FEY — (0ysinh(a;) + d; cosh(a;))mb !

Af = 3.
L o; cosh(a;) + d; sinh(a;) 3.7

Similarly, we can obtain the linear equations about sz‘,Bg,z by the initial and final
conditions of the Egs. (3.4b),

—O'Z'Bﬁi + dZBQZ = O'Z'Alfﬂ- + dimfil,
cosh(bi)Bfi + sinh(bi)Bii =— cosh(ai)A’ii — sinh(a;)m~ 1.

Solve the above equations, which yields that

. (d; cosh(a;) + o sinh(b;)) A% , 4 d;(sinh(a;) + sinh(b;))ymF~!
Bl i - — N ’ 5 (3.83)
’ o; Slnh(bi) + d; COSh(bi)

oi(cosh(b;) — cosh(a;))A¥ . + (d; cosh(b;) — o; sinh(a; mk1
g _ oileoh(b) — cosh(@) A, + (dscosh(v) @
’ o; Slnh(bi) + d; COSh(bi)

To shorten the identities, we denote
e; := o; cosh(a;) + d; sinh(a;), E; := o0, sinh(a;) + d; cosh(a;),
fi == o; cosh(b;) + d; sinh(b;), F; := o, sinh(b;) + d; cosh(b;), (3.9)
h; := o;cosh(o;T) + d; sinh(o;T), H; := o;sinh(o;T) + d; cosh(o;T).
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Substituting (3.7) into the Eq. (3.8b), we get the expression of mf as follows:

oi(cosh(b;) — cosh(a;))

k k k—1
k _ Bk — 4
ml 2,0 eZE fa,z
oid; — v~ Lsinh(a;) COSh(bi)mf_l. (3.10)
eiF;
For f§7i, we obtain
fhi= U =0)f7" 46 () (@) + disk (@)
=(1- 9)f§;1 +0 [O’i <cosh(ai)Alf7Z- + sinh(ai)m§_1>
+d; <sinh(bi)Bfl- + Cosh(bi)Bé‘,i) ]
_ (1 g, prot gy Sin(a) F simh(bi) gy (3.11)
e F; o e F; ’
Combining (3.10) and (3.11), the iterative relation is obtained as follows:
k fkfl
< a;j) - QDNl,i < O]:ZI> )
m; m;
where
Q Q7
Qo = <Q3 Q!
e; F; + le(dz — hz) —r’lﬁdi(sinh(ai) + Sinh(bi))
= eif il . (3.12)
oi(cosh(b;) — cosh(a;))  o3d; — r~'sinh(a;) cosh(b;)
e F; e F;

Solving the characteristic polynomial of the iterative matrix Q) px, ;, we get its eigen-
values as follows:

Q! +Qh) + /(@ - @2 +14Q3q?

ADNy i i= 5 (3.13)
Finally, we obtain the following convergence theorem for the DN, algorithm.
Theorem 3.1. Algorithm DNy (3.1)-(3.2) converges if and only if
pDNy = _max 1PQoN, | <1, (3.14)

Bt I AR

where pq, , , is the spectrum of the matrix Qpn; ;-
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To understand the performance of the convergence factor (3.14) more deeply, we
consider a few special cases. Firstly, considering the time decomposition is symmetric
a=T/2,i.e., a; = b;, we derive the following corollary.

Corollary 3.1. If the time domain decomposition is symmetric « = T'/2, and the matrix
A is not singular, the DNy algorithm (3.1)-(3.2) converges for any initial guess.

Proof. Noting that from the definition of h;, we find
h; = o; cosh(o;T) + d; sinh(o;T) > o;. (3.15)
Then using (3.15), we obtain

O QI+QD+ (@i -Q) _ 0!
DNy ° 9 7
. 200;d; + 2(1 — H)dlhl + rl Sinh(O'iT)
N 2d;h; + r~1sinh(o;T)

< 1. (If and only if # = 0 or d; = 0, take the equal sign.)

For the second kind of eigenvalues,

2 Qi +@) — Qi —QY
)\g)gvhl- = 5 = Q;l
_ 20yd; — r~1sinh(o;T)

~ 2d;h; + r—1sinh(o0;T)"

Taking the square of )‘gg\h,z" the following relation is obtained:

2

40%d? — do;dr~ sinh(o;T) + r~2sinh?(0;T)
4d?h? + 4d;hyr—sinh(o;T) 4+ r—2sinh?(o;T)
< 1. (If and only if d; = 0, take the equal sign.)

Ao

Thus, we can conclude that yA(gjwy < 1, if and only if d; = 0, take the equal sign.

Finally, if d; # 0,7 = 1,2,...,m, namely the matrix A is not singular, we can get
PDN, = INax ’pQDNl z‘ = max ’)‘DNM‘ <1,
i=1,2,....m ’ 1=1,2,....m
which concludes the proof. O

Remark 3.1. If the matrix A is discretized by the Laplace operator in our model prob-
lem, there is no zero eigenvalue for A. If d; = 0, according to (3.12), we obtain

—r~Lsinh(a;) cosh(b;
Qtla—o =1, Qa0 = (a:) cosh(bi)
e F;

Q7Q7a=0 =0, (esFy)|g,=0 = ™" sinh(b;) cosh(a,).
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Substituting the above equations into (3.13), we find
_ sinh(a;) cosh(b;) tanh(a;)

1) - 1:1 (2) 04 = — _
Apji = @ =1 Apwi = @ sinh(b;) cosh(a;) tanh(b;)

If a; > b;, we get |)\g3\,1 ;| > 1. Oppositely, the |)\g3\,1 ;| <1 can be obtained if a; < b;.

Finally, we conclude that pg , . ; la;=0 > 1 when a; > b;, while if a; < b;, pg,, Ny ld;=0
= 1. Then the convergence behavior of the DN; algorithm for small eigenvalues is not
good.

Remark 3.2. If d; goes to infinity, we have o; ~+, d;, and then we can get Q?Q? — 0,
Q! — 1 -6, Q} — 0. Substituting these into (3.13), we obtain

In other words, the DN algorithm is robust for high frequency convergence with re-
laxation, and when using # = 1, we obtain a good smoother.

3.1.2. ND;

We change two conditions at the interface ¢ = «, and apply the Neumann condition
to the state p in I; and the Dirichlet condition to the state z in I;. Then we obtain
the N D, algorithm which still keeps the forward-backward structure for the iteration
index k = 1,2,... as follows:

k o1 k

<z}§(z)> [ <z};(i)> = <0> in I,
A1) -1 —d;i) \M)  \0

Zk

(3.16)

and then update the value along the interface using
Jai = (L= 0)fa7" + 02 (5 (a). (3.17)
Based on (3.3), we obtain the systems as follows:
ﬂ’f,(i) - Uz‘zﬂlf,(z) =0 in Iy,
i (0 = dus ) (0) = i ) (T) = g (T), (3.182)
ik (@) = ik o (@),
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jis @) — 015 ) =0 in I,
15 iy (@) = diptly ) () = o (3.18b)
u'é,(l-) (T) = ,U]f,zll) (0),
and then update the value along the interface using
o= =0)fit +0 (/l]f,(i) (a) = dz‘ulf,(i)(oé)) -
And the solutions of (3.18) can be written as follows:

:“If,(z') = Alf,z’ sinh(o;t) + A’g,i cosh(o;t),

(3.19)
,ug(i) = Bfi sinh (O’i(T — t)) + B;i cosh (O'Z'(T — t)),
where A, ;, Ay; and B, ;, Bs; are four coefficients.
To simplify the notation in the following analysis, we define
mf = b (N (T) = 1 ;(0). (3.20)

Substituting identities (3.19) into (3.20), we can get relations as follows:

M]i(i)(o) = A =m; NSJ(rzl) (T) = Bg,:‘rl =mk.

Furthermore, according to the initial and final conditions of the right equations in
(3.18), we find
fis iy (@) = dipty ) (@)
= — (Ui COSh(bi) + d; Sinh(bi))Bfi
— (o sinh(b;) + d; cosh(bl-))mkf1 = fg;l

(2

Thus, we can get the expression of Bf ; with fj;l and mffl as follows:

k—1 k—1
S+ Em
B{‘“,i=——f“’z f_z L, (3.21)
(2

where f;, F; are defined by (3.9).
Similarly, we get the linear equations about A’f’i, A’ii by the initial and final condi-
tions of the Egs. (3.18a),

{aiA’ii — d; A5, = o;BY, + dimf T,

cosh(ai)Ali(i) + sinh(ai)Agl- =— cosh(bi)BfZ- — sinh(b;)m* 1.

Solve the above equations, which yields that

(0 sinh(a;) + d; cosh(bl-))Bfi + d;(sinh(a;) + sinh(b;))ymF~!
o;sinh(a;) + d; cosh(a;)

Af,=— . (3.22a)
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s _ Tcosh(@) —cosh(()) B, + (dhcosh(ar) — oushbmf ™
; oisinh(a;) + d; cosh(a;)

Substituting (3.21) into the Eq. (3.22b), we get
o;(cosh(b;) — cosh(a;))

oid; — 1 cosh(a;) sinh(b;) 4 4
F mb1, (3.23)
For f§7i, the following relation is obtained:
Jhi= (=075 +0 (i (@) = dipk ()
=(1- )fk Lo { -0 (cosh(b‘)Bfi + sinh(b-)mk_1>
—d; <51nh(aZ)A1 ; + cosh(a;) A} Z) ]
(1 04, h; — > féle 194, sinh(a;) + sinh(b ) (3.24)
fZ 1 fl 7
Combining (3.23) and (3.24), we obtain the iterative relation as follows:
18 foi!
( L =Qnpia| )
m; m;
where
Q @7
QNDy,i = <Q3 o
fiE; + HdZ(O'Z — hl) r’19di(sinh(ai) + Sinh(bi))
_ fiE; fiE; ‘ (3.25)
oi(cosh(b;) — cosh(a;)) oyd; — r~! cosh(a;) sinh(b;)
fiE; fiE;

Solving the characteristic polynomial of the iterative matrix Q) p, i, We get its eigen-
values as follows:

(QF+Qh + /(@) - @2 + 1427
. .

Finally, we obtain the following convergence theorem for the N D; algorithm.

Theorem 3.2. Algorithm N Dy (3.16)-(3.17) converges if and only if

(3.26)

AND, i =

PND; ::Z. {nzax ‘pQNDl z’ <1,

34yeey T

where pq, ; is the spectrum of the matrix Qnp, ;-
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Firstly, considering the time decomposition is symmetric o = 7'/2, i.e., a; = b;, like
the DN, algorithm, the following corollary can be derived.

Corollary 3.2. If the time domain decomposition is symmetric « = T /2, and the matrix
A is not singular, the N Dy algorithm (3.16)-(3.17) converges for any initial guess.

Proof. If a; = b;, we obtain

(1 + H)O'Zdl + (1 — H)dzhz + [(1 — H)dl(hz — Ji) + r1 smh(alT)]
2d;h; + r—1sinh(o;T)

AND1i = = A

Therefore, if a; = b;, the N D; algorithm and the DN; algorithm have the same con-
vergence factor pyp, = ppn,. Thus, we can conclude that if d; # 0, namely the matrix
A is not singular, pyp, = maxi=12...m |Pox D1, .| < 1, which concludes the proof. O

ghiyaeny

Remark 3.3. If d; = 0, according to (3.25), we obtain

—r~Lsinh(b;) cosh(a;
Qamo =1, Qo= (bs) coshlas)
JiEi

Q?Q?’dizo =0, (fiEi)ldg,=0= pl sinh(a;) cosh(b;).

Then, we find

_ sinh(b;) cosh(a;) tanh(b;)

sinh(a;) cosh(b;)  tanh(a;)’

1 2
>\§V)D17i = Qll = 1’ )\EV)Dl,i = Qfll =

Therefore, if a; < b;, we get ’Ag\?)z)l,z’ > 1. Oppositely, the \Aﬁgm\ < 1 can be obtained
if a; > b;.

Finally, we can conclude that pQNDl,i|di:0 > 1 when a; < b;, and if a; > b;,
PQnp, :lai=0 = 1. Then the convergence behavior of the ND; algorithm for small
eigenvalues is not good.

Remark 3.4. If d; goes to infinity, we have o; ~+, d;, and then we can get Q?Q? — 0,
Q! — 1 -6, Q} — 0. Substituting these into (3.26), we obtain

lim poyp,, =1-10.

di—>OO

In other words, the N D, algorithm is robust for high frequency convergence with re-
laxation, and when using # = 1, we obtain a good smoother, which is similar to the
DN; algorithm.

3.2. Category II

We analyze Category II which uses the DN and ND techniques only for the state z
to the model problem (2.6), and analyze their convergence.
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3.2.1. DNy

We apply the Dirichlet condition in 7I; and the Neumann condition in /5 both to the
state z. For the iteration index k = 1,2, ..., we can get the DN algorithm as follows:

1
ik d == 2k 0
(.}i"(l) + ? r }{;(l) — in Ila
11 i) —1 —d;) \Fi@ 0
k

) (3.27)
( -k &
o) (& ) (E)- ) wn
Ha (i) -1 —d; H (i) 0

2 () = 2 ;) (a),

’ug,(i) (T) = le,(i)(o)’
and then update the value along the interface using

fhi= =0 i + 025 (). (3.28)

Remark 3.5. Different from Category I, the D N, algorithm loses the forward-backward
structure in time for the equations in /; which only imposes the initial and final con-
dition on z; (; but without explicit constraints on y; ;. However, it can be seen from
Egs. (3.3) that this is simply an interpretation difference. For the equations in I; of
(3.27), we can rewrite the final condition zf(i)(a) = fF=1 as ,a’i(i)(a) — di/‘]f,(i)(a) =
fgf*l(a) based on the Eq. (3.3a), and then the update condition (3.28) can be defined
as fii = (1- G)fé“;l + 9(;2’2“7(1.)(@) — d;pk (i)(a)). This transformation restores the
forward-backward structure of the equationé in I7.

Substituting the identities (3.3) into the systems (3.27) and (3.28), we obtain the
systems as follows:

(2 o —ofzb =0 in I,
2 ((0) = 25 (D),
2 () = A 3.9
N in I .
(2) 1 72,(i) ’
2k

and then update the value along the interface using

fhi= =0 fi" + 025 ().
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Similar to the D N; algorithm, the solutions (3.5) are used to determine the coefficients
A}, AL, By, BS ;. And we still use the definition of m/ in (3.6) to simplify the follow-
ing analysis. Substituting identities (3.5) into (3.6), we can get relations as follows:

zf‘{%(()) — A’;;&l = mb, zgv(i) (T) = BY, = mF.

Furthermore, according to the initial and final conditions in (3.29), the expressions of
A’f i Bfl-, Bgi are obtained as follows:

fg;l - cosh(ai)mf“‘*1

Ak —
L sinh(a;) ’

BF (d; cosh(a;) + o5 sinh(bi))Alii + d;(sinh(a;) + sinh(b;))mF !
L™ o;sinh(b;) + d; cosh(b;) ’

BE o;(cosh(b;) — Cosh(al-))Alf,i + (d; cosh(b;) — o sinh(a;))ymF~!
2,0 .

o; Sinh(bi) + d; COSh(bZ‘)

Thus, through the above expressions, we can get the expression of m# with féf;l and

mk=1 as follows:

oi(cosh(b;) — cosh(a;))

k k k—1
k _ Bk — :
i 20 sinh(a;) F; Jai
L + cosh(bi)(dz.‘ sinh(a;) — o; cosh(ai))m,?_ll (3.30)
sinh(a;)F; ’

For f* ., we obtain

vi = (1= 0)fa7" +025 ;) (a) (3.31)

=(1-— H)fi“';l +6 (sinh(bi)Bfi + COSh(bi)B§7i>
hi — o; k—1 0 ' el
( Hsinh(ai)Ei> Jai® + sinh(a;) F; (fi + d;sinh(a;) — 0; cosh(a;))m;

Combining (3.30) and (3.31), the iterative relation is obtained as follows:

k fk;—l
at | ) a,t
i | = @D k—1 ]

where
Q @
QDNy i = ( o' 0 4> (3.32)
sinh(a;) F; + 6(o; — h;) 0(f; + d; sinh(a;) — o; cosh(a;))
sinh(a;)F; sinh(a;) F;

oi(cosh(b;) — cosh(a;))  o; + cosh(b;)(d; sinh(a;) — o; cosh(a;))
sinh(a;) F; sinh(a;)F;
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Solving the characteristic polynomial of the iterative matrix Q)pn, i, we get its eigen-
values as follows:

Q! +Qh + /(@ - @2 +4Q3q?

ADNy i 1= 5 (3.33)
Finally, we get the following convergence theorem for the DN, algorithm.
Theorem 3.3. Algorithm DN, (3.27)-(3.28) converges if and only if
PDN, 7= _max 1PQDN,.| <1, (3.34)

Bt I AR

where pq,,y, ; is the spectrum of the matrix Qpn,,;.

Similar to the DN; algorithm, we consider a few special cases for the convergence
factor (3.34). Firstly, considering the time decomposition is symmetric o = T'/2, i.e.,
a; = b;, we obtain the corollary as follows.

Corollary 3.3. If the time domain decomposition is symmetric, i.e., « = T/2, there is
ppN,(0) = ppn,(1—0). And if the matrix A is not singular and 6 # 1, the D N5 algorithm
(3.27)-(3.28) converges for any initial guess.

Proof. If a; = b;, we can find Q?Q3 = 0, and then

o @+QhE@ - Q)
DNa,i — 9 .

Thus, we obtain
g; — hl

(1) 1
ADNyi = @i + sinh(a,) F,

Derive the above formula about 6,

W Y i~ hi
()\DN27i) 0) = sinh(a;)F;
(1)

Using (3.15), we get (Agg\b ;) < 0. Then, the extreme points of A\py, ; can only be

obtained at § = 0 and 6 = 1. Furthermore, if replacing 6 with 1 — 0, we find )\%3\[27 ;(1—

(1)

0) = —Apn, ;(6). Thus, we obtain
1 1 1
M| = B0 =0)] = [ADh, .0 = 1) = 1.

For the second kind of eigenvalues,

d; sinh(o;T) — 20 sinh?(a;)
d; sinh(o;T) + 20; sinh?(a;)

(2 — 4 _
)\Dg\fg,i =Q; =
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According to the above formula, we get
2 2
N i1 = 0) = Ap, 4(6).
Taking the absolute value of )‘(D23V27 ,» we obtain

d; sinh(o;T) — 20; sinhZ(ai)
d; sinh(o;T) 4 20; sinhQ(ai)
< 1. (If and only if d; = 0, take the equal sign.)

2
‘)\(D;VQ,i

In conclusion, combining the analysis of the above two kinds of eigenvalues A%;VQ ;

and )‘(D23\72 » we get ppn,(0) = ppn,(1 —0). Also, if 6 # 0, 0 # 1 and d; # 0, we
obtain ppy, = max;—12__m ‘pQDNQ,i’ = max;—12, .m |ADN,,i| < 1, which concludes the

proof. O

Remark 3.6. If d; = 0, based on the expression of (3.32), we obtain
sinh(a;) sinh(b;) + 0(1 — cosh(o;T))

1 _
Qila;=0 = sinh(a;) sinh(b;) ’
h(a;) — cosh(b;)
203, _ g (cosh(a i
Ql Ql |d1*0 Sinh(ai) Slnh(bl) ’
o 1 —cosh(a;) cosh(b;)
ildi=0 = sinh(a;) sinh(b;)

Substituting the above formula into the eigenvalues Apy, ; of Qpn, ; in (3.33), it yields

o _@reb-y@-ohrrner

DNayi = B )

and if and only if a; = b;, take the equal sign.

Therefore, we can conclude that pg,, NQ’Z,]dZ.:O > 1, and combing the Corollary 3.3,
we know that pg,,y, ;l¢,=0 = 1 if and only if a; = b;. Then when the eigenvalues
d; are small, the DN, algorithm exhibits poor convergence and may even diverge for
asymmetric decomposition.

Remark 3.7. If d; goes to infinity, we can get Q?Q? — 0, Q} — 1 — 26, Q} — 0, thus
we obtain

d}i—{noo PQpNyi = 1 —26].
In other words, when the relaxation parameter # = 0.5, the convergence performance
of the DN, algorithm is good for large eigenvalues d;.
3.2.2. NDs

For the iteration index k = 1,2, ..., we exchange the Dirichlet and Neumann conditions
at the interface t = a based on Table 1 as follows:
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k 1 k
(o) () () -(0)
11 3) -1 —di) \M1,6) 0
zﬁ(i)(o) = Z;ZZ; (1),
i (@) = a
. (3.35)
ok k
(o) () () -(0)
Ha,i) —1 —d;i) \Hap) \0
Z§ (Z)(oz) = Z]f (i) (a),
,Ug (i) (T) = ulf’(i)(()),
and then update the value along the interface using
fhi= =0 a7 + 025 (). (3.36)

Like the D N5 algorithm, the equations in I; of the N D, algorithm do not have forward-
backward structure. Using the method similar to Remark 3.5, we can explain this
phenomenon. To analyze the convergence, substituting the identities (3.3) into the
systems (3.35) and (3.36), we obtain the systems as follows:

(4) =0 in Il,

(3.37)

and then update the value along the interface using

fg,z' =(1- Q)fi,;l + 925,(1')(04)-

Similar to the D N; algorithm, the solutions (3.5) are used to determine the coefficients
A’ii, Alg’i, Bfl-, Bé‘“l And we still use the definition of m¥ (3.6) to simplify the following
analysis. Substituting identities (3.5) into (3.6), we obtain the relations,

A0y = AL = mk, 2f (1) = BY; = mf.

Furthermore, according to the initial and final conditions in (3.37), we get the expres-
: k pk pk )

sions of A7 ;, B ;, B; ; as follows:
k—1 . k—1

fai — oisinh(a;)m;

o; cosh(a;)

)

k _
Al =
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(d; sinh(a;) — o Cosh(bi))Alii + d;(cosh(a;) — cosh(b;))mF~?

e ™ i cosh(b;) + d; sinh(b;) ’
o;(sinh(a;) + sinh(bi))AliZ- + (0 cosh(a;) + d; sinh(b;))ymF~!
i cosh(b;) + d; sinh(b;) '

Thus, through the above expressions, we obtain the expression of m/ with f*-! and

mf —1 as follows:

k
By ; =

_sinh(a;) + sinh(b;)

k_ pk k-1
i _ gk — ,
i 28 cosh(a;) f; T
L + sinh(b;)(d; cosh(a;) — o; sinh(ai))m,?fll (3.38)
cosh(a;) fi '
For f% ,, the following relation is obtained:
k= =0+ 055 () (3.39)

= (1 0)f*," ~ bo; <cosh(bl-)Bfi + sinh(b;) BE )

hi —o; k—1 fo;
( ecosh(ai)f) Jai cosh(a;) f;

Combining (3.38) and (3.39), we can get the iterative relation as follows:

k fk;—l
at | ) a,t
k| = QNDai k-1 ]
m; m;

(di cosh(a;) — o;sinh(a;) — Fi)mkfl.

)

where
Qi @
QNDs,i == <Q3 Q4>
cosh(a;) fi + 60(o; — hy) 0o;(d; cosh(a;) — o;sinh(a;) — F;)
B cosh(a;) fi cosh(a;) fi
B sinh(a;) 4 sinh(b;) o; + sinh(b;)(d; cosh(a;) — o; sinh(a;))
cosh(a;) f; cosh(a;) f;

Finally, we obtain the following convergence theorem for our new algorithm.
Theorem 3.4. Algorithm N D, (3.35)-(3.36) converges if and only if

PNDy := = 1ax |pQND2,i| <1,
i=1,2,....m

3hiyeeey

where pq ,, ; is the spectrum of the matrix Qn p, -

Remark 3.8. If d; goes to infinity, we can get Q?Q3 — 0, Q} — 1 — 20, Q! — 0, and
then we obtain

dlhinoo PQND,i = 1—26).

In other words, when the relaxation parameter # = 0.5, the convergence performance
of the N D, algorithm is good for large eigenvalues d;.
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3.3. Category III

We study Category III which applies the DN and ND techniques only to the state
to the model problem (2.6), and analyze their convergence.
3.3.1. DN;

We use the Dirichlet condition in I; and the Neumann condition in I both on the
state u. For the iteration index k = 1,2, ..., we can get the D N3 algorithm as follows:

.k; 1 k;

<Z}€,(z‘)> + d; s <Z}€,(z‘)> _ <0> in I,
0! —1 —d; ) \FiG) 0

k

) (3.40)
( k &
<Zi’(”> T <Zi’(i)> - <0> in I,
X0 -1 —d; Ha (i) 0

ﬂg,(i) (@) = f571,

Mg,(z’) (T) = Mlizzl) (0)7
and then update the value along the interface using

FEo= =057+ 04k (). (3.41)

Like the DN, algorithm, the equations in I> of the D N3 algorithm appear to lack the
forward-backward structure, using the technique similar to Remark 3.5, this problem
can be explained. Then to analyze the convergence, according to (3.3), we can get the
systems as follows:

ﬂ’f,(i) — oy =0 in I

/l]f,(i) (0) = dz‘ﬂ’f,(i)(o) = ﬂ'é,(l-) (T) - dz‘ﬂg,(i) (1),

,u’i(i) (o) = Mg(i)(a), (3.42)
'U’];,(i) - 03#’5,(1-) =0 in D,

ﬂ§7(i) (a) = f§;17

\u’S,(i) (T) = Mlizl) (0),

and then update the value along the interface using

fRi=a=0f+ lei(i)(a).
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Similar to the N D; algorithm, the solutions (3.19) are used to determine the coeffi-
cients A}, A5, BY;, B5,. And we still use the definition of /) in (3.20) to simplify
the following analysis. Substituting identities (3.19) into (3.20), we obtain relations as
follows:

Mf(i)(o) = Ag,i = mj, MI;J(le) (T) = Bg,;rl = mj.
Furthermore, according to the initial and final conditions in (3.42), the expressions of
A’ii, Alg’i, sz' are obtained as follows:

(d; sinh(b;) — o Cosh(al-))Bfi + d;(cosh(b;) — cosh(a;))mF!

A= '
14 o; cosh(a;) + d; sinh(a;) ’
Ak o;(sinh(a;) + sinh(bi))Bfi + (0 cosh(b;) + d; sinh(a;))ymF~!
2, o; cosh(a;) + d; sinh(a;) ’
k—1 . k—1

o; cosh(b;)

Thus, through the above expressions, we get the expression of m” with fg;l and mf‘l

as follows:
_ sinh(a;) + sinh(b;)

k k k—1
. pr— A [ — .
i 2,8 cosh(b;)e; fo"z
L + sinh(a;)(d; cosh(b;) — o; Sinh(bi))mf—l. (3.43)
cosh(b;)e;

For fii, we obtain
foi= =0 [ + 07 iy (a) (3.44)
=(1- 9)f§;1 + 0o; (cosh(ai)AliZ- + sinh(ai)Ag,i>
h; — o; Oo;
= (1-0——") ot (g, sinh(b;) — d; cosh(b;) + E;)mF1.
< Cosh(bi)ei> Jai® + cosh(b;)e; (o sinh(b:) cosh(bi) + Bi)m;

Combining (3.43) and (3.44), we obtain the iterative relation as follows:

k fk;—l
at | ) a,t
i | = @Dngi k—1]>
m; m;

where
Qi @
s = <Q3 Q!
COSh(bi)ei + 9(0’Z — hl) 90’1‘(0'1‘ sinh(bi) —d; COSh(bZ‘) + Ez)
B cosh(b;)e; cosh(b;)e;
B sinh(a;) + sinh(b;) oy + sinh(a;)(d; cosh(b;) — o; sinh(b;))
cosh(b;)e; cosh(b;)e;

Finally, we get the following convergence theorem of the new D N3 algorithm.
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Theorem 3.5. Algorithm D N3 (3.40)-(3.41) converges if and only if

PDN3 ‘= Iax ‘pQDNS,'L’ < 17
1=1,2,....m

where pq, ., ; is the spectrum of the matrix Qs -
Remark 3.9. If the time decomposition is symmetric o« = 7'/2, i.e., a; = b;, substituting
a; = b; into the expressions of Qnp, ; and Qnp, i, we obtain the characteristic polyno-

mials of Qpn,; and Qnp,,; are equal. Therefore, if a; = b;, the D N3 algorithm and the
N Dy algorithm have the same convergence factor ppy, = pnD,-

Remark 3.10. If d; goes to infinity, we can get Q?Q3 — 0, Q! — 1 — 20, Q* — 0, and
then we obtain

dh—r>noo PQpnNg,i = [1—26).

1

Thus, when the relaxation parameter § = 0.5, the convergence performance of the D N3
algorithm is good for large eigenvalues d;.

3.3.2. NDj

For the iteration index k = 1,2, ..., we can get the VD3 algorithm based on Table 1 as

follows: 1
( -k k
(Zz,m) [ <Z};(i)> = <0> in I,
H1 (i) -1 —d; H1 (i) 0
Zk
<Ziv(i>> T <Zi’(i)> = <0> in I,
Ha (i) -1 —d; H (i) 0

and then update the value along the interface using
FEo= =057+ 0uk (). (3.46)

Like the DN, algorithm, the equations in I, of the N D5 algorithm seem to lose the
forward-backward structure, this question can be explained using the method similar
to Remark 3.5. Then for the analysis of convergence, based on (3.3), we obtain the
systems as follows:

(3.45)

ﬂ’f,(i) - Uz‘zﬂlf,(z) =0 in [,
ﬂ]i(i) (0) - dz’#’i(i)(o) = ﬂ’i(i) (T) - diﬂg(i) (1),
/lli(i) (a) = ﬂg,(i)(a%
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jis o) = Oips ) =0 in I,
N;(i) (a) = f§;17
w5 (1) = lele) (0),
and then update the value along the interface using
= (1— Q)f(];;l + H,u’f,(l-)(a).

Similar to the N D; algorithm, the solutions (3.19) are used to determine the coeffi-
cients A}, AS;, BY;, BS ;. And we still use the definition of m/} (3.20) to simplify the
following analysis. Substituting identities (3.19) into (3.20), we can get relations as

follows:
i (0) = Ak, = m¥, kL (T) = BEF = k.

Furthermore, according to the initial and final conditions in (3.42), the expressions of
Ak . Ak . BF. are obtained as follows:

(0; sinh(a;) + d; cosh(bi))BfZ- + d;(sinh(a;) + sinh(b;))mF~*

A= L
L o;sinh(a;) + d; cosh(a;) ’

Ak o;(cosh(a;) — cosh(bi))Bfi + (d; cosh(a;) — o sinh(b;))ymF~!
2 o;sinh(a;) + d; cosh(a;) ’
. fj;l — cosh(bl-)mf“‘*1

By, =—

sinh(b;)

Thus, through the above expressions, we get the expression of m” with f;f;l and mf‘l

as follows:
oi(cosh(a;) — cosh(b;))

k_ pk _ k-1
= Az Snh(GE; o
o; + cosh(a;)(d; sinh(b;) — o; cosh(b;))  1_;
+ Snh (b)) E, m; . (3.47)
For f§7i, the following relation is obtained:
fai = A= 035" +0u1 (@) (3.48)

= (1= 0)f57" + 0 (sinb(a;) A}, + cosh(a;) A5, )
= (10—~ ) fo7 + o7 (disinh(b;) — oi cosh(bi) +e;)m; ™
( sinh(bi)Ei> Jai Sinh(bi)Ei( sinh(b;) — o cosh(b;) + e;)m;

Combining (3.47) and (3.48), we get the iterative relation as follows:

k k—1
fa,z' _ foz,i
k] — QNDS,Z' k—1 ]
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where
Q @Qf
QNDs,i = <Q3 0t (3.49)
Sinh(bi)EZ‘ + 9(0’Z - hz) Q(dz sinh(bi) — 05 COSh(bZ‘) + ei)
| oi(cosh(a;) — cosh(b;)) oy + cosh(as)(d; sinh(b;) — o; cosh(b;))

Finally, we obtain the following convergence theorem for the NV D3 algorithm.

Theorem 3.6. Algorithm N D3 (3.45)-(3.46) converges if and only if

PND3 ‘= Z._{naxm‘pQNDg,i’ < 17

=1,4,...,

where pq ., ; is the spectrum of the matrix Qn ps ;-

If the time decomposition is symmetric, i.e., a; = b;, the N D3 algorithm and the
DN, algorithm have the same convergence factor pyp, = ppn,. Then for the NDs
algorithm, we can obtain the following corollary, just like the DN, algorithm.

Corollary 3.4. If the time domain decomposition is symmetric, i.e., o = T/2, there is
pnDs(0) = pnps(1 — 0). And if the matrix A is not singular and 6 # 1, the NDjs
algorithm (3.45)-(3.46) converges for any initial guess.

Proof. Substituting a; = b; into the expression of Qnp,:, we obtain Qnp,; =

QpN,,i. Therefore, if a; = b;, the N D3 algorithm and the DN, algorithm have the
same convergence factor pyp, = ppn,, which concludes the proof. O

Remark 3.11. If d; = 0, based on the expression of (3.49), we obtain

sinh(a;) sinh(b;) + 0(1 — cosh(o;T))

1 —
Q; ‘diZO - sinh(a;) sinh(b;) 7
h(a;) — cosh(b;) ) *
2 3 o 9 COS 7 v
Qz Qz |dz*0 Sinh(ai) Slnh(bz) ’
Q4o = L= cosh(ai) cosh(by)
i1di=0 sinh(a;) sinh(b;)

We find that the convergence factors of DNs and N D3 are the same for d; = 0. Thus,
we conclude that pq p,, ;l¢;=0 > 1, and pqy . ;|4,=0 = 1 if and only if a; = b;. Then the
convergence behavior of the N D3 algorithm is poor when the eigenvalues are small,
and when the decomposition is asymmetric, the N D3 algorithm may even diverge.
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Remark 3.12. If d; goes to infinity, we can get Q?Q? — 0, Q} — 1 — 20, @} — 0, and
then we obtain

d}i—{noo PQNDgi = [1—26).

Thus, when the relaxation parameter § = 0.5, the convergence performance of the
N Dj algorithm is good for large eigenvalues d;.

Remark 3.13. In Section 3, we derive the convergence factors of all proposed algo-
rithms and analyze their convergence in some special cases. In this remark, we will
summarize and compare the obtained convergence results for all proposed algorithms,
and the details are as follows.

Firstly, if the time domain decomposition is symmetric « = 7/2, i.e., a; = b;, we
have the following results:

e Algorithms DN; and N D, algorithms DN, and N D3, and algorithms D N3 and
N D5 have the same convergence factors respectively, i.e., ppn, = PNDy> PDN, =
PNDs> PDN3s = PNDs-

* For algorithms DN; and NDq, if the matrix A is not singular, the algorithms
converge for any initial guess.

* For algorithms DN, and N Ds, there is ppn, (0) = ppn, (1 — 0). And if the matrix
A is not singular and 6 # 1, the DN, and N D3 algorithms converge for any initial
guess.

Secondly, if eigenvalue d; = 0, for algorithms DNy, ND1, DNs, and N Ds, it can be
concluded that p > 1. And if eigenvalue d; — oo, for the convergence factors of all
proposed algorithms, we obtain the following conclusions:

* For algorithms DNy and N Dy, as d; — oo, we obtain p — 1 — 6.

* For algorithms DNy, N Do, DN3, and N Ds, as d; — oo, we obtain p — |1 — 26)|.

4. Numerical experiments

Numerical experiments in this section are performed to measure the actual con-
vergence of six new time domain decomposition algorithms for the model problem
(2.1)-(2.2). To well illustrate and compare the convergence among the algorithms, we
divide the time interval I = (0,1) into two non-overlapping subdomains I = (0, «),
I = (a,1) with the interface «, and select the parameter » = 0.1. We will study
the performance of convergence factors for six proposed algorithms by considering the
convergence factor p as a function of the eigenvalues d.
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4.1. Convergence factor for symmetric and asymmetric decompositions

We show the convergence factors of six proposed algorithms for the symmetric and
asymmetric time decompositions. Firstly, Fig. 1 shows the convergence factors of six
proposed algorithms in the case of symmetric time decomposition, and the relaxation
parameter 6 = 1 on the left while § = 0.5 on the right. From Fig. 1, we find that ppy, =
PNDy> PDN, = PNDs and ppn, = pnD,, Which is mutually confirmed by the theoretical
analysis in Section 3. For § = 1, we find that the convergence of the DN; and N D,
algorithms is obviously better than the other four algorithms, and the convergence
factors p — 0 as d — oco. Meanwhile, the convergence factors of the DNy and N Ds
algorithms are equal to 1, and then DNy and N D3 don’t converge. In the case of
6 = 0.5, all six proposed algorithms have good convergence behavior, and the N D,
and D Nj algorithms are better than others.

For the asymmetric decomposition, we choose § = 1 and # = 0.5 as the relaxation
parameters, and compare the numerical performance of convergence factors of each
algorithm. In the case of § = 1, and the time domain decomposition is asymmetric with
a = 0.3 and a = 0.7, the convergence of six proposed algorithms is shown in Fig. 2.
We find the DN, and N D3 algorithms diverge in both cases, and the convergence of
NDs and DNj is poor. Furthermore, for o = 0.3, the DN, algorithm is slightly better
than N D1, and this performance is opposite for o = 0.7.

In the case of § = 0.5, we know that the convergence factors of Category II and
Category III go to zero if eigenvalues d — oo based on our convergence analysis. Then
we investigate the convergence behavior of all six proposed algorithms with § = 0.5 in
Fig. 3. Both for « = 0.3 and o = 0.7, the convergence factors p of DNy and N D3 are
larger than 1 if d — 0. Moreover, the convergence performance of N Dy and DNj is
better than the other four algorithms in general. Meanwhile, in the case of @ = 0.3, the
D N3 algorithm is slightly better than the N D, algorithm, and this situation is reversed
for a = 0.7.
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Figure 1: Convergence factors with oo = T'/2 of six proposed algorithms as a function of the eigenvalues d.

Left: 8 = 1. Right: 6 = 0.5.
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Figure 3: Convergence factors with 8 = 0.5 of six proposed algorithms as a function of the eigenvalues d.
Left: @« = 0.3. Right: a =0.7.

4.2. Convergence factor for different 6

In this part, we investigate the influence of different relaxation parameters 6 for
all six proposed algorithms, and try to find the optimal 6 for each algorithm in the
case of symmetric and asymmetric decomposition. Firstly, for algorithms of Category I,
i.e., DNy and N D1, we know that they are only good smoothers but not good solvers
based on the analysis in Section 3. Then we explore the influence of the relaxation
parameter 6 on the convergence factors of the DN; and ND; algorithms. And the
convergence performance of DN; and N D; under different 6 for « = 0.3, @ = 0.5
and o = 0.7 is shown in Fig. 4. As shown in Fig. 4, the convergence factors p of
DN; and ND; decrease with the increase of 6 for « = 0.3, « = 0.5 and o = 0.7.
Then we find that § = 1 is the best choice when we choose algorithms of Category I.
Furthermore, combined with Fig. 4 and Remarks 3.1, 3.3 in theoretical convergence
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Figure 4: Convergence factors with different relaxation parameters 6 of DN; and ND; as a function of the
eigenvalues d for a = 0.3,0.5,0.7 (left to right). Top: DN1. Bottom: ND;.

analysis, we conclude that when choosing the DN, algorithm, the parameter o should
satisfy o < T'/2, because for small eigenvalues (i.e., d — 0), the convergence factors
ppn, > 1 for a > T'/2. And this situation is just opposite for the N D; algorithm, then
for ND;, we choose o > T'/2 to ensure the convergence of N D;.

For the DN, and N Dj algorithms, their convergence performance with different
relaxation parameters 6 is shown in Fig. 5. The two sub-figures in the middle of Fig. 5
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Figure 5: Convergence factors with different relaxation parameters 6 of DN3 and N D3 as a function of the
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Figure 6: Convergence factors with different relaxation parameters 6 of N D2 and D N3 as a function of the
eigenvalues d for a = 0.3,0.5,0.7 (left to right). Top: ND>. Bottom: DNjs.

show the convergence performance of DN> and N D3 when the decomposition is sym-
metric. We observe the convergence factors of DN, and N Dj satisfy p(6) = p(1 — 6),
which corresponds to Corollaries 3.3 and 3.4 in theoretical analysis, especially when
# = 0.5, the convergence of DN, and N D3 are better than other selected §. Meanwhile,
in the case of the asymmetric decomposition, the convergence performance of DN, and
N D3 is shown in the left and right of Fig. 5. And we discover the convergence factors
of DN, and N Dj are greater than 1 when d — 0, which is consistent with Remarks 3.6
and 3.11. Thus, the DN, and N D3 algorithms may be divergent for the asymmetric
decomposition.

Fig. 6 shows the convergence behavior of the N Dy and D N3 algorithms with dif-
ferent relaxation parameters # both for the symmetric and asymmetric decompositions.
We observe the convergence of NDy and DN3 with § = 0.4 and # = 0.5 are better
than the other selected parameters ¢ in Fig. 6 both for the symmetric and asymmetric
decompositions. Moreover, the convergence performance with § = 0.4 is superior to
6 = 0.5 for eigenvalues d — 0, and the convergence behavior with § = 0.5 is better
than 6 = 0.4 for large eigenvalues. Finally, combining the previous analysis in this
subsection, we can discover that DN, and N D3 with appropriate parameters 6 have
better convergence performance compared with the other four algorithms, i.e., the
DNy, NDy, DNy and N D3 algorithms.

4.3. Convergence factor for different r

From all six proposed algorithms, we choose the DNy, DNs, and D N3 algorithms
to investigate the dependence of the convergence factors on the parameter » through
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Figure 7: Convergence factors of DN1, DN2, DN3 (top to bottom) with different r as a function of the
eigenvalues d for o = 0.3,0.5,0.7 (left to right).

their numerical performances for « = 0.3,0.5,0.7 in Fig. 7. Meanwhile, we choose the
relaxation coefficient # which makes the convergence factor p — 0 as the eigenvalues
d — oo for the selected algorithms. As shown in Fig. 7, it can be observed that the
convergence factors increase as r decreases.

4.4. Numerical performance of six proposed algorithms with optimal ¢

This subsection explores the convergence of six proposed algorithm in a practical
numerical example. In this work, the system (2.5) is discretized with the grid points
ts = sAt, (s =0,1,2,...,N,N = T/At) using the Crank-Nicolson scheme,

Y-V, A 1
STts + 5(Ys + Y1) — Z(As +Agy1) =0,
Yo = Y,
As+1_As

(Ya)s + (Ya)st1),

DN | =

1 A
At _5(}{9+}G+1)_5(A8+A8+1):

AN = A,
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where Y, = y(ts), As = A(ts), (Yq)s = ya(ts). The error of algorithm is regarded as the
maximum error of all grid points. According to the theoretical analysis and numerical
performance of the convergence factors p mentioned above, we know the convergence
factors of the proposed algorithms are related to the eigenvalues of matrix A, then
the optimal relaxation parameter 6* is determined by the range of eigenvalues of A
in practical applications. Then, for the forward-backward system (2.5), we consider
the following two numerical examples, which are located in one-dimensional and two-
dimensional space respectively.

* Case A: The space interval is Q2 = (—4,4), and the target state is

+
ya(t,x) = [(1 + t) sin(mt) (678(3371)2 + e 8@+1)? _ =8 _ 6—72)} 7

where [|T := max{-,0}. The spatial and temporal discrete mesh sizes are Az =
At = 0.01.

* Case B: The space interval is 2 = (0,1) x (0,1) € R?, and the target state is
ya(t,x) = 22 (1 — 21)223(1 — 29)*sin(27t).

The spatial discrete mesh sizes are Azy; = Az = 0.1, and temporal discrete mesh
size is At = 0.01.

For each test, we consider the time interval I = (0,7") = (0, 1), and the parameter
r = 0.1 is chosen. Based on the above parameters setting, the optimal relaxation
parameters §* with different o are obtained by the numerical optimization for Case A
and Case B, which are shown in detail in Tables 2 and 3 respectively. In these tables, p
is the maximum of convergence factors with the optimal relaxation parameter 6*, and
the bold part of each row has the best convergence for the selected a.

For Case A, the range of eigenvalues of matrix A is [0.1542,4 x 10%], based on the
Table 2, we can see that all six proposed algorithms are convergent for the symmet-
ric decomposition, and the convergence of ND, (DNj3) is the best. However, when
the decomposition is asymmetric, the N D;, DN,, N D3 algorithms still diverge under

Table 2: Convergence factors with the numerical optimal relaxation parameter 6* for Case A.

DN, | ND; | DNy | NDy | DN; | NDs
W_os | 1 1075 | 107° | 0.371 | 0.394 | 107
p | 0914 | 1.094 | 1.080 | 0.259 | 0.214 | 1.049
o | 1 1 0.5 | 0421 | 0421 | 05
p | 0914 | 0.914 | 0.900 | 0.186 | 0.186 | 0.900
weor | 10-3 1 1075 | 0.394 | 0.371 | 10=°
p | 1171 | 0.914 | 1.049 | 0.214 | 0.259 | 1.080
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Table 3: Convergence factors with the numerical optimal relaxation parameter 0* for Case B.

DN, | ND; | DNy | NDy | DN; | NDj

W_os | 1 1 0.497 | 0.501 | 0.503 | 0.497
p | 0.0064 | 0.0064 | 0.0074 | 0.0051 | 0.0064 | 0.0064

os |7 1 1 0.497 | 0.503 | 0.503 | 0.497
p | 0.0064 | 0.0064 | 0.0064 | 0.0064 | 0.0064 | 0.0064

weoq | 1 1 0.497 | 0.503 | 0.501 | 0.497
p | 0.0064 | 0.0064 | 0.0064 | 0.0064 | 0.0051 | 0.0074

the optimal relaxation parameters 6* for « = 0.3 (v < 7'/2), and the D N3 algorithm
demonstrates the best convergence performance among DNy, NDy and DN3 which
are convergent. If a = 0.7 (o > T/2), the convergence factors of DNy, DNy, N D3
still fail to converge under 6*, and the convergence performance of the N D, algorithm
are superior to the ND, NDy and DNj algorithms which are convergent. And the
error convergence performance of the algorithms for the symmetric and asymmetric
decompositions with the optimal relaxation parameter * for Case A is shown in Fig. 8.
As shown in Fig. 8, for Case A, the convergence of N Dy and DNj3 are similar both
for the symmetric and asymmetric decompositions, and they outperform the other four
algorithms whose convergence rates are still very slow with the optimal #*. In partic-
ular, for the asymmetric decomposition, the ND;, DN, and N D algorithms diverge
for « = 0.3, and if & = 0.7 the DNy, DNy and N D3 algorithms diverge which is con-
sistent with the results in Table 2. Moreover, it can be observed that the convergence
of the ND; and D Nj algorithms for the symmetric decomposition is better than the
asymmetric decomposition by comparing the three sub-figures in Fig. 8.

For Case B, the range of eigenvalues of matrix A is [19.5774, 780.4226]. From Ta-
ble 3, it can be seen that six proposed algorithms with the optimal relaxation parameter
0* are convergent for all selected «, and the corresponding convergence factors p are
very small and close. Then the convergence performance of each algorithm with the op-
timal relaxation parameter 6* is similar, which is also verified by the error convergence
performance in Fig. 9.

Error

S 10710 N -10
5 10 15 0 5 10 15 0 5 10 15
Iterations Iterations Iterations

Figure 8: Error decay of six proposed algorithms for Case A with oo = 0.3,0.5,0.7 (left to right).
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Figure 9: Error decay of six proposed algorithms for Case B with av = 0.3,0.5,0.7 (left to right).

5. Conclusions

In this work, we proposed Dirichlet-Neumann and Neumann-Dirichlet methods and
their variants for the time-periodic parabolic optimal control problems. Different from
the initial-value optimal control problems, by the Lagrange multiplier approach, a cou-
pled forward-backward system was obtained with the time-periodic conditions which is
more complex to solve. Then for the time-periodic parabolic optimal control problems,
the treatment of the time-periodic conditions is the key and difficult point when design-
ing the DN and ND algorithms in time. We presented the convergence analysis for the
proposed DN and ND algorithms. By comparing and analyzing the convergence of all
proposed algorithms, for the relaxation coefficient § = 1, the DN; and N D, algorithms
of Category I are good smoothers but not good solvers. And the DN, and N Dj algo-
rithms for the symmetric decomposition with § = 0.5 are good smoothers but not good
solvers. For the parameter r, we can find that the convergence factors of proposed al-
gorithms increase as r decreases from their numerical performances. And we expect to
get further conclusions in future research for the theoretical dependency on r of conver-
gence factors. Meanwhile, we find that the convergence performance of the algorithm
is closely related to the eigenvalue of matrix A obtained by spatial discretization, es-
pecially the minimum eigenvalue of A. Furthermore, compared with other algorithms,
the N D, and D N3 algorithms with optimal relaxation parameter #* always have good
convergence performance both for Case A and Case B. Then ND, and DNj are high-
efficiency solvers for the time-periodic parabolic optimal control problems, and several
numerical experiments finally illustrate our theoretical results. Moreover, the N D, and
D N3 algorithms can be considered applying to the multiple subdomains decomposition
and implementing in parallel. In the future research, the Neumann-Neumann method
which can be implemented in parallel is also an interesting topic for the time-periodic
parabolic optimal control problems.
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